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PREFACE

The main object of study in this monograph are harmonic vector fields on
Riemannian manifolds. Let (M,g) be a real n-dimensional Riemannian
manifold and $"~! — S(M) — M its tangent sphere bundle. It is a classical
fact that S(M) may be endowed with a Riemannian metric (~}S (the Sasaki
metric) naturally associated to the Riemannian metric ¢ on the base manifold
(ct. e.g., D.E. Blair, [42]). Therefore any smooth unit tangent vector field
X : M — S(M) may be looked at as a smooth map among the Riemannian
manifolds (M,g) and (S(M), CS) so that one may consider (by assuming
that M is compact and orientable) the ordinary Dirichlet energy

ECO = 5 f X2 dvol(g) (1)
M

familiar in the theory of harmonic maps (cf. e.g., H. Urakawa, [292]). A har-
monic vector field is then a critical point X € I'*°(S(M)) of E : T®°(S(M)) —
R ie., for any smooth 1-parameter variation {Xi}|j<e of X (with Xy =
X) through unit tangent vector fields X; € I'*°(S(M)), |tf| < €, one has
{dE(X;)/dt};=0 = 0. Any harmonic vector field is a smooth solution to the
nonlinear elliptic PDE system

AX — |[VX|IPX =0. (P2)

These are precisely the Euler-Lagrange equations associated to the con-
strained variational principle § E(X) =0 and ¢(X,X) =1 (|309], [316]).
Here A, is a second order elliptic operator acting on vector fields, e.g., if X
is a C? vector field on M then locally

n
AX==Y" {VE,. VX — Ve, EZ.X}

i=1
with respect to a local orthonormal frame {E;: 1 <i<n} of T(M). One
may think of the covariant derivative VX as a section in the vector bundle
T*(M) ® T(M) — M hence consider the map V : X(M) — QU(T*(M) ®
T(M)). If V* is the formal adjoint of V i.e., (V*¢,X) = (¢,VX) for
any ¢ € QU(T*(M) ® T(M)) and any X € X7 (M), then Ay =V*V and
although (P.2) is nonlinear, an obvious notion of weak solution to (P.2) may
be introduced. Here we made use of the L? inner products (X,Y) = fM

ixl
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9(X,Y)dvol(g) and (¢,v¥) szg*((p,tlf)dvol(g). A systematic study of
weak solutions (e.g., existence and local properties) to (P.2) (the harmonic
vector field system) is missing from the current mathematical literature.
Indeed this book is mostly confined to the study of differential geomet-
ric properties of harmonic vector fields and of the geometric background
(mainly within contact Riemannian and pseudohermitian geometry) sup-
porting such vector fields. One notable exception is Theorem 2.53 in
Chapter 2 showing the existence of minimizers for the total bending func-
tional B : 'Hgl (S(M)) - R by a standard mix of functional analysis and
calculus of variations (e.g., the Eberlein-Smulian theorem on the char-
acterization of reflexive Banach spaces, Kondrakov’s compact embedding
theorem, and existence theorems for minimizers of lower semicontinuous
functionals). Here

HL(S(M)) = {Xe HL2(T(M)) : (X, X) =1 ace. in M}

and the Sobolev type spaces of vector fields Hﬁ’p (T(M)) are described
in Section 2.11 of Chapter 2. Other important exceptions are Theo-
rem 3.43 (due to E. Boeckx & L. Vanhecke, [51]) and Theorem 3.44 (due
to G. Nunes & J. Ripoll, [224]). Both results furnish examples of weak solu-
tions to the harmonic vector fields system (cf. Definition 2.52 in Chapter 2)
within interesting geometric contexts [E. Boeckx & L. Vanhecke’s result is
that radial vector fields on harmonic manifolds are weakly harmonic while
G. Nunes & J. Ripoll’s result is that normal vector fields to the principal
orbits of a cohomogeneity one action (of a compact Lie group of isometries
of a compact orientable Riemannian manifold) are weakly harmonic].

Harmonic vector fields aren’t harmonic maps unless the additional
curvature condition

trace, {R(V.X,X)-} =0 (P.3)

is satisfied. The resulting theory of harmonic vector fields is similar in many
respects to the more consolidated theory of harmonic maps yet presents
new and intriguing aspects captured in a rapidly growing specific liter-
ature cf. e.g., E. Boeckx & L. Vanhecke, [51]-[54], E. Boeckx & J.C.
Gonzales-Davila & L. Vanhecke, [56]-[57], V. Borrelli, [61], V. Borrelli
& E Brito & O. Gil-Medrano, [62], V. Borrelli & O. Gil-Medrano, [63],
E Brito, [71], E Brito & P.G. Walczak, [72], G. Calvaruso & D. Per-
rone, [77], PB. Chacon & A.M. Naveira & J.M. Westonn, [81], B-Y.
Choi & J.W. Yim, [89], O. Gil-Medrano, [126]—-[127], O. Gil-Medrano
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& J.C. Gonzales-Davila & L. Vanhecke, [128], O. Gil-Medrano & A. Hur-
tado, [130], O. Gil-Medrano & E. Llinares-Fuster, [131]-[132], H. Gluck
& W. Ziller, [133], J.C. Gonziles-Davila & L. Vanhecke, [144]-[146],
S.D. Han & J.W. Yim, [157], K. Hasegawa, [159], D. Perrone, [241]—
[243]. The first basic results (e.g., the first and second variation formulae
and applications) are due to C.M. Wood, [316] (cf. also [317]—[318]). A
slightly different approach was undertaken by G. Wiegmink, [309-310],
who introduced the functional B : I'*°(S(M)) — R given by

B(x) = f IVXIPdvol(g).
M

This is the total bending functional, a measure of the failure of X €
[*°(S(M)) to be parallel. A closer look at the properties of the Sasaki
metric G; on S(M) shows however that the Dirichlet and total bending
functionals are related

E(X) = g Vol(M) + %B(X) (P4)

so that the theories in [316] and [309] are identical. The relation (P.4) may
be used to show that the search for vector fields which are critical points of
E:T*(S(M)) — R, rather than critical points of E: C®(M, T(M)) —
R or E: X(M) — R, is the only appropriate choice. Indeed the only
smooth vector fields which are critical points of E: C®°(M, T(M)) - R
(respectively of E : X(M) — R) are the parallel vector fields.

The authors’ interest in the theory of harmonic vector fields arose in
relationship to the study of the geometry of contact Riemannian manifolds
(cf. [237]-]247]) and of nonlinear subelliptic systems of variational origin
appearing in the theory of Hormander systems of vector fields (cf. e.g.,
J. Jost & C-J. Xu, [180]) and CR geometry (cf. e.g., E. Barletta et al., [25]).

The exposition of the material collected in this book is organized as
follows. Chapter 1 is devoted to the basic geometric properties of the tan-
gent bundle over a Riemannian manifold. A description of the tangent
sphere bundle S' — S(T?) — T? over a torus T2 and a classification of its
smooth sections (up to homotopy) complete Chapter 1 (and prepare several
instances where the general theory may be applied, cf. Sections 2.6 and 2.10
in Chapter 2 and Section 3.9 in Chapter 3 of this book).

Chapter 2 presents the basic theoretic material while the remaining
chapters deal mainly with applications and generalizations. From a technical
point of view, the main achievement of Chapter 2 is perhaps the explicit
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expression (2.21) of the tension field
7(X) = | (trace,R(V.X, X)) = (8,%)} 0 X (P5)

of a C* vector field X: M — T(M). Of course X is thought of as a
map of the Riemannian manifolds (M,g) and (T(M), G;) where G; is
the Sasaki metric on T'(M) (so that 6}5 = 1*G; is the first fundamental
form of ¢ : S(M) < T(M)). The proof of (P5) is a rather involved cal-
culation exploiting the relationship among the Levi-Civita connections
of (T(M),Gy) and (M,g) (related through the formalism of vertical and
horizontal lifting and including curvature calculations, cf. e.g., [42], p. 139—
141). A consequence of (P.5) (that is (2.27) in Theorem 2.19) may then be
used to characterize unit vector fields which are harmonic maps (as the
smooth unit vector fields satistying (P.2)—(P.3)). Given a unit tangent vector
field X € T'°°(S(M)) and a smooth 1-parameter variation X; € ['*°(S(M))
of X, one derives (cf. (2.32) and (2.36) in Chapter 2) the first and second
variation formulae

dE(X;)
” (0) =/g(AgX, 7)dvol(g), (P.6)
M
PEX, 1
dfz )<0)=5 / UVVIZ = IVXIPIVIPvol(e),  (P7)
M

where V' = {dU;/dt};—p. Related to (P7) one discusses stability results for
critical points of E : ['*°(S(M)) — R. The Dirichlet problem

AX— VXX =0 in Q, (P8)
X=Xy on 0%, P9)

is considered in Section 2.9. Here €2 is a smoothly bounded strictly pseu-
doconvex domain in C" (with n > 2) endowed with the Bergman metric g.
We report on a recent result by E. Barletta, [22], dealing with C? regularity
up to the boundary of solutions X € X(M) to (P.8)—(P9). The existence
problem is open so far.

Section 2.10 in Chapter 2 reports on a result by G. Wiegmink, [309],
on the behavior of the total bending functional under conformal changes
7= ¢%"g of the metric on the base manifold. As argued in Section 2.10 the
study 1s confined to the 2-dimensional case (and if M is 2-dimensional,

compact, orientable and admits globally defined nowhere zero vector fields



Preface xiii

then M must be the torus T?) because the term (div(X)X — VxX)u in the
identity

B(X) = B(X) + f {||vu||§ +2(div(X) X — VXX)u}dvol( 9).
T2

(cf. (2.110) in Chapter 2) may be calculated in terms of the Gaussian cur-
vature of M in dimension n=2, a calculation which appears to admit
no obvious analog in higher dimension. The main result is G. Wieg-
mink’s (cf. op. cit.) Theorem 2.43 implying that infxeg B(X) is achieved
in & =T2(8(T?)).

Chapter 2 ends up with the construction of Sobolev type spaces of
vector fields (appropriate for the study of weak solutions to (P.2)).

The harmonicity and stability of Hopt and Killing vector fields is dis-
cussed in Chapter 3. There we introduce (following E Brito, [71]) the
functional

B = Bex) 4 0 / |Hx[Pdvol(®)  (210)
M

where Hy is the mean curvature vector of the distribution (RX)~. This
is referred to as Brito’s functional. Brito’s functional is an attempt to avoid
the difficulties arising from the fact that Hopf vector fields on a sphere
$?"+1 are (by a result of C.M. Wood, [316]) unstable critical points of E :
[ (S(8?"*+1)) — R yet they are absolute minima of E: TO(S(82"+1)) —
R. Section 3.8 furnishes a detailed proof of the result by G. Nunes &
J. Ripoll (cf. [224]) mentioned earlier in the preface. Section 3.9 of
Chapter 3 reports on a beautiful result by G. Wiegmink, [309], giving a
complete description of harmonic vector fields on a Riemannian torus.

Harmonicity and stability of special vector fields appearing on contact
Riemannian manifolds (such as the Reeb vector field underlying a contact
Riemannian structure) are studied in Chapter 4. One of the main notions
in Chapter 4 is that of an H-contact manifold (a contact metric manifold
whose Reeb vector 1s a harmonic vector field). In a long series of papers
one of the authors of this monograph has emphasized (cf. [237]-[247])
that H-contact metric manifolds possess special features and may be quite
explicitly described, especially in real dimension 3.

For each Riemannian manifold (M,g), its Sasaki metric G; belongs to
a large family of Riemannian metrics on T(M), the family of Riemannian
g-natural metrics, parametrized by elements of C®(RT,R®) (cf. [6]). In
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Chapter 5, we endow T'(M) with an arbitrary Riemannian g-natural met-
ric G and study smooth vector fields 17 on M thought of as maps of (M, g)
into (T(M), G) (cf. [2]) i.e., we look at harmonicity of 17 as a map of
(M, g) into (S(M), G), where G is the metric induced by G on S(M) (cf.
[3], [250]). One decomposes the tension field into vertical and horizon-
tal components and derives two equations describing the harmonicity of
. (M,g) — (S(M), é) As it turns out, one of these equations does not
depend upon the choice of G. In particular the equation (P2) is invari-
ant under a 4-parameter deformation of the Sasaki metric. The remaining
equation is a natural generalization of (P.3).

Many of the results in Chapters 2 to 4 admit versions holding for sections
in Riemannan vector bundles (cf. e.g., J.J. Konderak, [194]). The main
findings in this direction are presented in Chapter 6.

Chapter 7 is devoted to generalizations of the notion of a harmonic vec-
tor field within CR and pseudohermitian geometry (cf. e.g., G. Tomasini
et al., [110]). Sections 7.1 to 7.3 are an attempt (based on the results
in D. Perrone et al., [107]) to relate harmonicity of vector fields to the
geometry of the Fefferman metric (a Lorentz metric on the total space
of the canonical circle bundle over a strictly pseudoconvex CR manifold).
Sections 7.4 to 7.7 rely on results by Y. Kamishima et al., [103], and gener-
alize harmonic vector fields in the spirit of the work by J. Jost & C-J. Xu,
[180], and E. Barletta et al., [25] (dealing with generalizations of harmonic
maps within the theory of Hérmander systems of vector fields and CR
geometry). The treatment in Chapter 7 leads naturally to nonlinear subel-
liptic systems of variational origin and exhibits a nontrivial link among the
differential geometry of harmonic vector fields and the analysis of subelliptic
partial differential equations.

In Chapter 8 we discuss, within the framework of Lorentz geometry, a
version of the energy functional (the spacelike energy) due to O. Gil-Medrano
& A. Hurtado, [130], defined on reference frames (unit timelike vector
fields) and the corresponding critical points (the spatially harmonic vector
fields). These are ordinary harmonic vector fields when geodesic. The
treatment is tentative, as the study of harmonic vector fields on a Lorentz
manifold is still in its infancy. Nevertheless the subject looks promising,
especially in its potential applications to the general relativity theory.

The Authors,
Potenza-Lecce, June 9, 2011.
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Geometry of the Tangent Bundle
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The scope of this chapter is to briefly review the basic facts in the geometry
of the tangent bundle T'(M) over a Riemannian manifold (M, ¢), such as
nonlinear connections, the Dombrowski map and the Sasaki metric G.
Remarkably T'(M) also carries a natural almost complex structure J (arising
from g) compatible to G; and such that (T'(M), J, G;) is an almost Kahler
manifold. The almost complex structure | (discovered by P. Dombrowski,
[99]) is rarely integrable (in fact only when the base Riemannian mani-
fold is locally Euclidean) yet | appears to be but one of the many isotropic
almost complex structures Js » built by R.M. Aguilar, [11]. On the other
hand the existence of an integrable isotropic almost complex structure only
requires that (M, ¢) has constant sectional curvature and, if this is the case,
the family Js » contains a large subfamily of complex structures (among
which the invariant ones may be completely determined, cf. Theorem 1.20).
When an almost complex structure J5 is non integrable the geometry of
(T(M), Js.0) is related to the properties of the tfwisted Dolbeau complex
(a description of which is given in Appendix A of this book). Further
information on the geometry of T(M) (over a semi-Riemannian mani-
fold M) is furnished in Chapter 7. Chapter 1 also contains the calculation
(due to G. Wiegmink, [309]) of the Bruschlinsky group of a torus T2
endowed with an arbitrary Riemannian metric leading to the classification
up to homotopy of the unit tangent vector fields on T2 For the classical
aspects of the geometry of the tangent bundle over a Riemannian manifold

Harmonic Vector Fields. DOI: 10.1016/B978-0-12-415826-9.00001-8
(© 2012 Elsevier Inc. All rights reserved. 1
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(the Sasaki metric, the almost contact metric structure of the unit tangent
bundle, etc.) the reader may also consult the books by K. Yano & S. Ishihara,
[324], and D.E. Blair, [42].

S 1.1. THE TANGENT BUNDLE

Let M be a real n-dimensional C® manifold and 7 : T(M) — M its
tangent bundle. If (U,%',...,%") is a local coordinate system on M then let
(77! (U),xi,yi) be the naturally induced local coordinates on T'(M) i.e.,

d

—1
| er .
ox ™o

7 (v)

M) =X @w), v=y(©)

Hence T'(M) is a real 2n-dimensional C° manifold. We set
0 . ad
0

81’ =T i= T
ox! ay'

I<i=n,
for the sake of simplicity. For didactic reasons, and only through this section,

we distinguish notationally between the local coordinates X' (defined on U)
and x' (defined on 7! (U)). Let

oy: M — T(M), op(x)=0,€ T (M), xeM,

be the zero section. Then oy : M — T(M) is an embedding of M in the
(total space of its) tangent bundle. For each tangent vector v € T(M) the
subspace V, =Ker(d,w) C T,(T(M)) is the vertical space at v. A tangent
vector X € V, is a vertical vector. The assignment

Vive TM)— YV, C T,(T(M))

is a C* distribution of rank n on T(M) and {81 :1 <i<n}isalocal frame
of V defined on the open subset 7~ (U).

Definition 1.1 V is called the vertical distribution on T'(M). A vector field
X eV (e, X, €V, forany v € T(M)) is a vertical vector field on T(M). W

The vertical distribution is involutive (as it may be easily seen by using
the local frame {3, :1 <i < n}). Therefore, by the classical Frobenius theo-
rem, V is completely integrable and its maximal integral manifold passing
through v € T(M) is the tangent space Tx(M) where x = (v) € M.
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Let 7' T(M) — T(M) be the pullback by 7 of the tangent bundle
T(M) — M. Its total space 7~ TM is a submanifold of the product mani-
fold T(M) x T(M). The fibre over v € T(M) is

(r'T(M)), = (v} X Ty (M).

Alternatively 7~V T(M) is the largest subset of T(M) x T(M) such that the
diagram

T(M)x T(M)D> 7~ 'TM i> T(M)
ri i
TM) —> M

is commutative. Here 7 and p are the (restrictions to 7 ' TM of the) first
and second canonical projections of the product manifold T(M) x T'(M).

Definition 1.2 Let X : M — T(M) be a tangent vector field on M. The
cross-section X : T(M) — 7~ ' T'(M) defined by X(v) = (v, Xz (1)), for any
ve T(M), is called the natural lift of X. |

Let X;: 7~ (U) — = T(M) be the natural lift of the (local) tangent
vector field 3/0%': U — T(M). Then {X;:1 <i<un} is a local frame of
the pullback bundle 7' T(M) — T(M) defined on the open set Y U).

By a customary language abuse, one may identify the tangent bundle
T (M) and the vertical bundle. Of course T(M) — M and V — T(M) both
have rank n yet different base manifolds and the precise statement is that
there is a natural vector bundle isomorphism 7 ' T(M) =~ V. Indeed for
any v € T(M) and any X € Ty (,)(M) let C: (—€,€) — T(M) be the curve
given by

C(y=v+tX, |t|<e (e>0).

For each v e T(M) let y, : (JT_lT(M))V — T,(T'(M)) be the map given
by

E

dC .
VV(V,X)=E(O), (v, X) € (=" T(M))

Let (U,X) be a local coordinate system on M such that x=m(v) € U.
Then
a .
YXiw)=—| €V,, 1<i<n.
ay'

14

In particular, y, is an R-linear isomorphism (n_l TM ))V ~V,.
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Definition 1.3 The vector bundle isomorphism y AT T(M) >V =
Ker(dm) is called the vertical lift. [ |

For each section s: T(M) — m~ ' T(M) the vertical vector field ysis
the vertical lift of s. Note that in general s may fail to be the natural lift of
a vector field on M. The wvertical lift XV . T(M) - T(T(M)) of a tangent
vector field X : M — T(M) is the vertical lift X" = )/5( of the natural lift
X of X.

§ 1.2. CONNECTIONS AND HORIZONTAL VECTOR FIELDS

Let V be a linear connection on M. For any local coordinate system
(U,x") on M let F}k : U — R be the local connection coefficients i.e.,

0

Vojouig 5 =Tjpg 5 1=jk=n.

Any linear connection V on M induces a connection V in the vector bun-
dle 7= T(M) — T(M). This is easiest to describe locally, as follows. Let
(U, x") be a local coordinate system on M and let (YT_1(U),xi,yi) be the
induced local coordinates on T (M). We set by definition

%@.Xk = (F;k o JT) Xi, @SJXI\’ =0. (1.1)

It may be easily checked that the definition doesn’t depend upon the choice
of local coordinates on M and that (1.1) gives rise to a (globally defined)
connection in the vector bundle 7~ T'(M) — T(M).

Definition 1.4 A C® distribution H on T(M) is called a nonlinear connec-
tion on T'(M) if

T.(T(M)=H,®&V,, veTWM), (1.2)
where V = Ker(dm) is the vertical distribution. ]

A nonlinear connection H on T (M) is also referred to as a horizontal dis-
tribution on T'(M) while H — T (M) is the corresponding horizontal bundle.
By (1.2) any horizontal distribution on T'(M) has rank #.

Let us consider the bundle morphism L : T(T(M)) — 7 ' T(M) given
by

L A= @, (dm)A), AeT,(TM)), veTM).
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Locally
L®)=X;, L©®)=0, 1<i<n.

Moreover the following sequence of vector bundles and vector bundle
morphisms

0— 7 T - TCTM)) —> 7= " T(M) — 0

is exact. In particular given a nonlinear connection ‘H on T'(M) the restric-
tion of L to H gives a vector bundle isomorphism L:H — m~! T(M)
whose inverse is denoted by B : 7 ' T(M) — H.

Definition 1.5 Let H be a nonlinear connection on T'(M). The bundle
isomorphism B: 7' T(M) — H is called the horizontal lift (associated
to H). [ |

Let (U, x") be a local coordinate system on M and let H be a nonlinear
connection on T'(M). Then

i i
BXi= M9 — N; 9;

for some (uniquely defined) C*° functions Mij ,Nlj -1~ (U) = R. Apply-
ing L to both sides of this identity gives er] = 51-]. Let us set §; = 8/8x' =
BX;. Then {;: 1 <i<n} is a local frame of H defined on the open set
7~ 1(U). The functions Z\g in é;=10;— Z\Gia,' are the local coefficients of the
nonlinear connection H.

Definition 1.6 The cross-section £: T(M) — 7~ T(M) in the vector
bundle 7' T(M) — T(M) defined by

L) =) e (@ 'TM) , veTOM),

V b
is called the Liouville vector. [ |

Let V be a connection in the vector bundle 77! T(M) — T(M) and let
us define H = H, by setting

H,={4e T,(Ta): (V5£), =0}, veTOW,

where A is any smooth extension of A to T(M) i.e., A isa C* vector field
on T(M) such that A, = A. Clearly the definition of H, doesn’t depend
upon the choice of smooth extension of A € T,,(T(M)).

Definition 1.7 A connection V in 7' T(M) — V(M) is said to be
regular if 'H@ is a nonlinear connection on T'(M). [ |
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Proposition 1.8 For any linear connection V on M the induced connection Vin
7' T(M) — T(M) is regular.

Proof. Let A be a tangent vector field on T'(M) locally described as A =
A'9;+ B'9;. Then A € Hy it and only if

Bt = —Alyl (F,’; o n) . (1.3)
Thus Hy, is locally the span of
{8i—yjrf;3k:1§i§n} (1.4)

so that Hg, is a C° distribution of rank n on T(M). Therefore to check
(1.2) it suffices to show that the sum H@’V + V), is direct for any v € T(M).
Indeed let A € Hg, NV, As A €V one has LA =0 hence A" =0 and then
(by (1.3)) B* =0 as well. Thus HNV = (0). n

An inspection of (1.4) also shows that

Corollary 1.9 The local coefficients of the nonlinear H, connection on T (M)
determined by a linear connection V on M are given by Nji = <ij o n) %

Let H be a nonlinear connection on T'(M). A tangent vector A € 'H,, is
a horizontal vector. A tangent vector field A € H is a horizontal vector field on
T(M). For any section s in 7 ' T(M) — T(M) the vector field Bs is the
horizontal lift of s. Given a vector field X on M its horizontal lift is the vector
field X = BX i.e., the horizontal lift of the natural lift X of X.

E 1.3. THE DOMBROWSKI MAP AND THE SASAKI METRIC

Definition 1.10 Let H be a nonlinear connection on T(M). Bundle
morphism K : T(T(M)) — m~' TM defined by

KA=vy,'QA4, AeT/(TM)), veT(M),

is called the Dombrowski map associated to H. Here Q: T(T(M)) — V is
the natural projection associated to the decomposition T(T(M)) =H & V.
|
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Let H be a nonlinear connection on T(M) and B : 7' TM — H and
K:T(T(M)) — n~'TM respectively the horizontal lift and the Dom-
bowski map associated to H. It is an easy consequence of definitions that
the sequence of vector bundles and vector bundle morphisms

B K
0— 7 '"TM — T(T(M)) — 7~ ' TM — 0
is exact. Locally
K@) =0, K@®)=X, 1<i<n.

In particular K(9;) = NIJX]

Let ¢ be a Riemannian metric on M. It induces a Riemannian bundle
metric g in the vector bundle 7 VTM — T(M) as follows. Let v € T(M)
and X, Y € (J'r_1 TM)V. Let (U, x") be a local coordinate system on M such
that (v) € U. Let X; be the natural lift of /9x'. We set

W(X,Y) = gi(m()X'Y/

where X = X'X;(v) and Y = Y'X;(v). The definition of §,(X,Y) doesn’t
depend upon the choice of local coordinates at 7 (v) so that ¢ is a globally
defined Riemannian bundle metric in 7~ !TM. In particular §(X,-,Xj) =

Definition 1.11 Let H be a nonlinear connection on T(M) and ¢
a Riemannian metric on M. The Riemannian metric G, on T (M)

defined by
is called the Sasaki metric on T'(M) associated to the pair (H,g). [ |

Of course the Sasaki metric G; may be thought of as induced by the
given Riemannian metric ¢ on M while the given nonlinear connection H
is but the lifting tool (from M to T'(M)).

Let H be a nonlinear connection on T(M). Let J: T(T(M)) —
T(T(M)) be the (1,1)-tensor field on T(M) defined by

JBX =yX, JyX=-BX, XeI®@ 'TmMm). (1.6)
It 1s then immediate that

Proposition 1.12 Let (M,g) be a Riemannian manifold. For any nonlinear
connection H on T (M) the synthetic object (T (M), ], Gs) is an almost Hermitian
manifold.
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Proof. One has J> = —1I as a consequence of (1.6), where I is the identical
transformation of T(T(M)), so that J is an almost complex structure on
T(M). Moreover (1.5)—(1.6) imply G;( JA,JB) = G;(A, B) for any A,B €
X(T(M)). [ |

It may be easily shown that

Proposition 1.13 (P. Dombrowski, [99]) ] is integrable if and only if
(M, g) is locally Euclidean.

Our convention for the sign of the curvature tensor field R of a
connection V : '®(E) — I'*°(T*(M) ® E) in a vector bundle E — M is

R(X,Y)s=—VxVys+ VyVxs+ V[XJ/]S
for any X,Y € X(M) and any s € *(E).

Proposition 1.14 Let (M,g) be a Riemannian manifold and Va regular con-
nectionint ~VTM — T(M). Let H = 'H@ be the nonlinear connection on T (M)
associated to V and B : 7w~V TM — H the corresponding horizontal lift. Let G be

the Sasaki metric associated to the pair (H,g). Then the Levi-Civita connection D
of (T(M), Gy) is expressed by

~ 1 -

DgxBY = BVgxY + 3V R(BX,BY)L,
~ 1 .

DgxyY =yVpxY — > BR(BL,BY)X,

N 1 .
DyxBY =BV, xY — > BR(BL,BX)Y,
DyxyY = V@yXY,

forany X, Y € (s~ TM), where R is the curvature tensor field of the connec-
tion V.

For a proof of Proposition 1.14 one may see [42], p. 139-140.

The almost complex structure | = Ji o given by (1.6) was introduced
by P. Dombrowski, [99]. It is but one of a larger family of isotropic
almost complex structures J5 » due to R.M. Aguilar, [11]. Any isotropic
almost complex structure determines an almost Kahler metric whose Kahler
2-form is the pullback to T(M) via b: T(M) — T*(M) of the canoni-
cal symplectic form on T*(M). Moreover isotropic complex structures exist
precisely when M has constant sectional curvature (cf. Theorem 1 in [11],
p- 431). The remainder of this section is devoted to a brief presentation of
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the results in [11], which are believed (as we argue later on) to offer the
possibility of further development for the harmonic vector field theory.

1.3.1. Preliminaries on Local Calculations

Let (M,g) be a Riemannian manifold and {X;:1 <i<n} be a local
orthonormal frame of T'(M), defined on the open set U € M. Let 0"
1 <i < n} be the dual coframe on U i.e., Qi()(J') = 8} forany 1 <i,j<n.
The metric may be locally written as g =Y »_, 6’ ® 6" Also {XiH,XiV 1<
i <mn} is a local frame of T(T(M)) defined on the open set 7~ 1(U) and
(m*0', 00 po K : 1 <i < n}is the corresponding dual coframe. We set

ni=n’*9i, §i=0”opoK, 1<i<n,

for the sake of simplicity. Let ® € Q'(T(M)) be the 1-form on T(M)
defined by

0,(A) =grw((dm)A,v), A€ T,(T(M)), veTM).
Then

n
O=> fi (1.7)
i=1
where the functions f: 771 (U) — R are given by
fiw)=0p,®, vex '(U), 1<i<n
It may be easily shown that

d0=>"tnn' (1.8)
i=1

Let E: T(M) — R be given by E(v) = %gn(v)(v, v) for any v e T(M).
Then

n
dE=Y" f'&'. (1.9)

i=1
Let a)]’ e Q1(U) be the connection 1-forms of V (the Levi-Civita connec-
tion of (M,g)) associated to the local frame {X;:1<i=<n} ie, VX;=

a); ® X; and Q; € Q2(U) the curvature 1-forms i.e.,

. , . 1 .
i__ i i k_ ~pi pk 2
Qj—da)j—l—a)k/\wj = ZRJM@ VA
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Then (by the structure equations for V)
dn' = n* A ), (1.10)
dE' = e Aol + P QL. (1.11)
Next we establish the following

Lemma 1.15 (R.M. Aguilar, [11]) With the notations above
dif =& — f*r*wl, (1.12)
ont =N (U) forany 1 <i<n.
Proof. Let us take the exterior derivative of (1.7)
d© = "{df nn'+f dn'}
i
and substitute from (1.8) to get

STE =AY An'=) flan.

i i
Next we substitute dn' from (1.10)
Z(El_df‘t)/\nt:Zflnk/\n*w;e
i i
and profit from a)Jl = —a)ij to write
Z(dfi—éi-i-fkﬂ*wL)/\Ui:O

1

so that, by Cartan’s lemma
gf:gf_fkn*w;ﬁc;ﬁnf (1.13)

for some C; € C®(x~1(U)) such that C; = CZJ On the other hand we
may differentiate (1.9) \

O:Z(dfi/\%.i_i_fidsi)

1

and substitute df’ from (1.13)

Z{—fkn*wLAéiJFquA§i+fid$i} -0

1
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In the last identity we replace d&' from (1.11)

Z{@n“é’ﬁrf"fkn*ﬂz} =0

1

and observe that Zlf’ffn*Qj' =0 because of le = —Qlj It remains that
> Cjnj AE'=0 hence Cj =0 and (1.13) implies (1.12) as desired. [ |

1.3.2. Isotropic Almost Complex Structures
We adopt the following

Definition 1.16 Let A C T(M) be an open subset. An almost complex
structure J on A is said to be isotropic with respect to the Riemannian metric
on M if there are smooth functions «,8,0 : A — R such that @8 — o2 =1
and

JxXH=axV +oxt, JxV=—oxV -sx", (1.14)
for any X € X(A). [ ]

Given an isotropic almost complex structure | on A defined by (1.14)
we write | = Js5, to capture the dependence of J on the parameters
8,0 € C*°(A). Fora =§ =1 and ¢ =0 one obtains the almost complex
structure J1,0 due to P. Dombrowski (cf. op. cit.).

Theorem 1.17 (R.M. Aguilar, [11]) Let (M, g) be a Riemannian manifold.
There is an integrable isotropic almost complex structure Js.o on some open subset
A C T(M) if and only if w(A) has constant sectional curvature.

Remark 1.18
i. If M is real analytic there is a unique germ M of complex manifold,
of complex dimension #n, such that M is embedded in M as a totally
real submanifold. Then we may argue, together with R.M. Aguilar,
[11], that the result in Theorem 1.17 is about putting such complex
structure into “isotropic” form (similar to the classical Beltrami theorem
on geodesic maps onto the Euclidean space).

ii. Let J55 be an isotropic almost complex structure defined on some open
subset A C T'(M). Then

2,0(A,B)=(dO)(Js0A4,B), A BeX(A,

is a Riemannian metric on A provided that o > 0. It should be
observed that g1 is the Sasaki metric G; and 05" gso =ag (where



12

Chapter 1 Geometry of the Tangent Bundle

iii.

00 : w(A) — A is the zero section). Also ( J5.4,95,0) is an almost Kahler
structure on A. It is an open problem to study harmonic (unit) vector
fields X € '*°(S(M,gs5)) as in Section 2.6 of this book (by replac-
ing the Sasaki metric G, with one of the metrics g5 » associated to a
given isotropic almost complex structure). Are gs » among the g-natural
metrics in Section 4.4 of this book?

As Jso are in general non-integrable almost complex structures
(QO*(T(M)),d) is in general only a pseudocomplex (in the sense of
[297]). The Dolbeau cohomology of (T'(M),J5 ) is then the cohomology
of the complex

D: QM(T(M)) x - Q% (T(M)) — QU+ (T(M))

%3 QYT (M),

D, p) = (01— p, 3 (0r — ),
A e QUI(T(M)), ued QU 1(T(Mm)).

The Dolbeau cohomology groups of (T(M),Jss) turn out to be
isomorphic to the cohomology groups of the pseudocomplex
(Q%*(T(M)),d). The calculation of the Dolbeau cohomology is an
open problem even in the simplest instances (cf. Appendix A of this
book for a preliminary discussion of (T (M), J1 o) together with a brief
recollection of the needed notions of homological algebra). |

Let M and N be two manifolds and f: M — N a smooth map. We

define fi : T(M) — T(N) by setting f(v) = (dr,)f)v tor any v € T(M).
In particular fyy : T(T(M)) = T(T(N)) is given by

S (V) = (dnanf)V, Ve T(T(M)),

where IT: T(T(M)) — T(M) is the projection.

Definition 1.19 An isotropic almost complex structure | =J5, on A C

T(M) is said to be invariant if for any isometry F € Isom(M, g)

JF*(V)F**AV = F**(JA)V

forany A € X(A) and any v € A. ]

Theorem 1.20 (R.M. Aguilar, [11]) Let M"(k) = (M,g) be a real space
form of sectional curvature k € R. Let us consider the set

(). s
I_{<m,0>.beR}U{(8, «8%) :a € R\ {0}, b € R}
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where § % = % [ZKE + b+ QkE+ b2+ 4a2K2]. Then

{Js,0:(8,0) €1}

is the set of all invariant isotropic complex structures on some open subset of T (M).

Let us prove Theorem 1.17. Let J5» be an isotropic almost complex
structure on some open set A € T(M). The holomorphic tangent bundle
THWA) = (X — iJs.o X : X € T(A)} is locally the span of

K 9 )

The dual complex 1-forms @/ are determined by
Wl(Z) =5, o'(Z) =0,

hence

1+zcr 8yj.

w = —édxj—{—fc?yj, f=
Then
dx) = (o + ! + (0 — z)a)f 8yl = oz(a)j ~|—a>;>,
where @/ = wJ. Consequently
dxd A dxk = (o +i)2a)f/\a)k+a8(a)j/\a)z
+ a)j/\wk> + (o —i)za)j/\wE,
édxf/\éyle = (0 +1i) [ijwk+w_jAw?i|
+ (o — i) [aj/\a)k—l—a)]/\a)z],
8yj/\8yk =a? <a)j/\a)k+wj/\a)z+a)j/\a)k+a);/\a)z>.
Let us compute dw® Using

dw! = df A Sy* + fdsy*,

f af

df = 5’ 8y,
if +a,
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one finds
do* = do* + da* —I—Na)/",

!
2

dok = | a(Zf)8k +

90t = [@(28 — @1} —f (R +2i) | @ Ao,

Not = “5§fo+£

k| . 2
Rﬂz]w AW,

Rj’}} o Aot
Here one exploited
dQ"0(T(M)) C QX(T(M)),
Q(T(M)) = > (T() & QY (T (M) & Q" (T(M)),

where QP1(T(M)) is the bundle of complex forms of type (p,q) on T(M)
i.e., locally sums of monomials of the form

DTN ADY AT A Al

with complex C® (AN~ (U))-coefficients. See also (A.6) in Appendix
A to this book. By a result in [297], p. 363, the almost complex structure
Js.o is integrable if and only if N =0 i.e.,

FRY :oz<8f2@f—852/f). (1.15)

Let R;j = R be the Ricci tensor of (M, g). Contraction of k and j in (1.15)

“jki
and R;} = Rﬁe Y! furnishes
= S k
Zf = —— Ry~ 1.16
Jf (Vl _ 1)0[ kY ( )
Substitution from (1.16) into (1.15) leads to
1
k kgs kgs

Let xe€ M and let Y € T.(M) be a unit tangent vector. Let p C T (M)
be a 2-plane tangent to M at x such that Y € p. Let us complete Y to an
orthonormal basis {X, Y} of p. Then the sectional curvature k(p) is given by

k(p) = R(Y,X,Y,X) = (R (Y, X)Y, X)
= Y'VIX*X g(R(3;, 81)9;, 30)x
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where (, ) = g.. Yet (by (1.17))

1
AR5, 913, 0¢) = Riyees = — (e Ry — geiRy)
so that
1 ) .
k) = — [IX[PRic(Y, Y) — (X, Y)Rice(X, V)]

or

k(p) = ﬁ Ric,(Y,Y). (1.18)
Let now p,q be two 2-planes tangent to M at x. If pN g # (0) then we may
choose Y € pNg such that | Y| =1 so that (by (1.18)) k(p) = k(g). When
pMNg=(0) we may consider orthonormal basis {X,Y} C p and {4, B} C q.
Let then r C Ty(M) be the 2-plane spanned by {Y, A}. As pNr = (0) and
rMN g # (0) we may conclude that k(p) = k(r) = k(q) that is k is constant on
G>(M), (the fibre over x in the Grassmann bundle Go(R") — Gy(M) —
M of all 2-planes tangent to M). That is to say there is a smooth func-
tion K : M — R such that k = k o I, where I1 : Go(M) — M is the natural
projection. Then

RX,V)Z=x{g(X,2)Y —g(Y,2)X}, X,Y,ZeXM), (1.19)

and by the classical Schur theorem « is a constant provided that n > 3.
To include the case n =2 we need a more detailed analysis. However we
impose no restriction on the dimension. Let {X;:1 <i <n} be a local
orthonormal frame of T (M) and let us adopt the notations and conventions
in Section 1.3.1. Then

Wi=(+iX +aX, 1<j=<n,
is a local frame of T1Y(A). Consequently the local complex 1-forms
w = —io)p! +isg), 1<j<n, (1.20)

are of type (1,0). We may take the exterior derivative of (1.20) and use the
structure equations (1.10)—(1.11) to obtain

du! = b A ol + i8S QL+ i (d8 A ET — do A ). (1.21)
Let us substitute from

n! = % (uj+uj>, gl = % [(G — Dl + (o —i—i)uj],
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into (1.21) to get

dul =k A n*wL + iéfkn*QZ (1.22)
1/1+i 11— 7
+§( :ladé—ida)/\uf—é( 6lad5+ida>/\u1.

Let us assume that J5 5 is integrable. Then the identity (1.19) holds good. It
may be easily rewritten as

Q=k0'Ab/,
where for the time being k € C*°(M). Then (by (1.7))
<uj A uj) NG

KOoT

and one may substitute into (1.22)

, . Sdikom i
k J J
duw) = u /\|:n*a)k+T5k®+<§do—

4 7/\ 8i/<on®+id —|—1_iad8
: —do +——4dé§ |.
! > > 28

1+io

d5> 52} (1.23)

As J55 is assumed to be integrable the (0,2) component of the 2-form du/
must vanish i.e.,

) 01 = 1—io -
iS(k om)®> +180+T85=O. (1.24)
Here ®%! is the (0,1) component of
e = Zf—lnj = EZf] (MJ+MJ)
J J
1e.,

1 PR
Q! = 5 > o f. (1.25)
j

Let us prove (1.24). As a consequence of
wl (W) =2(0 + )8}

for each smooth function f : N U)—>R
df = !+

fi= 20 +9) Wi(f), fi=f 1=<j=n
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Therefore

. . I —io k 3
18(Kon)®+1do+Td8=Aku + pugu®,

i6 (kom) 4 . 1—io
)x/e:Tf +10'k+ Sk,

i6 (kom) 4 . 1—io
M’E:Tf +iop+ e

Then the (0,2)-component of dud is Nl = ul A ,lLEuE. As argued above
this must vanish

juos W A ME =0
and then (by applying the last identity to the pair (I3, %))
[0 (3355 - 55‘"55”’) =0.

Then we may contract the indices j and r to yield (n — 1) s = 0 which is
equivalent to (1.24). We need the following

Lemma 1.21 900 =0.

Proof. The identity (1.9) may be written
1 . . =
=3 [(a i 4 (o + i)uf]
J

hence

Then (by taking into account (1.25))

o= 2 3
o+i
Next
_ EH 59 _
70%! = _ 2% | ABE (1.26)
o+i (04132

Let us express 0o from (1.24)

90 = —8(k o) O% + (6 + 1) dlog ||
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to compute
= - 01 8% (kom) -
(0+1)08§—0600 =8(kom)®” = — JE
o—+i
and then (1.26) yields 3®%! = 0. Lemma 1.21 is proved. [ |

Let us go back to the proof of Theorem 1.17. To this end we apply 8 to
(1.24) and use Lemma 1.21

(kom)d8 AO" 483 (k o) AO"! —Bo Adlog|8| = 0.
Once again we replace do from (1.24) and obtain
Ak om) AO" =0, (1.27)
Then
Wil om)f* — Wik om)f 1 =0 (1.28)

is a local version of (1.27) (got by applying (1.27) to the pair (15, W5)). On
the other hand »

VV](K or) = (0 —)Xj(o)om,
and

FI0) =8], ) =v/, v=r/X(x ).

' . , -1
In particular f/ = (ij on) y* where [ij] = [XZ] and the smooth

function [Xk’] :7(U) - GL(n,R) is given by

0
1<k<n.

_ v/
Xk—Xk@, =R=

Then (1.28) may be written
(X(k) o) <Y,f o n) V= (Xp (k) 0 77) (y,j ° 71) V=0
or (by differentiating with respect to y¥)
Xi(1) Y = X () Y] = 0.

Let us contract with Xf and then contract the indices £ and s to obtain
(n—1)Xj(k) = 0. As M is tacitly assumed to be connected it follows that
K 1s a constant.
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Vice versa, let us assume that M is a real space form M" (k) of (constant)
sectional curvature x and let us look for smooth functions «,5,8 : A — R,
defined on some open subset A C T(M), such that ad — 02 =1 and the
corresponding isotropic almost complex structure Js » is integrable. By the
considerations above such Js5 s is integrable if and only if the functions §
and o satisty (1.24) i.e.,

9o +8k®" — 571 (o + )38 = 0. (1.29)

Therefore it suffices to determine particular solutions 8,0 to (1.29). Let us
look for solutions with spherical symmetry i.e.,

o=foE, §=goE,

for some C*° functions f(f) and ¢(f) with ¢ €I for some open interval
I CR. Then

30 =(f oE)dE, 38 = (¢ oE)dE,

and (by taking into account (1.29) and the previously established identity
eV = [§/(0 4 i)]OE) it suffices to solve the first order ODE system

keW?  fO+i

POt v aw £0=0
or
1 =2f(e(y~'d (1) =0, (1.30)
FOF () +xg()* = (f(H> =)' (1) =0. (1.31)

At this point the ODE system (1.30)—(1.31) may be solved to yield the
existence of an isotropic complex structure J5, as desired. The solutions
8,0 are in general defined only on some open subset of T(M). The proof
of Theorem 1.17 is complete.

If f = 0 then (1.31) becomes ¢’ + kg®> = 0 hence ¢~ = /2t + b where
b € R is a constant of integration.

Let us look for a solution (f,¢) with f 7 0 on some open interval I C R.
The equation (1.30) may be written f'/f = 2¢'/¢ hence f = akg®> where
a € R\ {0} is a constant (the form of the constant is chosen to obtain a
simple expression of ¢=2). Then (1.31) becomes

14 a2

/
g+u=0
PS
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and we may integrate to obtain

1 2 28 b
——+aKk " —=+Kk+-=0. 1.32
22 T4 2 (1.32)

Again the form of the constant of integration is chosen in such a way to get
an elegant form of ¢=2 Indeed we may solve for g2 in (1.32) to obtain

1
g = 3 [2Kt+ b+ (k)% + 4a2/<2] .

Summarizing the information obtained so far we have obtained the
following spherically symmetric solutions to (1.29)

s '=V2kE+b, 0=0, beR, (1.33)
1
572 = [2KE+b+\/(2/cE+ b) —|—4a2K2], (1.34)

o=as>, acR\{0}, beR.

It is a beautiful result (cf. Theorem 1.20 above) of R.M. Aguilar, [11] that
the complex structures Js ; corresponding to the functions §,0 given by
(1.33)—(1.34) are precisely the invariant (in the sense of Definition 1.19
above) isotropic complex structures on (some open subset of) T (M).

1.3.3. Invariant Isotropic Complex Structures
Let f : M — M be a smooth map. Then

T(M) L> T(M) T(T(M)) f—> T(T(M))
b1 2N 4 T | d 7y
M —f> M T(M) i> T (M)

are commutative diagrams for any smooth map f : M — M. Indeed let IT:
T(T(M)) — T(M) be the projection and V' € T(T(M)). Then
H( fer (1)) = ((dnfi) V) = fI1(1)),
T fax (1) = (dni( fo ) (dnnfs) V = (dr,ury ) (dnanfs) V
= (dn) (T o f) V = (dnan (f o)V = fi(m« (V).
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Lemma 1.22 Iff € Isom(M,g) then the diagram

T(TM) — 7'TM - T

S 4 1 f

TTOM) — 7'M > T
is commutative i.c.,

fropoK=poKofi (1.35)
where K : T(T(M)) — 7~ YTM is the Dombrowski map and p 7 'TM —
T(M) is the restriction to 7w~V TM of the projection p : T(M) x T(M) — T(M)
given by p(v,§) =& for any v,§ € T(M).

Proof As f : M — M is an isometry of (M,g), it preserves the Levi-Civita
connection i.e.,

aZfi afm afl afﬁ afm
a9k F"”Wa ¢+ (Ton °f) 57 9

=0. (1.36)
At this point we may check (1.35). First
(feopoK)s;, =0
hence f; o po K vanishes on H, for any v € T (M). Next
(po Ko fu) 8w = pK (dris;,) fr) 80 = PR (dufi) 8-
The map fi : T(M) — T (M) has the local components
o . of ‘
f>:=f107'[, ;+”=<i,07'[>yj,
dxJ

so that

f* 8f1+n

(df)dj0 = <= (1)9;

fl . 82f1' k
=== (5:+ ,a)ﬂ(vﬁ[axmk(x)— O (x)ak}aif(v)

where x =7 (v) € M. As Ké; =0 and Kf)]' = X; it follows that

82fi afm afl
dxi9xk

+ ) b;

of'

K(dm>af,v=( (9 = Tju ()5 7 (D25 ()

£ "
(T ) g 8f k (x)> iy =0
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by N’—F'ky and (1.36). Hence po Ko fy vanishes on H, as well.
Moreover

B
dx/ N

af’ d
_

(fropo K)éj,u = (frop)Xj =fi 0x/ ax*

Similarly
i+n

(90 Ko furddin = pK (dfo)du=pK %ﬁ@ A +£@a-|
*% ) Ufv v/*)Ofv j ilfe(v) 3)/] ()

of! f l
=p3 (OXi(L0) =
f( )
Therefore fyopoK and po Kofis coincide on V, for any v e T(M).
Lemma 1.22 is proved. u

Lemma 1.23 Let f € Isom(M,g). For each X € X(M)
fuX = (f*X)}fV, X, = (i ) (1.37)
for any v e T(M).

Proof. Let v € T(M) be an arbitrary tangent vector and x = (v) € M. Let
y =f(x) € M. Note that

fuX)! = <dn(xf)f*> X7 = (dofe) X,
hence I1 (f**Xf{) = fo(v). Then £, X € X(M) is given by
(f*X)y - (dffl(nf ) X1y = (deif) Xn() =fXn ()
=fi (dy) X' = f, <dn(x;1)7f) XH = fr X0 = 7, fo X!
= (dn( gy ) X! = (dr o) S X1
Consequently

(o) e XS = (X)), = (dor) (LX),

and then

fu X = (fe )f( ) € Ker (@) ) = Viw)-
Equivalently
S X = (f*X)f wtV (1.38)



1.3. The Dombrowski Map and the Sasaki Metric 23

for some V" € V(). We ought to show that 1V =10. Let us apply po K to
both sides of (1.38). We get

PRV = pKy o X, = fip KX)T =0
that is
KoV =(f®),0)=0
and then V=0 as the restriction of K, to Vp () is a R-linear iso-

morphism V() & (7‘[_1 TM)f*(u)' Therefore (1.38) yields the first of the

identities (1.37). To prove the second identity in (1.37) we conduct the
following calculation

PR X, = fipKX) = f(pX,) = i (X () = (duf) X
= (A1) Xp-1) = (SXy-
Note that y = f(x) = f (7w (v)) = 7w ( fx(v)) so that
KX, = (£ W), (X)) = (L), (LX) f0))

— — 1
= f X(fiv) = (K )/f*X)f*(V) = Kf*(v) (ﬁkX)f*(V)
implying the second of the identities (1.37). Lemma 1.23 is proved. ]

A piece of Theorem 1.20 follows from

Proposition 1.24 Let AC T(M) be an open set and 0,5 : A— R two
smooth functions depending only on E i.e., 0 =foFE and § =goE for some
smooth _functions f(t), g(£), t > 0. Let o : A — R be determined by od — o2=1.
Then the isotropic almost complex structure | = Js o is invariant.

Proof. Let F € Isom(M,g). Then

E(Fyv) = (1/2) gr () (Fsv, Fxv) = (1/2) g (1) (v, v) = E(v)

for any v € T(M). Therefore o (Fyxv) = f(E(Fxv)) =f(E(v)) =0(v) and
a similar property holds for the functions «,8 as well. Consequently (by
Lemma 1.23)

JEu ) Fae X, = Ty (FeX) 1 ()
= a(E)(FX)p, ) +0 (Fa) (B X5,

= a(1)FuX, +0 () Fu XL = Foy (@ X + UXH)V
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1.e.,
T FuXy! = Fu(JXT,.
Of course the identity
Jr.w Fesx X = Fu (JX),
may be proved in a similar manner. We may conclude that J is invariant.

Proposition 1.24 1s proved. |

To complete the proof of Theorem 1.20, one should consider an invari-
ant isotropic complex structure J5 g defined on some open subset A C
T (M) and show that the functions §,0 : A — R are necessarily given by the
formulae (1.33)—(1.34). Let v € A and x = w(v) € M. Let (U, x!,...,x") be
a normal coordinate neighborhood with origin at x and s, the local sym-
metry defined by (x, ..., x> (—x',...,—x"). Then (s,)«X = —X for
any X € X(U) and consequently

(Sx)**X,fi = —Xf[ (Sx)**XVV =-X",

v —p

forany X € X(U) and any v € 771 (U). Let us assume that Js.o 1s an invari-
ant complex structure and apply the formula in Definition 1.19 for F =s,.
Then

a(v) =a(—v), o) =o(—v), &) =6(—v), (1.39)

for any v € 7w ~1(U). We claim that J5 _, is integrable, as well. To prove the
claim we consider the (1,0)-forms

vl = +io)n) +is&7,

i.e., a local frame of Tl’()(T(M),]g,,U)*. Let N_; denote fibrewise multi-
plication by —1. A simple calculation shows that

(N-D* ) =n/, (N_1)*§/ =&/, (1.40)
Next we consider the (0, 1)-forms
W =ul = (1 +io)y) — isE
locally spanning T%!(T'(M),J5.s). Then (by (1.39)—(1.40))

(N_D* =vl, 1<j<n
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In particular N_1 is an anti-holomorphic map of (T (M), Js o) into (T (M),
Js.—o). As shown earlier, the integrability of Js » is equivalent to du/ =0,
mod «* hence

vl = d(N_ )" = (N_1)*di =0, mod (N_p)*ut,

ie., dv/ =0, mod v*, a fact implying the integrability of Js _o. Let 9, be
the d-operator associated to the complex structure J5 . Then (by replacing
o with —o in (1.24))

1+i0 —

Sk o)L @ —id_go + d_s8=0, (1.41)

where, once again to distinguish among the complex structures Js, and
Js.—o» we denote by TI%! : Q1(A, J5.5) = Q¥1(A,J5,) the natural projec-
tion. The formulae (1.24) and (1.41) may be thought of as a linear system
with the unknowns

X1, x7©), x0), Xx"(). (1.42)

By solving for the unknowns (1.42) in the equations (1.24) and (1.41) one
may easily see that § and o depend only on E (one also exploits the identity

n'e = JE,

o+i
cf. the proof of Lemma 1.21 above).

Remark 1.25

i.Let 0p: M — T(M) be the zero section. Then (d,00)X, :X(I)z for
any X € X(M) and any x € M. Consequently oo(M) is a totally real
submanifold of (T (M), J5 o) i.e.,

(Js.0 T(00(M))) N T(op(M)) = (0).

Thus any isotropic complex structure is a “thickening” of og(M) &~ M
(if defined there) and the resulting complex manifold is locally (i.e., in a
neighborhood of M) biholomorphic to any other standard thickening of
M.

ii. Let X be a complex manifold, M C X a smooth real submanifold with
dimgp M = dimc X = #, and u a nonnegative bounded or unbounded
exhaustion function of X such that M ={z € X :u(z) =0}. Let us
assume that 4 is smooth and strictly plurisubharmonic and satisfies the
complex Monge-Ampére equation

(99u)"=0 on X\M. (1.43)
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The synthetic object (X,M,u) is commonly referred to as a Monge-
Ampere model (of bounded type when u is bounded). A program of
classifying Monge-Ampere models with a given center M was started by
L. Lempert & R. Szdke, [206]. One of their main results is

Theorem 1.26 (L. Lempert & R. Szoke, [206]) Let (X,M,u) and
(X', M, ") be two Monge-Ampére models, not necessarily of bounded type. Let
g and ¢ be the Riemannian metrics on M and M’ associated respectively to u
and . Let us assume that (M,g) and (M',¢') are isometric and supu = sup i/’
Then there is a biholomorphism F : X — X' such that v’ o F = u.

Theorem 1.26 generalizes a result by G. Patrizio & P-M. Wong,
[236], where the Monge-Ampere model (X, M, u) is constructed from a
compact symmetric space of rank 1 (cf. [236], p. 356). When J5 , is one
of the invariant isotropic complex structures in Theorem 1.20 the equa-
tion (1.43) with 1w 1(0) = 0(M) reduces to an ODE in one real variable.

Let 8" ={x=(x1,...,x,41) € R"T!: ZJ”-T 2=1} and let Q"= {z =

(21,...,2p41) € C"HL Zﬂj_ll 2 =1} be the natural ¢ ‘thickening” of S"
(cf. [236], p. 357-360). As for any invariant isotropic thickening of S"
one has supu =00, any of these is globally biholomorphic to Q" If
Js.o 1s singled by a=0 and b=1 then one obtains the biholomor-
phism T(S") ~ Q expressed by (X,Y)+— ,/1+ Z;H—ll y,ZX +iYe Q"
where zj=x;+iy;. A deep circle of ideas relates the geometry of
the tangent bundle over a Riemannian manifold to the study of the
global solutions to the homogeneous complex Monge-Ampére equa-
tion (1.43). A brief introduction to the subject is given in Appendix C of
this book. |

S 1.4. THE TANGENT SPHERE BUNDLE

Let (M, g) be a real n-dimensional Riemannian manifold and s
S(M) — M its tangent sphere bundle i.e., the fibre in S(M) over each x € M
is given by

S(M)y={ve T:(M) : g.(v,v) =1}.

The total space S(M) of the tangent sphere bundle over M is a real
hypersurface in T'(M). It (U, x') is a local coordinate system on M and
(n_l(U),x{,yi) are the induced local coordinates on T(M) then S(M) is
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locally given by
SMNa~ ' (U) = {ver ' (U): gi(r@)v'v/ =1}

where v/ = yi(v), 1 < i < n. Therefore the local equation of S(M) in T (M)
is gij'(x)yiy»i = 1. Consequently a tangent vector field A € X(T'(M)) locally
represented as

A — Alal _|_ AH—ﬂéi
is tangent to S(M) N 7 (U) if and only if

Do , :
A'%y’ Y424 gyl =0 (1.44)

on 7~ '(U). Let ‘H be the nonlinear connection associated to the Levi-
Civita connection of (M,g) so that Nj‘ = F;kyk and

; ; 1 [ dg ag; 0g;i
i =T Lo (8 O&k %
Fﬂe_g Lire: - T = 2 (axf + oxi 8xk>'

When A = §; for some 1 <j < n then Al = 8; and A" = —N]." hence

08kt k¢ ; L 0%kt kg ek
AV 24 g = 2y = 200

We proved the following result:

Proposition 1.27 Let (M,g) be a Riemannian manifold and 'H = Hy, the

nonlinear connection on T(M) associated to @, where NV is the connection in
7~ VTM — M induced by the Levi-Civita connection V of (M,g). Then H, C
T,(S(M)) for any v € T(M) i.e., each horizontal vector is tangent to S(M).

Which vertical vectors are tangent to S(M)? To answer this question let
A= AT"9; be a vertical vector field and

pra ()= R, p) =g @)y ) —1. ver (V).
Then A(p) =0 if'and only if
Atgiyl = 0. (1.45)
Therefore we may state the following

Proposition 1.28 Let X € I®(m ' TM). Then the vertical tangent vector
field yX is tangent to S(M) if and only if 3(X,L) =0 where g=m"'g is
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the Riemannian bundle metric induced by g in 7 VTM — T(M) and L is the
Liouville vector field.

Let A= A'9; + A™F"); be an arbitrary tangent vector field on S(M) i.e.,
the functions (A, A™") satisfy (1.44). A vector field B= B'd; + BT"9; is
orthogonal to S(M) if and only if

GiA' B + gre (A" + NF AN (B + Nf B/) = 0. (1.46)
We shall show that

Theorem 1.29 Let (M,g) be a Riemannian manifold and S(M) — M its
tangent sphere bundle. Then v =y L is a unit normal vector field on S(M) and

T(S(M)) = H & y Ker(w) (1.47)

where wy: (1~ TM), — R is defined by w(X) =g (X,Ly) for any X €
(=" TM), and any x € M.

Proof. The first statement in Theorem 1.29 follows from (1.46). Indeed if
B=7y L then B =0 and B = y' hence

GABI + g (Ale—l-n _i_z\]i/eAi) (Be+n —i—Nfo)

as a consequence of (1.44). The formula (1.47) follows from Propositions
1.27 and 1.28 by comparing dimensions. [ |

Let (M, g) be a Riemannian manifold. Let ] = J; ¢ be the standard almost
complex structure on T(M). The geodesic flow is the horizontal vector field
& on T(M) given by

, -
E=—Jy=pL=y
x
By Proposition 1.27 the vector field & is tangent to S(M). Let G; be the
metric on S(M) induced by the Sasaki metric on T(M). Let n’ € Q' (S(M))
be given by n'(V) = CS(V,S/) for any IV € X(S(M)). Also let ¢’ be the
(1, 1)-tensor field on S(M) given by

¢V =JV—n(NE, VeX(SO).

We set

p=¢, &=2¢ n=1n’ Go= 1
’ £ 2 ’ S 4



1.5. The Tangent Sphere Bundle over a Torus 29

so that (¢,&,1n, G) turns out to be a contact metric structure (the standard
contact metric structure) on S(M). Let H(S(M)) = Ker(n) C T(S(M))
and let us set

Tio(S(M) = (X —iJX: X e HS(M))}  (i=+/~1).

This is the standard almost CR structure on S(M). It is discussed in some
detail in Chapter 6 of this book. Cf. also [110], p. 321-329. By a result
of S. Tanno, [282], T1,0(S(M)) is integrable if and only if (M,g) (with
n > 2) has constant sectional curvature. Similarly any isotropic almost com-
plex structure J5 5, defined on an open subset A € T'(M), induces an almost
CR structure T1,o(T(M))s s on AN S(M). It is noteworthy that J5 » with

1

= b J = b

VKQRE—-1)+1

induces the same almost CR structure as Ji o yet (unlike Ji o) has the same
integrability condition as 17 o(S(M)).

S) 1.5. THE TANGENT SPHERE BUNDLE OVER A TORUS

Let dy,d> € R? be two linearly independent vectors and let I C R2
be the lattice given by
I'={mdi +ndy: mneZ}.

Let T2 =R?/T and let 7 : R?> — T2 be the natural projection. Then R?
is the universal covering space of T2 We assume T2 is oriented such that
7 :R? — T2 is orientation preserving. Let J be the almost complex struc-
ture on T2 induced by the fixed orientation. Next we assume that T2
is equipped with an arbitrary Riemannian metric g and let {S, 17} be an
orthonormal frame of T(T?) such that W =]JS. Let St — S(Tz,g) — T?
be the tangent sphere bundle and let us set £ = ' (S(T?,9)).

Definition 1.30 Let X € £ be a unit tangent vector field on T2 The
functions @, ¥ € C*®(T?,R) given by

p=g(X,S), ¥=gX, W),
are called the (S, T¥)-coordinates of X. [ |
If X € £ and @, € C®(T? R) are its (S, IW)-coordinates then

X=¢S+y W, ¢’+y>=1.
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Also the map €& — C°(T?2,8") given by X > ¢ + /=1 is a bijection.

Definition 1.31 Let X € £. A function « : R> — R is called a (S, W)-
angle function for X if

Xom = (cosax) Som + (sina) Wom (1.48)

everywhere on R? [ |

Let X € £ and let o : R? — R be a (S, W)-angle function for X. Then
Qpom =cosa, Yomw =sinw

i.e., the following diagram is commutative

that is o : R?> — R is a lift of (¢ + v/ —1¥) o : R?> — S! (and clearly such
a lift always exists).
If I € R is an open interval such that 0 € I we set

Er={(X)ie1 € E': (X)) ier of class C}.

Here (X;)ser is said to be of class C* if the map X : T? x I — R given by
X(p,t) = X;(p), for any p € T2 and any 1 € I, is of class C™°.
Given (X;);e1 € £ we set

i(p) = ¢(X1,S)p,  Vi(p) = g(Xi, W),

so that ¢y, ¥; € C®(T?,R) are the (S, W)-coordinates of X; for each t € I.
Let a,: R> — Rbea (S, IW)-angle function for X; so that

cosa(§) = ¢i(p),  sina(§) = Yi(p), (1.49)

for any £ € R? where p = m(£) € T2 We shall need the following elemen-
tary fact

Lemma 1.32 There is a unique (m,n) € Z? such that
o +di) —ou(§) =2mm, o (§ +do) —a(§) =2nm, (1.50)

forany € € R? and any t € I.
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Proof As (& +di) = 7 (€) for any & € R? one may write
cosay(§ +di) = @i(p), sina (§ +di) = Yu(p). (1.51)
Then (by comparing (1.49) and (1.51))
“in a(§ +d) + o (§) “in @ +d) —ai§)

> > 0, (1.52)
Sinat(§+d12)_05t(§) cosat(é—i_dlz)—i_a[(é) —0, (1.53)

As a consequence of (1.52) we have I) a;(§ + d1) — (&) =2 m(&,t) for
some m(&,t) € Z or 1) a;(§ +di) +a(§) =2mk(&,1) for some k(§,t) €
Z. In the first case, the continuity of the function (&,f) — o;(§) implies
that (§,1) = m(&,1) is a continuous map of R? x I into Z hence m(£,1) =
constant, thus proving the first identity in (1.50). In the second case we need
to exploit (1.53) so that to conclude that ITI) o;(§ + d1) — o (§) =2 L(&, 1)
for some £(§,t) € Z or IV) o, (§ +d1) + o (§) = 2p(§,1) + 1)m for some
p(&,1) € Z. Yet case (II) rules out case (IV) hence case (IIT) must occur and
once again £(&,1) is the constant function by continuity. [

Definition 1.33 Let (m,n) € Z> and I C R an open interval containing
the origin. We set

Per;(m,n) = {a € CPR? x I) : (€ + dy,t) — a (&, 1) = 2m,
a(E +do,t) —a(E,0) =201, VEER?, Viell.

An element a € Perj(m, n) is referred to as a (m, n)-semiperiodic function. M

We also set for further use

Wi = U Per;(m, n).

(m,n)eZ?

We shall omit the index I when the elements @ do not depend upon t.
That is Per(my,m2) consists of all C*® functions « : R> — R such that
a(E+d) —a(E)=2am;forall £ e R> and W = U(m’n)ezz Per(m,n). The
contents of Lemma 1.32 is that given X = (X{)ser and a (S, W)-angle
function o, : R> - R for each X, the function o : R?>x I — R given by
a(&,t) =o§), for any § € R? and any t €I, is (m,n)-semiperiodic for
some (m,n) € 7>

Lemma 1.34 Let {S, W} be a fixed orthonormal frame of (T(T?),g) and let
a € CP®(R? x I). Then the following statements are equivalent
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i. There isa € C°(T? x I) such that a(€,1) = o(m(§),1) forany § € R? and
any t € I.
ii. o € Per;(0,0).

The proof of Lemma 1.34 is elementary. If such @ exists then

af+di,) —a, ) =a(@E +d),0)—a@é),)=0.

Vice versa if a € Pery(0,0) then we may set by definition

ap,ny=aE,n, Een'(p), peT? tel,

and the definition of @(p, f) doesn’t depend upon the choice of &€ € 7~ (p)
precisely because « is (0,0)-semiperiodic.

Lemma 1.35 For each (m,n) € Z? the set Perj(m,n) is an affine subspace of
C®(R? x I) and Pery(0,0) is its associated vector space. In particular for any
o € Perf(m,n) and any Y € X(R?) one has

Ja
Y(a), 5 € Per;(0,0).

Proof. Clearly Perj(0,0) is a real vector space (with the usual opera-
tions with functions o : R?> x I — R). Moreover let us observe that for
any pair («,B) of (m,n)-semiperiodic functions their difference B —« is
(0,0)-semiperiodic and consider the map

f : Pery(m,n) x Pery(m,n) — Perr(0,0),
fle.f)=B—a, (apB)€Peri(mn).

Then a) f(o,B)+f(B,y) =f(a,y) for any &, B,y € Per;(m,n) and b) if
o € Perr(m,n) is fixed then for any B € Pery(0,0) there is o € Pery(m,n)
such that f(ap,o0) = B (indeed one may set by definition o = oo+ B).
Therefore the synthetic object

A = (Pery(m,n), Perr(0,0), f)

is an affine space (whose associated vector space is Per;(0,0)). The proof
of the last statement in Lemma 1.35 is immediate (there Y acts in the
&-variable). [ |

Lemma 1.36 a) For each X € & there is an angle function « € Wy. If X € &1
is fixed then its angle functions differ solely by integer multiples of 2w and
lie in but one Pery(m,n) for some (m,n) € 7> depending on {S,W7}. b) Let
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o € C®R? x I). Then a is an angle function for some X € &y if and only if
[PAS W[.

As a consequence of Lemma 1.36 we may adopt

Definition 1.37 We define a function htpS") : £ — Z2 as follows. Let
X € & be a unit vector field on the torus T2 According to Lemma 1.36
there is a unique (m,n) € Z? such that all angle functions of X belong to
Per(m,n). Then we set by definition htp(s’ w) (X) = (m,n). [ |

The next lemma gives the homotopy classification of the unit vector
fields tangent to T2

Lemma 1.38 Tivo unit vector fields X, Y € & are homotopic in & if and only if
htp®S™M) (X) = hep ST (Y). Thus homotopy classes of elements of € are classified
by the elements of 72 For each X € & its homotopy class [X] € w(T?;S(T?))
doesn’t depend upon the choice of {S, W} yet the index (m,n) does. Precisely if
(S, W} is another orthonormal frame of(T(TZ),g) such thatj:S = W then there
is a unique (k,€) € Z2 such that

htpS"M(8) = hep S () = (&, 0),
and forany X € £
htp(S’W)(X) = htp(S’W) (X) 4+ (k, £).

Let 5((;::;/) em (Tz; S(Tz)) denote the homotopy class of X € & where (m,n) =
htpSW)(X). Then the unit vector fields S, W lie in the homotopy class 8((()50[/)1/)

As to the notations in Lemma 1.38 we adopt the conventions in S-T.
Hu, [172].

Proof of Lemma 1.38. Let X,Y € £ such that X~ Y ie, X and Y are
homotopic. Then there is a path C:[0,1] > £ C 5'(T2)T2 connecting X
and Y ie, C(0)=X and C(1) =Y. Let H= (C(1)o<i<1 € &[0,1] and
let @ € Wijp,1) be an angle function for H and «/(§) = a(§,t) for any
£ e R? and any 0 <t <1.Let (m,n) € 7?2 such that € Per|o,1)(m, n). Then
oo, a1 € Per(m,n) are angle functions for X and Y respectively so that

hepS (X)) = (m,n) = hepS(v).

Vice versa let us assume that htp(s’ w) (X) = htp(S’ W)(Y) and let us denote
their common value by (m,n) so that the angle functions of both X,Y
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must lie in Per(m, n). Let g, 1 € Per(m, n) be angle functions for X and Y
respectively and let us consider

a:R?x [0,1] = R,
aE.n=0—Dag®) +ray), E€R’ 0=<r=1.
Clearly o € Pery 1)(m, n). Let us consider the path C: [0,1] — & given by
C(1)y = (cosa(§)) S, + (sina,(§)) W, € T,(T?),
tenlp), peT? 0<i<l.

The definition of the unit tangent vector C(f), doesn’t depend upon the
choice of £ € =" (p) due to the general observation that composition of
elements in Perj(m, n) with the trigonometric functions cos and sin induces
natural maps

cos, sin : Perj(m, n) — Pery(0,0).

Then C connects X and Y so that X ~Y.
By the first part of Lemma 1.38 the map of

{([X] € n(T?*S(T?)): X € £}

into Z? given by [X] = htp®™>")(X) is a well defined bijection hence the
announced classification of the homotopy classes {[X] : X € £}.

Let us look at the dependence on the frame {S, W}. If {S, 17/} is another
orthonormal frame such that JS = I¥ then

(S, W) =a(s, W)

for some a € O(2) (where ¢ is the transpose of v € R?). If a = [a;j] then
JS= W and JS = W imply a11 = a2 and a1 = —aq» hence given an angle
function 6 € Per(k,£) for S

Som = (cosO)Som+ (sinf) Wom
it follows that
~ T . 4
Wom = cos<9 + E> Som —I—sm(G—I—E) Wom
that is @ 47 /2 is an angle function for W belonging to Per(k, £). Thus
hep"(S) = (k,0), hepST (W) = (k. 0).
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Let o € Per(m, n) be an angle function for X € £. Since
Som = (cosf) Som — (sinf) Wor,
Wom = (sinf) Som + (cosf) Wom,
it follows that
Xom =cos(e—0) Som +sin(@ —0) Won

i.e., o — 6 is an angle function for X with respect to the frame {S, W}. Note
that

(@—0)(E+d) —(@—0)E) =2m(m—k), £eR>
etc., hence o — 6 € Per(m — k,n — £) and we may conclude that

hep S (X) = (1 — kon — £) = hepST(X) — (k. 0). .

Given a topological space X its Bruschlinsky group is the abelian group
71 (X) of all homotopy classes of maps f : X — S' (the additive structure of
7 1(X) is naturally induced by the additive structure of S' C C). Cf. [172],
p. 47. Let {S, W} be an orthonormal frame on T2 such that JS= IW. If
X € & is a given unit vector field on T2 and (m,n) = htp(S’W) (X) € Z?
then let a € Per(m,n) be an angle function for X. Next we consider the
function ¢ : T2 — S! given by

() () =€*®, Eexl(p), peT’
so that the map
E— C®(17,8"), X (1.54)

is a bijection. The bijection (1.54) induces a group isomorphism {[X]: X €
E} ~ ' (T?). Therefore Lemma 1.38 (due to G. Wiegmink, cf. Lemma 3
in [309], p. 334-335) is nothing but the calculation of the Bruschlinsky
group of the torus i.e., 7' (T?) = Z ® Z.

The calculations in this section will be used in Section 2.6 (where we
compute the total bending functional on (72,¢) in terms of the angle
functions of a unit vector field on T?) and in Section 2.10 (where we
examine the behavior of the total bending functional on (T2, ¢) under
conformal transformations § = ¢*'¢ of the metric). Conclusive and quite
complete results (due to G. Wiegmink, [309]) on harmonic vector fields on
Riemannian tori are presented in Section 3.8 of Chapter 3 in this book.
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In the present chapter we discuss fundamental matters such as the Dirichlet
energy and tension tensor of a unit tangent vector field X on a Riemann-
ian manifold (M, g), first and second variation formulae and the harmonic
vector fields system, to be applied in the remaining chapters of this book.
Indeed one may look at a smooth vector field X : M — T(M) as a map
of Riemannian manifolds (M,¢) and (T (M), G;) where G; is the Sasaki
metric (cf. Chapter 1) and apply the ordinary results in variational calculus
to the functional

1
ECX) =5 / 14X | dvol(g)
M

where ||dX]| is the Hilbert-Schmidt norm of dX, very much in the spirit of
the theory of harmonic maps (cf. e.g., J. Eells & J.H. Sampson, [113]). One
of the main references here is the work of C.M. Wood, [316]. The Dirichlet
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energy functional turns out to be related to the total bending functional

B(X) = / IV X Pdvol()
M

as introduced by G. Wiegmink, [309]. Precisely we find (cf. the iden-
tity (2.3) below) that E(X) = % [#Vol(M) 4+ B(X)]. The search for critical
points for E: C*°(M, T(M)) — [0,+00) or E: X(M) — [0,400) shows
that both domains C*°(M, T(M)) and X(M) are inappropriate. Indeed
these domains are too “large”: if a smooth vector field X : M — T(M)
is a harmonic map or a critical point of E : X(M) — [0,+00) (that is to
say with respect to smooth 1-parameter variations of X within X(M))
then X must be parallel (cf. Corollary 2.14 and Theorem 2.17 below) and
E(X) = %VOI(M). As it turns out, the appropriate functional to look at
is E:T°(S(M)) — [0,4+00) where S(M) is the total space of the tan-
gent sphere bundle over (M,g). The search for critical points for this
functional leads to a new and appealing theory of harmonic vector fields on
M. These are smooth solutions to the PDE system A X — IVX|I’X =0
(cf. Theorem 2.23 below) where A, is a second order elliptic operator act-
ing on tangent vector fields (the rough Laplacian). A study of the weak
solutions to this system (existence and local properties) is missing from the
present day mathematical literature. As opposed to the fundamental mat-
ters discussed in this chapter, the remainder of this book is devoted to the
investigation of various instances where harmonic vector fields occur (espe-
cially in contact and CR geometry, cf. Chapter 4 and Sections 7.1 to 7.3 in
Chapter 7) and to generalizations (within subelliptic theory, cf. Sections 7.4
to 7.7 in Chapter 7).

§ 2.1. VECTOR FIELDS AS ISOMETRIC IMMERSIONS

Let M be an n-dimensional C* manifold. Let X : M — T(M) be a
tangent vector field on M. We may show that

Proposition 2.1 1) X: M — T(M) is an immersion. 2) If g is a Riemann-
ian metric on M and 'H a nonlinear connection on T(M) then X : (M,g) —
(T(M), Gy) is an isometric immersion if and only if

BYY i .
@ofr—l— : =0, 1<i,j<n, (2.1)
Xx
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for any local coordinate system (U,x") and any x € U, where X = A'9/3x' on
U with A' € C®(U). 3) Let V be a linear connection on M and V the induced
regular connection in 7 ' TM — T(M) and H = Hy, the associated nonlinear
connection. Then X is an isometric immersion of (M,g) into (T(M), G;) if and
only if X is parallel with respect to V.

Proof. Let us assume that (d, X)v =0 € Txy)(M). Applying dx ()7 one has
(by the chain rule)

0= (dxm) o (dX)v=d(m o X)v=(d1p)v

hence v = 0. Here 1,4 denotes the identical transformation of M. Conse-
quently Ker(d,, X) = (0) i.e., X is an immersion as stated above. Let X* G,
be the pullback by X of the Sasaki metric G; (associated to the nonlinear
connection H). Then for any x € M and any v,w € T (M)
(X" G)x(v,w) = Gix(o ((dx X, (duX)w)
= x () (Lx () (d X)), Lx () (dc X)w)
+ 2x(0) (Kx () (dx X ) v, Kx(x) (d X )w).

On the other hand

Lx () (d X )v = (X (), (dx(70) (d X))
= (X (%), dy (11 0 X)v) = (X(x),v)

hence locally Lx ) (d:X)v = V' X;(X,) where v =1/ (8/3xi)x. Moreover, in
order to compute

K (deX)v = V39 Qo (X v

we need to calculate the differential of X at x 1.e.,

X/ it
= —(x)0;

ad .
(d:X) )3,

8xi X(x) axi X(x)

where X/ and X/*" are the local components of X (with respect to the
local coordinate systems (U,x') and (n_l(U),xi,yi) on M and T(M)
respectively) that is

X(x) =xl(x), XPT'"(x)=N(x), 1<j<n,
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where X = A/ 3/dx/ on U. Thus

(20
= i — O i
x ax' ! X(x)
GV : .
o)l

&y ,
KX(x)(dxX)V = (@(x) + ]\]i’ (Xx)> )(J(Xx)

(dxX) 0
Y AN

so that

Consequently

X0 (Lx () (XD v, Lx () (X )w) = v gii(x) = g (v,w),

éX(x) (KX(x) (d X)), KX(x) (dxX)w)

. 3N : AL
k g4
= v'w"gje (x) (@(X) + NiJ(Xx)> <w(9€) + N, (Xx)) ,
hence (X*Gy)y(v,w) = g(v,w) if and only if
ik N j 92 ¢
vwgie(x) | = () + N/ (X)) || 7))+ N (X)) =0
ox' dx

or (for v=0/0x" and w = 9/9x")

N : It .
gje(x) (F(x) + N/ (Xx)) (—§(X) + N; (Xx)) =0. (2.2)
X 0x*
We set

V= (% om +va])Xj € FOO(JTA(U), nflTM), 1<i<n,
so that (2.2) becomes g(V;, Vj)x, =0 for any 1 <i,j < n. Hence X is an
isometry of (M,g) into (T (M), Gy) if and only if /(X)) =0, 1 <i<n.
This proves the second statement in Proposition 2.1. To prove the last state-
ment, let V be a linear connection on M. Then the local coefficients of the
nonlinear connection Hy; are given by Z\G’ = (F;k ) Jr)yle (ct. Corollary 1.9)
where F}k are the connection coefficients. Thus Nji(Xx) = F;k(x)kk(x).
Taking into account (2.1) it follows that X* G, = ¢ if and only if

j : .
o:%%un4@un%m:(mwk

i.e., if'and only if VX = 0. [ ]
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S) 2.2. THEENERGY OF A VECTOR FIELD

Let (M,g) be an n-dimensional compact oriented Riemannian man-
ifold and X: M — T(M) a tangent vector field on M. Let V be the
Levi-Civita connection of (M,g). Let V be the regular connection in
7~ "TM — T(M) induced by V and Hy the corresponding nonlinear con-
nection on T(M). Let G, be the Sasaki metric on T'(M) (associated to the

pair (g, Hg))-

Definition 2.2 The energy functional is the map E:X(M)=T%(M,
T(M)) — 0,+00) given by

1
B0 = [ eCOvol(g,  e(x) = Sax P
M
for any X € X(M). Here ||dX]| is the Hilbert-Schmitd norm of dX i.e.,

[dX]|* = trace (X* Gy)
and dvol(g) is the Riemannian volume form on M. [ |

Given a local g-orthonormal frame {17,...,V,} of T(M) defined on
the open set U

X[ (x) = > (X* G (V) Vs
j=1

=Y Gex(n (dX) Vi), (deX) Vj(x))
j=1
for any x € U.

For each Riemannian manifold (M,g¢), a pointwise inner product on
(M, T*(M) @ T(M)) is defined as follows. Let x € M and {Vj:1 <
j<n} be a g-orthonormal local frame of T(M) defined on an open
set U C M such that x € U. For any S,R € '*°(M, T*(M) @ T(M)) we
define ¢*(S,R) : M — [0,+00) by setting

n
SRy =) oSV}, RV))s.
=1

The definition of ¢*(S,R), doesn’t depend upon the choice of local
orthonormal frame at x. Moreover, when either M is compact or one of



42 Chapter 2 Harmonic Vector Fields

the tensor fields S, R has compact support, the L? inner product of S and
R is defined by

(S,R) = / (S, R)dvol(g).
M

For any vector field X € X(M) its covariant derivative VX is a cross-
section in the vector bundle T*(M) ® T(M) — M, hence its pointwise
norm ||VX| = ¢*(VX,VX)'/? is well defined.

Proposition 2.3 Let (M,g) be an n-dimensional compact oriented Riemannian
manifold. For any tangent vector field X € X (M), its energy is given by

E(X) = gvol(M) + % / IVX[2dvol(g) (2.3)
M

where vol(M) = fM dvol(g) is the volume of M.

Proof. Let {I;: 1 <i < n} be a g-orthonormal local frame of T(M). Then
(by taking into account the proof of Proposition 2.1)

Lo (d X) Vi(x) = V() Xj(X,),
o 1A 8_)‘k k ¢
Kix(o (e X) Vi) = V] (0) 5560+ T () ) Xi(X)
= Ve (V) X(xo=ViX|

where V; = V{ 9/dx/ and a hat indicates as usual the natural lift of a vector
field (cf. Definition 1.2). Thus (using the identity g(V, W) =g(V,W)on
for any I, W € X(M))

2e(X) =) Gox( (A X) Vi), (dX) Vi)
i=1

n
=Y eV Ve +g(Vi X, Vi X)) = n+ | VX
i=1

and Proposition 2.3 is proved. ]

Remark 2.4 Under a homothetic transformation of the given metric
the energy of a vector field behaves as follows. Let ¢ >0 and ¢=cg.
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If X = (1/4/0) X then

n(c—1) :|

E(X) = /7! [T Vol(M, g) + Eo(X) (2.4)

where we adopt for a moment the more precise notation E,(X) for the
energy of X relative to the metric g. [

Remark 2.5 Let (VX)' be the transpose of VX i.e.,
VX'V, W) =gV, VwX), V,WeX(M), (2.5)

and let us consider the endomorphism of the tangent bundle Ly €
(M, T*(M) @ T(M)) defined by

Lx =14+ (VX)'0o(VX) (2.6)

where I 1s the identical transformation. Then

n
trace(Lyx) = Zg(LX Vi, Vi)
i=1
=1+ Yo (VX) 0 (VX) Vi V) = o+ [VXIP
i=1

so that the energy of X may also be written as

E(X) = %/trace(LX)dvol(g). (2.7)
M
|

Remark 2.6 The differential of a smooth map ¢: M — N may be
thought of as a section in the vector bundle T*(M) ® ¢~ T(N). In partic-
ular dX is a section in T*(M) ® X' T(T(M)). Let E — M be the vector
bundle whose fibres are E, = {X(x)} X Tx(M) for any x € M. We define
sections X, XH € T'®°(T*(M) ® E) by setting

= {X()} x T,(M) = E,,

*

(X)), T = (27" T™)

(X)), =Kxo(dX), xeM,

*

(X, ToM) > Ev,  (X]'), = Lx@o (dX), x€M.

Let (U, x") be a local coordinate system on M and ¢; € ['*°(U, E) defined by
ei(x) = (X, (3/0x"),) for any x € U. Thus {¢;: 1 <i<n} is a local frame
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in E. Also E— M inherits the Riemannian bundle metric ¢ given by
gf((Xx,v), Xy, w)) = gx(v,w) for any v,w € Ty(M) and any x € M. An
inner product on T*(M) ® E is then defined by

(dx' @ er, dx! @ e¢) = glgre .

As X} and X are sections in T*(M) ® E, it makes sense to consider their
norms || X, || and | XH|. Note that || X ||> = n. Indeed if {V;:1 <i < n}
is a g-orthonormal local frame of T'(M) on U, then for any x € U

(X7 w=(Xx), w), we T(M),

n n
IXENZ =D eE(XE), Vi (XF) Vi) =D eV, Ve = n.

i=1 i=1

On the other hand for any w € T, (M)
(dxX)w € Tx)(T(M)) = Hx(x) D Vx(x)
—1 -1

= (B TM)X(x) ® (v TM)X(x)

hence (d,X)w = Bx)V + ¥x W for some I,V € (7'[_1 TM)X(X). By
applying Kx(x), respectively Lx(y), to the previous identity we obtain
V= () e W= (30
hence
deX = Bx(v o (X31) +vxm o (X)), - (2.8)

By the very definition of the Sasaki metric B, : (n_lTM)V — T,(T(M))
and y, : (7‘[_l TM) — T,(T'(M)) are linear isometries of the inner product
spaces ((r~! T™),, g,) and T,(T(M)), Gy,), for any v € T(M). In partic-
ular it follows that the maps Bx(y) : Ex = Tx(x)(T(M)) and yx(y) : Ex =
Tx(x)(T(M)) are linear isometries of (Ex,gf) into (Tx() (T(M)), Gsx(x))»
for any x € M. Hence (by (2.8))

14X 13 = (trace, X* G) () = D Goxy ((deX) Vi, (X)) Vi)
i=1

=Y I Vi P+ 1(X), Vil } = IXF2 +1X]113

1
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from which

_n 1 V2
E(X) = > vol(M) + 3 |1 X, [I7dvol(g).
M

Our calculations through Remark 2.6 are in the spirit of C.M. Wood,
[316], where fM X} 12dvol(g) is referred to as the vertical energy of X. Of
course this is precisely the integral fM | VX||2dvol(g).

Definition 2.7 (G. Wiegmink, [309]) Let (M,g) be a compact orientable
Riemannian manifold and X € X(M) a tangent vector field on M. The
number

B(X) = / IVXIP dvol(g)
M

is called the fotal bending (or biegung) of X. [
Clearly the biegung of X is a measure of the failure of X to be parallel.

Corollary 2.8 Let M be a compact oriented Riemannian manifold. For any
tangent vector field X on M

E(X) > g Vol (M) 2.9)
with equality if and only if VX = 0.

Remark 2.9 By a result in [258] (cf. Proposition 5.10, p. 170)

/||VX||2dvol(g)=/{Ric(X,X)-ﬁ-%Ilﬁxguz—(divX)z}dvol(g).
M M

Then on a compact n-dimensional Riemannian manifold (M, g), the energy
of a unit Killing vector field X is given by

E(X) = gVol(M) + % / Ric(X, X)dvol(g).
M

If additionally (M, g) is an Einstein manifold and n > 3, then all unit Killing
vector fields have the same energy (n* 4 p)Vol(M)/(2n) where p is the
scalar curvature. [ |
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S 2.3. VECTOR FIELDS WHICH ARE HARMONIC MAPS

Let (M,g) be a compact oriented n-dimensional Riemannian man-
ifold and V its Levi-Civita connection. Let H =Hg be the associated
nonlinear connection, with local coefficients Nj"(x, y) = F}k(x)yk, relative

to a local coordinate system (U,x’) on M. Let G, be the Sasaki metric
associated to the pair (H,g). Without further specifications, this will be our
choice of Sasaki metric on T (M) for the remainder of the present chapter.

Theorem 2.10 (T. Ishihara, [176], O. Nouhaud, [223]) Let X € X(M)
be a tangent vector field. The following statements are equivalent

i. X is a harmonic map of (M, g) into (T(M), G;).

ii. X is an absolute minimum of the energy functional

1
E:X(M)— [0,+00), EX)= 5/ |dX|1> dvol(g), X € X(M).
M
iii. X is parallel i.e., VX = 0.
See also J.J. Konderak, [194]. Proof of Theorem 2.10. (ii) <= (iii)
as a consequence of Corollary 2.8. The smooth map X: M — T(M) is
harmonic if and only if X is a critical point of E: C®(M,T(M)) —

[0,400) i.e., {dE(X;)/dt};=9 =0 for any smooth 1-parameter variation
X : M x (—€,e) — T(M) of X by smooth maps. Here we set

X M— TM), X((x)=X(x1), xeM, |t <e,
and then Xy = X. In particular we may consider the variation

X,)=(1—0HX,, xeM, || <e,

hence
o= XD _ 1<M)+1/||VX||2d I(9)
Cdr |, dt 2" 2 Al AveRig
M t=0
d | (1=1?2 ) 2
=7 3 | VX||“dvol(g) =— [ [IVX]|=dvol(g)
M t=0 M

hence VX = 0.
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Vice versa, if VX =0 then (by Proposition 2.1) X : M — T(M) is an
isometric immersion. We shall show that X is totally geodesic (and in par-
ticular minimal i.e., X is harmonic). Let y (f) be a geodesic of (M,g) and
let us set ¥ (£) = X(y (¢)) for any value of the parameter ¢. Then

d dy
= (dyX) 0 ()| = (dypX)— ()

dy d
7 (F) — X _
" () = d(Xo y)dt

t t

dy' 3
=l(t) |:5,'+(—l. oI +[\71]) 3j:| .
dt 0 X ()
The remainder of the proof requires the Levi-Civita connection D of
(T(M), Gy). It is locally given by

1
Ds,8; = T8, — —ylejkag, (2.10)
1

Dgiaj = kﬂag + F ak, (2.11)

R 1 kpt
D;,0;=0, (2.13)

where Rjk( is the curvature tensor field of V. The formulae (2.10)—(2.13)
follow easily from Proposition 1.14. For simplicity we set

o\
Z; =06+ — +N; aj
ax!

so that (d}7/dt)(t):(dyi/dt)(t)Z,-,X(y(t)). Using (2.10)—(2.13) we may

compute

e\ G/ AN
Nf {

+(ax'+ >

+ak(—+N) z—}—(——i—Ne)ngég}

sl 92" e 1o (M
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A ks
+ {axiax1+ FrRAR Y

8! NEe (i NkF 9
sl R RV B s

hence the identity

yields

(DZ Z)X(y(t)) {F,,(V(t)) + )‘ (V(f))ngl(V(t)) (V )\'Z) (t)

+ §M(V(t))R2/ej(V(t)) (Vi)hk)y(f) } >

+ 9 VAS) — IS, Vaak
axi J jle !

+ (Vj”)m I (v (0) + (wk)m _;k<y(r>>} B,

X(y ()

140)

Xy ()
due to the identity

298

ox!

oI’
— @)+ —<y(r>>xk(y(r>) — Ty T3y A (v (1)
d
= [5 (Vins) — rjkvixk}

Therefore (as V;A/ = 0)

140)

X(r (1)
Finally (by (2.14) and by the fact that y(f) is a geodesic of V)

Dipjayy ) = ga Waxao + = (f)—(t)(DZ e
7(0)

=0.
Xy ()

d2 k
= ( (1) + F,](V(t))—(t)—( )) Sk
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What we just proved is that the isometric immersion X: M — T(M)
maps geodesics of the submanifold (M,g) into geodesics of the ambient
space (T(M), G), hence X is totally geodesic. Theorem 2.10 is completely
proved.

S) 2.4. THE TENSION OF A VECTOR FIELD

Let ¢ : M — N be a smooth map of Riemannian manifolds (M, g¢)
and (N, h) and ¢ ' TN — M the pullback of T(N) = N via ¢. Let V and
VN be the Levi-Civita connections of ¢ and h, respectively. Let ¢~ VN
be the connection in ¢~ TN — M induced by V. This is most easily
described in local coordinates as follows. Let (U,x') and (V, y*) be local
coordinate systems on M and N respectively such that ¢ (U) C IV. Let us
set 9% =y* 0o for any 1 <o <v =dim(N). Let Yy = (8/8y°‘)¢ be the
natural lift of the local tangent vector field 3/9y” i.e.,

Y, (x) = x e U.

0
ay
be the Christoffel symbols of the second kind of hyg. We set

¢ (x)

N\¥
Let (F ) By
by definition

1oN 99”
(¢ 1VN)a/axf Yp = o [(FN)aﬂo¢] Yy.

It is easily checked that the definition of ¢~!'V™N doesn’t depend on the
choices of local coordinates. Given a tangent vector field X on M we may
consider the cross-section ¢ X € [ (¢~ TN) given by

0+ X) (%) = (dip) Xy, x€ M.
The following formula is also useful in calculations

(@7'VN) (Y = [X (YY) 0 §] Yo + [X(@*)Y(9P) Zupl 09, (2.15)

d
_ uN
Zap = Va/awW’

for any X, Y € X(M). The second fundamental form of ¢ is

Bo(X.Y) = (¢7'VV) (Y — VY, X,YeEX(M).
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Then the tension tensor field 74 € I'® (¢~ TN) is given by

T(¢p) = trace,Byp.

Locally, with respect to a g-orthonormal local frame {V;:1 <i<un} of
T(M) defined on the open set U € M

(@)=Y Bp(Vi,Vi)y, x€U.
i=1

Let us apply these notions to the case of a tangent vector field X : M —
T(M) and compute the tension field t(X) € rexX—1'17M)).

Let X € X (M) be locally written as X = A'3/0x". We need to work with
natural lifts relative to the pullback bundle X~ TT(M) — M i.e., given
a tangent vector field A: T(M) — T(T(M)) its natural lift is the cross-
section Ao X : M — X' TT(M). Then for any local coordinate system
(U,x") on M the natural lifts

{(SI'OX, 8,0X1§l§lfl}

of the local vector fields {§;, 31 :1<i<n} form a local frame in
X~ 'TT(M) — M defined on the open set XY x~Y(U)) =U. Let us
endow N = T(M) with the Sasaki metric h = G; associated to the pair
(g, H¢). Then for any V€ X(M) written locally as 1/ = 119/0x" with
Vie C®(U)
i 9 i\
(X W) =V""(x)16; + —,OJT+N;- 8] (2.16)
ox' X(x)
for any x € U. A coordinate-free reformulation of (2.16) is
XV ={V"+ VX))o X. (2.17)
We wish to compute
Bx(V, V)= (X"'D), X,V — X, Vp V.

We start by establishing the following

Lemma 2.11 For any tangent vector fields X,V € X(M)

)%
Dy Vi = V‘W(Sj (2.18)

ré
i : . . kY
+ V'V L Dy,d; — Nf Dyd¢ — Nf D, 0+ (z\rfl“fk - Yka_le) 84} :
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.0 .. . . .
Dyu (Vi X))V = V’; (VXY 0;+ V' (Vi X) Dy, (2.19)
X
Dyy, o V! = (Vi X)' VA {Dg(aj _ Ffa,e} . (2.20)
Throughout V¥ =17 and V¥ =y I’ where natural lifting is rela-

tive to the pullback bundle 7 ~! TM — M. The proof of Lemma 2.11 is
a straightforward calculation. For instance if V' = 17'9/dx' then

, . o1/ o

o1/ y 0a 1%
o ON! o . N
+ '/ Daia,—Wae—NjDa,vae—M Dék,ai_ 3yk de

yielding (2.18). Similarly

Dy (VX)W = VDs, (Vi X)/ §;
. 0 . . .
=1 {; (Vi X) aj + (Vi X) Dg/,aj}
X

yields (2.19) while (2.20) is a consequence of

D(VVX)V V' =(VpX) D?)i (VJ(SJ-) = (Vi X)' V7 Dé/,aj — a—yiak .
Our main purpose in this section is to establish the following

Proposition 2.12 Let (M,g) be a Riemannian manifold, not necessarily com-
pact, and X € X (M) a tangent vector field on M. Then the tension field T(X) €
(M, X~ T T(M)) is given by

() = {(oace,REV.X, X)) = (%) Jox. a2y

Therefore X : (M,g) = (T(M), Gs) is a harmonic map if and only if
traceg {R(V.X, X)-} =0 and A X =0.

Our convention for the sign in the definition of the curvature tensor
field of a Riemannian manifold (M, g) is

R(X,Y)Z=—-VxVyZ+VyVxZ+Vixy|Z, X,Y,ZeX(M).
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The differential operator A, appearing in Proposition 2.12 is defined as
follows. Let x € M and let {V;: 1 <i < n} be a local orthonormal field on
T (M) defined on an open neighborhood U € M of x. Then we set by
definition
(AX) @ ==Y {VVI.VVZ.X ~ Vv, V“X}x' (2.22)
i=1

The reader will check easily that the right hand side of (2.22) is invariant
under a transformation

1

Vi=dv, 1<i<n,

for any C* map [aﬁ] :UNU — O(n), hence the definition of (AgX)(x)
doesn’t depend upon the choice of local orthonormal frame at x. The
choice of sign in the definition (2.22) makes A, into a positive operator
ie, (AgX,X) >0 for any X € X(M). The L? inner product on X(M) is
given by (X, Y) = fMg(X, Y)dvol(g), for any X,Y € X(M), at least one of
compact support.

Definition 2.13 Let (M,¢) be a Riemannian manifold. The differential
operator A, : X(M) — X(M) is referred to as the (rough) Laplacian on
vector fields. [ |

Let us compute the symbol of A,. We adopt the notations and conven-
tions in [308], p. 114—115. Let T'(M) = T*(M) \ (0) and let 7 : T'(M) —
M be the projection. The symbol 02(A,) is a bundle endomorphism
02(Ay) : 7' T(M) — 7' T(M). Let @ € T'(M) and let x = m(w) € M.
To recall the definition of

UZ(Ag)a) : To(M) = T(M)

let v e Ty(M) and let us choose f € C*®°(M) and X € X(M) such that
(df)x = w and X, =v. Then
2

02(Ao(v) = A, (;

(f —f(x))2X> (x) € T(M)
(with i = /—1). Using the relations
Ay(uX) = ul X+ (Au)X —2Vy, X,

AW?) = 2ulu—2||du))?,
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one has
Ag[(f —F)X] () = {A[(f —f(x)*] X} = —2]w]v

that is 02(Ag)w(v) = lwl/?v. In particular 02(Ag), is a linear isomorphism
of T (M) into itself hence A, is an elliptic operator.
As a corollary of Proposition 2.12

Theorem 2.14 Let (M,g) be an oriented Riemannian manifold and X €
X(M). If X is parallel then X is a harmonic map of (M,g) into (T (M), Gy).
Vice versa if ©(X) =0 and either i) M is compact or it) M is complete and
xX” e LY(Q" (M), d+ X" € LY (Q"(M)), then VX = 0.

Here X” € Q' (M) is given by ¢(X,Y) = X"(Y), for any Y € X(M),
and *: QI (M) - Q"' (M) is the Hodge operator. Also LY Q" (M) is
the space of differential forms of degree r whose pointwise norm |w|
is integrable i.e., if w € LY (Q'(M)) then fM|a)| *1 < 00. The proof of
Theorem 2.14 requires the following

Lemma 2.15 For any tangent vector field X on M
1
2AX, X) = S ANIXIP) + VX (223)
where A is the ordinary Laplace-Beltrami operator on functions.
Proof. Let {V;:1<i<un} be a local orthonormal frame in T(M). Then
(due to Vg=0)
AAX, X) ==Y (a(Vi, VX, X) = o(Vy,, 11X, X))

1

1
== D _Wie(Vy,X. X)) = Ve XIP = S (Vi ) UXI)

1

1 1
== _SVEAXID) = IVeXIP = S (Vr V) UXID)

— Laqx) +1vxp
! .

Here we made use of the local expression (with respect to the local
orthonormal frame {V;:1 <i<mn}) of the ordinary Laplacian on func-
tions i.e.,

Auw= = (ViVi) = (Vi Vu),  we C2(M).
i=1 |
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Proof of Theorem 2.14. It VX =0 then (by (2.21)—(2.22)) 7(X) = 0. Vice
versa, let us assume that X is a harmonic map. Then 7(X) =0 yields
A X =0 (by Proposition 2.12). Then (by Lemma 2.15)

O:/g(AgX,X)dVOI(g)=/||VX||2dV01(g)

M

as | 1 div(X)dvol(g) = 0 either by Green’s lemma (under hypothesis (i) i.e.,
when M is is compact) or by the Stokes formula on a complete Riemann-
ian manifold (cf. M.P. Gaftney, [121], p. 141, or Appendix B of this book).
Hence VX = 0.

Let us give now a proof of Proposition 2.12. For any IV € X (M) locally
written as V= 1719/dx" we may use the identity

X, V—Vi(a +8Ma'>ox
x V. = al’

to perform the following (rather involved) calculation
—1 _ i 9 8)\'1 a
(X7'D), X,V =V (") i+@j o X

i1 (sv—1 A"
+ V'V (XT'D)y 0+ o0k JoX

= V(V"){3i+<z—+z\r’>a}ox

i1/ )‘k
+ V' {Dajai + @Dék’ai
Pk ok .
+a 19 ]ak+F(X D)B/Bx/ak}ox
V,E)V(S +VkaV' N O NI ) oy v 3%k ;
dxi ) axk \ 9xi 9xidas ¢

Ak Ak
i1/
+VV<D33+8 D3L8+8 Daak)] X

(replacing partials by covariant derivatives with respect to V)

[V(VJ)(S + VkZV (ViN) §;
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.9 ok . 0 :
+ Vv (E +Nf> b— VVI— (riat) by

+ VIV (D59 + (V) Dy, 0 = NFDy, 0
+ (V,’)»k) Dajék — ]\ftkDajak>:| oX

= [ V(8 + V'V { Dy — Nf Do — NI Dy )

1]8F!€Z €A i1k AL q
= VI B+ VIV NT b

AV : 9 : o :

2 (R i (wvak) o, — V' 1ATR (vl

+ VI (Vr") b+ v — (Viak) b — vk (viat) by
+ V1| (V%) a0+ (Vid) Dy} | o X

(replacing the first two rows from (2.18))

— [DVH pH 4 pi % (va,xk) dot VIV (vi,\’*’> Dy,
— VIR, (V) e+ VA (V) Dy, ] o X
(replacing the second row from (2.19))
=[Dyu V" +Dpu (Vi X)”

— VI (VX)) TR+ 1V (VVX)kDéka,v] o X

or (replacing the last row from (2.20))
(X7'D), X,V
— (DVH VH 4+ Dyn (Vi X)Y + Dy, VH> e (2.24)

On the other hand (by Proposition 1.14 in Chapter 1)

DyuVH = vyt

H V 1 H
Dyn (Vi X)" =(VyVpX) +5(R(VVX,X)V) ,

1
Dy, xyv i = > (R(Vy X, X)H,
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so that (2.24) becomes
(X7'D), XV = {(Vy V+R(Vy X, X) T+ (Vv X) o X
Taking into account that (by (2.17))
X,V V= {(VVV)H n (vvvyx)V} o X
we may conclude that the second fundamental form of X is given by
Bx(V, V)= (X"'D), X, V = X,V V
_ {(R(VVX,X) NH + (VY X — VVVVX)V} o X.
We may now take traces to get the statement in Proposition 2.12. |

Remark 2.16 Let ¢ and ¢ be two Riemannian metrics on M and G; the
Sasaki metric on T'(M) associated to (M, ). Let T(X) € r-Y(x-'rrm)
be the tension field of a tangent vector field X € X(M) thought of as a map
of (M,g) into (T'(M), G;). By a result of O. Gil-Medrano (cf. [126])

T(X) = (trace,R(V.X, X) - +75(13) 7 + (= A X + (VX) 15(1a))”

along X. This clearly coincides with (2.21) in Proposition 2.12 when g = g.
Here 73(1y7) denotes the tension field of the identical map 1y : M — M
thought of as a map between the map between the Riemannian manifolds
(M,g) (the source) and (M, g) (the target). [ |

> 2.5. VARIATIONS THROUGH VECTOR FIELDS

The results in the previous section show that there aren’t actually any
smooth vector fields X : M — T(M) which are harmonic maps (as maps
between the Riemannian manifolds (M, ¢) and (T (M), G;)) except for par-
allel vector fields. Of course these are but trivial examples (the integrand
function in the total bending functional vanishes identically). The reason is
that the domain C*°(M, T(M)) on which the energy functional is a priori
defined is too large. Nevertheless the same phenomenon occurs if critical
points of the energy functional are looked for in the smaller domain X(M).
Precisely

Theorem 2.17 (O. Gil-Medrano, [126]) Let M be a compact oriented
Riemannian manifold. Let X € X(M) be a tangent vector field on M. Then X
is a critical point of the functional E : X(M) — [0,4-00) if and only if VX = 0.
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As we shall shortly see, nontrivial (i.e., not necessarily parallel) examples
of critical points occur when the energy functional is restricted to the space
of all unit vector fields.

Proof of Theorem 2.17. Let X € X(M) be a critical point of E|x ). Then
{dE(X;)/dt};=¢ = 0 for any smooth 1-parameter variation {Xi}jj<e of X
through vector fields. Now the first part of the proof of Theorem 2.10 applies
to conclude that VX = 0 (as the 1-parameter variation X; = (1 — ) X used
there is already a variation through vector fields). Vice versa, if VX = 0 then
(by Theorem 2.10) X is a critical point of E thus {dE(¢;)/dt};=o = 0 for any
smooth 1-parameter variation {¢}<¢ of X hence for smooth variations
through vector fields, as well.

Theorem 2.18 Let (M,g) be a compact oriented Riemannian manifold and E :
X(M) — [0,4-00) the energy functional restricted to the space of all vector fields.
Then

d
= {E(X)}

_ / €(AX, V)dvol(g) (2.25)
M

t=0

for any smooth 1-parameter variation X : M X (—€,€) — T(M) of X through
vector fields i.e., X; € X (M) for any |t| < €. Here X;(x) = X(x,t) forany x € M
and |t| < €. Also V : M — T(M) is the tangent vector field on M given by'

d

1 X
V(x) = lim —{X;(x) — X(x)} = 0), xeM,
t—0 dt
where X, () = Xi(x), (x,t) € M X (—¢€,¢€).

Proof. Let X : M X (—€,€) = T(M) be a smooth 1-parameter variation of
X (i.e., X(x,0) = X(x) for any x € M) such that X;(x) = X(x,t) € T,(M)
for any x € M and any |f| < €. Let us set

1
5(t)=E(Xt)=§/IIdXt||2, il <e.
M

Then, as well known from the theory of harmonic maps (cf. e.g., Theorem
11.1in [109], p. 104)

£(0) = / GV, 7(X))dvol(g)

M

! The limit is taken in (Tx(M),gx) (a finite dimensional Banach space).
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where X7 1G, = G~ is the Riemannian bundle metric induced by G; in
X'TTM)— MandV € D® (X~ T'T(M)) is the infinitesimal variation
induced by X i.e.,

d

V(x) = (d(x,0)%) ,
ot (x.0)

x € M.

Let us set
Xi(x,0) =x'(X(x,0), XT(x0)=)y(X(x,1), 1<i<n

Then, on one hand X'(x, ) = ¥(x) hence

—(x,0) =0, 1<i<n.
at

On the other hand if IV = 11 3/9X' then

aXi—i-ﬂ 1 ‘ ‘ ‘
: i+n i 1
(x,0) = lim — { X" (x,0) — X'(x,0)} = V(%)
ot t—0 t
hence
9 i aXi—‘rn .
V= TS (x,0)0; x(x) + o7 (x,0)9; x(x)

= V' (9ix = ¢ Vxe = Vi
and we may conclude that
V=r"oX. (2.26)
Finally, by taking into account (2.21) and (2.20)
E'0)=— / GV, (trace,R(V.X, X)) — (A, X)) dvol(g)

M

= /g(V, A X)dvol(g).
AM
Theorem 2.18 is proved. |

S 2.6. UNIT VECTOR FIELDS

Let (M,g) be an n-dimensional compact orientable Riemannian
manifold and §"~! — S(M) — M the tangent sphere bundle over M i.e.,

SIM),={ve T,(M):g(v,v) =1}, xeM.
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Any smooth cross-section U in the tangent sphere bundle S(M) — M is a
unit vector field on M i.e., U € X(M) and g(U, U) = 1 everywhere on M. As
is well known, the existence of global nowhere vanishing smooth sections in
S(M) — M is actually tied to the topological restriction x (M) = 0 (where
X (M) is the Euler-Poincaré characteristic of M).

Let U be a unit vector field thought of as a map of (M,g) into
(S(M), G;) where Gy is the Riemannian metric induced on S(M) (a
smooth real hypersurface in T'(M)) by the Sasaki metric. Then

Theorem 2.19 (S.D. Han & J.W. Yim, [157]) Let t1(U) be the tension
field (a smooth section in U~ T(S(M)) — M) of U as a map among the Rie-
mannian manifolds (M,g) and (S(M), G;). Then

71(U) = | (tmace, (ROV.U, D)) —an(a,0) Jou @27)

where tan, : T,(T(M)) — T,(S(M)) is the natural projection associated to the
direct sum decomposition T,(T(M)) = T,(S(M)) @& Ry, forany v € S(M). Also
v =1y L. Consequently U is a harmonic map of (M,g) into (S(M), G) if and
only if
AU~ |I[VU|?PU =0, (2.28)
trace, {R(V.U,U)-} = 0. (2.29)
Proof. Let T(U) be the tension field of U as a map of (M, g) into (T (M), G;)
(a smooth section in u'rTM) — M) and 71 (U) the tension field of U
as amap of (M, g) into (U(M), G;) (a smooth section in U='T1s(M) — M).
The symbol G; denotes both the Sasaki metric on T (M) and the induced
metric i*G; on S(M), where i : S(M) — T(M) is the canonical inclusion.

It is a well-known fact in the theory of harmonic maps that 71(U) is the
orthogonal projection of 7(U) on T(S(M)) i.e.,

71(U) = tant(U).
By (2.21)

T(U) = {(tracegR(V. U, U))" - (AgU)V} oU.
On the other hand (by Theorem 1.29)
T(U)x € Tu (T(M)) = Tu (S(M)) @ Ry, x€M.

By Proposition 1.27, the horizontal component (tracegR(V. U, U)-)g(x)

of T(U), is tangent to S(M). It remains that we compute the tangential
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|14

component of (Ag U) Ut

As v =y L is a unit normal on S(M)

nor(AgU)V = G_\-((AgU)V, V)V

where nor, : T,(T(M)) — Ruv, is the natural projection, v € S(M). Note
that Lo U= Uo U hence

G(AU) ) 0 U =AU, L) 0 U=g(A,U,U) = VU
as a consequence of (2.23) for X =U (as |U|| =1). Here {E;: 1 <j < n}
is a local g-orthonormal frame of T'(M). Note that this is the contents of

the proof of Lemma 2.15 (the same result follows from (2.23) for X = U).
Finally

Ve = (¥ D)ue = Yuew Uuw = ¢ Duw = Ul

hence
tan(Ag U)IL/](x) = (4, U)IL/](x) —nory (4, U)I(/J(x)
= (8U) g — (IVUIRU), = (A,U = IVUIPU)

for any x € M. The identity (2.27) may be explicitly written as
T(U) = {(traceg R(V.U,U)) = (AU — ||VU||2U)V} oU  (2.30)

and we may conclude that 79 (U) =0 if and only if (2.28)—(2.29) hold.
Theorem 2.19 is proved. u

Next we shall give a geometric interpretation of the condition (2.29) in
Theorem 2.19.

Proposition 2.20 Let (M,g) be a real space-form of (constant) sectional curva-
ture ¢ £ 0. Let U be a unit vector field on M. Then trace, {R(V.U,U)-} =0 if
and only if U is geodesic (i.e., ViU = 0) and the distribution (RU) is minimal.

Proof. The curvature tensor field R of a Riemannian manifold (M,g) of
constant sectional curvature ¢ is given by

R(X,Y)Z=cg(X,2)Y —g(Y,Z)X}
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forany X, Y, Z € X(M). Then
trace, {R(V.U, U)-} = ZR(VEj U, U)E;
=1

n
=) ((V5U,E)U —¢(U, E) Vi U)
j=1

== C{le(U)U - szg(U,E_/)Ej U} == C{le(U)U - VUU}
hence trace,{R(V.U, U)-} = 0 if and only if
VyU —div(U)U = 0. (2.31)

Yet ¢g(VyU,U) = %U(ll Ull?) =01i.e., VyU and U are orthogonal and then
linearly independent at each point of M. Therefore (2.31) is equivalent
to VyU =0 and div(U) = 0. It remains to be shown that div(U) =0 1is
equivalent to the minimality of the distribution (RU)* (the orthogonal
complement of RU in (T (M), )).

Let D be a smooth distribution of rank m on M and D~ its orthogo-
nal complement in T(M) with respect to g. Let 7+ T(M) — D~ be the
natural projection with respect to the decomposition T(M) = D @ D+, Let
us consider the bilinear form

Bp(X,Y)=ntVyY, X, YeD.
Let us set
1
Hp = —trace, Bp.
m

If {X,:1<a<m}is alocal g-orthonormal (¢(X,, X;) = 4) frame of D
defined on the open set U € M then

1 m
Hp = — ZlBD(Xa,Xa).
a=

Clearly, if D is completely integrable then the (pointwise) restriction of Hp
to a leaf of D is the mean curvature vector of the leaf (as a submanifold of
(M, g)). It is customary to call Hp the mean curvature vector of D. Also if
Hp =0 then D is said to be minimal. Let us apply these concepts to the
distribution D = (RU)> . If this is the case then DL+ = RU hence

TtX =X, U)U, Xe T(M).
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Let {E;:1 <a<n—1} be a local g-orthonormal frame of D = (RU):
(i.e., g(Eq, Ep) = 84p and g(E,, U) = 0). Let E, = U (so that {E;: 1 <j < n}
is a local g-orthonormal frame of T(M)). Then

n—1 n—1
(n—1)Hp =) Bp(E,E)=) 7" VgkE,
a=1

a=1
n—1 n—1

=Y ¢(VEE, U)U =Y (E(g(E,, U)) — g(Eq, VE,U)}U
a=1 a=1

n—1 n
==Y ¢(E,VEU)U == o(E,V5U)U
a=1 =1

because of VyU = 0. Finally
(n—1)Hp = —div(U) U

and Proposition 2.20 is proved. ]

The following concept is central to the present monograph.

Definition 2.21 Let M be an n-dimensional compact orientable Riemann-
ianmanifold. A unitvectorfield U € I'*°(S(M)) is called a harmonicvector field if
U is a critical point of the energy functional

E: T®(S(M)) — [0, +00)

given by

E(X) = gVol(M) T %/ IV X 2dvol(g)
M

for any X € ['*®(S(M)). [ |

Here E is the usual Dirichlet energy functional yet its domain consists
solely of the unit vector fields (and 1-parameter variations of U are through
unit vector fields alone). Obviously any unit vector field that is a harmonic
map is also a harmonic vector field. As we shall shortly see the converse is
false in general.

Proposition 2.22 Let M be a compact orientable Riemannian manifold. Let U
be a unit vector field. Let U : M X (—8,8) — S(M) be a smooth 1-parameter
variation of U through unit vector fields i.e., U; € T°(S(M)) for any |t] <§
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where Uy(x) =U(x,t), x € M, |t| < 8. Let E(t) = E(Uy). Then g(U, V) =0
and

E'0)= / (AU, V)dvol(g) (2.32)
M

where V, = %{t = Ui(x)} =0 € T(M) for any x € M.

Proof. For any smooth 1-parameter variation {Uy}s<s of U as in Proposi-
tion 2.22 one has

g(U[’ Ut):1’ |[| <8a

hence

d d i /
0= —{t> g(Uy, U)di=o = — {1 Ui U (0)g5()}e=0

RITIT. ou' .
= E {L{f(x, -)Z/{J(x, )glj(x)}r:() = 23(96’0)2/{](36’ O)glj(x)
=2V () U/ (x)gj1(x) = ¢(V, U)x = 0.

Moreover (2.32) is an immediate consequence of Theorem 2.18. Proposi-
tion 2.22 is proved. |

The proof of Proposition 2.22 as given above relies on the explicit cal-
culation of the tension field 7(X) as the trace of the second fundamental
form of X (cf. the identity (2.21) in Proposition 2.12) and the ordinary first
variation formula in the theory of harmonic maps. One may give a direct
proof of the first variation formula (2.32) as follows. Let N = M x (—=§,45)
and let p: N — M be the projection. Let p~' TM — N be the pullback
of the tangent bundle T(M) — M by p. Then U may be thought of as
a C® section in p~!TM — N. If Y is a tangent vector field on M we
set ¥ = Y op. The Riemannian metric ¢ induces a bundle metric g in
p~'TM — N uniquely determined by g(?, 2) =g(Y,Z)op. Also let D
be the connection in p~! TM — N induced by the Levi-Civita connection
V. Precisely let Y be the tangent vector field on T(M) given by

i‘/(9(,1‘) = (dx’t)Ym x € M7 |t| < 87
where i : M — N, i;(x) = (x,f). Then D is determined by

DyZ=VyZ, DyaZ=0, Y,ZeT(M).
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Moreover a simple calculation shows that Dg = 0 and
(D3 X) (x) = (Vy Xy, (x,1) € N.
Let {E;: 1 <i < n} be alocal orthonormal frame of T'(M). Then

1 n
By = / > (U Vi U (dvol ()

M =1

1 ~
=3 f > _UDEU. DU (dvol(9)s
M

hence

d .
$B(U) = [ YDy DUy ol
Mo
I/Zﬁ(DgiDa/axU, D U) (x,n (d, vol(2)x
M i

as RP(3/dt, E)UU = 0 and [3/dt, E;] = 0. Moreover (by Dg = 0)
d .
EB(UI) = / Z{Ei(g(Da/axU, D))
M 1

—8(DyacUt, D DU} (v, (dvol()) .
For each fixed |1| < 8 we define Y; € T(M) by setting
9(Y, Y) e = 3(Dy/a:U, DU (xr)
for any Y € T(M) and any x € M. Then (by Vg=0)
Ei@(Dyyaild, D)) = Ei(g(Y,, E))
=o(VEg Y, E) +9(Y,, VEE)).
As Vdvol(g) = 0 the divergence operator is given by

n
div(Y) = trace{Z > VzY} =Y o(V Y, E).
j=1
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Finally (by Green’s lemma)

d A
E{E(Ut)}tzo = _/X(Da/atU,Z{DE{DE{u_Dﬂ;/v&u})(x,())(d\’()l(g))x
M 1

= /g(V, AgX)x(dvol(g))
M
and (2.32) is proved.

Theorem 2.23 (G. Wiegmink, [309]) Let M be a compact orientable Rie-
mannian manifold and U a unit vector field on M. Then U is a harmonic vector

Sfield if and only if A,U — |[VU|?U = 0.
See also O. Gil-Medrano, [126], and C.M. Wood, [316].

Proof of Theorem 2.23. Let U be a harmonic vector field on M. Let us set
S={eXM):g(U,V)=0}. As U is a harmonic vector field (2.32)
yields

/g(AgU, I)dvol(g) =0 (2.33)
M
forany I/ € S. Indeed let IV € S be an arbitrary element of S and let us set

Wy=U+tV, U=|WI""W, |i<e. (2.34)

Then {U}|/<¢ is a smooth 1-parameter variation of U through unit vector
fields. On the other hand if f(¢) = || W} then f(0) =1 and

FO? = WP = 142U 1) + 2| VI = 1+ O(),
2f(nf' (1) = O(1),

hence f'(0) = 0. Consequently

e (¢ 1 dw,

(L0, Ly

dt |- S® S@ dt )y

As U is a harmonic vector field £'(0) =0 for any smooth 1-parameter
variation of U including the variation defined by (2.34). Then (2.32) yields

(2.33) for any IV € § as announced.
At this point we may take into account the decomposition

T.(M) = (RU,) ® (RU,)*, xeM,




66 Chapter 2 Harmonic Vector Fields

to conclude that
AU=AU+V

for some A € C*°(M) and some IV € S. Let us take the (pointwise) inner
product with 1 to get

IVI? =g(AU, V).

Let us integrate over M and use (2.33) so that

f |V 1dvol(g) = / (AU, V)dvol(g) = 0
M M

hence V=0 i.e., A,U=AU. Finally we may take the (pointwise) inner
product with U so that

A =g(AU,U) = |VU|?

ie, AU =|VU|*U.

Vice versa if A,U is proportional to U then (by (2.32)) £'(0) =0 for
any smooth 1-parameter variation U of U through unit vector fields (indeed
for such variations ¢g(U, 1) = 0 hence the integrand in the right hand side
of (2.32) vanishes identically) so that U is a harmonic vector field. Theorem
2.23 is proved. u

A reformulation of Theorem 2.19 is then

Corollary 2.24 Let M be a compact orientable Riemannian manifold and U a
unit vector field on M. Then U is a harmonic map of (M,g) into (S(M), Gy) if
and only if i) U is a harmonic vector field and ii) trace, {R(V.U,U)-} = 0.

Remark 2.25
i. Let M be a compact orientable Riemannian manifold and f : M — S"
a smooth map into the standard sphere $" C R"*!. Let usset ¥ =iof
where i: 8" — R"*! is the inclusion. It may be shown (cf. J. Eells
& A. Ratto, [114]) that f is a harmonic map if and only if AW =
|d¥|>¥ where A is the Laplace-Beltrami operator of M on func-
tions (if W= (W' ... ") then AW = (AW ..., AU"1)) The
reader should observe the formal analogy to the harmonic vector fields
(equation 2.28). See also Theorem 10.2 in [109], p. 86.
ii. The Hodge-de Rham operator A = dd* + d*d on differential 1-forms
Q' (M) may be thought of as acting on smooth vector fields, up to
the musical isomorphism f : QlM) - X(M) e, g(a)ﬁ,X) =w(X)
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iii.

iv.

for any X € X(M). It may be shown that A is related to the rough
Laplacian A, : X(M) — X(M) by A1 = A, + Q where Q is the Ricci
operator i.e., ¢(QX,Y) =Ric(X,Y) for any X,Y € X(M). Hence in
general a harmonic vector field, ie, UeI'*(S(M)) with A,U—
VU||?U =0, isn’t necessarily Hodge-de Rham harmonic. Neverthe-
less one may prove that whenever M is an Einstein manifold and U is a
unit vector field tangent to M such that A{U = 0 then U is a harmonic
vector field. See S.I. Goldberg, [138], p. 86—88.

A harmonic morphism is a smooth mapping ¢ : M — N among two Rie-
mannian manifolds such that the pullback via ¢ of any local harmonic
function on N is a (local) harmonic function on M. By a well-known
characterization (cf. e.g., Proposition 4.3.10 in [19], p. 113) a smooth
mapping ¢ : M — N is a harmonic morphism if and only if ¢*w is a
harmonic 1-form on M for any harmonic 1-form w on N. In par-
ticular the induced map on de Rham cohomology ¢* : H'(N,R) —
H'(M,R) is injective (cf. Proposition 4.3.11 in [19], p. 113). This sug-
gests the following notion and (open) problem. Let ¢ : M — N be a
smooth mapping of Riemannian manifolds which is a morphism in
the following sense. Let Y € X(IN) be a harmonic vector field on N
and @ = Y’ the corresponding 1-form i.e., (V) =h(V,Y) for any
I” € X(N), where h denotes the Riemannian metric on N. We request
that the vector field X = (qb*a))ﬁ € X(M) be harmonic. The properties
of such morphisms ¢ are unknown. For instance is ¢ a harmonic map?
Let (M,],¢) be a Hermitian manifold of complex dimension n, where |
is the complex structure and ¢ the Hermitian metric. Let V be a holo-
morphic torsion-free connection on M i.e., VJ =0 and Ty =0. Let us
consider the second order differential operator

Au= —trace, <6du) . ue CH(M). (2.35)

Here the Hessian Vdu is defined by

(Wu) (X,Y) = X(Yu) — (%XY) u, X,Y € X(M).

As V is torsion free, the Hessian Vdu is symmetric i.e.,

(WM) (X,Y) = (WM) (Y,X), X,YeXM).

Let {Zy : 1 <a < n} be a local frame of the holomorphic tangent bundle
T10(M), defined on some open subset U € M, such that g(Za,Zlg) = 8ap-
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Let us set
1 — i _
E (Z(x + Zoe), E(x+n = E (Zot - ZO!)>
so that {E;: 1 <a<2n}={Ey,Eqt,:1 <« <n} is a local orthonormal
(.e., ¢(E,, Ep) = ) frame of T (M) defined on U. Then
2n

Au=—Y "(Vdu)(E,,E,)

a=1

Ey =

—% > AV du)(Za, Za) + (Vdu) (Zg, Zay)}

a=1

where Zg = Z. Using also the symmetry of the Hessian we may express
A as

Au=—=Y"(Vdu)(Zy, Zs) (2.36)
a=1
on U. Let (z!,...,2") be local complex coordinates on U. Then Z, =

U’B 3/d2P for some C™ functions Uo/? U — Csuch that ), _, Uﬁ Uy

&7 Here Uﬁ UO/? Also g,5 =¢(8/02%, 3/0=P) and g, *gﬁy =6y Asan
elementary consequence (2.36) becomes

- - [~ d 0 = 92u ou
_ _ B 7 ) = _ B A
Au=—g <Vdu) (aza’ azﬂ> = —¢ {azaazﬁ o }

where

0

Vo, 0 =TSp0c, 94= S

with the convention 4,B,C,...€{l,...,n,1,...,7} and 2* =% On the
other hand, as V parallelizes | and is torsion free, all connection coefficients
FSC vanish except eventually for ng (and of course FB, as the complex
conjugates of ng). We may end our local calculation of A by concluding
that

~ z 0%
Au=—gF : 2.37
T e 237
J. Jost & S-T. Yau, [179], considered the system
- =] d¢p/ dp*
—A¢i+ P (| =0, 2.38
e ( k ‘O‘p) 9= 93P (2:39)
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A smooth map ¢ : M — N into a Riemannian manifold (N, h) is called

Hermitian harmonic if ¢ is a solution to (2.38). Here | ., | are the coefticients

Jjk
of the Levi-Civita connection of h. It should be observed that (2.38) is a
nonlinear elliptic system possessing neither a divergence nor a variational
structure. See also L. Ni, [222]. Let us set

0 A
(Vasasi)) prs =), 04,
for some C* functions ]ﬁ : U — C. Exploiting

Au = —trace, (Vdu)

it may be easily seen that the Laplace-Beltrami operator A of (M,g) is
related to A by

5 9
¢ g ”] (2.39)

Au:Au-l—ig“B o o——]-—
2 ki gzt ik gzt

Here Jfﬁ = ]]ZL . As a consequence of (2.39) when g is a Kihlerian metric the

system (2.38) is nothing but the ordinary harmonic map system on M. It
is well known (cf. e.g., Theorem 13.1 in [109], p. 116) that a holomorphic
map of Kihlerian manifolds is harmonic. This simple result fails in gen-
eral if the source manifold M is only Hermitian. For instance if H", n > 2,
is the complex Hopf manifold (cf. [189], Vol. II, p. 137) endowed with
the Boothby metric (a locally conformal Kihler metric on H", cf. [106],
p. 22) then by a result of J. Jost & S-T. Yau, [179], there is no nonconstant
Hermitian harmonic map ¢ : H” — S'. Due to this obstruction, it has been
argued (cf. [179], p. 221-222) that the study of (2.38), rather than the har-
monic map system, is more appropriate on a Hermitian manifold and that
results about Hermitian harmonic maps could be useful in studying rigid-
ity of complete Hermitian manifolds (cf. [222], p. 232). Going back to the
mainstream of this book, one ought to mention that harmonic vector fields
on Hermitian manifolds haven’t been studied so far. A simple calculation
shows that the rough Laplacian A, on a Hermitian manifold may be locally
expressed as

AX = —g*F {va jo= Vs X = Vy, . 0s /agﬂx} —i(AR) X,
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where the trace AgR of the curvature tensor field R of V is defined by
l, n
AR =— R(Zy, Zz).
R=> Zl (Za: Zz)

Let us consider the first order differential operator L given by

. a |8x? 0| a e a e a d
(LXVie=2] 4 axc+(@ bd +‘ bd‘ e | 7| be || ed )X
for any X € X(M) locally written as X = X?9/9dx". Here ljc are the
Christoffel symbols of the second kind of ¢ and the range of the indices is

a,b,c,...€{1,...,2n}. A calculation shows that
(AX)" = AX*— G*(LX)],

where GGl = 8, and Gy, = g(d/0x", 8/8xb). Consequently the har-
monic vector fields system may be locally written

AX = GP(LX){ + |VX|IPX?, 1<a<2n (2.40)
Then the system
AX" = G(LX)] + | VX|]*X° (2.41)

is a Hermitian analog to (2.40) and coincides with (2.40) when the metric
¢ 1s Kihlerian. The study of (2.41) is an open problem. [ |

We end this section by computing the total bending of a unit vector
field on a torus M = T2 endowed with an arbitrary Riemannian metric
¢ (see Section 1.5 in Chapter 1). Let {S, W} be an orthonormal frame
of (T(TZ),g) such that J[S= IW. Let us consider the 1-forms g, O €
Q'(T?) given by

Os=¢(S,), Ow=gW,).

Let us consider the volume form wr = Og A Oy € Q%(T?). Also we shall
need the 1-form wgy € QN(T?) given by

wsw =g(VS, W).
Moreover let a,b € C®(T?) be given by

wswy =aB®s+bOy .
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If ZeX(T?) is given by Z = aS+ bW then wsy =g¢(Z,-). Let V be the
Levi-Civita connection of (T2,g). A straightforward calculation shows that

VsS=alW, VW =—aS, VyuS=blW, VypWW=-=5S,
div(Z) = S(a) + W (b).
Now given X € & =T%(S(T?)) and ¢,¥ : T> - R are the (S, W)-
coordinates of X (cf. Definition 1.30) then
BOO = [ IVXIP dvol(e) = [ {(Sp—ap?+ (50 + ap)?
T2 T2
+ (W — b)) + (W + bp)*} dvol(g).
If 7 : R? — T2 is the projection we set § = 7*¢. Also let S, W, Z € X(R?)

be m-related to S, W, Z € X(T?). For instance (dgn)gg = Sy () for any
£ eR? Let

Q= {sdi +tdr e R*: (5,1) € [0,1]*}.

Then 7(Q) = T? and 7 : Q\dQ — T2 is injective, where dQ = {sd; +
tdr : (s,t) € 8[0,1]2}. Let (U,x") be a local coordinate system on T?. We
set

9
— =MS+ W, ie€f1,2},
ax!

and assume that the coordinates have been chosen such that Aqu, —
1An > 0. Moreover if we set

dx' = A Og+ u' Oy
then )»i)»j + /Liptj = 8; If G=g1192 —g%z then /G = Ao — A2 hence
dvol(g) = VGdx' A dx® = (hipz — pido) M i — 1127 Os A Oy
so that dvol(g) = 2wr. Next
(S — a¥)x () = Sn(e) (@) —a(@ ()Y (7 (§))
= (3@wom — (aom W on))g

for any & € R?. Consequently if & € W is an angle function for X so that
cosae = @ o and sina = Y o7 then

(Sp—ap)om = S(cosa) — (aom) sina = —{S(a) +a07r} sina.
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Similar calculations furnish the expressions of (SYr 4 ap) o, (W¢o — byy) o
m and (W + bg) o 7 in terms of the angle function o and its derivatives.
In the end

7 {[(Sp —a)? +(SY +a9)* + (W —by)* + (W + bp)* Jdvol(g)}
~ 2 ~ 2
= 2{(5(01) —l—aon’) + (W(a) +bon) } Tr*wr.
With a change of variables under the integral sign we have

B(X)=2/{(S(a)+aon)2+(W(a)+bon)2} Tror.  (2.42)
Q

Let us denote the right hand side of (2.42) by B(«) to recast the total
bending as a functional B : W — [0,4-00) defined on the set W of all angle
functions. On the other hand the identities

Va=S)S+ W)W, Z=(om)S+bor) W,
lead to

Ba) = 2/ Ve + ZI; 7*or. (2.43)
Q
We may conclude that
Theorem 2.26 (G. Wiegmink, [309]) There is an action of the additive reals

R on W leaving the total bending functional B invariant and preserving each
Per(m,n) C W, (m,n) € Z°. Precisely

RxW-—->W, (ra)>a+r,

is an action with the required properties. At the level of unit vector fields on T? it
corresponds to the action

SOQ2) x & — €, (2.44)

<< cosr —siny >,X> = (cosr) X + (sinr) JX,

sinr  cost
forany r € R and any X € £.
The proof of Theorem 2.26 follows easily from (2.43) (as the right
hand side of (2.43) depends only on the first order derivatives of «). Of
course Theorem 2.26 admits the following geometric interpretation: the

total bending of a unit vector field X on the torus T2 does not change
when X is rotated simultaneously in all tangent spaces by a common angle.
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S 2.7. THE SECOND VARIATION OF THE ENERGY
FUNCTION

The purpose of the present section is to establish the second variation
formula for E: T'*°(S(M)) — [0,400) in the neighborhood of a critical
point (i.e., a harmonic vector field).

Theorem 2.27 (G. Wiegmink, [309]) Let (M,g) be a compact orientable
Riemannian manifold and U a tangent vector field on M. Let us consider a smooth
2-parameter variation of U

V:MxIE— T(M), Is=(=838), 8>0,
U[’X = V (¢] l‘[’s, t,s € I(S, U()’() =U.

Here we set N =M X 182 and it M — N, i (x) = (x,t,5) for any x e M
and any t,s € Is. Let V = (0U;/0t)i=s=0 and W = (0U/05)t=s=0. Let us
assume that Uy ; € T°(S(M)) for any t,s € Is. If U € I'°°(S(M)) is a harmonic
vector field then

82
Y {BW.},_._,= /g(V, AWV —[VUIPW)dvol(g).  (2.45)
M
In particular for any smooth 1-parameter variation U of U through unit vector fields
U =UC(,1) e T®(S(M)), |t] <8
d2
-3 BWh—o= [{IVVI* = IVUPIVIP}dvol(g) (2.46)
M

where IV = (dU;/dt)—y.

The identity (2.46) is the second variation formula (of the biegung
functional). See also C.M. Wood, [316], and O. Gil-Medrano & E.
Llinares-Fuster, [132].

Proof of Theorem 2.27. Let p: N — M be the projection and p~! TM — N
the pullback of T(M) by p. Then V is a C* section in p~ ' TM — N.
Let h=p~lgand D= p~'V be respectively the Riemannian bundle metric
induced by ¢ and the connection induced by the Levi-Civita connection V
in p~'TM — N. We set

i/(x’f,S) = (dxif,s) Y., xeM, tsels.
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For simplicity we set T =09/dt and S=09/3s (T,S € X*°(N)). Then (as
p~ !¢ is parallel with respect to D)

a n
a_tB(Ut,s) = /Z;h(D’IrDE,V, Dy V)dvol(g)
M =

:/Zh(DEiD’]I‘V, DE{V)dvol(g)
M i

due to
[T, E]=0, RP(T, E)Y=o.
Then
a—215’(U”) = / Zﬁh(DE,Dw, Dg V)dvol(g) (2.47)
dspr ) L '

= / Z{h(DsDEDTV, Dg V) + (Dg, DTV, DsDg V)}dvol(g)
Mo

(as [S, Ei] = 0 and RP(S, E)V =0)

= / Z{h(DE,DSDTV, Dg V) + (Dg, DV, Dg DsV)}dvol(g)
M i

= /Z{E(h(DgDTV, D V)) — (DsDtV, Dy D V)
P
+ Ei((D1V, D, DsV)) — h(DTV, D, Di DsV)}dvol(g).
For each fixed (t,s) € I we define Y, € T(M) by
¢(Yis, Z)x = h(DsDTV, DyV)(xr9), Z € T(M).
Then
> E(h(DgDTV, D V) = Y Ei(¢(Yis, E)) op

=Y {e(VEYie B) + (Vs VEE)} op

1

=div(Y;)op+ h(DSDTV, ZDV/E/EV) )
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Similarly, given Z; ; € T(M) determined by
g(Zt,s, Z)x = h(DTV, DZDSV)(x,t,s)

one has

> E((D1V, Dg DsV))

= div(Z.) op+ h(DTV, ZD@/EDSV> .

Going back to (2.47) one has (by Green’s lemma)

2

9
70, BWUD_

= f {h(DgDTV, Y {DggV—DpDp V)

M

+ h(D1V, ) (Dg~ DsV — Dy, Dy, DsV)) dvol(g)

t=s=0

= f{g(V, AU) +g(V, AgW)}dvol(g)
M

where we have set IV = (82UI’5 /0t0s)=s=0. Moreover (by differentiating
hV, V) =1)

= {S(h(DTV, V)) — D1V, DsV)}(x0,0) = —g(V, W)y

and (as U is harmonic i.e., a smooth solution to (2.28))

2

0
a.a. { (Ut,s)}

2
3195 {IVUI7g(V,U) +g(V, A, W) }dvol(g)

t=s5s=0 =
M
= / SV, AW — VU P W)dvol(g)

M

and (2.45) is proved. Finally given an arbitrary smooth 1-parameter varia-
tionU : M x Iy — T(M) of X through unit vector fields the identity (2.46)
follows from (2.45) for the particular 2-parameter variation V : M X Is/2 —
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T(M) given by V(x,t,5) =U(x,t+s) for any x € M and any t,s € I5)>.
Indeed
& 5
d?{B(Ut)}t:() = fg(V, AV —[IVU|["V)dvol(g). (2.48)
M

On the other hand, for any smooth vector field IV on M

AIVIP == AEENVI? = (VEE) VI
i=1

=2 {E(g(VE V. V) —g(Vv, 5V, V)

1

=23 {(VEVE V., V) +o(VEV, VEV) —a(Vy, V., V)

1

hence
Al VIP = 2{g(AgV, V) = [V VIR (2.49)
Now (2.46) follows from (2.48)—(2.49) and Green’s lemma. [ |

Definition 2.28 Let U € I'*°(S(M)) be a harmonic vector field. The
Jacobi operator Jiy : S — S is given by

JuV =psAJ —|VUI*V, VEeS,

where S ={IVe X(M) : g(U, V) =0} and (ps)y: To(M) — RU)T is
the natural projection associated to the direct sum decomposition T(M) =
RU, & (RU,)™" for any x € M. [ |

It may be shown that the Jacobi operator Ji; is a self-adjoint elliptic
second order differential operator.

Definition 2.29 A harmonic vector field U € '*°(S(M)) is said to be
stable if

/ (IVVIZ = IVIPIVU]?)dvol(g) = 0

M

forany IV € S. u

Stability of U may be shown to be equivalent to the requirement that
the eigenvalues of the Jacobi operator Ji; be nonnegative.
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Definition 2.30 Let U be a harmonic vector field on M. Let (HessE)
be the bilinear form on § = {1V € X(M) : g(U, V) = 0} determined by

(Hess E)u(V, V) = / (IVVIZ=IVIPIVUI?) dvol(g), V€S,
M

(by polarization). The index and nullity of U are the index and nullity of
(HessE)y. [ |

Corollary 2.31 Let U be a stable harmonic vector field. Then E(U) < E(1)
Sforany Ve SNT®(S(M)).

That is to say stable harmonic vector fields are absolute minima for the
energy functional E: SNT'*(S(M)) — [0,400) given by (2.3).

Proof of Corollary 2.31. Let IV € S. As previously shown, there is a smooth
1-parameter variation U : M X (—€,€) — T(M) of U by unit vector fields
such that (dU;/dt);=o = V/, where U;(x) =U(x,t) for any x € M and any
|t| < €. If VV is also a unit vector field then another construction of U is to
set

U= (cost) U+ (sin) IV, |t| <e.

Let £(f) = E(U;) for any |tf| < €. Then (by stability and by the second
variation formula (2.46))

0270 = [ (VY1 = IVUIR) dvolco)
M
hence B(U) < B(V). Corollary 2.31 is proved. [

Proposition 2.32 Let M be an orientable 2-dimensional Riemannian manifold
and U a unit vector field tangent to M. Let {E1, Ez} be a local orthonormal frame
of T(M) defined on the open set 2 € M such that Ey = U. Let us consider the
Sfunctions a,b € C°°(S2) given by

a=g¢(VuyU,Ez), b=g¢(Vg,E,U).

Then

i. U is a harmonic vector field if and only if U(a) = E>(b) for any local orthonormal
frame as above.

ii. The following statements are equivalent 1) U is Killing, 2) U is parallel, and
3) U is geodesic and div(U) = 0. Moreover if statement (1) holds then g is flat
and U is a harmonic map.
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Proof 1. As ||U|| =1 one has ¢(VyU, U) = ¢(VE, U, U) = 0 hence
VuU =g¢(VyU, E2)E; = aba,
Ve, U=¢(VE,U,E)E
={E2(¢(U,E2)) — (U, Vi, E2) } E» = —bE,

that is we were able to determine the covariant derivative of U. Sim-
ilarly we may calculate VE;. Indeed ||Ez|| =1 yields ¢(VuEz, Ez) =
9(VE,Ez, E>) = 0 hence

VuE:, =¢(VuE, U)U = —aU,

VE,Ex = ¢(VE, E>, U)U = bU.
Gathering up the information obtained so far

Vi, U=aEz, Vg U=—bEs,

Vg Ex = —aE1, Vg, E» =bEj,

or (by identifying the endomorphisms VU, VE, e ' (T*(M) ® T(M))
with their matrices with respect to the frame {E1, E»})

0 a —a 0
c=(0 %) vae( 1)

On the other hand

2
IVUI? = a(VEU.VEU) = a” + 17,
i=1
Hence
2
AU ==} (V5 VEU = Vv 5 U)
j=1
=—VEg Vg U+ VVL:] 5 U—VEVE U+ Vvuzgz U
= _vEl (aEZ) + VCIEZ U- VEQ (_bEZ) + vil U
=—Ei(a)E>+ a{VE1 E>, + V52 U}
+ E>(b)E, + b{szEz + VE1 U}
= —U(a)E> + a(aEy — bE3) + Ex(b) Ez + b(bE; + ak>)

= (¢ +b*)E1 — [U(a) — E2(b)] E>
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that is
AU —||[VU|PU = —[U(a) — E2(b)|Ex

and (i) in Proposition 2.32 is proved.
ii. Proof of (1) = (2). Let U be a unit Killing vector field on M i.e.,
U eT'*°(S(M)) and Lyg=0. Then

0=(Lyn(X,Y)=g(VxU,Y) +¢(VyU,X)

for any X, Y € X(M), where L denotes the Lie derivative. Consequently
VU e I'*®(T*(M) ® T(M)) is a skew-symmetric endomorphism so that
9¢(VxU,X) =0 for any X € X(M). Let {Ej, E>} be a local orthonormal
frame on T'(M) such that E;y = U. Thus

VuU =g¢(VuU, E2)E; = —¢(VE, U, U) =0,
Vi, U =g¢(VE, U, E2)E> =0,

that is VU = 0. In particular U 1s harmonic.

The proof of (2) = (3) is easy (hence omitted).

Proof of (3) = (1). As 0 =VyU =akE, it follows that a=0.
Moreover 0 =div(U) = —b yields b=0. Hence U is parallel and in
particular Killing. Finally

R(U,E»)U = —VuVE U+ VE, VU + V[U,Ez] U=0,
SR(U, E2) B2, U) = —¢(R(U, E2) U, Ez) = 0,
SR(U, E2)Ez, E») =0,

so that R = 0.
|

Remark 2.33 Let M be a compact orientable Riemannian manifold. As
already emphasized earlier in this chapter the existence of'a globally defined
unit vector field on M is equivalent to x (M) = 0. If additionally M is 2-
dimensional then (by the classification of compact connected real surfaces)
M is a torus. |

Proposition 2.34 Let M be a real 2-dimensional compact orientable Rieman-
nian manifold. Then any harmonic vector field U is stable. Moreover for each V' € S
one has (Hess E)y(V, V) = 0 if and only if || V|| = constant.

Proof Let UeT®(S(M)) and VeSS where S={Vel*WM):
¢(U, V) =0}. For each xgp € M let E» be a tangent vector field defined
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on an open neighborhood Q2 € M of xy such that {U,E>} is a (local)
orthonormal frame of T(M). As M is 2-dimensional, it follows that
dimp (RUx)J‘ =1 for any x € Q. Yet I, € (RUX)J‘ for any x € 2 hence
IV = LE, for some A € C®(2). Next ||V = |[M||E2|l = |A] on Q. Let us
compute ||V V]|. First, if E; = U and (as in Proposition 2.32)

a=g¢(VyU,E), b=g¢(VE,E,U),

then
2
VuV = ZX(VU V,E)E;

i=1

=Y {UMWg(Ex, E) + Ag(VuE, EVE;

1

= UMW) | E2|I>Ez + Ag(VuEa, E1)Ef = U\ Ex — Ag(E>, VyU)E;

or
VuV =UR)E> —a)U. (2.50)
Similarly
Vg, V= Zg(VEz V,E)E;
=Y (Bx(M)g(Ea. E)) + Ag(VE, Ea, E)YE;
= Ex(WE2|I*E2 + Ag(VE, E2, E1) E
or

Vi,V = Ex(AM)Ex + bAU. (2.51)

Next (by taking into account (2.50)—(2.51))

IVVIP =) o(VEV,VE V)

=g(vE1 V: VE1 V) +g(VE2 V7 VEz V)
=UM)?> + 2> + E(V)? + A2
or

IVVI? = [ldAll> + 1 VIPIVU]2. (2.52)
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Finally (by (2.52))

(HessE)y(V, V)z/lldkllzdvol(g) >0

M

with equality if and only if A = constant on €2. This amounts to saying that
(HessE)y (17, 1) =0 if and only if || /|| is locally constant (and M is tacitly
thought of as connected). |

S) 2.8. UNBOUNDEDNESS OF THE ENERGY FUNCTIONAL

Under the assumptions of Proposition 2.22 we may prove the
following

Corollary 2.35 (G. Wiegmink, [309]) For any nonempty open subset
Q C M and any unit vector field X on M there is a sequence {Yy,}y>1 of unit
vector fields such that each Y, coincides with X outside €2 and E(Y,) — 00 for
v — 00. In particular the energy functional E is unbounded from above.

Proof. Let h= (x1,...,x'”) :U— R" be a local coordinate system on M
such that U C Q, h(U) D [=2m,27]" and X = 3/dx" on U (cf. the proof
of the classical Frobenius theorem, e.g., [235], p. 91-92). Moreover let ¢ €
Ci° (M) be a test function such thati) 0 < ¢(x) < 1 forany x € M, ii) ¢ =1
in a neighborhood V' of the compact set K =h~!([—m,m]") such that
¥V C U, and iii) ¢ =0 outside h_l([—ZJT,27T]’”). For eachveZ, v>1,
let f,, be the C* extension to M of the function sin(val) (thought of as
defined on the closed set 1) and let us set o, = @f,. Let us consider a
unit vector field F on U such that X and F are mutually orthogonal. Next

we set
Y, = (cosay) X + (sinay,)F, v >1.

Then Y, is a unit vector field coinciding with X outside 2. As we may
complete X to a local frame of T'(M)

|VYV|2 = g@(VXYv, vXYV)
= X(ot)? + | Vx X ||? cos? ay, + ||V Fl|% sin” ey
4+ 2X(0ty)g(Vx X, F) + ¢(Vx X, VxF)sin(2w,)
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because of ¢(X, F) =0, ¢(X,VxX) =0 and ¢(F, VxF) = 0. Next let us set

s

Ci =sup |g(VxX,F)|, Co=sup|g(VxX,VxF)
K K

so that
VY, ? > X(ay)? —2C | X ()| — Ca (2.53)

On the other hand X(a)) = X(¢)f, + @v(cos vx!) on U so that X(oy) =
veosvx! on IV D K and then |X(e,)| > v on K. Hence (by (2.53))

2E(Y)) > f VY, 2 dvol(g)
K

zf{X(aU)Z—chv—Cz}dvol(g)
K

=2 / cos?(val)dvol(g) — (2C1v + C) Vol(K).
K

If dvol(g) = v/ G(x) dx! A--- Adx™ is the Riemannian volume form of
(M,g) (with G(x) = det[g;i(x)]) and we set a = infyex +/ G(x) then a >0

and
/cosz(vxl)dvol(g) >a / cos>(ve ) dt! - df" = (ZH)’"g
K [—T[,JT]"’
Hence
E(Y,) > (a/4)(2m)"v? — (2C1v 4+ C2) Vol(K) — 0o

for v — 00. [ ]

S 2.9. THE DIRICHLET PROBLEM

Let 2 C C" be a smoothly bounded strictly pseudoconvex domain
endowed with its Bergman metric ¢. Following E. Barletta, [22], we
consider the Dirichlet problem for the harmonic vector fields equation

AX—|VEXPX =0 in Q, (2.54)
X=Xy on 092, (2.55)
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for some continuous vector field X, tangent to d€2. Moreover, if A is the
Bergman Laplacian then

,- o saxt o [an, .
(A,X) =AX’—2g»7ij€W—gﬂ‘ (a—x’k+ T — Tl ) X° (2.56)

where X = X9 / dx' and F}k are the Christoffel symbols of V& (the Levi-
Civita connection of (£2,¢)) with respect to the Cartesian coordinates (x)
on R?". Also gij = 2(0;, 0y) with 9; = 9/0x' and [¢] = Lgii]_1' Hence (2.54)
is a nonlinear elliptic system similar to the harmonic map system (cf.
e.g., (11.16) in [109], p. 107). We study arbitrary C? solutions to (2.54)
(not necessarily unit vector fields). It is well known that the ellipticity of
the Bergman Laplacian degenerates at the boundary e.g., the Bergman
Laplacian on the unit ball B" = {z € C" : |z| < 1} is given by

9%u
929k

Au=—4(1—121») Y (" — 27

Jk=1

(here ¢ is the Bergman metric on B"). By a result of C.R. Graham, [148],
the Dirichlet problem Au =0 in B" and u|g.—1 =f may be solved for any
fe CY(8?"~1). Nevertheless in order that the solution be C® up to the
boundary it is necessary that f be the boundary value of a pluriharmonic
function (see also [149]). On the same line of thought one may seek for
the necessary conditions satisfied by the boundary data (2.55) of a solution
X' e C*(Q) to (2.54). One may state

Theorem 2.36 (E. Barletta, [22]) Let 2 C C" be a bounded strictly pseu-
doconvex domain and g its Bergman metric. Let us assume that a solution
X'e C*(Q), with 1 <i<2n, to the Dirichlet problem (2.54)—(2.55) exists.
If X =X'0/3x" is tangent to the Levi distribution of each level hypersurface of
p(z) = —K(z,2) V"D e Q) then X'=0 everywhere on 9€2.

Here K(z,¢) is the Bergman kernel of €2. The existence problem for
(2.54)—(2.55) is open (even when Q2 = B"). The methods one adopts are
similar to those in [21] i.e., one derives the equations induced by (2.54)
on a level set ¢(z) = —e of a defining function ¢ of € (in a small one-
sided neighborhood of d€2) and then shows that in the boundary limit (i.e.,
when € — 0) these equations yield X = 0. The main technical ingredient
is the Graham-Lee connection (cf. Proposition 1.1 in [151], p. 701) allow-
ing us to express (2.54) in terms of functions (such as the transverse curvature
of the foliation by level sets of ¢, and its derivatives) which stay bounded
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as z — 0. Cf. also S. Dragomir & S. Nishikawa, [105], or Appendix A
in [26], for a new axiomatic description of the Graham-Lee connection.
The same approach was used in [26] to study the C* regularity up to the
boundary of Yang-Mills fields on (£2,g¢). Similar to Theorem 2.36 (and with
the conventions there) we obtain

Theorem 2.37 Let ue C2(2) be a function such that uT is a harmonic vector
field in Q2. Let up = ul|yq be the boundary values of u. Then

I S
u [n 1 (1_w)2}_0(<p), o — 0, (2.57)

hence up = 0 provided that n # 5. Moreover if n =5
2T (up) — T(Huy =0, VHuy,=0 on 99, (2.58)

where T is the characteristic direction of idd¢ and r is the transverse curvature of
the foliation F by level sets of ¢. Consequently uy(z) = ¢ for some ¢ € R and any
z € 082. Finally if T'(r)z # 0 for some z € K2 then again uy, = 0.

See the next section for the definition of the transverse curvature r of ¢.
By a result of .M. Lee & R. Melrose, [202], r is C* up to the boundary.
A similar result (to that in Theorem 2.37) is expected to hold for solutions
to (2.54) of the form uN with u € C*>(Q), where N = —JT (and J is the
complex structure on C"). This is claimed in [22] yet no proof is given.

2.9.1. The Graham-Lee Connection
Let 2 C C" be a bounded domain and K(z,¢) its Bergman kernel. We
endow €2 with the Bergman metric ¢ given by

o azlogK(z,z)
RO TE

Let us assume from now on that €2 is strictly pseudoconvex i.e., its bound-

, 1<jk<n.

ary 92 is a smooth real hypersurface in C" whose induced CR structure
T1,0(082) is strictly pseudoconvex (cf. [110], Chapter 1, for the notions
of CR and pseudohermitian geometry needed through this section). Then
9(z) = —K(z, 2)_1/(”+1), z € , is a defining function for €2 (as a conse-
quence of Fefferman’s asymptotic development of the Bergman kernel, cf.
[116]). For sufficiently small € > O the level sets M = {z € Q : ¢(2) = —¢€}
are strictly pseudoconvex CR manifolds and each M is a leaf of a foliation
F of an open neighborhood 1V of 92 in 2. Let us set 6 = é(g —3)p(z) so



2.9. The Dirichlet Problem 85

that the pullback of 6 to M is a contact form on M, and the corresponding
Levi form

Go(X,Y)=(d0)(X,]Y), X,YeH(F),

is positive definite. Here H(F) — 1/ is the subbundle of T(F) — 17 deter-
mined by H(F)|y, =H (M), € >0, and H(M;) is the Levi, or maximally
complex, distribution of M. By a result of J.M. Lee & R. Melrose,
[202], there is a unique complex vector field & on 1V, of type (1,0),
such that d¢(€) =1 and & is orthogonal to Tjo(F) with respect to 39¢
ie., 8590(5,2) =0, for any Z € Ty o(F). Here T1o(F) = V is the com-
plex subbundle of T(F) ® C — IV determined by T7 o(F) |Me =T 0(Me),
€>0, and T1,0(Me) 1s the CR structure of M. Moreover, we consider
the function r=2030¢(&,&). r is the transverse curvature of @. It should be
observed that we work with the defining function ¢(2) = —K(z, 2)~ Y tD)
(as in A. Koranyi & H.M. Reimann, [195]) yet the same constructions can
be performed for any defining function ¢(z) < 0 in €2 such that log(—1/¢)
is strictly plurisubharmonic near €2 (and then %85105;(—1 /@) is the Kihler
2-form associated to a Kihler metric ¢ on V). For instance, if Q2 C C" is
the Siegel domain with ¢(z) = ZZ_:ll |z¢|?> — Im(z,) then the transverse
curvature is r = 0. Also if @ = B" then K(z,2) = C,(1 — |2]?)~"+D (with
C,=nl/mt") and r(2) = 1/(an|2'|2) (with a, = Cn_l/(n—i_l)) and the regular-
ity of r up to d€2 can be directly read off from this simple explicit formula.
In the general case of an arbitrary strictly pseudoconvex domain there is
no such formula and we need the result in [202] that r € C®(T). Let
&= %(N —iT) be the real and imaginary parts of §. Then

(dp)(N) =2, (dp)(T)=0,
O(N)=0, 6(T)=1,
do(N) =1, do(T) =1i.

In particular T is tangent to the leaves of F. F carries the tangential
Riemannian metric gp defined by

W(X)Y)=Gop(X,Y), (X, T)=0, g(T,T)=1,

forany X, Y € H(F). The pullback of gy to each leaf M of F is the Webster
metric of M, (associated to the contact form j0, where je : M — V).
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By a result in [26]

oX,Y) = _”%1 w(X,Y), X,YeHF). (2.59)
X, T)=0, ¢(X,N)=0, XeHF), 2.60)
oT,N)=0, o(T,T)=g(N,N)= ”;1 <% - r). 2.61)

In particular 1 — r¢p > 0 everywhere in Q2. We shall need the following basic
result

Theorem 2.38 (C.R. Graham & J.M. Lee, [151]) There is a unique
linear connection V on V' such that
i. T1o(F) is parallel with respect to V,
ii. VGy =0, VT =0, VN =0, and
iii. the torsion Ty of V is pure i.e

Tv(Z, W) =0, Tv(Z, W) =2ile(Z, W)T, (2.62)
Ty(N, W) =W +it(W), (2.63)
forany Z, W € Ty o(F), and
(T1,0(F)) € Toa(F), (2.64)
t(N)=—JVH —2/T. (2.65)

where T(X) = Ty (T, X) forany X € T(F). Also VHy i defined by VH, =
wyVr and go(Vr,X) = X(r) for any X € T(F), where mpy: T(F) —
H(F) is the projection associated to the direct sum decomposition T(F) =
H(F)®RT.

The unique linear connection V furnished by Theorem 2.38 is referred
to as the Graham-Lee connection of (1/,¢). While Theorem 2.38 belongs
to [151] its statement in the form above (together with a coordinate-free
proof) is given in Appendix A of [26]. V has the remarkable property that its
pointwise restriction to each leaf M, of F is precisely the Tanaka-Webster
connection of the leaf.

2.9.2. The Levi-Civita Connection of the Bergman Metric

Using (2.59)—(2.61) one may relate the Levi-Civita connection V¢ of (I, ¢)
to the Graham-Lee connection V. Precisely (cf. [26])

Theorem 2.39 Let Q2 C C" be a smoothly bounded strictly pseudoconvex
domain, K(z,¢) its Bergman kernel, and ¢(z) = —K(z, )"V Then the
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Levi-Civita connection of the Bergman metric and the Graham-Lee connection of
(82, ¢) are related by

VY =VxY+ { N fwge(tX, Y) +ge(X,d>Y)} T

- {ge (X V) + - fwge (X,¢7 Y)} N, (2.66)
e v (1 __ 9
ViT =1X (w r>¢X 2(1_w){X(r)T+(¢X)(r)N}, (2.67)
V§N=—(%—)X+r¢X+ 0=y (@O T=XON),
(2.68)

VX = VX — (l - r) oX——2  (X(WT + (@X)(ON), (2.69)
%] 2(1 —rp)

VX = VNX—%X+ T ){(¢X)(r)T X(nN}, (2.70)

P 1 I 10 4 2r
Vi1 ———2¢>V r_—Z(l VQD){(N(r)+_<P2__(p) 1+1(7)N},
(2.71)

v§N=1¢vH7—L N(r)+i—6—r+4r2 T+ THNY,
2 2(1 —rp) > @

(2.72)
ep_ _LygH,___ 9 _ 4o 2
VT = 2V r 20— 10) T(nT (N(r)—i—wz g0—i—4r>N},

(2.73)

¢ 1 H 4 2r
VNN_—2 V r+—2(1 o) I'(r)1 —(N(V)+—¢2——(p>l\7},
(2.74)

forany X,Y € H(F). Here ¢ : T(F) — T(F) is the bundle morphism given by
¢ (X) =JX forany X € H(F) and ¢ (T) = 0.
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2.9.3. Proof of Theorem 2.36

Let {Wy:1<a <n—1} be a local orthonormal frame of Tjo(F) i.e,
Gy (Wy, WE) = 0qp. Here WE= Wﬂ. Let us set f =¢/(1 —re) for sim-

plicity. Then
@ [ 2fe
Ey=,/— Wy, E,=,——§,
o nt 1 o n n+1'§

is a local orthonormal frame of T10(1) i.e., g(E;, Er) = djt. Then

n
_ _ g ol 2ol v _ vl Ry
AX=-) {V}EJ,V%X+VE/V@X VV%%X VvéEfX}
j=1 ' i

n—1
_LZ ¢ ol ¢ vl Wl e
_ﬂ+]a—1{VWQVWaX+VWO‘VW“X vam EX vaVaWaX}
2f(p 4 0
VEVEX +VEVEX — V4 X — V¢, X1,
+n+1{fs T VEVe ViE Vi

Let us assume from now on that X € H(F). Then (by (2.66))
Vi, X = Vi, X +{f g0 (t W, X) — igg (W, X)}T
Consequently (again by (2.66))
Vi Vi X = Vi Vi, X

+{f g0 (x W, X) —igg(Wa, X)} {rWaJr} Wa}

+ {90 (We, X) — if o (W, T X))} {}, Wa+iTWa}

+{f Walge(t We, X)) +f 20 (t Wa, Vi, X)
— iWg(go(Wy, X)) +igo(Wg, Vi, X)

_J;ra[fge(f W, X) — ige(We, X)]

+ %[fa[ge(Wa,X) — if o (W, T} T

+ {if Wa(go(We,tX) —if go(Wg, TV, X)
— Wa(go (W, X)) — g0 (Wa, Vi, X)
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+ %ra[fge(f Was X) — igo (Wia, X)]
+£ra[g9(Wa,X)—y[gg(Wa,‘EX)]}N (2.75)

where 1, = Wy (r) and rg = 7. Moreover

Vi Wo = Vi Wo +iT =N (2.76)
hence
¢ _ VX — X — VX 4
VVfVEWaX = VVWaWaX +iVrX fd)X VN X+ (pX (2.77)
- : if S
+{f 20 (tVaWa, X) —igo (Vg We, X) — EX(V) — §(¢X)(r)}T

— {90 (Vg We, X) — if 99 (Vi Wer, TX) + %((fﬁX)(V) —J;X(f’)}N

On the other hand (by (2.69)—(2.70))
viX 1{v X Ix_ivex A tex
= — [ —1 _
2 Ty
+ J;[(qﬁX)(r) +IX((T+iN) | (2.78)
allowing one to compute V‘i,VéX . First let us observe that
No)= = x(f)= e
- =~ - =5 - r),
¢ ¢? f ¢?
NG = s 2N
=— r).
(1—gn)?
Moreover the following identities

1
Vi VNX = VN VN X — ;VNX—F];{((PVNX)(V)T — (VNX)(n)N}

1
ViVrX = VNVrX — ;VTX‘F];{@SVTX)(V)T_ (VX)) (N}

f

1
VadX = VNoX — " $X —ZIXT+(@X)(ON)
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yield

2 3 '
2VEVEX = ININX = ZVNX+ X =N VX + éVTX

2
—i(N(V)+—2+
@

—JinbVHr— 2FF vy
4 4

—Qr i
5 > ¢X +J7VN¢X

if
@X) (1) = S @VTX)()

S
+{§(¢VNX)(")_2(1 o)

2 2
—éxm + NP —f—FH—l— f—F T( )}

X(r) + li(VTX)(r)

f
+{——(V1\'X)(V)+2(l )

f if>
- —<¢X><r) + N(JF) T FT0 - —FH} N (279

where the functions F, G,H € C*®°(V/) are given by

. 4 61 5 4 2
= (@X)(r) +iX(r), G:N(r)+—2——+4r , H:N(r)+—2——.
% ® @ %

Similarly, using

1
T(N)=f>T(), T <]) =—T(,
and the identities
Vi TNX = VrVnX - £ VN LT+ GVX0N),

f

1
VEVTX = VrVrX —quvTX -3 (VrX)(NT 4+ (V1 X)(NN}N,

f

1
VEpX = VX + J;X —5{@X)(T = XN},

1
VAT = —EvHr—g{T(y)T— GN},

f

1
VAN = §¢VHV — 5{c T+ T(r)N},
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we find

2 8 —pr
YA

— IVrVTX + }(])VTX _iT(eX + }VTq) X4 f_lz x

f if

——FVHr 4 —FoVH
gIV ROV

X+ ii(VTX)(r)

f
+{—§(VNX)(')+2(1 =
2 2
— LX)+ STUP) —f—F T(r) — f—Fc} T

2
S 1 if
+{__(¢VNX)(”)+2(1_ )(¢X)(r)+—(¢VTX)(r)

2 2
+ X(r)+f FG+ - T(jF)—fTFT(r)}

(2.80)

The identities (2.79)—(2.80) yield

2 3 :
AVEVEX = VN VX — “VNX + 3 X — iV VX + Lvrx
§ ® @ ®
3 . .
(N + 2= DY ox+ vex — Lrgvi, - L pvH,
P> @ f 4 4

1 iVIVNX —}¢VNX L
¢

i(1—or)
¢2

X

+ VrVrX —}[QSVTX + T(N$X —%qusX

L, if f
+ f(¢v X)(r) — _ T v
5 (@VN )(1) (@X)(r) —(¢ 7X)(r)

2(1—@r)

2 2
_ éx<y)+ N(fF) —%FH%—f—FT()

- y_[(VNX)(V) +

f
> 2= )X(V)__(VTX)(V)
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1 if? f?
+=(@X)() + = T(jF)——FT()+ 7 FG}T

2 4
f VX ! X lf VX
+{—§( N )(V)+2(1—_§0) (V)‘i‘—( X)(7)
2 2
—§(¢X)<r)+ N(fF)—f;FT()—f—FH

¥ svax f
— 5 @VNX)(N) + 2 )(¢X)(f)——(¢VTX)(V)

2 2
— 1X(V) + f— FG— —T(jF) +f FT(r)} (2.81)

A calculation based on (2.75) and (2.77) leads to

n—1

Z{vg Vi X+ Vi, Vi, X — vg X vég WX}
a=1 Wa “

2 1
=—AX + 2fr2X+J7X+ 2(n—1)(VaX — —X)
@

+ {2div(¢X) + 2fdiv(TX)

— ftrace[Y > (VyD)X]| + (n—2)f (¢X)(N} T

— {2div(X) + 2f div(¢T X)

+ (n—2)f X(r) —f trace[Y > ¢ (VyD)X]} N (2.82)
where Ay is the second order differential operator defined (locally) by

n—1
ApX == (Vi Ve X+ Vi Vi, X = Vg X — V., X}

a=1

Also the divergence operator in (2.82) above is given by
div(X) = trace{Y € T(F) — VyX}.
Moreover the identity
Vi = —lvH Lar—
2 =—-V7r+-(iT—N),
§ 4 2
yields

; r (1 i
Ve, —V X — —VX—'VX —=X—-9X
vg 7V (VN lT)+2<¢ f¢)
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{f<rX)< >+—f<¢X>(>—iX( )}

{f(dnxx 4+t fX()— i(¢X)(,)}

hence

1
Ve X+ v‘vg —5 Vo, X = VX + Ix (2.83)
v ¢

{f<rX>( )+ —f(qbX)( )} {f«brX)m + ﬂX( >}

Using (2.81) and (2.83) and

N(f(F+F) = 2fN(($X)(r) + [ ot 2f2N(r>] (¢X)(1),
iT(f(F—F)) = —=2fT(X(r)),
— 4
iN(f(F—F)) = —2fN(X(r) — [—2 + 2f2N(r)} X(),
(1—¢n)
we derive
1

878 878 4
V§V§X+ vgvg(— Ve, SX VH —vaTX

1 1
+ E (VTVTX+ VNVNX) + (7 - ;) VNX

3 1

+ (ﬁ—?—;)x-l- T(ngX
+ %VVH,,X +£X(V)VHr —£(¢X)(r)¢>VHr
+ {—J%(VTX )(1) +£(¢VNX )(1) —JiT(X(r)) +J;(rX )(1)

S 1 1 Sr
+5N(@X)0) + [ﬁ + N0+ T} (¢X)(r)}
+ {—£(¢VTX)(V) —é(VNX)(r) —JiT((qbX)(r)) —JiN(X(r))

f f2 Jr
—Z@rX)0) - [2(1 o2 —N(r)+—]X()} (2.84)



94 Chapter 2 Harmonic Vector Fields

Next we compute

n
Y2 — g g
IVEX] _2Zg<v,5jx,v%x>
j=1

n—1
2¢ g 4o g 2y
_ +1§:g<VWaXV >+— (Vi X, vEX)

and obtain (by (2.59)—(2.61))
IVEX 2 = |VHX|3
2
2 f
1+51

2
-7 [FP1eX15 + X3 XN+ @X) (1]

—f[( ;2>|X|9+|VTX|9+|VNX|9

2 2
—J;ge(VTX,¢X) - ;g@ (VNX,X)] (2.85)

where |X|g =g (X, X)1/2. Finally we substitute from (2.82) and (2.84)—
(2.85) into (2.54) and use the uniqueness in the direct sum decomposition
T(V)=H(F)®RT®RN. The H(F)-component of (2.54) reads

2 1
—AX 2T X4+ X 42(n—1) (VNX — —X)
S @
2 2
—f { VrVrX+ VNVNX —j oV1X +j VX

WERERE P
—- = — — r
N SR

+ Vgu,X +£X(r)VHr —é(qbX)(r)qSVHr}
f

n+1

2 2

{|VHX|§ -7 [Pl XI5 + 1XI5] + 5 [X(N?+ (X)(1?]
1

_f|:< f2>|X|9+|VTX|9+|VNX|9

2
—;gg(VTX,¢X)— ;gg(VNX,X):HX:O. (2.86)
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Note that f = O(¢) as ¢ — 0. Multiplying (2.86) by ¢f gives
2
( f ) X5 X = O(p)

and then (by passing to the limit with z — 9€2) it follows that X =0 on
082. u

2.9.4. Proof of Theorem 2.37

With the notations in the previous section
AWT) = (Ag) T+ ulAT — 2VVQ”T. (2.87)
Let us compute AT. First (by (2.67))

Ve, T =W, _} W, ‘g”a (T +iN).
Consequently (as W, (f) =0)
% vg T =V}, (T Wy — jWa)

LWl (T +iN) L (VT 494, N)

and the identities

Ve (0 Wa = = Vi W) = Viay T W — = Vg, W
f f
2 1 , 5 1
1 . fo.
V‘ N_—J;Wa‘i‘lTWa"i‘EVa(iT—N),

lead to

ZV‘Q Vi T= Z {VWat Wy —}VWaWa —fta TWa}
+ itrace(‘[ )+;1—_ZW (ra)
2 a\'a

_i{g trace(t n; ! —}—J;Xa: Wa(ra)}N
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hence

S 90, Vi T4 9, ¥, 1= S AVia e+ Ve
o o

i

+f (Vi Wa — Vg W) — f (rg T Wo — 1o T Wa)}

+ {f trace(t?) + Z(Hf_ D —é?(Wam-ﬁ- Wata)} T

+ U5 Warg = War)N (2.88)
) . ala alo)IN. .

A similar calculation (the details of which we omit) shows that

Ve,  T=1Vy Wy— va,Wa + 1¢VHV— LyH,
Vivg We “ fe 2 2
—g {(VieWa) () —iT() —H} T
—g {i(Viy W) () —iG—T(n} N. (2.89)
Note that

> A Warg — Wata — (Y, Wa) (1) + (Vig Wa) (D} = =20 T().

o

Therefore (by (2.88)—(2.89))

ST Vi T+ VLV LT

o

- %Va w T = V‘%V&Wa T} =—(n—2)fT(nNN

+ traceg, (V1) — (n— 1)¢VHV —frVHr

(=1 f }T_

+ {ftrace(‘cz) + 2 7 f(n—1)H — > Ayr (2.90)

Next (by (2.71)=(2.73))

f f

, .
2ViT = ¢V + %VHr— SH=ITO)T =5 (TM) +iG)
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and we may compute VéV‘g T. Indeed the identities
(Ve =1vTig,  (@Vinm =o,
V3,0 VHr = ¢V VHr — %qﬁVHr —£|v”r|§ T,
Vi, V= Vv — lva_ngqu,

—g(H —iT(N))V T L (T(r) +iG) VN

2
:Ji(H — iT(r))¢vHr+£(T(r) +iG)VHy
f2
+ (Hh—=iT() = TO)(T(r) +iG)} T
f2

+ T {T(n(H—iT())+H(T(r)+iG)} N,

imply that

2V§\,V§T = —%qsv,\:thL évaHr
f f
4
+ {ngHdé - N(é{H— z’T(r)})
f2
+ T [HH —iT(r)) = T((T(r) +iG)]} T

if on 2 S ,
+{—Z|V r|9—N<§{T(r)+lG})

2
+ fz [T(r)(H—iT(r)+H(T(r)+ iG)]} N.

+ [i + —(H—iT(r))] dpVHr+ [f(T(r) +iG) — i] v,
20 4 2¢

Similarly the identities

1
VapVHr = VTd)VHr—{—J;VHV—i—J;IVHrlgN,
i i
- g(H —iT(N)VLT — g(T(r) + i) VEN
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if if

= 'Z(H— iT(r)VHr— 'Z(T(r) +iG)pVHy
2
+ % [T((H—iT(r)+ G(T(r)+iG)]T
Z-](Z

-7 [GH —iT(r) = T((T(r)+iG)]N,
imply

: 1
2iVEVET = —évﬂpv“r SEARAA

+ [% — %(T(r) + iG)] VAL [%(H —iT(r)) — ﬂ v,
+ HWHV@ —iT (J;{H— iT(r)})

2
+ %[T(r)(H —iT(n) + G(T(r) + iG)]} T

oo off o
—{4|V r|9+1T<2{T(r)+lG})

2
+ %[G(H —iT()—TW(T(r)+ iG)]} N. (2.92)
Then (2.91)—(2.84) yield

I8 I78
4 (vs VET + VAV T)

:—¢VNVHV—VTVHr+fT(;')VHr+{1+JiH+1+J:G}¢VHr
¢ 2 f 2
f2

+ {f|vHr|§ +7 (H? = G = N(fH) — T(fT(r))} T
+{f*HT (1) —f*GT(r) — N(fT(r) + T(fG)} N. (2.93)
Similar calculations that we omit lead to

1 1/1
V(éﬂ*T"i_ Vi T= 5 tVHr+ > (7+V> oV
if

Sé Vég
U
_|_§ 5|v rlg+rH T +E I'(r)N. (2.94)
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Summing up (by (2.90) and (2.93)—(2.94))

AT = Ld N {tracecg (Vt)—(n— 1)¢VHV —ftVHV}

n

1 1
+ Jo {§¢VNVH7+EVTVHr—éT(r)VHV—‘EVHr}

n+1

+ % {[ftrace(‘tz) + Z(nf— D) —f(n—1)H _gAb{|

2
f[ ~ G = INUH) = s TUTO) —frH] } T

2

o {m—zwm ~i[5rou-o
~ SNUTO) +5T(6) - rfT(r)] } N. (2.95)

Next the identities

g g _ntl H 2
Zg(v%(ﬂ),v%(ﬂ))_—z(pf {1Vl

o

2
[ V2 ftrace(‘[)—(n—l)f:“
g _ _.

AT, VeT) = —4¢ (H iT(r)),

g g _ntl 2
(Ve (uT), Vg(wT)) = 1€ (u)]

1 _
B [6()(H+iT(r)) =& (u)(H = iT(1)]

(1) 5 f 2, 2 2\ _ 1o, 2
+ » u [Z(H + G*+2T (%) — |V r|9i|,

furnish

VAT = } (1972

2
+ 1 [%meg — ftrace(t?) — (n— 1);} }
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4(n+1)
S

+ 12 E (H? + G +2T(n)?) — %IVHH%} } - (2.90)

+f{ |& () |* — w(HN () + T(r) T (u))

Similar straightforward calculations show that

g _ 9 H, 1 . onH
Ve, T = P {‘L’V u f¢V u
+g [N VHr+ T(u)VHr]}
o {(VPwy() —fINWH+ T TW]} T
2(n+1)
of
D { @V () —fING)T () = TGI}N,  (2.97)
Agui = n—% {Apu+2(n— DN(u))
— n‘f{l {N?(u) + T?(u) + (V) () + 21N () } . (2.98)
Finally we may use (2.87) and (2.95)—(2.98) to write the equation
AT) — |[VEuT)|>uT =0 (2.99)
as
uftrace, (V1) — (n— D)oV r— frvHy (2.100)

1 1
+f |:§¢VNVHV + EVTVHV —gT(r)VHr —tvH,

— (% +£(H+ G) — % —r) ¢vHr]}
_ {rVHu Lyt gL (NpVHr + T(u)VHr)} —0
n+1 f 2
(the H(F)-component of (2.99)) and
—Apu+2(n— 1)N(u)
—f[N?() + T? () + (VH ) (r) + 2iN ()]
2(n—1)

+u{ftrace(‘l:2)+ —f(n—1H
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S S
Ay ——
+2 b 3

— AV () — FINWH + Tw) T(N]}

2 _
+ (nt Du {|VHM|5 + 1 [f |VHr|§ + ftrace(t?) — M]

(H? = G+ L T(UT0) +J;H}

fo 2 f
4 1
—f [#wnz — u(HN(u) + T(r) T(1))
+ u? G(H2 + G+ 2T(r)2) — %WHH%“ =0 (2.101)

(the T-component of (2.99)) and

2
u {(ﬂ —2)fT(r) +% T(n(H—-G)

11\7 1T G ;fT
3 (fT(V))‘i‘Z (S )—5 (V)}

+ f{@V () —fINW)T(r) — T(w) G} =0 (2.102)

(the N-component of (2.99)). An elementary asymptotic analysis of
(2.100)—(2.102) as ¢ — 0 will now complete the proof of Theorem 2.37.
Indeed

T(fG)=f [T(N(V)) - gT(r) + 8rT(V)i| ;

2 2
m +f N(”)] T(”),

so that (2.102) (as ¢ — 0) implies 2T () — T'(r)u = 0 on 9€2, which is the
first statement in (2.58). Similarly, by taking into account that

N(fT(r) =fN(T(r) + [

eN(fH) =

1
-2 )=+ O(p),
1—rp \1—rp ©

4
¢ofH = —— + O(¢),
1—rp

s 32r (1
of (H —G)=l_ﬂp(;—2r>+0(<p),
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(2.101) may also be written as (2.57). Finally

fAH+G) = + O(p)

8
(1—rp)?
hence (2.100) becomes VHu = O(¢) as ¢ — 0. In particular the boundary
values 1y of u is a real valued CR function (of class C?) on 92 so that (as
02 is nondegenerate) 1, must be constant.

As to the last statement in Theorem 2.37, a remark is in order. While
in general T'(r) # 0 at the boundary, there is a wealth of examples of
strictly pseudoconvex domains € C C" such that T(r) =0 on 9S2. For
instance if 2 =B" then T(r) =0 and the phenomenon is related to the
spherical symmetry of the example. Indeed, in general let Q = {z € C":
¢ (z1],...,1z4]) <1} be the domain considered by L. Hérmander, [170]
(an example for which J(a,K(z,2)" /Dy =1 on 9, where J is
the complex Monge-Ampeére operator, cf. (A) in [116], p. 395). We can
show that

Proposition 2.40 (E. Barletta, [22]) Let ¢ (¢1,...,t,) be a smooth func-
tion of (t1,...,t,) € R" such that i) ¢j=0 for any j#k and that ii)
|zilpj (121, .- 1zul) + @u(l21ls ..o |20l) is = 0 forany 1 <j < n and # 0 for
some 1 <j <. Then the transverse curvature of the foliation F by level sets of

() =¢(z1l,....lza) — Lis

1
= (2.103)
SO+ 1l 1]
where
n—1
|z |¢ " 2u P
f= Z . fre=
|2'oz |pae + ¢(x |20l Pun + O

and ¢; = 0¢p/dt; and P, = 82¢>/8t]-3t/e. Moreover T'(r) = 0.

Proof One has (with 2/ = zj)
433(/)—Z¢j]€|]|| ’\| +Z (Pkdz A d=F

so that (ii) in Proposition 2.40 implies strict pseudoconvexity. The CR
structure T7,0(Me) is locally spanned by
3 FY/IRYD Pa

)
Ty=m— —— 1= 77~ {<g<n—1.

0z (Zn/1znl) Pu az"’ -
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Then 30¢ (&, Zg) = 0 and 3¢ (&) = 1 imply

£ = 2 (fa 0 e 0 )
AR VIR R B
where f/ = zip;/ (I,zj,'Iqﬁjj +¢j) (1 <j < n) thus yielding (2.103). Finally a
calculation shows that T'(r) = 0. [ |

2.9.5. Final Comments
Let M be a (2n— 1)-dimensional (n > 2) compact strictly pseudoconvex

CR manifold, of CR dimension # — 1, with the CR structure T (M) C
T(M)® C. Let 6 be a contact form on M such that the Levi form

Go(X,Y)=(d0)(X,JY), X,YeHM),

is positive definite. Here H(M) = Re{T1 0(M) ® To1 (M)} and J(Z+
2)=i(Z—-3), Ze Ty 0(M), is the complex structure in H(M). Let ¥ =
6 A (d8)"~! be the corresponding volume form. A C* map ¢ : M — N,
where N is a given v-dimensional Riemannian manifold, is a subelliptic
harmonic map (cf. [25]) if it is a critical point of the energy functional

E(¢p) = %/tracecg (T h) W (2.104)
M

where w@*h is the restriction of ¢*h to H(M) and h is the Riemannian
metric on N. The Euler-Lagrange equations of the variational principle

SE(X) =0 are

2(n—=1)
A+ Y Theod)Xa(@D)X(09) =0, 1<A<v, (2105
a=1

where Ay (the sublaplacian) is the formally self-adjoint second order
differential operator given by

Apu = div(VHw), we CP(M).

The divergence operator is meant with respect to the volume form W
ie., LxWV =div(X)W where Lx is the Lie derivative. Also Fﬁc are the
Christoffel symbols of the second kind of the Riemannian manifold (N, k)
while {X,:1<a<2(m—1)}is a local Gy-orthonormal frame of H(M).
Let X* be the formal adjoint of X, (with respect to the L*-inner prod-
uct (u,v) = fM wW). As {X;:1<a<2(m—1)} is a Hormander system
and locally Ayu= Zigl_l)Xanu (the Hormander operator) the notion of



104 Chapter 2 Harmonic Vector Fields

a subelliptic harmonic map admits a local reformulation in terms of an
arbitrary Hormander system of vector fields (on an open subset U € R™),
which do not necessarily arise from a CR structure (and perhaps aren’t even
linearly independent at all points of U). This is the context in [180], where
the notion of a subelliptic harmonic map was first introduced (there the
adjoints of the X,’s are meant with respect to the Lebesgue measure on U).
As shown by Y. Kamishima et al., [103], the boundary values of harmonic
maps @ : (£2,¢) — N (where g is the Bergman metric on €2) are subelliptic
harmonic maps, provided that the boundary values have vanishing normal
derivatives (cf. Theorem 1 in [103]). In other words if ® : 2 — N isa C*®
solution to the Dirichlet problem

AL i (A IPB 3 pC ,
A +g (FBCocD)W S =0 in @ 1=As<v, (2100
d=¢ on 0%, (2.107)

with ¢ € C*(9€2) then the boundary data ¢ must satisfy the compatibility
relations (2.105) provided that N(¢*') = 0. A first attempt of generalizing
the notion of a subeliptic harmonic map to the context of unit vector fields
X : M — U(M) [thought of as smooth maps from a strictly pseudoconvex
CR manifold M to the unit tangent bundle, endowed with the Sasaki met-
ric associated to the Webster metric (cf. [110], Chapter 1)] was made by S.
Dragomir & D. Perrone, [107] [there one requests that X € H(M) and that
the horizontal lift X1 to the total space of the canonical circle bundle be
harmonic in the usual sense (cf. [316]) with respect to the Fefterman metric
(cf. [110], Chapter 2)]. Another generalization is proposed in [103]. There
one first produces an analog to Dombrowski’s horizontal lifting technique
[by replacing the Levi-Civita connection with the Tanaka-Webster connec-
tion V of the base manifold] and then requests that X be a critical point for
(2.104), though only with respect to smooth 1-parameter variations of X
through unit vector fields. As shown in [103] such X (a subelliptic harmonic
vector field, according to the terminology adopted in [103]) is a solution to

ApX — |VEXZ X =0 (2.108)

where Ay is the sublaplacian on vector fields i.e., locally

2n
AbX = — Z{VXaVXaX - vaaXaX}

a=1
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and V7 X is the bundle morphism Y € H(M) — VyX € T(M). Based on
the knowledge on the boundary behavior of a solution to the Dirichlet
problem (2.106)—(2.107) one may expect that that the boundary values of
harmonic vector fields on (£2,¢) (which are C* up to the boundary) be
solutions to (2.108). The contents of Theorem 2.36 is that a different phe-
nomenon occurs and the boundary values should rather be X =0. The
perhaps surprising result in Theorem 2.36 may be anticipated by looking at
the particular case of parallel vector fields X (clearly such X satisfies (2.54)
provided it is C? in ) which are C'! up to the boundary. If for instance
X € H(F) and V¢X = 0 then V}q\,X =0 and (2.70) imply

VX=X~ 26O T - XON)

hence X = O(¢) as ¢ — 0, and then X = 0 on d€2. In general

Proposition 2.41 Let X be a tangent vector field on S which is C' up to the

boundary. If X is parallel (with respect to the Bergman metric) in Q then X = 0 on
082.

Proof X decomposes as X =Y +60(X)T + %X((p)N where Y=mgX €
H(F). Let us assume that V&X = 0. Then

VEY 4 TOOO)T+0COVET + S TX@IN+ 5 X@VN =0

resulting (by (2.69) and (2.72)—(2.73)) in three equations: the H(F)-
component is

1 1 g1 o

or Y = O(p) so that Y = 0 on 9€2. Moreover the T-component is

%f«m(r) +eTOX) - %W)T(’)

1 4f 2
- ZU(pN(r)—l—; —6fr +4fpr'} =0

yielding X(¢) = O(¢) so that X(¢) =0 on 0€2. A similar asymptotic
analysis of the N-component furnishes 68(X) = O(¢) as ¢ — 0. [ |

The moral conclusion of Theorems 2.36 and 2.37 is that given a har-
monic vector field X on a bounded strictly pseudoconvex domain 2 C C”
such that X is C? up to the boundary, X must vanish at Q. It is a nat-
ural question whether solutions to (2.54) satisfy some sort of maximum
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modulus principle (and then € together with the Bergman metric would
carry no nonzero harmonic vector fields smooth up to 9€2). The difticulties
arise mainly from the fact that the Bergman metric ¢ doesn’t extend to the
boundary. If in turn g were the Euclidean metric then

Proposition 2.42 Let Q CRN be a smoothly bounded domain on which
Green’s lemma holds. Let X be a solution to the Dirichlet problem AgX +
IVOX]PX=0in Q and X =0 on 9K, such that X is C> up to 952, where
the Laplacian AoX and the covariant derivative V°X are defined in terms of the
Euclidean metric go on RN . Assume that || X|oo < 1. Then for any x € Q one
has (VX), =0 or X, = 0.

Here || X||oo = sup,..g|X|x. To prove Proposition 2.42 note first that

_ 0 0 _ 0
0(A0X, X) = X]j {go (V& V% X) —20 (Vv% X/,X,X> }

1
- X o (3300) - (o 40) -3 () e
],

1 2 2 0 2 0 2
= 2 [P - (X ) - Yo Ve X
J J

= %A (IXP) — VX2,

where A is the ordinary Laplacian on functions. Taking the inner product of (2.54)
with X (and using the previous identity)

A(IXP) +2IVX*(1X]* — 1) =0.

Let us multiply by | X|* and integrate over Q. Then (by Green’s lemma)

/|X|2go<v0|X|2,v)—/|v0(|X|2)|2+2f|v0X|2|X|2(|X|2—1)=o
02 Q Q

where v is the outward unit normal on K2, hence |V X|?|X|> =0 in Q.

g 2.10. CONFORMAL CHANGE OF METRIC ON THE TORUS

Let (M,g) be a compact orientable manifold and u € C*(M).
Let §=¢*¢ be another Riemannian metric on M, conformal to g. If
X eI'™(S(M,g)) then X =¢7"X € I'°°(S(M,g)). We wish to compute

||6)~(||§ Let {E;: 1 <i < n} be a local orthonormal frame of (T'(M),g). If
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E; = ¢ "E; then {E;: 1 <i < n} is a local orthonormal frame of (T(M),9).
The Levi-Civita connections V and V of (M, ¢) and (M,9) are related by

VyZ=VyZ+YW)Z+ Z(u)Y — g(Y, Z) (du)*
forany Y, Z € X(M). Therefore

Vi X =¢ "V X+ X(E; — g(X, E;) (du)"}
and then
NVEXIZ = IVE XIS + X () + ¢(X, E)> | dull;
+2{X(g(VE X, E) — o(X, E)(VE X) (1) — X(u)g(X, E)Ei(u) }.

Taking the sum over i € {1,...,n} one obtains
IVX]Z = e {uvxuj +IVull; + (n—2) X (u)?
4+ 2 (div(X) X — VxX) u} (2.109)
for any X € I'*®(S(M, g)). Also it is immediate that
dvol(g) = ¢" dvol(yg).
Let n=2 and let us use (2.109) to compute ng ||6)~(||§ dvol(g). As
dvol(3) = ¢*" dvol(g) we obtain
B(X) =B(X)
+/ {||W||§+2(div(X)X— VXX)M} dvol(g).  (2.110)
T2

As a consequence of (2.110) we obtain the following

Theorem 2.43 (G. Wiegmink, [3091) Let T2 be a torus, g an arbitrary
Riemannian metric on T2, and K, the Gaussian curvature of (T?,9). Let
ue C®(T?) andg = e*g. Given X € Elet X =¢"X € = '(S(12,3)).
Let B: & — [0,400) and B: € — [0,400) be respectively the total bending
functionals of (T?,g) and (T?,3). Then

5’(5()=B(X)+/{||W||§—2u1<g}dv01(g) @.111)
T2

hence the difference B(X) — B(X) is a constant depending only on the two metrics
¢ and g. Moreover infx g B(X) is achieved in E.
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Proof. It may be shown (cf. [309], p. 337) that for any U € £
div ((divU)U — VyU) = K,.

Then (2.111) follows from (2.110) and Green’s lemma. In particular if
infxeg B(X) is achieved in £ then infy, gz B(Y) is achieved in & for any
metric ¢ conformal to g. On the other hand, by a result of J.L. Kazdan
& EW. Warner, [185], there is u € C®(T?) such that g=¢*"g is flat.
Let H?> ={z € C:Im(2) > 0} be the upper half plane and SL(2,7Z) =
{( i Z ) ta,bye,de€Z, ac—bd = l} the modular group. There is a

natural action of the modular group on the upper half plane given by

a b az+b 5 a b
(C d)‘Z—m, ZGH, (C d)ESL(Z,Z)

By the well-known Proposition 2.5.11 in [311], p. 79, the isometry classes
of flat tori are parametrized by pairs (a,¢p) where a is a positive real num-
berand ¢ € HZ/SL(Z,Z). Precisely there are a € (0,+00) and z € H? such
that (T2,%) belongs to the isometry class of the flat torus R?/{mr + nrz
(m,n) € Z*} where r=,/a (and ¢ =SL(2,Z) - z). Therefore on (T2,3)
there exist globally defined parallel unit vector fields so that the total
bending functional achieves its greatest lower bound inf,, _z B(y)=0. m

S 2.11. SOBOLEV SPACES OF VECTOR FIELDS

As indicated in Section 2.2 of this monograph, for each C* vector
field X on M one may think of VX as a smooth section in the vector bun-
dle T*(M)® T(M) — M. This gives a map V : X(M) — I'*(T*(M) ®
T(M)). Let V* be the formal adjoint of V 1i.e.,

V¥, X) = (9, VX) (2.112)

for any ¢ € I{°(T*(M) ® T(M)). As customary we denote by I'{°(E) the
space of all C* sections of compact support in the vector bundle E — M.
For instance Fgo(’]'l’o(M)) = X°(M) (the space of all C* vector fields
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with compact support). The L? inner products in (2.112) are given by

(X,Y) = /g(X, Y)dvol(g),
J\/I

(o) = / & (@, dvol(g).

M

Of course the integrals are convergent when M is compact or at least
one of the vector fields X,Y € X(M) (respectively at least one of the
endomorphisms ¢, € I'*°(T*(M) ® T(M))) has compact support.

Let {E;: 1 <i<n} be alocal orthonormal frame of T(M). Let ¢ be a
C! section in T(M)* ® T(M). For any Y € X5o (M)

(Vi Y) = /g(cp,VY)dvol(g)
M

= f > " e(9E:, VE Y)dvol(g)
M i=1

= [ CiBaE )~ (Vg V)avol(o),
M i

Let X, € T(M) be uniquely determined by
Then (by Vg =0 and Green’s lemma)

(Vi Y) = / Z{g(vgix(p,E,») + 9(Xp, VEE) — g(VEQE;, Y)}dvol(g)
M
= _/E(Y, VE@E; — @ VEE;))dvol(g)

M

hence
Vi =—> (VE9)E:. (2.113)
i=1

Consequently

AX=V*V X (2.114)
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for any C? vector field X on M. The equation (2.114) suggests the natural
notion of weak solution to the nonlinear system A,X = [[VX 12X (to be
introduced shortly in this section).

As M is a Riemannian manifold, the vector bundle 7"(M) — M of
all tangent (r,s)-tensors is a Riemannian bundle in a natural way hence
the pointwise norm [|¢|| = ¢*(¢,9)"/? : M — [0,4-00) of each measurable
(r,s)-tensor field ¢ on M is well defined. Let L'(M) be the space of all
integrable functions on M, with respect to the Riemannian measure. We set

(o) = / & (. ) dvol(g)

M

for any measurable sections ¢, ¥ in 7" (M) — M such that ¢*(¢, V) €
LY(M). For any smooth section ¢ in 7" (M) — M we denote by Vg its
covariant derivative hence we have an operator

V T®(T" (M) — DT ().
The formal adjoint of V is
V* TE(TT (M) — T(T™ (M),
(V*h,9) = (h, V), heTPT M), ¢ e TET(M)).

Let p > 1 and let LP(7"°(M)) consist of all measurable (r, s)-tensor fields ¢
on M such that fM lellfdvol(g) < oo. We set as usual
1/p

loll = el waean = / lolPdvol(e)
M

for any ¢ € LP(7"°(M)). Then LfOC(T"’S(M)) consists of all measurable
sections in 7" (M) — M such that x4 ¢ € LP(7"(M)) for any relatively
compact subset A CC M (here x4 is the characteristic function of A).

Definition 2.44 A locally integrable section ¢ € Ll10c (77(M)) is said to
be weakly differentiable if there is Y € Ll1OC (7T (M)) such that

(W, h) = (9, V*h), helLT 1 (M)).

The section ¥ (which is of course uniquely determined up to a set of mea-
sure zero) is denoted by V¢ and referred to as the (weak) covariant derivative
of ¢. [ |
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In particular a measurable function f on M is weakly differentiable
if there is a)eLfOC(T*(M)) such that (w,) = (f,V*a) for any « €
LEe(T*(M)) and the (weak) covariant derivative of f is the locally inte-
grable 1-form Vf =w. This is of course equivalent to the definition in
[224], p. 1089. Indeed we have

Proposition 2.45 Let M be an oriented Riemannian manifold and f a locally
integrable function on M. If f is weakly differentiable then for each X € X°°(M) =
[ (THO(M)) there is h € L (M) such that

(h,9) = —ff[X(¢) + ¢ div(X)]dvol(g), ¢ € CT(M). (2.115)
M

In particular h = (Vf)(X) almost everywhere in M for each X € X(M).

Following the terminology in [224], it (2.115) holds for some h e
1110c(M) then f has a weak derivative with respect to X. Of course h in
(2.115) is uniquely determined up to a set of measure zero and one adopts
the customary notation h = X(f).

Let us prove Proposition 2.45. If w = Vf is the (weak) covariant deriva-
tive of f and X € X (M) an arbitrary smooth vector field then the candidate
for X(f) is h = (Vf)(X). For any test function ¢ € C{°(M)

6.6) = [ 1givolto = [ opdvol(o.

M M

Let (U,x") be a local coordinate system on M so that o(X)¢ = w;¢pX'
on U. Thus we may consider the (globally defined) differential 1-form
a € I{°(T*(M)) given by

aly = ¢gi X dy' (2.116)
on U. Therefore w(X)¢ = wi(xjg"j on U so that

mwszwmmmgzmwzqﬂmy

M

On the other hand for any u € C°(M)

(V*a,u) = (a,Vu) = /g*(a,Vu)dvol(g)
M
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and (by (2.116))

3 du
e, V)|, = ai(Vu)g! = aj—g"

P

ou 8
= %M;g = ¢X’ = (pXw)Iy

so that (by Green’s lemma)

(Va,u) = /d)X(u)dvol(g) = —/u{X(¢) + ¢ div(X)}dvol(g).
M M
Consequently V¥a = —X(¢p) — ¢ div(X) and (2.115) is proved.
Note that (2.115) may be written (h,¢) = (f,X*(¢)) for any ¢ €
C3°(M) where X* is the formal adjoint of X. The converse of Proposi-
tion 2.45 is a bit more involved. We show that

Proposition 2.46 Let M be an oriented Riemannian manifold and f €
Llloc (M). If f has a weak derivative with respect to any X € X°°(M) then f is
weakly differentiable. Moreover, under the same assumption, for every local coordi-
nate system (U, x") on M the function f |U has a weak derivative with respect to
9/0x' forany i€ {1,...,n} and

(Al =32 (fIU) 2.117)

a.e. in U.
We need

Lemma 2.47 Let W € C®°(M) and assume that [ € LllOL (M) has a weak
derivative with respect to X € X°°(M). Then f € Llloc(M) and W f has a weak
derivative with respect to X. In particular

XWf) =XW)f + ¥ X(f). (2.118)
Proof. For each A CC M

so that ¥/f is locally integrable. On the other hand, for any ¢ € C{°(M)

- / UfAX(@) + ¢ div(X)}dvol(g)
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=- ff{X(qw) — dX () + ¢ div(X)}dvol(g)
M
:/X(f)(bl/deOl(g)+/fX(lﬁ)¢dvol(g)
M M

_ f (XN + X)) dvol(g)

M

so that ¥f is weakly derivable with respect to X and the weak derivative is
given by (2.118). ]

Proof of Proposition 2.46. Let f € Llloc (M) admit weak derivatives with
respect to each X € X°°(M). We claim that for any open set U C M and
any Y € X*°(U), the restriction f | ¢y admits a weak derivative with respect
to Y. To prove the claim let X € X°°(M) be a smooth extension of Y to the
whole of M and let ¢ € C{°(M) be a test function such that supp(¢) C U.
Then (by (2.115))

[[ X(f)

dvol(g) = — f i (X@) + ¢ div(X)) |y dvol(9)
U

U

= - f i (V@) + ¢ div(Y)} dvol(9).
U

All test functions in Ci°(U) are restrictions to U of such ¢ hence f|U
admits a weak derivative with respect to Y and Y(f) = X(f) ‘ ¢+ In particu-

lar (3/8xi) (f| U) are well-defined elements oleloc(U) (foreach 1 <i<n).
Let o € I'§°(T*(M)) be locally given by

ol = ajdx’

Then (by Green’s lemma)

da! i3 i i
(V*a)|U ==Y div(0/9x'), o' =gla;.
Let {¢y : U € U} be a smooth partition of unity subordinated to the locally
finite open covering U of M. We set K = supp(a) C M. We also assume
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that each U € U is the domain of a local chart (U,x") on M. Then

(f,V*a) /fv*advol(g) > /wva advol(g)

UGUK

-y / (pr}U{a I—i—adlv(aa )}ml(g)

Uelynk

By Lemma 2.47 and the first part of the proof of Proposition 2.46 one
has (pr| y € Llloc(U) and (pr| U1 weakly derivable at the direction 9/0x
hence (by (2.118))

(f.V*a) Z/ " (pr}U a'dvol(g)

U unk

—Z/ { Mureug (f}U)}al’dvoMg)
U unk

_Z/ (grad(or) dvol(g)+2 / (pU— (f],,) e'dvol(g)
UM U unk

and the first integral vanishes (because of ) ;¢ = 1). Next we claim that
there is w € L, (T*(M)) such that o|y; = (3/3x) (f],;) dx’. If the claim
is true then

(f Vi)=Y / pug* (@, a)dvol(g) = (v,a)
U m

for any a € I'{°(T*(M)) so that f is weakly differentiable and Vf = w.
This would prove the first statement in Proposition 2.46. To prove the
claim let us check first that the local 1-forms {(9/9x") (f‘ U) U e U} glue
up to a (globally defined) 1-form @ on M. To this end let U, U €U
such that UNU' # @ and let ¢ € C°(UNU’) be an arbitrary test func-

tion on UNU". Let]j" =0x'"/9x] € C®(UNU') be the Jacobian matrix

of the local coordinate transformation x’' = x”'(x',...,x"). Then (again by
Lemma 2.47)

0
[ 55 Ule) divolco

unu’
/ f|U{ +¢d1v<aax>}dvol(g)

unu’
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d¢ 0
/ fly {J —— T odiv (J 8x/j)}dvol(g)

unu’

R10) d
/ f|UJ{ +¢dlv(ax )}dvol(g)

unu’

f flu ¢ —ldvol(g)

unu’
— J’
= / (fiU’ )d)dvol(g) / f|U/ dvol(g)
unu’ unu’
f T — () ddvol(e)
unu’
hence
-0
f}U) a /j (f )

a.e. in UNU'. Finally w is locally integrable as

/ @0 vl = / pug"(@.0) Pdvol()

A Ueld
3 1/2

= Z f YU g )@ (fl)|  dvol(e)

U una

Cu dvol(g)
una =1

EZVCU ;(f|U) <0

Ui L'(UNA)

forany A CC M i.e, ¢ (w,w) € Llloc(M)' Here
CU=max{sup |gij} 1< i,jfn}
UNA

and we exploited the fact that (3/8xi)(f| U) € Llloc(U) forany 1 <i<n.lIt
remains that we justify (2.117). This is rather obvious for we may consider
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a test form o € I'{°(T*(M)) such that K = supp(a) C U and then

/ *((Vf)ina)dVOI(g)=/g*(Vf,oz)dvol(g)
ffV*a_ ff|U{ -+ o dlv(a/ax)}dvol(g)

) 0 )
= / 7 Uly) odvol(9 = / 3 (g (1) dx‘aa) dvol(g).
U

K

All test forms in I'§°(T™*(U)) are restrictions to U of such o hence (2.117)
follows. [ ]

Sobolev spaces of tangent tensor fields on a Riemannian manifold may
be introduced recursively as follows. We set

HOP(T™ (M) = L/ (T™(M)

and we denote by 'H;’p (T"*~1(M)) the space of all weakly differentiable ¢ €
Hgo’p(Tr’S_1(M)) such that Vg € LP(T"*(M)). Recursively, for any k> 2
let Hy(T™==1(M)) consist of all @ € Hy (T"~1(M)) such that Vo €

k . P1r*(M) @ T (M)). Then He P(T"(M)) is a Banach space with the
norm

L 1/p

— PR
”(p”'Hép(T”(M)) - Z ”V (p||L{’(T('1/(M)®T"S(¢7\/I))
=0

It is customary to adopt the abbreviated notation 'Hk(’]'”(M))—

Hk 2(T"5(M)) when p =2. We wish to detail this construction in the case
ofvector fields (i.e., r=1 and s = 0).

Definition 2.48 We say a vector field X € LP(T(M)) is weakly differentiable
if there is a locally integrable section ¢x in T(M)* ® T(M) such that

(ox, ) =X, V), ¢ eTF(TAM* @ T(M)).

Then ¢x is uniquely determined, except for a set of measure zero, and
denoted by VX. [ |
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Let 'H;’p (T'(M)) consist of all weakly differentiable X € LP(T'(M)) such
that VX € [X(T(M)* ® T(M)). We endow Hy” (T(M)) with the norm

p p e
= (||X||U,(T(M)) + ||VX||U(T*(M)®T(M))> :

Theorem 2.49 'H:,’p(T(M)) is a Banach space for 1 < p < 0o which is reflex-
ive? for 1 < p < oo and separable’ for 1 < p < oo. Also 'H;’Z(T(M)) is a
separable Hilbert space.

Proof. Let {X,}y>1 be a Cauchy sequence in 'H;’p(T(M)). It follows
that {X,}y>1 and {VX,},>1 are Cauchy sequences in LP(T(M)) and
[P(T(M)* ® T(M)), respectively. Thus there are a vector field X €
[P(T(M)) and a bundle morphism ¢ € LP(T(M)*® T(M)) such that
Xy — X|lrp = 0and ||VX, — ¢||r — 0 for v — 00. On the other hand

[awx oo = [ e, v ielto 2.119)

M M
for any ¥ € I{°(T(M)* ® T(M)). Then (2.119) for v — 00 yields

/g(w,lﬂ)dvol(g) = /g(X,V*lﬂ)dvol(g)

M M
so that X € H;’p(T(M)). Next we set
E=1°(T(M)) x L*(T(M)* ® T(M))

and consider the map & : ’Hj,’p(T(M)) — E given by ®(X) = (X,VX).
At this point the remainder of the proof of Theorem 2.49 is imitative of
that of Theorem 1 in [322], p. 149. |

Again to draw a parallel among our presentation (of weakly difterentiable
functions and vector fields and the corresponding Sobolev type spaces) and
the approach in [224], p. 1090, we shall prove

2Let X be a normed vector space. Let x : X — X** = (}:*)* be the map given by (x (v),A) = A(v)
for any v € X and any A € X*. Then yx is linear, continuous, injective and |[v|| 5 = || x (v) || 3+ for
any v € X. The space X is reflexive if x (X) = X**.

2 A Banach space X is separable if X admits a countable dense subset.
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Proposition 2.50 Let M be a compact orientable Riemannian manifold. Let
H(M) consist of all f € LY (M) such that f is weakly derivable at each direction
X € X°(M) cmdfz,X(f)2 e LY (M). Also let H(T'(M)) consist of all measur-
able sections X : M — T (M) such that g(X, Z) € H(M) for any Z € X°°(M).
Then

H(M) =Hy*(T™ (M),  H(T(M) =H>(T(M).  (2.120)

Proof Let f € H(M). Then (by Proposition 2.45) f is weakly differentiable.
Moreover for any Uelf the restriction f |U has a weak derivative with
respect to each 9/dx’. The notations are those in the proof of Propo-
sition 2.46. Additionally we assume that U/ is a refinement of an open
covering V of M with local coordinate systems such that for any U € U
there is 1V €V with U CC V' (and the local coordinates on U are the
restrictions to U of the local coordinates on V). As M is compact, I may
be chosen to be finite to start with. Then

19712 ooy = f V1Pl = 3 [ oulVilavolco)

Ueld M

_Z/‘PUg f‘U (f‘U)dVOI(g)

<0
L2(U)

i f|

cpfesglo] g

where A(x) is the maximum eigenvalue of ¢/(x) for any x € IV and
Cy =sup{A(x) : x € U}. We have shown that Vf € L?>(T*(M)) hence
FEHPT0 ).

Vice versa if f € ’H:,’Z (T90(M)) then f € L2(M) and f is weakly differ-
entiable. Then (by Proposition 2.46) f is weakly derivable at any direction
X € X*°(M) and X(f) = (V/)(X). Therefore

IIX(f)||L2<M)=/|X(f)|2dvol(g)=/I(Vf)(X)|2dvol(g)
M

< / IVXIPIXIPdvol(g) < CUVXITagpeary < O
M
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where C =sup,, | X]|?. We have shown that X(f) € L>(M) and we may
conclude that f € H(M). [ |

To prove the second equality in (2.120) we need some preparation.

Lemma 2.51 The vestriction map X+ Xl|y is a continuous map
H(T(M)) — H(T(U)). Moreover let X € H(T(M)) be locally represented as
X|y=X'9/3x" a.e. in U. Then X' € H(U) forany 1 <i<n.

Proof. By the first statement in Lemma 2.51 if X € H(T(M)) then X|; €
H(T(U)) hence ¢(X|y;, Z) € H(U) for any Z € X*°(U). In particular for
Z = ¢9/3x/ one has

XI:g(XlU,gU@>EH(U), 1<i<n.

Lemma 2.51 is proved. u

As a first consequence of Lemma 2.51, one may define the covariant
derivative VX of each X € H(T(M)) by observing that the locally defined
(1,1)-tensor fields (VX) given by

(VX)) = 9 () + 1 x* dxi®i (2.121)
v dxi ik dxJ '
glue up to a (globally defined) (1,1)-tensor field VX on M such that
(VX)|y = (VX)y. Note that the expression in the right hand side of
(2.121) makes sense precisely because X' (as an element of H(U)) is weakly

derivable in the direction 8/dx'. Let us go back to the proof of (2.120). To
this end let ¢ € T'°(7-1(M)). Then (by (2.113))

(X, V*y) = /g(XaV*lﬁ)dvol(g)

M

UEZ/{M U
where
I:j 8
Iu= | eug’e| X, Vyoui | ¥ Ewe dvol(g),
U

. 0
Ju= /‘PUgyg (X,W Va/BxiW) .
X

U
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We may represent ¥ locally as
;o0
Yl =vldd' ® —
d0x/

for some w'[ € C®(U). For the sake of simplicity we set 9; = 8/8xi. We
start by computing Ij; i.e.,

Iy = / ouge (X, A (wfa,e» dvol(g) = I}, + I}
U

where
k

/ ijan
Iy = | eug Wg(X,ak)dvol(g),
U
I, = / oug Wi Tie(X, ).
U

Here F;k are the local coefficients of the Levi-Civita connection of (M, g).

To compute Ij; we use Lemma 2.47 and obtain

d ; d
Iy = / {— [wug’fwjkg(X, ak)] —yf—

A’ I o [pug’s(X, 8k)]} dvol(g)
U

(by the very definition of the weak derivative of ¢ ]gﬁwjkg(X, dp) in the
direction d; and again by Lemma 2.47)

= —/ {f/’UgljlﬁJkg(X, k) div(9;)
U

Togu , -- --
+ v [Wg’]g(X, I) +¢u(9ig")g(X, 0) + pugdila(X, 31e)]] }

(as div(d;) = Ffz and do¥ = —giza)/é — wégej where a)J’ = F,ijdxk are the
connection 1-forms)

= —/ {@Ugy‘ﬁ]kg(X, T
8(/)U i

U
+yf [ S 80500 = pu (g"Z I, + F,’fggff)ﬂx, )

+ pugd’dig(X, 31)]]} dvol(g).
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Also
Ju / <pug”1hF (X, 0¢) dvol(g).
U

Summing up (and observing the cancelation of the Christoftel symbols)

(x.vy)=> {u—1u}

=) / oug Y T (X, advol() = Y {1y + 1)}
U

U

:Z / <pUg Mrk wfrfk) 2(X,8p)dvol(9) = Y I,
U

= / & (VATS = T 2(X, 90 dvol (9
U

U

+ / {eugvfex o0,
U

§0U
Fe(X,00 — o (T, + Tlg ) (X, 00)

| 2
+ pudale(X, 00]] Jdvol(g

= _waUgU%kakg(X, d¢)dvol(g)
U

+3 / (X, ¥ (grad(p))) dvol(g)

U m

+Z/<PUgi"1//f8iLg(X, dr)]dvol(g)
Uu

and ZUg(X,w(grad(goU))) =0 because of ) ;9u=1. On the other
hand (by Lemma 2.51)

ﬂ 8 k m m
HLR(X. 0] = 0, (X"gk) = S X"+ 04 (X").
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Let us differentiate in g,,g% = 5f1 to get
3" z
—LekEmj 9xi _gflegmj(dg] )al
_ o s jsl\q A sl J sl
= ZekEmj (g’ a)s +wyg ) 0i = Qekgmj (gj I+ >

‘ .
= gek’rim + gmjrikz

agmle
a i

from which

OUR(X. 0] = (geklh + T ) X" 40k (X)

= oue [a ( ) n Ff{nxm] +gmeTEX™,
Therefore

(X, V*y) = Z/wug”w I'f.g(X,0¢)dvol(g)

+ / pud v dilg(X, 9] dvol(g)

Uy

== / oud ¥ T e(X, d¢)dvol(g)

Uu

+Z/¢U.§ka (gekVX +gmeFZka)dvol(g)
Uy

where we have set

m

v.xt =0 (X‘5>+F€ X"
so that (by (2.121))

(VX)|y = (vix‘f) i ® %

a.e. in U. Once again we observe the cancellation of the Christoffel symbols
and obtain

(X, V') =) / oug' vl gue ViX*dvol(g)
U

= / ou (VX )|, dvol() = (VX. )

U m
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for any ¥ € I'®°(T"1(M)). Here we are under the assumptions of Propo-
sition 2.50 so M is compact. Also (by (2.121)) the local coefficients of
VX are locally integrable so that VX € LfOC(Tl’1(M)). Since Y is arbi-
trary it follows that X is weakly differentiable and its covariant derivative
is the (1,1)-tensor field VX (locally given by (2.121)). To show that
Xe 7‘(‘;’2(T(M)), it remains to be checked that VX € L2(T(M)). To this

end one observes first that X', 9; (Xj) e L>(U) yields V; X/ € L*(U) and
then performs the estimates

VX120 = X [ 00 VXtV X e vol 9
U U

2

< ZCU/WJ ZVfXj dvol(g)
U J i

< ZZ Cu ||vin||2L2(U) < o0
Uiy
(where C = max{supg ‘g"jgkg‘ :1<i,j,k,£ <n}) and we may conclude.
The opposite inclusion H;’z(TLO(M)) C H(T(M)) is left as an exercise
to the reader.
We may adopt the following

Definition 2.52 We say X € 'H{; (T'(M)) is a weak solution to the harmonic
vector fields system (2.28) if

/{g(VX, VY) — [[VX|P¢(X, Y)}dvol(g) = 0

M
for any Y € X5°(M). A weak harmonic vector field is a unit vector field X €
Hg, ('T(M)) which is a weak solution to (2.28). [ |

The study of weak harmonic vector fields (existence, local properties,
etc.) is an open problem. As well as for harmonic maps, one should not
expect smoothness for a weak harmonic vector field in general. Indeed if
n>3and

X0 . 12
_ _ 2
X—m@, M—(Z?ﬂ-) ,
i=1

then X € 'H;()(T(R”)) and X is a weak harmonic vector field on R”
(endowed with the standard flat metric gg) yet X is not smooth. The fact
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that X is a weak solution to A, X — [[VX I’X =0 may be easily checked,
as follows. First, it should be observed that given an open set £ C R" and a
smooth vector field X € I'*°(S(R2)) written as

. a n
— 2 _
X_uaxi’ Zui_l’
i=1

then X is a harmonic vector field if and only if u = (u',...,u") : Q@ — S"~!
is a harmonic map. Let Y € X{°(R") and € > 0. As the map

w:R'N {0} = "', u(x) =|x"x, x#£0,

is harmonic it follows that X is harmonic, and in particular weakly har-
monic, as a unit vector field on R"\ B.. Here B¢ is the Euclidean ball
Be = {x € R": |x| < €}. Hence

/{go(VX, VY) = [IVXII go(X, Y)}dvol(go)
R~

= f {o0(VX, VY) — VX[ go(X, Y)}dvol(g).
Be

Moreover

f{.go(VX, VY) — [ VX g0 (X, Y)}dvol(g0)
Be

< / (e (VX. V)| + IVXIP |e0(X, V)| dvol(go)
Be

(by the Cauchy-Schwartz inequality)

=< /{IIVXII IVY I+ VX 1Y [[}d vol(go)

Be
<c f IVX (1 + [ VX[ dvol(go)
Be

where

C= max{sup IY]lx, sup ||VY||x} >0, I'=supp(Y).
xel xell
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On the other hand

i

||VX||.X:T5 XGR”\{O}a
X

hence

/ VX (1 + VXD dvol(go)
Be

=/dp / IVXII (14 IVX])dA

0 [x|=p
€
1 =1
:«/n—l/d,o/—(l—l— . )dA
S L p
x|=p

where dA is the Riemannian volume form on the sphere |x| = p. Let w,
be the area of the unit (n — 1)-dimensional sphere in R". Finally

f IVXI (1 + [VX]) dvol(go)

Be

€ n—1 I
=w, | —+ € — 0, €—0.

Jn—1 n—=2

Let (M,g) be a compact orientable Riemannian manifold. The study
(e.g., existence of minimizers) of functionals (Dirichlet energy integrals
with variable exponent) of the form

/ IV XIP9 dvol(g) (),
M

where p : M — [1,4-00) is a given measurable function, is an open problem.
See PA. Histd, [162], for the scalar case. Let us look at the total bend-
ing functional B : le, (T(M)) — [0,400) (where p(x) =2 for any x € M).
Clearly

BX+ A —-0nY) <B(X)+ 1 —-1nB(Y),

for any t€[0,1] and any X,Y € HZ,(T(M)) i.e., B is convex. Moreover
let {X)}y>1 be a sequence in 'H;(T(M)) such that X, - X as v — oo for
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some X € ’H;(T(M)). Then

/.g(VXv — VX, VX)dvol(g)
M

< / VX, = VX[ [|VX]ldvol(g)
M

< IVXy = VX| 21y B =0,

as vV — 00. That is

lim /g(VXv — VX, VX)dvol(g) =0.

V—>00
M

Also

B(X,) = f VX, 12 dvol(g) = B(X)
M

IV = VX2 + Z/g(VXU — VX, VX)dvol(g)
M

so that B(X,) —> B(X) as v— 00. In particular B is lower semi-
continuous.* Existence of minima for B: 'H;(T(M)) — [0,400) would
then follow from general results® in the calculus of variations provided that
B is also coercive.”

Let us set

HASOD) = {X e HITOD) X, X) =1 ae in M},

As to the existence of minimizers to B3 : H; (S(M)) — R we may quote the
following

Theorem 2.53 (G. Nunes & J. Ripoll, [224]) Let (M,g) be a compact
orientable n-dimensional Riemannian manifold with n > 3.

4 A functional I : X — R defined on a Banach space X is lower semi-continuous if
I(1) <liminfis 0o I(u;) for any sequence u; € X converging in Bto u € X as i — 00.

2 Let X be a reflexive Banach space. If I : X — [0,4-00) is a convex, lower semi-continuous and
coercive functional, then there is an element in X which minimizes I (cf. e.g., Theorem 2.1 in
[188]). The problem of finding conditions (presumably some sort of Poincaré inequality) which
ensure coercivity of B is left open.

6 A functional I : X — R defined on a Banach space X is coercive if I(uj) — +00 whenever
[lui]l ¢ — +o00.
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i. There is a finite subset {x1,...,x,} CM and a unit vector field X €
H{;(S(M)) defined on M\ {x1,...,x,}. In particular H;(S(M)) is
nonempty.

ii. There is X € Hy (S(M)) such that

B(Xy) =inf| B(X) : X e HI(S(M) .
iii. If M is parallelizable then

inf{B(X) : X & IS0} = inf{ BX) : X e Y (s |

We only prove (ii). For the proof of (i) and (iii), the reader may see
[224], p. 1096-1097. Let {X,},>1 be a minimizing sequence’ for B in
Hy (S(M)). As

1 Xull 2¢rany) = Vol(M), v =1,

the sequence {X,},>1 is bounded in 'H;(T(M)). On the other hand
H;(T(M)) is a Hilbert space, hence it is reflexive. Therefore we may
apply a classical result in functional analysis (i.e., the Eberlein-Smulian
theorem®) to conclude that there is a subsequence {Xy, },>1 converging
weakly9 to some X € H;(T(M)). We set Y, = X,, for simplicity. By
Kondrakov’s theorem'’ for Riemannian manifolds 'H;(T(M)) is com-
pactly embedded'" in L*(T(M)). Hence there is a subsequence {ij}jzl

7 Let ¥ be a vector space and 0 C X a subset. Let f : X — R be a function such that
d = infyeq f(x) > —00. A sequence {xy}y>1 C o is minimizing for f if f(xy) — d as v — o0.
A Banach space X is reflexive if and only ifany bounded sequence in X admits a weakly convergent
subsequence (cf. e.g., Theorem A.27 in [97], p. 623).
9 That is limy— o0 (X\,k,X)H} Ton) = (XO,X)H; (T forany X € Hy (T(M).
10 ¢, e.g., Theorem 2.34 in A[18], p- 55. Precisely if M is a compact n-dimensional Riemannian
manifold without boundary and 1 > 1/p > 1/q— k/n > 0 then the embedding operator
Hg’q (M) = LP(M) is compact. A slight modification of the proof (in [18], p. 55-56) shows that
H;Q(T(M)) — LZ(T(M)) is compact as well.
1 Lt % be a normed vector space. A subset A C X is compact if every sequence of points in A has a
subsequence converging in X to an element of A. Also A C X is precompact if its closure A (in the
norm topology) is compact. An operator f : X — 2) of normed vector spaces is compact if f (A) is
precompact in ) for any bounded subset A C X. A normed vector space X is embedded in the
normed vector space Q) if X is a vector subspace of Y and the identity operator I : X — 9),
I(x) =x, x € X, is continuous (equivalently there is a constant C > 0 such that ||x|lg) < Cllx|l %
for any x € X). Then X is compactly embedded in X if the embedding operator I: X — ) is
compact.
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of {Yi}i>1 converging to Xy in the L? norm. We set Zj =Yy, for simplic-
ity. As [|Z; — Xoll L2¢rary) — O for j — 00 there is a subsequence {Z; }i>1
of {Z;}j>1 converging to X almost everywhere in M. Thus g(Xp, Xp) =1
a.e. in M so that X € 'H; (S(M)). The lower semicontinuity of the total
bending functional B : 'H; (S(M)) — R then yields

/g(XO,XO)dvol(g) = inf  B(X).
XeH (S(M))
o :
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One of the purposes of this chapter is to discuss Hopf and unit Killing
vector fields in the context of the theory of harmonic vector fields on
Riemannian manifolds. The two classes of vector fields are related (cf.
Theorem 3.5). Also unit Killing vector fields on Einstein manifolds are
harmonic (cf. Proposition 3.7). More can be said on unit Killing vector
fields on real space forms M"(c) of (constant) sectional curvature ¢ > 0.
Indeed these are harmonic maps (cf. Theorem 3.9) and are actually par-
allel when ¢ = 0. Starting from the result by S.D. Han & J.W. Yim, [157]
(that the only harmonic vector fields on a sphere S* are the Hopf vector
fields, cf. Theorem 3.10) we report on recent findings by D. Perrone (cf.
[244]) on unit Killing vector fields on 3-dimensional Riemannian manifolds
(cf. Theorem 3.14). Motivated by a result of Y.L. Xin, [321], in harmonic
map theory (cf. Theorem 3.17 in this chapter) one expects instability of
Hopt vector fields on spheres. The issue is addressed in Theorem 3.18 and
as it turns out, this is indeed the case for Hopf vector fields on S2m+
m > 2. As we argue in this chapter, a possible way to circumvent this dif-

for
ficulty (resulting in a harmonious further development of the theory) is to

Harmonic Vector Fields. DOI: 10.1016/B978-0-12-415826-9.00003-1
(© 2012 Elsevier Inc. All rights reserved. 129 |
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replace the Dirichlet functional E by Brito’s functional

(n=1)(n—

- 3
B = () 0 / | Hy [2dvol(g)
M

where Hj is the mean curvature vector of the distribution (RV)J‘
(cf. Definition 3.29 below). Then Hopf vector fields on S*"*! are abso-
lute minima of E:T®(S(8*"*1)) — [0,400) (cf. E Brito, [71], and
Theorem 3.30). Section 3.6 of Chapter 3 is a report on vector fields
with singularities, related to the work by E. Boeckx & L. Vanhecke, [51],
and E Brito & P.G. Walczak, [72]. Chapter 3 ends with the presenta-
tion of the results of G. Wiegmink, [309], on harmonic vector fields on
Riemannian tori.

S 3.1. HOPF VECTOR FIELDS ON SPHERES

Let (R?"*2, g) be the Euclidean space carrying the standard complex
structure Jp : R2m+2 _ R2M+2 6

JO(xl,Yl, cee axm—i-ls)/m—i—l) = (_Yl,xl, ey _Ym—l—l,xm—i—l),

for any (x1,¥1,- -, Xm+1, Ym+1) € R2"2 We identify as customary R2m+2
and C"*! by setting zj=xj+iyj forany 1 <j<m+1, where i= V-1
Then Jyz = iz for any z € C"*'. The same symbol Jy denotes the natural
almost complex structure

JO . T(Cm+1) N T((Cﬂ1+1)’

](8> 0 ](a> 0 1<j<m+1
o\5 )= 7> o\5 57 )= 57> =Jj=m .
0x; dy; ay/ 0x;

Then jg = —I (where I denotes the identical transformation of T(C"*1))
and Jp is compatible to go i.e., g0(JoX, JoY) =g0(X,Y) for any X,Y €
X(C"™. Also VOJO =0 where VY is the Levi-Civita connection of
(Cmt, 90) 1.e., the metric go is Kaehlerian. We define as usual

0

0
—, —eI(TEC"H®C), 1<j<m+1,
9z 0%

o 1(9 0 0o _1( .9
o 2\ox ap)’ 8% 2\dx  oy)
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Let us extend Jy to T(C"*') by C-linearity (and denote the extension
by the same symbol Jy). Then

) d 0 ) d ) L<i<mt1
— | =i—, — | =—i—, <j<m-+1.
0 0z 0z B 0z I
Let 2" = {(z4,... Zma1) € CHL ij] |,2j,'|2 = 1} be the standard unit
sphere in C"*! and let ¢ be the induced Riemannian metric on $>"*!ie.,

g =1*gy where ¢ : "1 — C"*! is the inclusion. Let v be the unit normal
field on S?"*+! given by

v(p)=p, pesth
Here for each p € R?"2 we set
A 9 9 2m+2
p= ; [xj(p)a—% g, p] € Ty(R™").

Let us consider &) = Jov. Then & is tangent to §?"+1 and ||& || = 1. The
fibres of the canonical map 7 : $?"+! — CP™ are the leaves of a foliation
F of $"+1 by great circles and &y spans T(F). The tangent bundle to F is
the vertical bundle Ker(d).

Definition 3.1 The tangent vector field & is referred to as the (standard)
Hopf vector field on S>"+1, [

For each X € X(S*"*!) we denote by —¢X the tangential component
of JoX so that

JoX = =X+ g0(JoX,v)v = —pX — g(X,&)v. (3.1

Then ¢ is an endomorphism of T(S>"*1) such that ¢(£)) =0 and pX =
—JoX for any X € X(S*"*+1) which is orthogonal to &). Moreover

X, Y) = —g0(JoX,Y) =g0(X,JoY) = —g(X,9Y)

for any X, Y € T(S*"*1), hence @ 1s a skew-symmetric (1, 1)-tensor field
on SZm+1'

Proposition 3.2 The standard Hopf vector field & € T(S*"*1) is a unit,
vertical and Killing vector field.

Proof. 'We shall need the Gauss formula of $>"+! < R?"+2

VeY = VxY +g0(VEY,v)v, X, Y e XS,
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SZm—H

where V is the Levi-Civita connection of ( ,¢). An elementary

calculation shows that

Viv=X, XeX®R™"?), (3.2)
so that the Gauss formula may also be written as

VOY =VxY —g(X,YV)v, X,YeX($T),
In particular (for Y = &)
V&0 = Vx&o — g(X,E0)v. (3.3)
Let us use the identities (3.1)~(3.2) and (V% _Jo)v = 0 to compute
V€0 = Vx Jov =JoVxv = JoX = —¢X — g(X,&)v.
Together with (3.3) this yields
©X = —Vx&), XeX(s¥th.

Yet, as previously observed, ¢ is skew-symmetric hence & is a Killing vector
field on S?"*!. We refer to [253], Chapter 9, for a study on Killing vector
fields. |

Definition 3.3 An orthogonal complex structure on R?"+2 is an orthogonal
matrix | € O(2m 4 2) such that]2 = —Dy42. [ ]

Here I, denotes the # X n unit matrix. An orthogonal complex struc-
ture | on R?"*2 determines a (1,1)-tensor field on R?>"*2 denoted by
the same symbol J, such that ]2 = —I and go(JX,JY) = g0(X, Y) for any
X,Y € T(R*"*2). Indeed if | = Ug] we may set

0 50
JaxA =Ja dxB’

where (x!,...,x*"*2) are the Cartesian coordinates on R>"*2 and the range
of indices is
1<AB, - <2m+2.

Note that go( JX, JY) = go(X, Y) may equivalently be written as J'o ] =1
where J' is determined by g¢o(J'X,Y)=g¢0(X,JY) for any X,Y €
T(RZHH—Z).

Definition 3.4 A tangent vector field & € X(S>" 1) is said to be a Hopf
vector field on S>" 1 if £ = Jv for some orthogonal complex structure | on
R2m+2. ]
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Theorem 3.5 (G. Wiegmink, [310]) The Hopf vector fields on S*" ! are
precisely the unit Killing vector fields.

Proof Let £ be a unit Killing vector field on S>"*!. Let us show £ is also a
Hopf vector field. Let

@R x S 2L (1 p) > B(1,p),

be the global 1-parameter group of global transformations obtained by inte-
grating €. As & is a Killing vector field the transformations @, : $>"1 —
Sl given by ®@.(p) = ®(t,p), for any pe S>"T! are isometries of
(S?"+1 ) for any t € R. Consequently if {e;: 1 <j < 2m+ 2} is the canon-
ical basis in R?>"*2 and Di(ej) = a]’:(t)el' then [a;(t)] € O@2m+2) for any
t € R. Therefore we may consider the smooth curve

v iR 0Qm+2), p(H)= [a;i(t)] , ieR
k 1<ij<2m+2

As &y = 1 g@m+1 it follows that y (0) = [6;] = D42 (the unit matrix). Then

)./ (O) € TIQM+2 (O(Zm + 2)) - 50(214/[ + 2)

Here so(2m+2) is the Lie algebra of O(2m—+2) (the skew-symmetric
(2m+2) x (2m 4 2) matrices). If p € R?>"+2 we define

ad
_]p . TP(R2ﬂi+2) s Tp(RZﬂH—Z), Jp a
]

]
— A
J 0x!

p p
where the matrix [Ajl] is given by

da}
) 0), 1=<ij<2m+2.

Aj=—

Then
T — A Ai J _
(Jv)p —Jpp =X (P) g @ = ‘é::p
p
because of
dCP 2m—+1
§p=7(0), Cp() =Pi(p), peS™, teRr

Finally J is an orthogonal transformation because

20p(Upp:Jpp) = g0(Jv, Jv)p = g0(£.8)p = 1 =g0,(p. D),
for any p € 2+l hence go,p(]pﬁ,]pﬁ) =go,p(;_5,lz_5) for any p € R2m+2,
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Vice versa, let & € X(S?"1) be a Hopf vector field on §2m+1 4 e there
is an orthogonal complex structure J on R?"+2 such that Ju = &. Then (as
] is an isometry of (R>"*2, ¢y))

2.8 =go(Jv, Jv) =g (v,v) =1
hence & is a unit vector field. Let us set

0 g
Jaxf T axi”

Then for any p € S>"*!

[Ji] € O@m+2) NsoQm+2).

- : i a
& =Jpp = ()] Py )
i.e., Si = x’];, 1 <i<2m+2. Then for any X € X (R2m+2)
X(gi) = ijj;' +XJ'X(JJ?) = XJJJ?
hence
0 )
Vx§ =X( ); =JX.
X
Therefore for each X € X(8>"*1)
(VX )v=VxJv —]Vxv = Vi —JX =0.

Now we may show that & is a Killing vector field along the lines of the
proof of Proposition 3.2. |

Remark 3.6
i. Let £ = Jv be a Hopf vector field on $>"*!. For any X € X(S?"*1) (by
the Gauss formula)

V& = V& +g(Vié, v = V& +g(JX, v)v
= Vx& —g(X,Jv)v = Vx& — o(X,§)v
hence

VxE=JX, Xe (RE)™T. (3.4)

ii. If £ is a Hopf vector field on $>"*!

(¢,&,n,9) 1s a Sasakian structure on §?"+1 where ¢ = —VE& and n =

g@&,-).

iii. For a sphere S>"*1(r) of radius r the notions of standard Hopf vec-

then it may be easily shown that

tor field &y and arbitrary Hopf vector field & may be defined as on
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a unit sphere. However in that case v, = (1/r)p for any p € S (p).
Moreover Wiegmink’s result (cf. Theorem 3.5 above) that the Hopf
vector fields are precisely the unit Killing vector fields holds on 2"+ (r)
as well (the proof is a straightforward adaptation of the proof of
Theorem 3.5). u

Proposition 3.7 Let (M,g) be a real n-dimensional Riemannian manifold. If
V' is a Killing vector field on M then A,V = QV where Ay is the rough Laplacian
and Q the Ricci operator. In particular if (M,g) is an Einstein manifold then any
unit Killing vector field V' on M is harmonic, ||V V)% = po/n, and if M is compact
then E(V) = %(n + p/n) where p is the scalar curvature of (M, g).

Proof. For each p e M let {E;: 1 <i < n} be a local orthonormal frame on
T'(M) defined on the open neighborhood U € M of p such that (VE;), =0
forany 1 <i < n. Next, for each v € T,,(M) let X € X(U) such that X, = v
and (VX), = 0. Note that

[X, Eil, = (VxE), — (VEX), =0.

Let us set ¢; = Ej(p) for simplicity. Then

n

(A1) = gAYV, X))y ==Y o(VEVEV = Vy, 5V, X),
i=1

(as (VVE,.E,' V)p depends only on the value of Vg, E; at p, which is zero)

==Y VEVEV.X)y ==Y {a@(VEV.X) = ¢(VE V. VEX),)]

1

=—Y a@(Vg V. X)).

On the other hand

9QV,X)y =Y R(V,E, X,E)y= Y o(R(X,E)V,E),

i=1 i

= Zg(_VXVE,' I+ VEVx TV + V[X,E,'] v, E,‘)p

1
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(as [X, E{]p =0 ylelds (V[X,E,'] V)p — O)

=Y o(=VxVEV+VEVxV, E),

1

=—Y {X@(VEV.E) — (Vg V., VxE)

1

—Ei(g(VxV,E)) +g(VxV, vE,in)}p
(as (VE), = 0)

= — > {X((VE V. E)) — E(e(VxV.E))},

= —X,(div() + > e ((Ly)(X.E) — ¢(VE V. X))

1

hence

2QV, X), =g(A,V, X)p — v(div(V)) + Zez'((ﬁvg)(X, E)). (3.5

1

As V is a Killing vector field one has L,¢g = 0 and div(l”) = 0 hence (3.5)
yields A,V = QV. |

Remark 3.8
i. When M is compact one may show (cf. [258], p. 171) that div(}/) =0
and A 17 = QI imply that 17 is a Killing vector field.
ii. Let hyp be the (1,1)-tensor field determined by (Ly¢)(X,Y)=
g(hyX,Y) for any X, Y € X(M). Then

n

D a((Lv (X, E)) = eilglhy X, E))

i=1 i

=D {e(VehyX.E) +e(hw X, VEE)},

1

(as (VEy), =0)

= Zg(inhVX, E), = div(hyX),

1

hence the identity (3.5) becomes

AV, X), = g(QV,X), +g(Vdiv(V), X), — div(hy X),.  (3.6)
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In particular if 17 is an infinitesimal conformal transformation i.e.,
Lyg=20g for some o € C*°(M) then

div(V) =no, hy=20l, div(hyX)=2¢9(Vo,X)
hence
AV =QV+ (n—2)Vo. (3.7

iii. Let I/ be a unit Killing vector field and X a unit vector field orthogonal
to IV. Then ¢ = VI is skew-symmetric and ¢ IV = 0. Consequently for
any p € M and any v € T,(M) \ {0} such that g,(1,,v) = 0 the sectional
curvature of the 2-plane @ C T,(M) spanned by {1/, v} is nonnegative.
Indeed let X € X(M) such that X, = v. Then

k() = R(V,X,V,X), =g(R(V,X)V,X),
=—g(VyVxV =VxVp V=V xV,X),
(as (Vo (VxV,X) =0)
=—Vp@(VxV, X)) +¢(Vx V',V X),
+e(VxoV, X), + e[V, X], X),
(as V=10 and ¢ is skew)
= g(@X, Vi X), — o[V, X],9X), = IVx V> > 0.

Therefore, if k(a) > 0 for any v € (]R Vp)J' and any p € M then ¢, :

(R I/:D)J' — (R Vp)l is a linear isomorphism, hence M must be odd-
dimensional. Consequently if a real space form M"(c) with ¢ # 0 admits
a unit Killing vector field then n is odd and ¢ > 0. [ ]

Theorem 3.9 Let M = M"(c) be an n-dimensional Riemmannian manifold of
constant sectional curvature ¢ and V' a unit Killing vector field on M. Then ¢ > 0
and V' : (M, g) — (S(M), Gy) is a harmonic map. Moreover

a. If M is compact and orientable then

E@Q=<g+" QWMM}

b. If c =0 then V is parallel.
c. If ¢ > 0 then n is odd.

Proof. As V' is a Killing vector field we may apply Proposition 3.7 to con-
clude that 17 is a harmonic vector field (as any space of sectional curvature
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is in particular an Einstein manifold). Also, as M has constant sectional cur-
vature ¢, its scalar curvature is p = n(n — 1)c and ||V V||> = (n — 1)c. When
M is compact and orientable (again by Proposition 3.7)

B = (2 + 2ol = ( 2+ =L ) volom

(1) = (5+5- ) Vol )—(§+ . c) ol (M)

and if ¢=0 then ||[VV]| =0 thus yielding (b) in Theorem 3.9. The
statement (c) follows part (iii) of Remark 3.8. Moreover div(l”) =0 and
Vi V=0 (as V' is a Killing vector field) yield trace, {R(V.V,1/)-} =0
hence (by Corollary 2.24) 1V is a harmonic mép of (M,g) into
(S(M), Gy). n

As Hopf vector fields on the sphere $?"+1

Theorem 3.10 (S.D. Han & J.W. Yim, [157]) The Hopf vector fields &
on 8" are harmonic maps (SZ”’H,g) — (S(S*"t1), G,) where g=1"gy is
the canonical Riemannian metric on S*"+1. Moreover

EE) = (2m + %)vOl(SZ'““).

are Killing we obtain

The following result (providing the converse of Theorem 3.10 for
m=1) is also due to S.D. Han & J.W. Yim, [157]

Theorem 3.11 Let £ be a unit vector field tangent to S>. Then & : (S>,g) —
(S(S%), G,) is a harmonic map if and only if € is a Hopf vector field on S°.

It is unknown whether on a sphere S?"*! m > 1, there is any non-
Killing unit vector field which is a harmonic map.

Remark 3.12 By Theorem 3.9 it follows that the hyperbolic space
(R, ghyp) of constant sectional curvature —2<0

R”+={Y=(Y1,---,Yn) ERH:YH>O}7

1 n
=—= Y dnedy
= G MO

admits no unit Killing vector fields. Nevertheless we may show that

V= €T (S(RL))

n

is 2 harmonic vector field (which is not a harmonic map). Indeed

0 0
Ei:CYn_, En:V=Cyn_’ 1Si§n_l’
ay,‘ aYﬂ
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is a (global) orthonormal frame of (T'(R!}), ghyp) and
[V.E]=cE;, [E,E]=0, 1=<ij<n—1.
Let V be the Levi-Civita connection of (R’} , ghyp). Since
20hyp (VX Y, Z) = ghyp ([X, Y], Z) — ghyp ([ Y, Z], X) + ghyp ([Z, X], Y)
it follows that
VEE =iV, VgV =-—ckE, VypE=0, V=0

forany 1 <i,j <n—1. In particular IVV|? = (n—1). Then
n—1
Agy, V== AVEVEV = Vv, V)
i=1
==Y (VB (=E)—VyV}= -1V =|VV|V
1
and we may conclude that 17 is a harmonic vector field.

Since (R, gnyp) is a space form M"(—), i.e., a Riemannian mani-
fold of constant sectional curvature —c® < 0, and V' is a harmonic vector
field which is also geodesic (i.e., Viy IV = 0) one may use Proposition 2.20
(or rather the identity (2.31) in its proof) together with Corollary 2.24
to conclude that 17 is a harmonic map of R/, into S(R’,) if and only if
div(1) = 0. Yet

n n—1
div(P) = enyp(VEV.E) =) gnyp(—E), E) = —(n—1)c #0
i=1 i=1
hence IV is not a harmonic map. Note that the geodesic low determined
by V" consists of the half-lines in R’} parallel to the axis y,. The vector fields
E; (1 <j < n—1) above are also harmonic. Indeed

n

A

Lhyp

E=-)" {VEVBEJ ~ VB }
i=1
n—1 !

= — Z {inVE;Ej - VVE,EiEi} = - Z {VE,'C(Sij IV — CVVEJ'}
i=1 i=1

= V5V =7E = |VE|’E;

Moreover the vector fields E; are not harmonic maps (although one has
div(Ej) = 0) because of Vg, E; = cI/. It is unknown whether the hyperbolic
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space (R, ghyp) admits unit vector fields which are harmonic maps of R’
into S(RY}). [ ]

§ 3.2. THEENERGY OF UNIT KILLING FIELDS IN
DIMENSION 3

Let M be a compact orientable n-dimensional Riemannian manifold.
The greatest lower bound of E: ['**(S(M)) — [0,+00) is 5 Vol(M) and
this is achieved solely by the parallel unit tangent vector fields (when these
exist). The problem of minimizing E is therefore more interesting when
M admits no parallel unit vector fields, as for instance when M = S2"+!
or, more generally, when M is a compact Riemannian manifold of nonzero
constant sectional curvature.
Our previous Theorem 3.9 shows that unit Killing fields on a space from
M = M"(c), ¢ > 0, are in particular harmonic vector fields, hence critical
points of E: '*°(S(M)) — [0,+00). Hence the first candidates of mini-
mum points of E are the Killing fields which are critical points of the energy
functional. The scope of this section is to examine the issue in dimension 3.
G. Wiegmink, [310], has shown that the unit Killing vector fields
on S, i.e., the Hopf vector fields on S3, are stable critical points for
E:T(8(S%) — [0,400). More recently E Brito, [71], has shown that
these vector fields are the only vector fields to give absolute extrema of
E:T%(S(S%) — [0,400). We shall need the following

Lemma 3.13 Let (M,g) be an n-dimensional Riemannian manifold and X a
tangent vector field on M. Then

Ric(X, X) = —trace, {(VX) o (VX)}
+ (div X)? + div(Vx X) — div((div X) X). (3.8)
Proof. For each point p € M let {Ej,..., E,} be alocal orthonormal frame of
T(M) defined on the open subset U € M such that p € U and (VE;), =0

forany 1 <i < n. Then (the calculation is carried out at the point p yet one
omits the point p for the simplicity of the notation)

Ric(X,X) =Y R(X,E, X.E) =Y o(R(X,E)X,E)

i=1 i

=- ZX(VXVE{X — VEVxX = Vix 51X, E)

1
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=Y {X(@(VEX.E)) — ¢(VE X, VXE)}

1

+div(VxX) — Zg(VinXX, E;)

= —X(div(X)) + div(VxX) — trace, {(VX) o (VX)}

yielding (3.8) due to the identity div( fX) = f div(X) + X(f).
When M is compact Lemma 3.13 implies the identity (cf. also [258],
p- 170)

/ Ric(X, X)dvol(g) = / {(divX)? — tracey (VX) o (VX) }dvol(g).
M M
(3.9)

Let us consider a unit vector field U on an n-dimensional Riemannian man-
ifold M with n > 3. Let Hy and 02(U) be respectively the mean curvature
vector and the second mean curvature of the distribution D = (RU)J‘ C
T(M). These are respectively given by

Hy = —ni—l(div u)U,
o (U) = % {(divU)? — trace, (VU) o (VU) } .
With these notations the identity (3.8) in Lemma 3.13 may be written
Ric(U,U) —202(U) = div(VyU + (n— 1)Hy) . (3.10)

Moreover, let us assume that M is compact and orientable and integrate
(3.10) over M. By Green’s lemma

/Ric(U, U)dvol(g) = Z/GZ(U)dvol(g). (3.11)
M M

We shall need the following local expression of the second mean curva-
ture 0»(U). Let {Ej,...,E,} be a local orthonormal frame of T'(M) with
E, = U, defined on the open set 2 € M, and let us set

5=g(VEU.E)., 1<ij<n

A calculation then shows that

o)=Y (sisy—sisi)

1<i<j<n
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on 2. In particular if dimgrM = 3 then
02(U) = 511522 — 512921

on 2. When dimgrM =2 we adopt the convention o2(U) = 0. We shall
prove the following [ |

Theorem 3.14 (D. Perrone, [244]) Let M be a real 3-dimensional com-
pact oriented Riemannian manifold and U a unit tangent vector field on M.
Let us assume that U is an eigenvector of the Ricci operator with the correspond-
ing eigenvalue . € C°(M) (i.e., QU = AU). Then the following statements are
equivalent

a. A is constant along the integral curves of U and

E(U) = / (g +%Ric(U, U))dvol(g).

M

b. U is a Killing vector field.

Moreover, if this is the case (i.e., one of the equivalent statements (a)—(b)
holds) then & = const. > 0 and i) U is parallel (equivalently M is locally isometric
to a Riemmanian product N X R) and ii) (M,g) is homothetic to a Sasakian
manifold i.e., if

(= )\./2, E:czg, 5:(1/5) U, n:g(é’), §0=—V§,
then (¢,&,1,9) is a Sasakian structure.

Proof. Let {E1, E», E3} be alocal orthonormal frame of T'(M) with E3 = U.
We set as above s;; = ¢(VE, U, E)) for any 1 <i, j < 3. Note that 5;3 = 0 for
any i € {1,2,3}. Then

3 2
IVUIP =Y IVEUI? = D IVEUIP =57y + 515+ 951 + 55
i=1 i=1

= 2(s11522 — 512521) + (511 — $22)% + (s12 + 521)*
=202(U) + (s11 — 522)° + (s12 + 521)* = 202 (V).

Yet (by (3.11)) ZfM 02(U) dvol(g) = fMRic(U, U) dvol(g) hence

/||VU||2dvol(g) z/RiC(U, U)dvol(g). (3.12)
M M
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The inequality (3.12) is due to E Brito, [71]. Next (by (3.12))

E(U) = %VOI(M)—I-%/ IVU|?dvol(g)

M
301
> / (5 + > Ric(U, U))dvol(g)
M
with equality if and only if
VuoU=0, s11—s02=0, s124+s1=0. (3.13)

Indeed equality in the inequality above reads |, M VU ?dvol(g) =
ZfM 02(U)dvol(g) hence we may integrate in IVUI|I? > 205 (U) + (s11 —
)2+ (512 +21)% and conclude that s —s3p =0 and sy2 + s = 0.
Moreover, if these relations are satisfied then we may integrate in IVU|? =
Vo UJI? 4 202(U) to conclude that Vi;U =0 as well. Thus equality in
EU) > fM (% + %Ric(U, U))dvol(g) does imply the relations (3.13). The
converse is left as an exercise to the reader. At this point we may prove
(a) = (b). We have

(Lug(E;, Ej) = UQ(E;, E)) —g([U, Eil, Ep) — ¢(E;, [U, Ej])
= UQ(E;, E)) —¢(VuE; — ViU, E)) — ¢(E;, VUE; — VE,U)
= (Vu9(E., E)) + sij + sji
that is
(Vug)(Ei, Ej) = sij + sji.
Therefore to show that U is Killing it suffices to check that s;1 = 0. We set
for simplicity
fi=sn=s», f=s12=—51,
o« =g(VuEi,E2), PB=g(Vg ExEr), y=g¢(VgEs,E).
Then
Ve, U=AE1+fLE), VgU=-HE +HE, VyU=0,
Vi Er = —(U—=BEx, VgE =pU—-yE, VyE =ak,
Vg Er=—hU+BE1, VgE=—-fiU+yE, VyuE=-ak,
[E, Ul =AE +(2—a)E, [E,U]=(a—f)E+hEs,
[Er, E2] = =2pU+ BE1 + v Eb.
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Consequently

R(E;, U = (U(f) +/7 =) Ei + (U(S) +2f /) Bz, (3.14)
R(E2, U)U = —(U(f) +2fi D)E1 + (U() +f2 =B, (3.15)
R(E(, E2)U = (E1(f) + E2( i) E1 + (=E1(fi) + E2(L)E2.  (3.16)
Since QU = AU
A =Ric(U,U) =R(E,U,E,U)+ R(E>,U,E», U)

and the identities (3.14)—(3.15) imply

A
U+ =f ==5- (3.17)

R(E1,E», U, E>) = Ric(E,U) =0,
R(E1,E>, U, E1) = —Ric(E», U) =0,

the identity (3.16) implies

Ei(f2)+Ex(f) =0, Ei(fi) —Ex(f2)=0. (3.18)

Next (3.17)—(3.18) and the condition U(A) =0 (as A is constant along the
integral curves of U, by our assumption (a)) imply that

3
D EE(fi) = =20U(f) + BEi1 () + v E2(f2).

i=1

On the other hand

VoU)(f) =0, (Vg ED(f) = =AU — BE2(f),
(VE,E2)(f1) = =1 U(N) +y Er(f)-

Hence

3
Afi == Y IEER) = (VEE) ()} =0

i=1

i.e., f1 is a harmonic function (on the compact connected manifold M) so
that fi = constant. Yet div(U) = 2f; hence (by Green’s lemma) the constant
in discussion is actually zero i.e., f{ = 0 which proves statement (b). Note at
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this point that, under the assumptions (a), the identities (3.17)—(3.18) also
imply
A= 2f22 = constant > 0.

Let us prove the implication (b) = (a). Assuming that U is a Killing vector
field one easily proves (3.13) and therefore the equality E(U) = %VOI(M )+
% / y Ric(U, U)dvol(g). Also, it is an easy matter that when U is Killing the
equality QU = AU yields A = constant > 0. Statement (a) is thereby proved.

Let us prove now the second part of Theorem 3.14 (i.e., the statements

(1)—(@1) there). Assume that one of the equivalent statements (a)—(b) holds
good. Let us set

— —h=VA/2, £ =0,
5, £ >0.

When f, =0 one checks easily that U is parallel hence statement (i) is
proved. When f> # 0 we consider

g=cg E=0/9U, n=qU.), ¢=-VE
These tensor fields are easily seen to satisty the relations
nE) =1, ¢*=-I+1®& d1=g(.¢). gg.9)=g—n®n,

hence (¢,§,n,¢) is a contact metric structure on M which is Sasakian
precisely when (cf. [42]) & is a Killing vector field. |

Theorem 3.14 and its proof admit the following corollaries

Corollary 3.15 Let M = M?>(c) be a compact orientable 3-dimensional real
space form of (constant) sectional curvature ¢ > 0. Then for any unit vector field
U tangent to M

3
EU) > (5 +C)V01(M),
with equality if and only if U is a Killing vector field.

Corollary 3.16 (E Brito, [71]) The unit tangent vector fields of minimum
energy on the sphere S°(r) are precisely the Hopf vector fields on S*(r).

Cf. also A. Higuchi & B.S. Kay & C.M. Wood, [164]. The uniqueness
part in E Brito’s theorem (cf. [71]) follows from the uniqueness part in the
result by H. Gluck & W. Ziller, [133], that unit vector fields of minimum
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volume on S are precisely the Hopf vector fields (equivalently the unit
Killing vector fields). H. Gluck & W. Ziller use (cf. op. cit.) methods within
calibrated geometry. Another approach (similar to the arguments in the
proof of Theorem 3.14, yet applied to the volume functional) shows that
on each compact orientable space form M3(0), ¢ > 0, the unit vector fields
of minimum volume (¢4 1)Vol(M) are precisely the unit Killing vector
fields (cf. [244]).

By a result of J.C. Gonzales-Davila & L. Vanhecke, [146], given a com-
pact oriented 3-dimensional Riemannian manifold M if IV is a unit vector
field tangent to M which is both Killing and harmonic and if the sectional
curvatures along the 2-planes tangent to (RV)® are > 2> 0 then £V
minimize the energy. Also if M = G is a 3-dimensional Lie group a classifi-
cation of left invariant unit vector fields which are harmonic or determine
harmonic maps is given in [146].

S 3.3. INSTABILITY OF HOPF VECTOR FIELDS

By Corollary 3.16 the Hopf vector fields on S> are absolute minima
for E:T®(8(8%)) — [0,4-00) hence stable critical points of the energy
functional. This is a rather surprising bias from the theory of harmonic
maps where it is known that

Theorem 3.17 (Y.L. Xin, [321]) Let N be Riemannian manifold. Then any
nonconstant harmonic map f : S" — N is unstable provided that n > 3.

In particular the Hopf vector fields & on S° are unstable as harmonic
maps £ : S° — S(S%). What about the stability of Hopf vector fields on a
sphere S+ (with m > 1)? To answer this question we report on results by
C.M. Wood, [316].

An inspection of the proof of Xin’s theorem (Theorem 3.17 above)
shows that instability of f : " — N follows from

(Hess E)f(Ay) = —(n—2) / iz(f*/la, +Ag)dvol(g)
Sﬂ

where h is the Riemannian metric on N (and h = f~'h the metric induced
by hin fVTN — S") and A, € X(S") are the vector fields given by

Ap) =a—(a,p)p, peS" acR"
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and (-,-) is the Euclidean inner product on R"1. As to the case of Hopt
vector fields & on the sphere S" with n = 2m + 1 let ¥, be the component
of A, along (RE)* i.e.,

Wa = Aa _g(Athg)S = a _go(as U)U _g(a’g)s
Then we may state

Theorem 3.18 (C.M. Wood, [316], O. Gil-Medrano & E. Llinares-
Fuster, [131]) Let & be a Hopf vector field on S>" 1. Then for any a € R>"+2
the Hessian of the energy functional E : [(S($2mthy) — [0,400) at the critical
point & satisfies

m
m—+1

In particular the Hopf vector fields on S*" 1, m > 1, are unstable of index at least
2m—+2.

(Hess E)g (W, W,) = — llall>(2m — 3) Vol(s2m+1).

To prove Theorem 3.18, we need some preparation. For the remainder
of this section & will denote a Hopf vector field on the sphere S>"*1. Also
let J& be the Jacobi operator associated to &. Let

{Ei,....E,} ={E,Ex =JE,§:1<i<m}

be a local orthonormal frame on T(S%"*1) (with n=2m+1and E, =&

and Ej,, = Ex = JE; for any 1 <i<m). Here J is an orthogonal almost

complex structure on C" 1,

Lemma 3.19 Forany W € (R&YLE C T(SY)
(HessE)e (W, W)

2m 2m
== [{em= 0P = F w2 - 3@ favolco

& j=1 ij=1
where Bjj = ¢(Vg, W, E)) forany 1 <i,j <n=2m+1.
Proof. For any W € (R&)* we may apply Definition 2.30

(Hess E)s (W, W) = /.g(jg W, W)dvol(g)
Sl’l

= f (VW2 = | WIPIIVE]*)dvol(e).  (3.19)

Sn
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As & is a unit Killing vector field we may apply Proposition 3.7 to obtain

IVEN? = g(AE,£) = g(QE,&) = Ric(§,£) = 2m. (3.20)

Moreover

m
VE,- W= Z(BUEJ + Blj*E]*) + Biné:
j=1
m
Vi W = Y (BiyE+ By Ey) + B,
j=1

m
VeW = (B,E;+ By Ep).
j=1
To prove the last equality one makes use of g(Ve W,&) = —g(W,VeE) =0
as & is a Killing vector field. Moreover, as W and & are orthogonal one has
(cf. (3.4)) VE =] on (RE)* so that
Biﬂ :g(vE, W’S) = _g(VE,E, W) = _g(Ei*, W) = - Wi*a

Bry = g(Vi, W,E) = —g(VE. 6, W) = g(W,E) = W'

Hence
m m
IR =Y (W2 + ") =3 (B +B,).
i=1 i=1
Consequently
m
VIR =Y " {IVEWIP + Ve WIP+ Ve WP
i=1
m
_ 2 2 2 2
=Y B+ B+ B+ B |
ij=1
2 2 2 2
(B B+ 2 (BB
i=1 j=1
that is

2m 2m

IVWIP=> "B+ B+ W[ (3.21)
ij=1 j=1
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Now Lemma 3.19 follows from the identities (3.19)—(3.21). [

Lemma 3.20
For any a= (a1,...,a,4+1) € R with n=2m+1

(Hess E)g (W, W,) = —(2m — 1)||a||*Vol(S")

+ (4m—1) f ( f? +fa2 ) dvol(g) (3.22)
Sﬂ

where f,, f, € C®(S",R) are given by
fo@) =20@ V) fup) =20@E)y peS"
Alsoa=Y 1" a;0/0x € RR").
Proof. Using the very definition of the vector fields W,
L0 (Wa,v)p =g(Wa,6), =0

hence W, € (R&)L C T(S"). We recall (cf. the identity (2.26) in H.
Urakawa, [292], p. 168) that the vector fields A, = an_l aj 0/0x; — fav

satisfy
Vi, Ae=—fuEy, y=12,...,n=2m+1.

Then
Vi, Wa=—f.Ey —E,(f)§ +f,9E,, v=12,....n,
so that
= —fabjj,  Bi —f 8ij,  Brj= _JFa(Sii’ Bijr = —fadij,
B,,=B,=0, i,j:l,...,m

Consequently

2m 2m 2m

> Bhy+ ZBW S B, =2 Y (P4 = 204D

By=1 B.y=1 iy=1

On the other hand
=2
1P =l = (2 +77):

Therefore (by Lemma 3.19 above) we obtain the identity (3.22) in
Lemma 3.20. [ |
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Lemma 3.21 Forany a € R"t!

2
llal

n+1

/ jfdvol(g) = / fdvol(g) = Vol(S").

N N

Proof Let J be the complex structure entering the definition of § i.e.,
& =Jv. Then

/ Fdvol(g) = f F.00G,&)dvol(g)

S’l SVl
= —/fﬂgo(]a,v)dvol(g)
SY'I
where a = ;7:11 xj(a)d/0dx; € X(R""). By Green’s lemma

/go(—faﬁ,v)dvol(g)= / div(—f, Ja) ut1

Sn Bﬂ+l

where
div (~f, Ja) = ~f,div(Jd) = JD(F,) = —(JD ()
= —(Jd) (e0(~Ja,)) = g0 (J3. Vi) = I Jall* = lla)?

and

Vol(S")
/ w1 = Vol(B") = PEREE

prt+1

The calculation of the integral f o fazd vol(g) is similar and therefore left as
an exercise to the reader. ]

At this point the proof of Theorem 3.18 follows easily from the
Lemmas 3.20 and 3.21.

Remark 3.22 In the proof of Lemma 3.20 one made use of the fact that
VxA, = —X, XeX(§"),
hence the vector fields A, are conformal yet not Killing

(LaDX,Y) =a(VxAa, Y) +2(X, Vydy) = —2fg(X, Y).
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Let K and C be respectively the linear spaces of all Killing vector fields
on S" and of all conformal vector fields (i.e., infinitesimal conformal
transformations) on S”. Moreover, let us set

A={A,:ac R}

As dimp/XC = n(n+1)/2 and dimgrC = (n+ 1)(n+ 2)/2 it follows that C =
Ko A |

Remark 3.23 Let (M,g) be a compact orientable Riemannian manifold.
If I is a unit vector field tangent to M then V, = (1/4/c)V is a unit vec-
tor field tangent to (M,g) with ¢ =1¢g, ¢> 0. Then (by Remark 2.4 in
Chapter 2)

Ez (V) = cg_lEg(V) + const., n=dim(M).

Consequently 17 is a critical point of E, if and only if I/ is a critical point
of Ez and the corresponding Hessian forms have the same index. Therefore
Theorem 3.18 implies that the Hopf vector fields on S*"*1(r), m>1, are
unstable critical points of index at least 2m 4 2. |

S) 3.4. EXISTENCE OF MINIMA IN DIMENSION > 3

Let (M,g) be a compact orientable Riemannian manifold. As well
known the identity map 157 : M — M is a harmonic map.

Definition 3.24 (T. Nagano, [221]) A Riemannian manifold (M,g) is
said to be stable if the identity map is stable. Otherwise M is said to be
unstable. |

By a result of R.T. Smith, [273], if (M,g) is a compact n-dimensional
Enstein manifold then M is stable if and only if A1 > 2p/n where Aq is
the first nonzero eigenvalue of the Laplace-Beltrami operator on functions
and p is the scalar curvature. As reported on earlier (cf. Section 3.2) in this
monograph E Brito has shown (cf. [71]) that the Hopf vector fields in S*
(i.e., the unit vector fields tangent to the fibres of the Hopf fibration) are
the only minimizers of the energy functional E : S(S®) — [0,400) and in
particular they are stable. However Hopf vector fields on S*"*! m > 1,
were seen (cf. Section 3.3) to be unstable. To the knowledge of the authors
of this monograph, in dimension > 3 there are neither examples of unit
vector fields realizing the absolute minimum for the energy nor criteria of
existence of minima.
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The sphere $>"*! is a standard example of Sasakian space form of con-
stant sectional curvature +1. Let (19,¢0) be the natural Sasakian structure
of §2"*1 Let (M, ¢) be any (2m+ 1)-dimensional compact Riemannian
manifold of constant sectional curvature 4+1. Then M is a spherical space
form (§>"1/T,¢) for some finite subgroup I' C O(2m + 2) (in which the
identity is the only element corresponding to the eigenvalue +1). Here ¢ is
the Riemannian metric induced by gy on the quotient S>"+1/T". We may
identify U(m + 1) with the subgroup of O(2m 4 2) preserving 1o. Then I
is conjugate in O(2m 4 2) to a subgroup of U(m 4+ 1). Therefore o induces
a contact form 1 on M. See J.A. Wolf, [312]. As ¢ is induced by g it follows
that (1,¢) is a Sasakian structure on M (cf. S. Tanno, [283]). Thus every odd
dimensional compact orientable Riemannian manifold of constant sectional
curvature +1 is a Sasakian manifold.

Let M?"+1(¢) be a Sasakian space form i.e., a real (2m + 1)-dimensional
Sasakian manifold of constant @-sectional curvature ¢. Any such mani-
fold has constant scalar curvature p = m[(2m+1)(c+3) +c—1]/2 and is
n-Einstein (cf. [42], p. 113) 1.e,, Ric=ag+Bn®@n with a=[(m+ 1)c+
3m—1]/2 and b= —[(m+1)(c—1)]/2. Also ¢ =1 if and only if M>"+!
has constant sectional curvature 4+1. On the other hand, by a result of
H. Urakawa (cf. [295], p. 572) the first nonzero eigenvalue A; of the
Laplace-Beltrami operator on ey I',¢) with I 2 {14} is > 4m, that is
(82", ¢) with I # {1} is stable. As an outgrowth of the ideas above
one has

Theorem 3.25 (D. Perrone & L. Vergori, [254]) Let (M,n,g) be a 2m+
1)-dimensional (m > 1) compact Sasakian space form of constant @-sectional curva-
ture ¢. 1) If w1 < min{(m+1)c+3m —1,4m} then M is unstable. i) If ¢ > 1
and & is unstable then M is unstable. 111) If c = 1 then the following statements are
equivalent a) (1 = 4m, b) M is stable, and c) w1 (M) # 0. Here 1 is the first
nonzero eigenvalue of the Laplacian on 1-forms.

By Theorem 3.25, the stability of the Sasakian manifold M implies the
stability of the Reeb vector field. It is therefore a natural problem to study
the existence of minima of E : '*°(S(M)) — [0,400) when M is a sta-
ble compact Riemannian manifold. H. Urakawa has classified (cf. [294])
the compact simply connected irreducible Riemannian symmetric spaces
which are stable (these are in particular Einstein).

Let us discuss the existence of minima for E : ['*°(S(M)) — [0, +00)
where (M,g) is a stable compact Einstein manifold of dimension n i.e.,
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Ric = kg¢. By applying the second variation formula

(Hess E)1,,(X,X) = /g(]lMX, X)dvol(g) = /g(AgX— QX, X)dvol(g)
M M
(3.23)

for any X € X(M), where A, is the rough Laplacian, Q is the Ricci oper-
ator, and Ji,, = A, — Q is the Jacobi operator of the identity map. As M is
stable (by (3.23) and Lemma 2.15)

(Hess E)1,,(X,X) = / (||VX||2 —Ric(X, X))dvol(g) > 0 (3.24)
M
for any X € X(M). Then (by Proposition 2.3)
K+n

E(U) = % / IVU|2dvol(g) + g Vol(M) > Vol(M)  (3.25)

M
for any U € ' (S(M)). Let us recall that a Jacobi vector field is a smooth
solution X to J1,,X = 0. Jacobi vector fields are studied by K. Yano & T.

Nagano, [326] (there Jacobi vector fields are referred to as geodesic vector
fields). If Uy 1is a unit Jacobi vector field then

/ IV U [ 2dvol(g) = / 9(A Uy, Up)dvol(g)
M

M

= /Ric(Uo,Uo)dvol(g) = k Vol(M).
M

Hence

K+n
E(Up) =

Vol(M) < E(U)

for any U € I'*°(S(M)) i.e., Uy minimizes the energy.

Conversely, let U be a unit vector field such that E(U) = (« +
n) Vol(M)/2. Then (by (3.25)) fM [VU|? dvol(¢) = k Vol(M) so that (by
(3.24)) (Hess E)1,, (U,U) =0. Since M is stable we may expand U as
U= Z?:ol E; where {E; : i > 1} are such that

Jiy Ei = aE;, /g(Ei,Ej)dVOI(g) =0, i#j, 4;>0.
M
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Thus

o
Ji, U= Z a;E;, p=dimKer(J1,,), ai>0, i>p+1,
i=p+1

so that

0= (HessE),, (U, U) = /E(le U, U)dvol(g)
M

oo
-3 / o(E E)dvol(9).
i=p+1 5
It follows that E; =0 for any i > p+ 1 so that J;,,U =0 1.e., U is a Jacobi
vector field. If U € I'*°(S(M)) is a unit vector field whose flow is volume
preserving (i.e., div(U) = 0) then it may be easily shown that U is a Killing

vector field if and only if U is a Jacobi vector field (one may see for instance
[258], p. 171). Hence

Proposition 3.26 Let (M,g) be a stable compact Einstein manifold. Then the
unit_Jacobi vector fields are the only minimizers of the energy. In particular if U €
['%°(S(M)) is volume preserving then U minimizes the energy if and only if U is
a Killing vector field.

Consequently one obtains

Corollary 3.27 Let (M,n,g) be a stable compact Einstein contact metric mani-
fold. Then the Reeb vector & minimizes the energy if and only if M is a Sasakian
manifold.

Proof. The flow of & is volume preserving. Moreover (by a result of C. Boyer
et al., [66]) a compact Einstein K-contact manifold is Sasaki-Einstein. At
this point the result follows from Proposition 3.26.

We end this section with the following ]

Theorem 3.28 (D. Perrone & L. Vergori, [254]) Let (M,n,g) be
a compact Sasakian manifold of constant sectional curvature +1 and dimension
dim(M) =2m+1 > 3. Then the Reeb vector & minimizes the energy if and

only if T (M) # 0.

Proof Let us assume that & minimizes the energy and 71(M) = 0. Then M
is the sphere S?"*1. On the other hand on S*"*! the Hopf vector fields
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are precisely the unit Killing vector fields (cf. our Section 3.1). Then &
is a Hopf vector field and as such unstable, a contradiction. The converse
follows from Theorem 3.25 and Corollary 3.27. [

S) 3.5. BRITO’S FUNCTIONAL

Since the Hopf vector fields on §2m+1 > 1, are unstable criti-
cal points of the energy functional E : [ (S(82m+1)) — [0,+00) E Brito,
[71], was led to the construction of a “correction” of E whose precise

description is given by the following

Definition 3.29 Let (M,g) be a compact orientable real n-dimensional
Riemannian manifold and I a tangent vector field on M. We set

(n—"1)(n—
2

- B 3) 5
E(V)=EWV)+ [ Hy [|d vol(¢)
M

n 1 5 5
=5V01(M)+§/{||VV|| +(m—1D(m—=3)|Hyp| }dvol(g)
M

where Hy = —”%(div 1) IV is the mean curvature vector of the distribu-
tion (RV)L c T(M). The functional E : X¥(M) — [0,+00) is referred to
as Brito’s energy functional. |

‘We may state

Theorem 3.30 (E Brito, [71]) Let M be a compact orientable n-dimensional
Riemannian manifold and V' a unit vector field on M. Then

E(V) > gVol(M) +% / Ric(V, V)dvol(o). (3.26)
M

In particular if M = S*"1 and & is a Hopf vector field on S>" ! then

Proof Let us consider a local orthnormal frame {E;: 1 <i <un} of T(M)
with E,, = V. Let us set

si=g(VEV,E), 1=ij=<n.
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Note that s;, = 0 for any 1 <i <n. Then

n—1 n—1
IVVIP =Y IVEVIP+ IV VIP =D s+ IVe VI
i=1 iyj=1

so that

IVVI?+ (n—1)(n =) HylI> = Vi V|I?

n—1 2
ij=1 i=1
n—1 n—73 n—1
2 - 2
=2t X gty Lt D s
1<i#j<n—1 i=1 1<i<j<n—1
2(n —2) <
R SIS T o) o
i=1 i i<j
_20-2) 1
— 1 — Z(szt 5]]) +2 ZSUS_]_]
" " i<j i<j
2(n —3)
+ Z(Sl'j + Sji) -2 ZSUSJ’ 1 ZSiiSJj
i<j i<j i<j
2 2 4 2
=7 Z(Sii — s+ — Zsifsjj + Z(Sij + 550
i<j i<j i<j
Z(n —-3)
-2 ngsﬂ — ZSHSjj
i<j i<j

or

2
IVV)? = — Z(Sii —s5i)°+ Z(Sg,’ + )%+ 22(511'5]‘]' = ijSi).
i<j i<j i<j

(3.27)
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Since

-1 2
(div1)? = (isg) Zsu +2 ZS”SJJ’
i=1

i<j

trace, (V1) o (VV)} = Z Vv, vV, E)
=1

n—1 n—1

_z :SJ’S’J z :511+2§ :S’ISI“

ij=1 i<j
one obtains

2 Z(Siifjj — sii51) = (div V)2 —trace, {(VI) o (VI)} =202(V).

i<j
Therefore the identity (3.27) becomes
IVVIZ+ (n—1)(n—3)HylI> = 202(V) + |V VII?
2
=D G 5)? ) G+ i) (3.28)
l<j l<]

At this point the inequality (3.26) follows from (3.28) and (3.9). Let us
assume now that M = S>"*t! and that V' =& isa Hopf vector field. Such &
is a unit Killing vector field hence

sij+ i = 8(VEE, E) + ¢(VEE, E) = (Leg)(Ei, Ey) =0,
sit =9(VEE,E) = 2(Le9) (Ei, Ey) =0,
divé = ZS” =0 (hence H =0),

i

Vet =Y o(Vib E)E =0.

Consequently (3.28) and (3.26) imply
2n—

L Vol(s™) = B(e) = —v 1(S") + = / Ric(&,&)dvol(g)

N

= gVol(S”) + % / Ric(V, V)dvol(g) < E(V)
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for any unit tangent vector field V7 on S", n=2m+ 1. Theorem 3.30 is
proved. [ |

> 3.6. THE BRITO ENERGY OF THE REEB VECTOR

Let $>"*! be the standard odd-dimensional sphere with the canonical
metric ¢ and let & be a Hopf vector field on S***!. If 5 is the 1-form on
S?"*1 given by n=g(&,-) then (n,¢) is a K-contact metric structure on
§?"*1 and & is the corresponding Reeb vector field (cf. the terminology in
[42]). In the sequel, we extend Brito’s result (cf. Theorem 3.30 above) to
the case of a compact K-contact manifold and its associated Reeb vector
field. To start with we show that

Proposition 3.31 Let (M, (¢,€,n,9)) be a compact K-contact real 2n—+1)-
dimensional manifold. Let Ric be the Ricci tensor of (M, g).
i. One has

E(V)= E@) =E@®) = <2n+ %)Vol(M),

for any unit tangent vector field V' on (M,g) provided that Ric(1/, 1) > 2n.
Here Vol(M) is short for Vol(M, g) = fM dvol(g).
ii. There is a D-homothetic K-contact structure (@, &, 1y, 81) on M such that

E(V) > E(&) = E&) = "M E®),

for any unit tangent vector field V on (M,g;) provided that Ric(X,X) >
k||X||2for some k€ R, k> =2, and for any X € X(M). Here (p;, &, 1¢,9¢)
is given by
For D-homothetic contact metric structures see S. Tanno, [280].
Proof of Proposition 3.31.
i. Let 1V be a unit vector field tangent to (M,g). By Brito’s inequality
(3.26), one has

- 2n+1 1 )
E(V) > Vol(M) + E/RIC(V’ 17)dvol(g).
M

As (by hypothesis) Ric(1/, ) > 2n one has

E(V) > <2n + %) Vol(M).
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ii.

We recall (cf. e.g., [42], p. 62) that for any contact metric structure
(¢,5,7n,9) one has divé =0 hence the mean curvature vector of the
contact distribution Ker(n) = (R& )L vanishes

1
He = — - (divé)s =0.

In particular for the given K-contact structure

E(§) = E(§) = <2n + %)VOI(M)

hence the result.

Let t > 0 and let Ric; be the Ricci tensor of the Riemannian manifold
(M,g;). A straightforward calculation based on g =tg+(t—1)n®n
shows that

Ric, = Ric —2(t— g+ 2(t— D(nt+n+Dn®7. (3.29)

Cf. also S.I. Goldberg, [139], p. 653. Let us fix a value of the parameter
t > 0 such that

We shall show that Ric,(WW, W) > 2n for any unit tangent vector field W/
on (M,g;). Indeed any such W may be written as W = IV 4 f& where
IV € Ker(n) and f € C*°(M) is given by [ = n(I¥). Then (by (3.29))

Ric, (W, W) = Ric(W, W) —2(t — D||W|? +2(t = 1) (nt + n+ 1)f>

(as the identity Q& = 2n& holds on any K-contact metric manifold, cf.
[42], and in particular Ric(1/,§) = 0)

=Ric(V, V) + 2nf>
—2(t=DIVI? = 2(t = D)f2 +2(t — D (nt 4+ n+ 1)f>
= Ric(V, V) —2(t— D V|1> 4 2nif>.
On the other hand, as ¥ is a unit vector field with respect to g
L=g(W. W) =t|W|>+ @ —0f> = (| V> + £
ie., 2f>=1—1||VV||>. Therefore
Ric, (W, W) = Ric(V, V) = 2(nt+t— D||V]|> +2n
> [k4+2—2t(n+ D] V|I> +2n > 2n.
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Finally
dvol(g) = 2"n!) "Iy A (dn)™ = "L dvol(e),

1 1
E@) = (2n + §>V01(M7gt) = (Zn + 5) M Vol(M) = T E(§)

hence (i) follows by applying part (i) of Proposition 3.31.
|

Any (2n+ 1)-dimensional K-contact Einstein manifold has constant
scalar curvature p = 2n(2n+ 1). Then Proposition 3.31 implies

Corollary 3.32 (D. Perrone, [243]) The Reeb vector field of each compact
K-contact Einstein manifold is an absolute minimum for Brito’s energy functional.

C. Boyer & K. Galicki, [67], exhibited a large class of compact Sasakian-
Einstein manifolds, including Tanno’s example of a Sasakian-Einstein struc-
ture (17,9) on S° x 82 (cf. [280]) where g is not a Riemannian product of
constant curvature metrics. In these examples the Reeb vector is an abso-
lute minimum of Brito’s energy functional. On the other hand any compact
K-contact Einstein manifold is Sasakian (cf. C. Boyer & K. Galicki, [66]).

Theorem 3.33 (D. Perrone, [243]) Let (M,9,&,1n,9) be a compact K-
contact n-Einstein manifold of real dimension 2n+1 > 3. Let W be the Webster
scalar curvature.

i If W > n(n+1)/2 then the Reeb vector & is an absolute minimum of Brito’s
energy functional E.

ii. If W >0 then for any 0 <t <2W /[n(n+1)] the Reeb vector & is an
absolute minimum of Brito’s energy E; defined in terms of the D-homothetic
metric g;.

iii. If W =0 then in general & is not a minimum for both energy functionals E
and E.

We recall (cf. e.g., K. Yano & M. Kon, [325]) that a contact metric
manifold (M, n,¢) is n-Einstein if Ric=o g+ Bn®n for some real val-
ued smooth functions &, € C*°(M). In dimension 2n+1>5 for any
n-Einstein K-contact manifold (M,n,g), the functions «, B are actually
constant
_r_
T 2n
Moreover a (2n+ 1)-dimensional n-Einstein K-contact manifold is Ein-
stein if and only if B8 = 0 i.e., Ric = 2ng. On the other hand, the Webster

« 1, B=—L1out1.
2n
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scalar curvature of a (2n 4 1)-dimensional K-contact manifold is given by

1 +2
W =2 (p = Ric(§.§) +4n) = i - .

The first equality may be taken as a definition of the generalized Tanaka-
Webster scalar curvature as introduced by S. Tanno, [281], p. 362, on an
arbitrary contact metric manifold. See also S. Dragomir & G. Tomassini,
[110], p. 50. Then the Ricci tensor of a n-Einstein K-contact manifold of
real dimension 2n 4 1 with n > 1 is given by

AW =2n 2h*42n—4W
Ric = g+ nen
n n

(where I is constant). Consequently

+1
Ric(X,X) = 20 X|? = w = "D
At this point statement (i) in Theorem 3.33 follows from part (i) in
Proposition 3.31.

In order to prove statement (ii) in Theorem 3.33 we consider the D-
homothetic K-contact metric structure (¢, &, 1, ¢¢) for a fixed value of the
parameter ¢ > 0 satisfying

2w
S J—
nn+1)
(provided that W > 0). It may be easily checked (along the lines of the
proof of part (ii) in Proposition 3.31) that the Ricci tensor Ric; of the
metric ¢ = tg+ (> — £)n ® 1 satisfies Ric,(V/, 1) > 2n for any unit vector
field V7 on (M,g;). Then part (ii) in Proposition 3.31 implies that & is a

minimum point of E;.

0<t

Let us prove (iii) in Theorem 3.33. It suffices to build an example where
£ is not a minimum of E (or E). Let R>"*! carry the standard Sasakian

structure (¢,&,1,9)

_ 1 - i i i i
g—n®n+4§(dx ® dx' + dy' @ dy').
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The contact bundle Ker(n) is the span of
0 4 0 0 L<i<
— —, —:1<i<n
ax! Y dz 0y

and the vector fields

E=2 R, =2 8+f8 g—za
Tyl SR P Yaz ’ T

form a ¢-basis (see also [42], p. 48). R*"F! equipped with this contact
metric structure is a Sasakian space form of constant ¢-sectional curvature
¢ = —3 while its Ricci tensor is given by

Ric=—2¢+2(n+1)n®n

(cf. [42], p. 113-114). In particular (R?>"*! (¢,&,1,9)) is n-Einstein
of Webster scalar curvature W =0. One may identify R>"*! with the
Heisenberg group H,, of all matrices of the form

1 Y =z
A=|10" 1, X'|,
0O O 1

X:(xla""x}’l)y Y:(ylv"'y)/ﬂ)7 O:(O,...,O),
X,Y,0eR", zeR.

The coordinates (x;,y;,z) provide a global chart of H,,. It may be easily
checked that the vector fields

{Ei, Eiqn=¢FE;, §:1<i=<n} (3.30)

are left invariant. Moreover the ¢-basis (3.30) (an orthonormal frame
relative to the contact metric g) satisfies

[Ei,9E]=§, 1<i=<n, (3.31)

while the remaining Lie brackets are zero. Summing up (¢,&,n,¢) is a left
invariant Sasakian structure on the unimodular Lie group H,,. Note that for
n =1 one recovers the left invariant Sasakian structure on the lowest dimen-
sional Heisenberg group as introduced in [42], p. 49. Using (3.31) one may
easily check that the Levi-Civita connection V of (H,,¢) is expressed by

VEéE = —¢E,, quE,E =E;, VE¢E =§, (3.32)
V:E; = —¢FLE;, V:pE =EFE;, VygE =-§, (3.33)
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for any 1 <i <n, while the remaining covariant derivatives are zero. Let
' C H, be the discrete subgroup of all matrices A € H,, with integer
entries. The space of right cosets M = I" \ H, is a compact differentiable
manifold and the natural projection 7 : H, — M is smooth. Each left
invariant vector field on Hl, descends to M. Equivalently if X € X(HH,,)
is left invariant, then (dp,7)Xp, = (d,r)X, for any a€ H,, and any be T'.
Indeed if L; is the left translation with b then
(moLy)(a) =m(ba) =T ba=Ta=m(a)
hence (using the left invariance of X)

(dparr) Xpg = [da( 0 Lp)] X, = (da0) X, .

Similarly any left invariant tensor field on H,, and in particular its standard
Sasakian structure, descends to the quotient space M. For the remainder of
this section left invariant tensor fields on H, and their projections on M are
denoted by the same symbols. The identities (3.32)—(3.33) imply

IVEN? = |V El? + IVeENI* =2, | VE|]> = 2n,
and
divéE =0, divE; =0,

that is the mean curvature vectors He and HE; (of the distributions (R& )+
and (RE))* vanish). Then

E(E) — E(§) = E(E) — E§)

1
=3 / (IVEi? = IIVE]*)dvol(g) = —(n— 1) Vol(M).

M
Consequently, as n > 1, £ can be a minimum of neither E nor E.
Remark 3.34 The proof of part (iii) in Theorem 3.33 yields
(Hess E)¢ (E;, E))

- / (IVE? = | EI* I VE(I?)dvol(g) = —2(n — 1) Vol(M).
M
It follows that the Reeb vector € of the Sasakian manifold M = I' \ H,, with
n > 1 is E-unstable. Nevertheless, as we shall show in Chapter 4, the Reeb
vector of I' \ Hj; is E-stable. Therefore the Reeb vector € enjoys the same
stability properties as Hopf vector fields on odd-dimensional spheres. Note,
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however, the bias in the behavior of & on I' \ H, with respect to Brito’s
energy functional. |

E 3.7. VECTORFIELDS WITH SINGULARITIES

One of the conclusions of the previous section is that Hopt vector
fields on S" with n =2m+ 1 aren’t minima of the Dirichlet energy func-
tional E : '°°(S(M)) — [0,+00). The remaining problem is of course to
compute infxeree(sr) E(X) and investigate whether this is achieved for
some vector field perhaps allowed to possess (a finite number of) singular
points. For instance, radial vector fields on S" are examples of unit vector
fields with only isolated singularities.

3.7.1. Geodesic Distance

Let (M, g) be a Riemannian manifold and p € M a given point. If exp,, is
a diffeomorphism of a neighborhood I of the origin in T,,(M) then U =
expp(V) is a normal neighborhood of p. It B¢ (0) = {v € T,(M) : g,(v,v) < €%}
is such that m C IV then B(p,e) = exp,, [Bc(0)] is the geodesic ball of
center p and radius € > 0. By the Gauss lemma (cf. e.g., Lemma 3.5 in
[98], p. 69) the boundary S(p,€) of a geodesic ball B(p,€) is a smooth real
hypersurface in M, orthogonal to the geodesics that issue at p. S(p,€) is
a geodesic sphere at p. The geodesics in B(p,€) that start at p are the radial
geodesics. Given v € T,(M) with |lv]| =1 let us set y,(f) = expp(tv). When ¢
is small y, is the unique minimal unit speed geodesic joining p and exp,,(v).
Let A be the set of all > 0 such that y, is the unique minimal geodesic
joining p and y,(f). Also let fo = sup A. When ¢y is finite y,(fo) is a cut point
of p. Let Cut(p) be the set of all cut points of p. It d: M x M — [0, +00)
is the distance associated to the Riemannian structure ¢, the function (the
distance from p)

r:M—[0,400), (g =d(p,q9), q€M,

is only Lipschitz on M yet r is actually smooth on M \ Cut(p). In appli-
cations one may differentiate r: M \ Cut(p) — (0,400), perhaps several
times. The resulting calculations will involve the curvature of (M,g) (cf.
e.g., R. Schoen, [268]). As well known (cf. e.g., Corollary 2.8 in [98],
p- 271) M\ Cut(p) is homeomorphic to an open ball in the Euclidean
space. Loosely speaking, the topology of M is contained in its cut locus.
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Let u:R" — T,(M) be a R-linear isomorphism such that

&(ule),ule)) =68; 1=ij=<n,

where {e1,...,e,} CR" is the canonical linear basis. If U = expp(V) CcCM
is a normal neighborhood of p then

—1
X:(xl,...,x”):UﬁRﬂ, X(q):(exppou> (9, qe€U,

is a local chart on U and (x!,...,x") is a normal coordinate system on M at p.
It Be(0) ={ve T,(M) : |lv]|| <€} C VV and B(p,€) = exp,, [Bc(0)] as above
then

n
Bp.e)=1{qe U: Y ~'(9* <&}

i=1
We end this short reminder of Riemannian geometry by recalling that i)
every point g € B(p,€) can be joined to p by a geodesic lying in B(p,€) and
such a geodesic is unique, ii) the length of the geodesic in (i) is equal to the
distance d(p,q), and iii) B(p,€) equals the metric ball {g€ M : d(p,q) < €}
(cf. e.g., Proposition 3.4 in [189], p. 165). The reader might find it useful
to look at N. Shimakura, [270], p. 263-268, and at G. De Rham, [96],
p- 132-143.

3.7.2. F.Brito & P.G. Walczak’'s Theorem

Let pe M and U € M be a normal neighborhood of p. The distance from
p function r= (p,-) : U\ {p} — R is smooth. Let then 9/dr € X(U\ {p})
be the tangent vector field dual to dr with respect to g i.e.,

d
g(gl) =X(), XeX(U\{ph.

d/dr is a unit vector field tangent to the geodesics issuing at p. Also 9/dr
is the outward normal at each point of any small geodesic sphere S(p,a).
Moreover the distribution (R(9/ )L is completely integrable and the
geodesic spheres S(p, a) are its maximal integral manifolds.

Let us look now at unit radial vector fields on the standard sphere.
Let p € §" and let T be the unit tangent vector field tangent to the radial
geodesics issuing at p. The vector field T is defined on S"\ {Z£p}. Clearly
T determines a geodesic flow and the distribution (RT)* is completely
integrable and its leaves are totally umbilical. As a straightforward conse-
quence it may be shown that the unit radial vector field T € X(S" \ {£p})
is a harmonic vector field (cf. E. Boeckx & L. Vanhecke, [51]).
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Theorem 3.35 (E Brito & P.G. Walczak, [72]) Let M be a real n-
dimensional, n> 3, compact orientable Riemannian manifold. Let V' be a unit
vector field on M possessing a finite number of singularities. Then

E(V) > 1/ (n+ LRic(V, V))dvol(g). (3.34)
2 n—2
M

If n > 4 then equality is achieved in (3.34) if and only if V. is geodesic and (R1V)*
is a completely integrable distribution whose leaves are totally umbilical in M.

To prove Theorem 3.35 we need some preparation. Let A C M be a
finite subset (eventually empty). Then 2 = M\ A is an open dense subset
of M whose closure is compact. For sufficiently small a > 0 let B(p,a) and
S(p,a) be respectively the geodesic ball and the geodesic sphere of center
p and radius a.

Lemma 3.36 Let A= {p1,...,pr} CM and Q=M\A. Let p€ A and [ :
Q — [0,4-00) be a continuous function. If

a—07F
S(p,a)

limin ffdvol(gs(p,a))>0

then

f Fdvol(g) = oo.
M

Here gs(p.q) is the first fundamental form of S(p,a) in (M, g).

Proof. Let C > 0 such that Vol(S(p, a)) < Ca"~ ! for sufficiently small a > 0.
Under the assumptions in Lemma 3.36 there is € > 0 such that

/ deOl(gS(p,a)) > €

S(p.a)
for sufficiently small a > 0. By Holder’s inequality

1/2

€< f fdvol(gs(p.a) < Vol(S(p,a))'/? / Frdvol(gsa)

S(p,a) S(p,a)



3.7. Vector Fields with Singularities 167

hence

€’ €2

>
Vol(S(p,a)) — Ca'!

/ Pdvol(gsa) >
S(p,a)

for sufficiently small a > 0. Moreover, by Fubini’s theorem

a 5 a
/ FPdvol(g) = f / Frdvol(gsp.a) | dt = % / 7" dt = 0.
0

B(p,a) 0 \S(p,» -

Lemma 3.37 Let (M,g) be a compact orientable Riemannian manifold of real
dimension n> 3. Let V' € X(R) with Q =M\ A and A= {p1,...,pp} C M.
FE(V) <ocie., [y, IIVV]2dvol(g) < oo then

/{Ric(V, 1) —20,(V)}dvol(g) =0,
M

where o (1) is the second mean curvature of the distribution (R 1)L,

Proof Let a; > 0 be sufficiently small positive numbers and S; = S(p;, a;)
and B; = B(p;, a;) respectively the geodesic sphere and ball of center p; and
radius a;, for each 1 <i < k. Let v; be the outward unit normal on S;. The
identity (3.8) in Lemma 3.13 applies to I so that

Ric(V, V) —205(V) = div(Vy V — (div V) 1)
= div(Vy V + (n— 1)Hy).

Then (by Green’s lemma)

/ {Ric(V, V) —202(1)}dvol(g)

IM\U; B;

= / div(Vp V 4+ (n—1)Hy)dvol(g)
M\U;B;

-y / (Vi V + (n— D Hy,v)dvol(gs,)

i
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=3 190V + 6= DHldvoles)
i S;

/ {Ric(V, V) — 205 (V) }dvol(g)

M\U;B;

oY / IV Vlldvol(gs) (3.35)
i S;

for some constant C, > 0 depending only on u. At this point we may
apply Lemma 3.36 to the function f = ||V V|| (by taking into account that
fM [VV]|? < 00) to conclude that

liminf/ IV V| dvol(gs,) = 0.
a,-—>0+
Si

Therefore (by (3.35)) the integral fM{RiC(V, 1) — 205(V)}dvol(g) is well
defined as a principal value and vanishes. [ |

Proof of Theorem 3.35. Let {E1,...,E,} be a local orthonormal frame with
E, = IV (defined on some open subset U C €2). Let us set

Then
n—1
2 _ 2 2
IVVIP=IVyVIP+ D s
iyj=1
and
n—1 1
2 2 2
Z%y ) Z(sl-i — )"+ Z(Sif + i)
iyj=1 i<j i<j

+(n—3) Z 5542 Z(SiiSjj — sijSii) (5
#J

i<j

2 Z{S,’isjj — Siij,'} = 20’2( V)

i<j
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Thus
IVV* >

o). (3.36)

When E(17) = oo then (3.34) is trivially satistied. If E(17) < oo then (3.34)
follows from (3.36) and Lemma 3.37. Indeed

0= /{Ric(V, ) —20,(V)}dvol(g)
M

> f{Ric(V, )y —(n— 2)||VV||2}dvol(g)
M

- / Ric(V, V)dvol(g) — (n— 2){2E(V) — nVol(M)}.
M

If n> 3 and equality is achieved in (3.34) then VIV =0, 55 =0 for any
i#j,and s; =sjforany 1 <ij<n—1. =

Theorem 3.38 (E Brito & P.G. Walczak, [72]) Let IV be a unit vector
field on S>" 1 m > 1, possessing a finite number of singularities. Then
4m? +2m—1
E(v)> 22 TR ity (3.37)
22m—1)
and equality is achieved if and only if V is a unit radial vector field on S>" 1\
{£p}, for some p € S>" 1,

Proof. When M = S§" with n=2m+ 1 one has Ric(V,V)=n—1=2m
and the inequality (3.34) may be written in the form (3.37). Applying
once again Theorem 3.35 equality is achieved in (3.37) if and only if IV
is geodesic, the distribution (R1)™ is completely integrable, and the leaves
of the foliation F tangent to (R 1)L are totally umbilical in §?m+1 The
leaves of F are therefore spheres at a constant geodesic distance one from
another, and hence lie on (2m+ 1)-dimensional hyperplanes in R>"2,
Consequently the maximal integral curves of I are great circles of S>"+!
passing through two fixed antipodal points {—p, p}, so that IV must be a unit
radial vector field on S2"+1\ {&p} (if g € S 1\ {£p} then V4 is the unit

SZm+1

tangent vector to the unique geodesic of connecting p and q). |

For a compact Einstein manifold the inequality (3.34) becomes

EV) > © P Wol(m
( )_E(VH' 2)> ol(M)

n(n—



170 Chapter 3 Harmonicity and Stability

where p is the scalar curvature of (M,g). On the other hand, by a result
of B-Y. Chen, [83], the only irreducible locally symmetric spaces admitting
totally umbilical hypersurfaces are the real space forms. Therefore

Corollary 3.39 Let (M,g) be a real n-dimensional, n> 4, irreducible locally
symmetric space of nonconstant sectional curvature. Let V' be a unit tangent vector
field on M possessing a _finite number of singularities. Then

1 P

(strict inequality).
As another consequence of Lemma 3.37 we may state (cf. also [56])

Corollary 3.40 The tori are the only compact oriented surfaces admitting unit
vector fields V' such that E(V) < 00 and V' is globally defined except perhaps on a
finite set A.

Proof. Let us assume that there is IV € ['*°(S(2)) such that E(V) <
00, where =M\ A. As dim(M) =2 one has 02(I) =0. Then (by
Lemma 3.37)

/Kgdvol(g) =0,
M

where K, denotes the Gaussian curvature. Now the Gauss-Bonnet theorem
together with the (well-known) classification of compact oriented surfaces
shows that M must be a torus. The converse is easy. |

By Theorem 3.38 the energy of a radial vector field is a lower bound of
the energy functional E : [ (s(s2m+hy) — [0,400) yet this lower bound
is not achieved in I'®(S(S*"*t1)). V. Borrelli & E Brito & O. Gil-
Medrano, [62], have shown that this lower bound is actually inf{E(X) : X €
[ (S(s2" 1)} provided m > 1 (their method is to build a sequence of

globally defined smooth unit vector fields tangent to S>"!

whose energy
converges to that of a radial vector field).

Let P be an embedded submanifold of (M, g). For a point ¢ € M which
is sufficiently close to P there is a unique geodesic of (M,g) connecting
g to a point p € P and meeting P orthogonally at p. Let us consider, for
some tubular neighborhood U of P, the function r: U — [0,4-00) given
by r(q) = dist(q, P) = d(q,p) for any g € U, where d : M x M — [0,+00) is
the distance function associated to the metric g. Then r is smooth on U \ P.
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The vector field d/dr is again a unit geodesic vector field tangent to the
geodesics normal to P. It is also the outward normal to the geodesic tubes
P(r) about P. E. Boeckx & L. Vanhecke, [51], studied radial vector fields
about points and about totally geodesic submanifolds of rank one symmetric
spaces. Their results may be stated as follows

A. Let M be a nonflat two-point homogeneous space. Then any radial vec-

tor field defined in a (pointed) normal neighborhood of a point is a

harmonic vector field but not a harmonic map.

B. Let M be a Riemannian manifold and P a totally geodesic submanifold.

Let us assume that one of the following assumptions holds

i. M has constant sectional curvature;

ii. M is a two-point homogeneous space with a complex structure J and
P is J-invariant;

iii. M is a 2m-dimensional Kihler manifold of constant holomor-
phic sectional curvature and P is an m-dimensional anti-invariant
submanifold.

Then a radial unit vector field IV defined on a tubular neighborhood
of P is a harmonic vector field. Moreover I is a harmonic map if and
only if M is flat.

C. On any Sasakian manifold of constant g-sectional curvature each radial
vector field defined on a tubular neighborhood of a characteristic line is

a harmonic vector field but not a harmonic map.

3.7.3. Harmonic Radial Vector Fields

Besides being an important source of natural examples, harmonicity of
radial vector fields leads to a new characterization of harmonic spaces. We
recall that a harmonic space is a Riemannian manifold all of whose small
geodesic spheres have constant mean curvature. By a result of E. Boeckx &
L. Vanhecke, [52], a Riemannian manifold is a harmonic space if and only
if each radial unit vector field defined on a pointed normal neighborhood is
a harmonic vector field. These vector fields are not harmonic maps unless
the manifold is flat.

E. Boeckx & J.C. Gonzales-Davila & L. Vanhecke, [56], provided
generalizations of Theorems 3.35 and 3.38 by explicitly computing the
energy of radial vector fields about points and about specific totally geodesic
submanifolds in a compact rank one symmetric space. The main technical
ingredients in [56] are the facts that a radial unit vector field is geodesic and
the corresponding orthogonal distribution at a point of the given geodesic
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sphere, or tube, coincides with the tangent space to that geodesic sphere,
or tube. As a further application, it may be shown that a compact rank one
symmetric space (M, g) with dim(M) > 3 is a complex projective space if and only
if the energy of radial vector fields about points is infinite.

Let (M,g) be an n-dimensional Riemannian manifold. Let & €
[*°(S(M)) be a unit vector field on M. We set A = —VE& and

Ve (X) = trace{ Z > (vZAg) X}, XeX(M.
We shall need the following

Lemma 3.41 & is a harmonic vector field if and only if ve(X) =0 for any
X € (RE)*.

Proof. Let {E;:1 < i< n} be alocal orthonormal frame on T(M), defined
on the open set U € M. For any X € X(M) (by Vg =0)

ve(X) = ¢((VEADX,E)
=1

{e(VEAL X, E) — g(A; VE X, E)}
i=1

=Y (Ei(g(ALX. E)) — g(AL X, VEE) — (Vi X, A¢ E)
i=1

= {—Ei(e(X. V&) +4(X, Vv, £,€) +¢(VE X, VEE))
=) {e(X, Vv, 5X) = g(X, VE VEE))

on U. We may conclude that
ve(X) = g(X,A), XeXWM). (3.38)

By (3.38) vg vanishes on (R&)* if and only if A& and & are collinear i.e.,
A& = )& for some A € C®°(M). Taking the inner product with & now
shows that A = || V&]2. n

From now on, besides from ||§|| =1 and V& = 0 we assume that the
distribution (RE& )L is involutive. Thus there is a codimension 1 foliation
F of M such that T(F) = (R&)L. In the sequel we use a few rudimental
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notions of foliation theory (cf. e.g., [288]). Let v(F) = T(M)/ T (F) be the
normal bundle of the foliation. We set

(X, Y)=nVxY, X, YeT(F),

where 7 : T(M) — v(F) is the natural projection. One may consider the
orthogonal complement T(F)L of T(F) in (T(M),g) and identify v(F)
and T(F)*. Indeed

o v(F) = T(F)E, o)=Y sev(F),

Yie T(M), s=mn(Yy),
gives a well-defined bundle isomorphism v(F) ~ T(F )L Then the restric-
tion of @ to each leaf L € M/F is the second fundamental form of
the immersion L <> M. For each Z € T(F)1 we consider the bundle
endomorphism W (Z2) : T(F) — T(F) determined by

oa(X,)Y),2) =¢g(W(2)X,Y), X, YeT(F).
The restriction of W (Z) to a leaf L is the Weingarten operator of L < M,
corresponding to the normal vector field Z. The second fundamental
form a of F is symmetric hence W(Z): T(F) — T(F) is self-adjoint.
Moreover, one sets
K(Z) =trace W(Z), Ze T(F)*,
k(X)=0, XeT(F).

The resulting 1-form «x € Q1(M) is the mean curvature form of JF. Dually
one may consider the vector field T € T(F)* determined by

91,2y =k(2), ZeT(F)*.

The restriction of T to a leaf of F is the mean curvature vector of that
leaf (for simplicity taken here without the customary 1/(n — 1) factor). For
further use we set H=||7||.

Lemma 3.42 (E. Boeckx & L. Vanhecke, [51]) Let (M,g) be a Rie-
mannian manifold. Let € € X' (M) be a unit geodesic vector field such that the

distribution (RE)™ is involutive. Let H be the mean curvature of the corresponding
foliation F. Then

ve (X) = X(H) — Ric(X, £) (3.39)

for any X € T(F). Consequently & is harmonic if and only if dH + Ric(§,")
vanishes along (RE )L
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Proof. Note that T(F)+ =RE&. The corresponding Weingarten operator
W (&) is given by

W EX,Y) = gloa(X,Y),&) = g(r - VxY,£)

where 71 : T(M) — T(F)* is the projection associated to the decompo-
sition T(M) = T(F) @ T(F)*. Next (by Vg=0)

W E)X,Y) =g(VxY,§) = X(¢(Y,§)) —g(Y,Vx§) = g(4: X, Y)

for any X,Y € T(F). On the other hand

1 2
4(As X,8) = —¢(Vx§,8) = —EX(II%'II )=0,

hence Ag maps T(F) into itself and the restriction of Ag to T(F) is
precisely the Weingarten operator W (§). Hence Ag : T(F) — T(F) is
self-adjoint. Let then {E;: 1 <i <n— 1} be a local orthonormal frame of
T'(F) defined on an open set U and consisting of eigenvectors of Ag i.e.,

ASEl’:)\,iE,', 1<i<n-—1,

for some C* functions A; : U — R. Note that AgEi = AE; as well. Let us
set as usual

Lég- :I+Ag OAS.
Then Agé =0 yields Lg&§ =§. Also
LeEi=(1+A7)E, 1<i<n—1.

Next we wish to compute ve(E;). As {Ey,...,E,1,§} is an orthonormal
frame of T'(M) on U we have

Vg (Ej) = trace{Z — (VzAg)Ej}

n—1

=Y o(VEADE;, E) +g(V: ADE;, £).
i=1

The last term vanishes
(Ve AL)E;, &) = g(Ve (NE), ) —g(A; V£ E}, §)
=&(\g(E;,§)) — Ajg(E;, VeE) = 0.
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Therefore
n—1
ve(B) = Y_¢((Vat) B E)
i=1
=> {g (VEiAé Ej, Ei) -8 <A2 VEEj, Ez)}
i
=2 eV (LE) . E) — hig (Vi By, Er)}

and one obtains

n—1

ve(B) = Ei(L) + ) _ (& — A)e(VE Ej, E) (3.40)
i=1

for any 1 <j<n— 1. At this point we need to use the Codazzi equation
IRX,Y)Z,8) = —g(VxW(E))Y,2) +e(VyW(§)X, Z), (3.41)

forany X,Y,Z € T(F). By setting X = Z=E; and Y = E; in (3.41) one
gets

—9(R(Ei, E)) Ei, §) = ¢((VEAg)E), Ej) — g((VE Ag) Ei, E)
=g¢(VE,(LE) — A VEE), E)) — ¢(Vi;(ALE) — A¢ Vi Ej, Ej)
hence
—g¢(R(E;, E)E;, §) = (Aj — A)g(VEE), E)) + §;Ei(A)) — E;(A), (3.42)

for any 1 <i,j <n—1. Let us express the term (A; — A))¢(VEE;, E;) from
(3.42) and substitute into (3.40). We have

ve (E) = Ei(0) — Y _{e(R(E;, E)Ei, ) + 8;Ei(h)) — Ei(3))

=L (ZM) — Ric(E;§).
i
As locally H = 2?;11 Ai we may conclude that vg (X) = X(H) — Ric(X, §)
for any X € (RE)®. Lemma 3.42 is proved. We may state [

Theorem 3.43 (E. Boeckx & L. Vanhecke, [51]) Let (M,g) be a har-
monic Riemannian manifold. If p € M and U C M is a normal neighborhood of
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plet &§ =0/dre X(U\ {p}) be a radial vector field. Then & is a harmonic vec-
tor field. Conversely if (M,g) is an Einstein manifold such that in any normal
neighborhood the radial vector field is harmonic then (M, g) is a harmonic manifold.

Proof. Let & € X(U\ {p}) be a radial vector field. Then the distribu-
tion (RE)L is integrable thus giving rise to a foliation F of U\ {p} by
geodesic spheres. In a harmonic manifold all geodesic spheres have con-
stant mean curvature (cf. J. Berndt et al., [39], L. Vanhecke, [298]) hence
H e R. On the other hand any harmonic manifold is Einstein so that
X(H) —Ric(X,&) =0 for any X € T(F). Then (by Lemma 3.42) the
radial vector field & is harmonic. Vice versa, under the assumptions of The-
orem 3.43, one has (by (3.39)) X(H) = 0 hence H = constant i.e., (M,g)
is a harmonic manifold. u

We end the section by showing that on any harmonic manifold § = d/9r
is a weak harmonic vector field on U, provided that n > 3. To this end we

ought to check that & € H; (T'(U)) satisfies

f (¢ (VE, VX) — | VE | 2g(&, X)} dvol(g) = 0 (3.4
U

for any X € X{°(U). Let € > 0 such that B(p,€) C U. The integral in the
left hand side of (3.43) may be written as I (X) + Jc (X) where

(X)) = / (" (VE,VX) — | VE|%g(&, X)) dvol(g),

U\B(p,€)

Je(X) = f (" (VE,VX) — IVE|%g(5, X)) dvol ().

B(p.e)

We wish to show that I.(X)=0. Let {E;:1<i<n—1} be a local
orthonormal frame of (RE)™ consisting of eigenvectors of Ag as in the
proof of Lemma 3.42. Clearly I (X) is additive with respect to X hence it
suffices to show that I (pE;) =0 and I (&) = 0 for any ¢ € C7°(U) and
any 1 <j<n—1. An easy calculation shows that the integrand in I (X)
vanishes for X = p&. Moreover

$(VE,V(9E)) — IVE|g(€, 0E))
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(as & is geodesic)
n—1

=Y a(VEE. VE(WE) ==Y hig(Ei, E(Q)Ej + ¢VE E)

i=1 i

=—AMEi(p) —¢ ZMQ(E!‘, VEEj) = —AiEi(p) — ¢S

1

where we set S; = Z:l:_f Aig(VEE;, Ej). Let us sum over 1 <i<n—11n
(3.42) to get

Ric(Ej,§) =4 ) ¢(ViEj, E) — S+ E(y) — Ei(H)
or

Sj=2 Y _a(VEE;, E)+ E})

as H € R and Ric(E},§) = (p/m)g(E;,§) =0 on U\ B(p,€). Hence

¢ (VE,V(9E)) — |VEI (&, 9 E)
= —1iEi(9) — Mg Y _o(VEE;, E) — 9E ()
=~ d(VE(QNE), E) = —div(phE) + (Ve (@hE). §)

and the last term vanishes because V¢§ = 0. Therefore (by Green’s lemma)
le(9E) = — / div(pAiE)dvol(g) = f @hig(E. E)dA =0
U\B(p.€) S(p.€)

as & is the outward unit normal on S(p, €). As to the second integral (by the
Cauchy-Schwartz inequality)

e (X)] < f {6 (VE. V)| + V€I o6, X) | dvol o

B(p,€)
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/ UIVENIVXI + IVEIPIIX1d vol(g)

B(p.€)
IVEI (14 [[VEI) dvol(g)
B(p,e)
where
C = max{sup || X||4, sup VXIl4}, T =supp(X).
qel’ q€
Let (x',...,x") be a normal coordinate system on U such that x{(p) =

0. For any 0 < p < € the radial vector field & on S(p, p) is given by & =
(x'/p) 3/3x" hence
1/ Pk . 0

and then

IVEl < C, % (3.44)

on S(p, p) for some constant C,, > 0. Indeed

2
A
2 -2 k k. r 14 14 r
IVEIP = o~ (35 +Tf) (5 + T ) < 3= 25 (1 +BZIx’|>

irj ke
where

A = maxsupf 97(9) gkt (9)] = 9 € B(p,€0)},
l,_], y

B=maxsup{| ()| : 4 € B <o),
L],

where €y > 0 is fixed such that B(p,€0) C U. Then for 0 < § < e€j one
obtains the inequality (3.44). Finally for 0 <€ < ¢y

Je(X)] <C/dp f cn— (1+cﬂ%> dA

0 S(p.p)

€
= [t pa 42000 >0, 0,
0
as Vol(S(p, p)) < app" ! for some a, > 0.
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S) 3.8. NORMAL VECTOR FIELDS ON PRINCIPAL ORBITS

The purpose of this section is to report on a result by G. Nunes &
J. Ripoll, [224]. Precisely we shall prove the following

Theorem 3.44 ([224], p. 1091) Let (M,g) be an n-dimensional (n> 3)
compact orientable Riemannian manifold and G C Isom(M,g) a compact Lie group
acting on M with cohomogeneity one. Let us assume that either G has no singular
orbits or each singular orbit of G has dimension < n—3. Let N be a unit normal
vector field orthogonal to the principal orbits of G. Then N € H;’Z(T(M)) and
N is a critical point of the total bending functional B : 'Hgl’z(T(M)) — R. Let
M* C M be the union of all principal orbits of G and let H : M* — R be the

Sfunction given by H(x) = the mean curvature of the orbit G(x) with respect to N.
Then H € L*(M) and

B(N) = — / Ric(N, N)dvol(g) + / H? dvol(g). (3.45)
M M

By a principal orbit we mean one of maximal dimension (n — 1 under the
assumptions of Theorem 3.44). A brief review of compact transformation
groups and cohomogeneity one actions is given in Appendix D of this
monograph. To prove Theorem 3.44 we need

Lemma 3.45 Let (ui(t),...,u,(t)) and (v1(0),...,v,(t)) be continuous
1-parameter families of vectors in R™ with m > 2 defined for 0 <t <4£. Let us
assume that

a. B, ={vi(t),...,v,(t)} isa positive1 linear basis of R™ for each 0 <t < £.

b. Let W C R™ be spanned by Bg. Then dimg W < m — 2.

c. If vi(€) = 0 and vj(£) = O then

ol _

im =
£ [vi(1)]

(3.46)
For each 0 < t < £ we consider the m X m matrices

D[ = [(V[(t), V](t»] 1<ij<m

Lyf vi(f) = V;([)(’,' then det [VJ’(!)] > 0 forany 0 <t < £, where {eq,..., e} is the canonical linear basis

in R™,
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and M; = [af(t)] given by
1<ij<m

w(t) = d (v, 1<i<m.

Then
sup {(trace M)?>\/det D, : 0<t< Z} < 00, (3.47)
lim+ [(trace M) +/ det ij| =0. (3.48)
t—4{

Proof We look first at the case where B; is an orthogonal system i.e.,
(vi(t),vj(1)) =0 for any i # j and any O < t < £. Then

m

Dy, = diag (|v1 (D% lvw(O),  trace(M) =Y _d,

i=1

hence

(trace M) \/det D; =

m

[Tn®

k=1

m

p
Yd|. pefrzh (3.49)

J=1

Let us take the inner product of u;(f) = a’l:(t)l{,'(t) with v (f) to get

(ui (1), vie(1))
PAGIE

and let us contract the indices i and k. We obtain

ak(n) =

m m

Z (=3 (ui (t)(;l'gt))

i=1

so that (3.49) becomes

(trace M;) /det D, = <Z Ml(t)( ;gt) ) 1_[ AG]

Z l”’f;' ]'[| o)

for any 0 <t < £. Recall that
W =RB;, dimgpW <m—2.
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We claim that for any i € {1,...,m} there is an index k; € {1,...,m}\ {i}
such that v, (€) = 0. Indeed if there was i € {1,...,m} such that v,({) =
0 for any ke {1,...,m}\ {i} then {vp(£) : ke {1,...,m}\ {i}} would be an
orthogonal system consisting of nonzero vectors hence dimgr W >m—1, a
contradiction. Consequently

lim [ [iml=0, 1<i<m,
ki
and (3.48) holds good. On the other hand

m

(traceMt)2 vdet D, = Z (w0, vi(0) {58, v (0)) l—[| k(1)

MO IyOP
B m - vi(f) ' Vj(l‘) > 111 1|Vk(l)|]
B ; _<Mt() |vi(t )|> <uj(t)7 lvi 1] i v (D]

& e ol
-2 | (o) 5o

" e\
+§j <M’(t)’—|vi(t)|><u](t)’ |Vj(t)|> 1_[ v (0)]

ki, ki

For each i€ {l,...,m} we fix an index k; € {1,...,m}\ {i} such that
g, (€) = 0. Then

m

) 2
(trace M)? y/det Dy = ) <ui(t),ﬁ> v ()] [T 1wl
i=1

w1 1Ol i L,

(0 (1) >
+Z < v (z>|>< o) [1 o

ki, kj

(3.50)
Therefore (by (3.46) and (3.50)) the set

{(tmceMt)2 detD;:0<t< Z}

is bounded. Let us go back to the general case (where B; is not necessar-
ily orthogonal). Yet D; is symmetric hence there is an orthogonal matrix
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O; € O(m) such that
O:D, O = diag(A1(1),...,. A (1)), 0<t<UL.

Next we set

() = (O )iy, 0<t<t,
() = dp(n, 0<t<t,

so that

r

(5:(0),5;(0) = (O;1)]

1

(O7"); (0, w(0)
=" (0D (071)) = (ODO] 1Y, = 18]

s,r=1

e, Bi={01(0),...,0m(1)} is an orthogonal system for any 0 < ¢t < £. At this
point we may apply the first part of the proof of Lemma 3.45 to the systems
{uj(1) : 1 <j<m}and {v;(r) : 1 <j < m} and conclude that

sup{(trace Z\~/It)2 y/ det D, : 0<t<{}<oo,

lim (trace ]\~/It) det D, =0,

t—0t

where
M, = [Zz:] (1) = ZI’,:T/j(t), D, = [(’71'”7,1'>]15i,j§m :

Yet M, = M, and det (Dt) =det(D;) and Lemma 3.45 is proved in full
generality. [ |

Another ingredient needed in the proof of Theorem 3.44 is the theory
of cohomogeneity one manifolds (cf. Appendix D in this monograph). It is
known that M/ G is diffeomorphic either to a circle or to a closed interval.
In the first case F = @ (with the notations of Appendix D) and N is globally
smooth. If M/G is a closed interval then G has two singular orbits O and
O,. By the assumption in Theorem 3.44

dim(0;)) <n—-3, ie€f{l,2}.

Let Z € C®(T(M)) and f =g¢(N,Z). For every ¢ € C*°(M) and X €
X (M)

div($fX) = pX () +fX(@) +f div(X) (3.51)
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on M\ F (here F = 01U QO3). We set
M ={x e M : dist(x,F) > s}

with respect to the Riemannian distance function d on M. Let us integrate
(3.51) over M*. Then (by Green’s lemma)

[ roscear dvoi@) = [{8X(0+75@)+ 6 a0 }avol(o

oM M
where ¢ is the first fundamental form of M* in (M, g¢) and n° is the exterior
unit normal on M. Let s — 0. We obtain

[ xthivaier=— [ rtx6) +o v
M M

for any ¢ € C*°(M) hence f is weakly derivable at any direction X €
X°°(M) and hence (by Proposition 2.46 in Chapter 2) f is weakly dif-
ferentiable. We ought to show that f € H(M) (which in turn implies that
N € H(T(M)) by the very definition of the Sobolev type space H(T(M))).
By the proof of Proposition 2.50 (cf. also Lemma 2.51) the weak differ-
entiability of f = g(N, Z) for any Z € X*°(M) implies that N is weakly
differentiable. Then (again by Proposition 2.50) it suffices to show that
VN e L*>(T(M)). To this end let P be a principal orbit of G and let us set
£ =dist(P,O1). Let M be the connected component of M \ P containing
O1.Let § : M — R be the distance to P i.e.,

8(x) =min{d(x,y) : y€ P}, xe M.

Next, one observes that for each f € R either P, = 87 (f) is empty or it is
an orbit of G. Let t € [0, €] and let us set

M, ={xeM:5() <t}
Then

/||VN||2dvol(g)=lirré/||VN||2dvol(g). (3.52)
—
M+ M,

Moreover it should be observed that ||grad(§)|| =1 and grad(d) is orthog-
onal to the orbits of G so that one may assume that N = grad().
Then

VNIl = [[Hess(d)[, (3.53)
(A8)(x) =H;s, xeM'T\Oy, (3.54)
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where Hj is the mean curvature with respect to N of the orbit G(x) pass-
ing through x. Let t € [0,£). We wish to apply Reilly’s formula (E.25) in
Appendix E to the function § : My — R i.e,

/ {(A8)% — |Hess(8) 1> — Ric(grad(8), grad(8)) } d vol(g)

M;
= / {(= Az + uHyp) ue
JM;
—g¢(grad,(z;), grad,(u;)) + g;(a;grad, z;, grad, z;) } dvol(gr)

where ¢, and a; are respectively the first fundamental form and the
Weingarten operator of dM; in (M,,g). Also H; = trace(a,) is the (non-
normalized) mean curvature of M, in M;. Moreover A, and grad, are
respectively the Laplace-Beltrami and the gradient operators of the Rie-
mannian manifold (dM;,g,). Finally z, =483y, while u; is the normal
derivative of § i.e., u; =g(grad(5),N)|aMt. It follows that

2y =068|gy, = t=rconst., u;=g(N, N)|3M =1, IM;=P,UP,
so that (by taking into account (3.54) and the orientation of the boundary)

/ {HF — [[Hess(8)[1* — Ric(N, N) }dvol(g)

M;

= /thvol(gt)—fHodvol(go) (3.55)
Py P

for each 0 <t < £. Next (by Theorem 3.2.12 in [115], p. 429)

t

/ Hidvol(g) = / / HZ dvol(g) | ds
by

M; 0

hence (by passing to the limit with t — £ in (3.55) and exploiting (3.52))

/ ||VN||2dvol(g) :—fRic(N,N)dvol(g)+fHodV01(go)
M+ M+ P
t
+1im  — / H;dvol(g,) + / / HZdvol(g,) | ds. (3.56)
Py P

0



3.8. Normal Vector Fields on Principal Orbits 185

Next, for every 0 < t < £ we consider
¢i:P— P, ¢i(x) =exp, (tNy), x€P.

For each 0 <t </ the map ¢, : P— P; is an orientation preserving
diffeomorphism. Then

f FHdvol(g) = f (Hy o @) dvol(g)
o p

= / (H; o¢[)zktdvol(g0), 0<t<{¥, (3.57)
P

where A; is the Jacobian of ¢;. Let x € P and let y(f) = exp, (tNy) € M
be the geodesic of initial data y(0) =x and y(0) = N,. Moreover, let
Tt Ty (n (M) — Ty 0)(M) be the parallel displacement operator along y
from y (¢) to ¥ (0). Given a tangent vector w € T,(P) we consider a curve
o : (—€,€) = P such that «(0) = x and @ (0) = w. We use « to build the
variation of y given by

(.0 =expy ((Naw). Il <€, 0<t=<t. (3.58)
Let us set y,(s) =f(s,t) and consider the infinitesimal variation J,, of y

(induced by the variation (3.58)) defined by

dy,
Jw,y o = d—;(O), 0<t<d.

Then (cf. e.g., Theorem 1.2 in [189], Vol. 11, p. 64) J,, € J, where [,
is the space of all Jacobi fields along y (so that dimg.J, = 2n). For each
X € J, we set as customary X' = VX and X" = V;, X". Then

T+ R(Juy)y =0. (3.59)
Let {w1,...,w,—1} C Tx(P) be an orthonormal basis and let us set
vi=1(Juy®), w=u(J,y®»), 1<i<n—1.
Note that
Ju(y () = (dep)wi, 1<i<n—1.

Since ¢; : P — P; is a diffeomorphism for each 0 <t < £ and ¢pp : P — O
has (by the assumption in Theorem 3.44 on the dimension of the singular
orbit 1) rank at most n— 3, it follows that By ={v;(t): 1 <i<n—1} is
a linear basis of Ty (P) for any 0 <t < £ while the dimension of the space
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spanned by By = {v;(£) : 1 <i<n—1} (over R) is at most n — 3. Let us
check that the system B; satisfies the assumption (c) in Lemma 3.45. Indeed
if v;(¢) = 0 and v;j(£) = 0 then J,,,(y (£)) =0 and]wj(y(ﬁ)) =0 so that
Ol GO
im = lim =1
=L vyl = Jw, (v )]
Also (cf. e.g., [305], p. 342)

T (v (0) — (V]“,,,N)y(t) € Ty(P)™*

so that

gy () (Jt,w (v (5), ”) —&ro <(VJ"“f N> 0} M)

=~y 0 (@) iy 1 Juy (Y (1))

where g; and a; are respectively the first fundamental form and the Wein-
garten operator of P, in (M,g). In particular for u = J,,(y(¢)) (recall that
{]w/.()/(t));l <Jj =< n—1}is alinear basis in T, (P))

& (J:V,"JWJ‘)V(t) =& (“JL‘O"J“’")V(T)

or (by (an),uJuw(y(®)= (a,)f]wk]wk(y(t)) and the fact that 7;:
Ty (1 (P;) — Tx(P) is a linear isometry)

(i (6), v (D)) = = () (vi(), ve(9))

where (, ) = g0, We may identify T,(M) with R" by choosing a local
coordinate system about x and use Lemma 3.45. With the notations there

(@) = (D7 )" (M (DY
hence
H, = —trace(M,).
Also
Ae= \/m

follows easily from ¢; dvol(g;) = A;dvol(gy). Thus (by Lemma 3.45)

K(x) := sup [(traceMt)zw/det(Dt)] <00

0<t<t
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so that

/ (H; 0 ¢)? Ay dvol(gy) < / K dvol(go).
P P

Yet P; is an orbit of G (for each 0 <t < £) hence H; and A; are constant
along Py so that K = constant on P implying that

/(Hto¢t)2ktdvol(g0) < KVol(P) < o0.
P

Consequently (by taking into account (3.57)) we may set

t
/ H?dvol(g) := lirré / / HZdvol(g,) | ds < oo.
t—
M+ 0 | P

Also (again by Lemma 3.45)
lim (H; 0 ¢¢) Ay = — lim (trace M;) 4/ det(D;) =0
t—¢ t—¢

hence

hn%/thVOI(gt) = hl’ré/ (Ht (¢] ¢f) )utdvol(go) =0.
t— t—
P, P

Finally (by (3.56))

/ IVN|?dvol(¢) = / Hodvol(g)
M+ P

(3.60)
— / Ric(N, N)dvol(g) + / H?dvol(g) < 00
M+ M+

ie., |[VN]| € L>(M) and then N € H;(T(M)). If M~ is the other con-
nected component of M\ P (the one containing ;) one may conduct
similar calculations leading to (the following analog to (3.60))

/ IVN|?dvol(¢) = — / Hodvol(gy)
M~ r

(3.61)
— / Ric(N, N)dvol(g) + / H?dvol(g) < oo.
M~ M~
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The sum of (3.60) and (3.61) furnishes (3.45). Let us check that N is a weak
solution to the harmonic vector field system. To this end a straightforward
calculation shows that

AN —|VNI?’N=0 in M\F. (3.62)
On the other hand F is a set of measure zero hence for any Z € X% (M)

(by (3.62) and (2.114) in Chapter 2)

/ (YN, V Z)dvol(g) = f (YN, V Z)dvol(g)

M M\F

= / «(V*VN, Z)dvol(g) = / 9(AGN, Z)dvol(g)

M\F M\F
= f [VN|%¢(N, Z)dvol(g) = f IVNI%g(N, Z)dvol(g).
M\F M

The reader should of course keep in mind Definition 2.52 in Chapter 2. B

> 3.9. RIEMANNIAN TORI

Let ' = {mdy +nd> € R> : m,n € Z} be a lattice in R? and T? =
R?/T the corresponding torus. Let 7 : R? — T? be the natural projec-
tion (the universal covering of T2). Throughout Section 3.9 we adopt the

notations and conventions in Section 1.5 of Chapter 1 and Sections 2.6 and
2.10 of Chapter 2. Let g be an arbitrary Riemannian metric on T2 and let
{S, W} be an orthonormal frame such that JS = W where J is the complex
structure on T2 induced by a fixed orientation of T? (chosen such that 7
is orientation preserving). Let us recall (cf. Section 2.6 in Chapter 2) that

VsS=alW, VglWW =—aS,
VwS=bW, VyIW=-0bS.
If u € C>(T?) then (with the convention {Ej, B>} = {S, W})

2
Au= =Y (B2 = (VR ED = —S2u-+ (VsS)u— W2u-+ (VW
i=1
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hence
Au= (=8 —W?—bS+alW)u. (3.63)
Also the following formulae may be easily checked
Af = (—32 W2~ (hom)S+ (aon)W)f, feCC®RY).  (3.64)

Objects with a hat indicate the dependence on the pullback metric § = 7*g.

Moreover
Aworn)=(Auyom, ue CX(T?), (3.65)
div(Y) = divy) o, (3.66)

where Y € X¥(R?) and Y € X(T?) are mw-related i.c., (dgn)i/g = Yy (¢) for
any & € R?. Moreover given ¢, € C®°(T?) and a € C®(R?) such that
cosae = @ o and sina = ¥ o7 a straightforward calculation leads to

(@AY — Y A@) o = Aa. (3.67)

3.9.1. Harmonic Vector Fields on Riemannian Tori
We recall (cf. Section 2.6 in Chapter 2) that the total bending functional

B:& — [0,400) of a Riemannian torus (Tz,g) was recast as a func-
tional defined in terms of the angle functions associated to unit vector

fields X € €

B:W —[0,400), B(a)= 2/ Vo + Z||§n*wT
Q

for any angle function o € W (cf. (2.43) in Chapter 2). Here Z =aS+ bW
and Z € X(R?) is m-related to Z. The purpose of this section is to establish
the following

Theorem 3.46 (G. Wiegmink, [309]) Let (T2,g) be a real 2-dimensional
Riemannian torus and € =T*°(S(T?,9)) the set of all unit tangent vector fields
on (Tz,g). Let {S, W} be an orthonormal frame of(T(TZ),g) such that JS = W.
Then a) the following statements are equivalent
i. X € & is a critical point of B i.e., {dB(X;)/dt},—o = 0 for any {Xi}1er € &1
such that Xo = X.
ii. Any angle function o (with respect to {S, W}) of X satisfies

Aa — (Sa+ Wh)omr = 0. (3.68)
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iii. The (S, W)-coordinates (@, V) of X satisfy
Ay — Y Ap —Sa— Wh=0.
iv. X satisfies the identity
g(VxVxX, JX) = ¢(VixVix JX, X).

Moreover b) if X € £ is a critical point of B then the full orbit of X under any
smooth action of a Lie group on & leaving I3 invariant consists ofcriticalpoints. The

set of critical points of B intersects each homotopy class E(m n € {(X]: Xe&}C

7(T?,8(T?)) exactly in one orbit of the SO(2)-action on £. Therefore, up to this

action, there is but one critical point in each class 5(("1’3/)

¢) Let u e C®(T?) and let g = ¢*"g be a metric on T? in the conformal class
of g. Then a unit vector field X € £ is a critical point of B if and only if e "X is a
critical point of[;’

d) Let h be a flat metric on T> and V" its Levi-Civita connection. There is an
h-orthonormal frame {So, Wy} which is parallel with respect to V" Let (-,-) and || -
|| be the Euclidean inner product and norm on E? and let us set D = ||d1 || ||d2]|> —
(dy,d»)?. The (So, Wy)- angle functions Ay, , : R?2 >R of the critical points of B
on (T2, h) in the homotopy class 5( O W0 aye given by

Amn(&) = [ di,€) (M||d2||2 — n{dy, d»))

+(do, &) (nlldy > — m{dy,do)) ] +5s, seR,  (3.69)
for any & € R?. Also

B(hmn) = — (m 1211 4 (| d1 I” — 2mn(dy, d2)).

¢) For any critical point X € € of B on (T2, ¢) and for any q € T? there is a
conformal coordinate chart f = U — 2 (where U C T2 is an open neighborhood of
q) such that

X= (cos )Lm,ﬂ) i + (sin)\m,n i

3y df
in terms of the Gaussian frame field of f with A, , as in (3.69) for suitable (m,n) €
Z2%. When (m,n) = (0,0) the f-coordinates of X are constant.

The beautiful Theorem 3.46 is perhaps the main result in [309] (and
shows that on a Riemannian torus a quite accurate description of harmonic
vector fields is available).

To prove Theorem 3.46 we need to establish a few preparatory results.
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Lemma 3.47 For any semiperiodic function B € Per(m, n), there exists a tangent
vector field Y € X(T?) such that

AB=—(divY)or, / (Aﬂ)n*wT =0,
Q

where Q = {sdy + td> : (s,t) € [0, 1]2}.

Proof. Let B € Per(m,n) be a semiperiodic function and let V' = @,3 €
X(IR?) be the gradient of 8 with respect to the metric §. By Lemma 1.35 the
function & € R? > (dem) Ve € Tn(g)(Tz) is periodic, hence its restriction
to the fibre 77! (p) 1s constant so that the tangent vector field Y € X(T?)
given by

Y, =(dsm)Ve, Een'(p), peT?,

is well defined and m-related to 17. Therefore, according to our conven-
tions, the vector field IV may be denoted by Y. Then (by (3.66))

AB = —div(Y) = —(divY) o,
f (Aﬁ) Tror = —fn* (div(Y) or) = —/div(Y)a)T —0

Q Q e

by Green’s lemma. Lemma 3.47 is proved. [

Let X : I — & be a smooth path in & i.e., a C* family {X(f)};es € &'
(see Section 1.5 in Chapter 1). Let & € C®(R? x I) be an angle function
for X and let us set &« = da/d¢t. Then

d d A A .o N
" (B(X(1)} = ZZ/ [Va + Z||§n*a)T = 4fg(Va +Z Va)n*or.
Q Q
On the other hand

WV +2,V6) = (Va+ Z)a =dv (& (Vo + 2) ) - adv (Vo + 2).
Note that « <@(x+2> is w-related to some U € X(T?) (because o is

semiperiodic and Z is w-related to Z). Hence

/é@(a (%JFZ))n*wT:/cfv(i])n*szfdiv(U)szo.
Q Q T2
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We may conclude (as div(Z) = S(a) + W (b)) that

%{B(X(t))} — 4/02 {Aa — (Sa+ Wh) on}n*a)T. (3.70)
Q

At this point we may prove Theorem 3.46. To establish the implication
(ii) == (i) let X € &€ be a unit vector field on T2 and & € W an angle func-
tion for X such that (3.68) is satisfied. Let {X(¢) };c; be a smooth variation of
X through unit vector fields such that X(0) = X. This of course amounts
to considering a smooth 1-parameter variation {o;}rer of o (i.e., g = &)
through semiperiodic functions. On the other hand we may evaluate (3.70)
at t =0 to get (by (3.68))

%{B(X(t))}t:() - 4/5 {Aa — (Sa+ Wh) oﬂ}n’*a)T —0
Q

where (&) = &(£,0) for any £ € R? i.e., X is a critical point of B: £ —
[0,4-00). Vice versa if {dB(X(t))/dt};=o = 0 for any smooth 1-parameter
variation X(f) € £ of X, in other words for any smooth 1-parameter
variation o; € W of «, then we may choose the variation o; such that

&(£,0) = (Aa) (&) — (Sa+ Wh)re) so that

0= / BE) (Aa = (Sa+ W) o) )dvol @) (&)
Q
:/||Aa—(sa+ Wh) o ||(€)*dvol(§) ()
Q

hence (Aa) (6) — (Sa+ Wh)z gy = 0 that is (3.68) holds and the implica-
tion (1) = (ii) is proved.

Next the equivalence (ii) <= (iii) is a consequence of the identity
(3.67) above.

To prove the implication (iii) = (iv) we choose the orthonormal frame
{S, W} ={X,JX} so that ¢ =1 and y = 0. Then (by the very assumption
in (iii))

0=—@AY + Y Ap+ (Sa+ Wb) = Sa+ Wb
= X(g(VxX, JX)) + (JX) (¢(Vix X, JX)).
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Vice versa (iv) implies (i) because (T2,],¢) is a Kihler manifold. Finally (i)
follows from (iv) (because (iv) is easily seen to imply A,X — || X 12X = 0).
Statement (a) in Theorem 3.46 is proved.

Let us prove statement (b) in Theorem 3.46. Let Gx & — & be a
smooth action of a Lie group G on & such that B(a- X) = B(X) for
any a € G and any X € £. Let Crit(B) be the set of all critical points of
B:& — [0,400). Clearly if X € Crit(B) the orbit G- X ={a-X:a€ G}
is contained in Crit(3). Let

0= (C."S’ _S“”)e SO2), reR. 3.71)
sinr  cosr

and let us set a- X = (cosr) X + (sinr) JX (as in Theorem 2.26 in Chap-

ter 2 of this book). Let (m,n) € Z? and let 5((23/) e 7(T2%,8(T?)) be the

homotopy class consisting of all X € £ with htp(S’ ")(X) = (m,n). We shall

show that if Crit(B) N £(>1) @ then Crit(B) NE(Y 1 is a SO(2)-orbit.

Precisely if X € Crit(B)NE S hen we shall show that

(m,n)

. S, W
Crit(B) N S(ﬂﬂ,ﬂ) ) =S0(2) - X. (3.72)

As X € Crit(B) and B is SO(2)-invariant it follows that
SO(2) - X C Crit(B). (3.73)

Let o € Per(m,n) be an angle function for X and a € SO(2) (determined
by a number r € R as in (3.71)). Using the fact that X o = (cosa) Som +
(sina) W o one has

(a-X)om = (cosr) Xom+ (sinr) (JX)om
=cos(@d+r) Somr +sinfe+rWom
that is o + r is an angle function for a- X. The fact that o is semiperiodic
obviously implies that o + r is semiperiodic as well, and precisely o 4r €

Per(m, n) hence htp(S’W) (a-X) = (m,n). Therefore a- X € ESM 4nd we
may conclude that

(SW)
SO@)- X&) (3.74)

By (3.73)—(3.74) one has

SO(2) - X C Crit(B) N EST). (3.75)

(m,n)
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To check the opposite inclusion let Y € Crit(B) N 5((;’:;/)

functions B € C®(R?) of Y belong to Per(m,n) and satisfy (as a conse-
quence of statement (a), cf. description (ii) of the critical point Y) &,3 =f
where f = (Sa+ Wh) o € C®°(R?). On the other hand (by (3.68)) Aa =
f hence

. Then all angle

AB—a)=0 (3.76)

in R? and in particular in Q. Let us recall that on any Riemannian
manifold (M,g) with the Laplace-Beltrami operator A one has A(uv) =
ulAv+vAu—2¢(Vu, V) for any u,v € C2(M). In particular for v = u one
has A(u?) =2 (uAu — ||Vu||2) If moreover u is a harmonic function then
A(u?) = —2||Vul|>. For M =R? and u = B — « this gives (by (3.76))

/ A[(—aP]ntor =2 f 1968 — )2 7wr.
Q Q

Note that 8 — « € Per(m,n) so that (8 — a)? € Per(0,0) as well. Then (by
Lemma 3.47)

/ A[(B - a)]n*or =0.
Q

Consequently fQ ||@(ﬁ —a) ||§ m*wr = 0sothat 8 —a = r for some r € R

everywhere in Q. Thus
Yom=(cosB)Som+ (sinB)Wom=(a-X)omw

in Q, that is Y=14a-X in 7(Q) = T2 so that Y € SO(2)-X. We may
conclude that

Crit(B)yNES™M cs0(2) - X.

(m,n)
Together with the inclusion (3.75), this implies the desired equality (3.72).
At this point it remains to be seen that for any (m,n) € 7>

Crit(B)NESM) £ g,

(m,n)
The proof is based on the following well-known result in the theory of
partial differential equations

Lemma 3.48 Let M be a compact orientable Riemannian manifold and f €
CY(M). Then the equation Au=f has a weak solution u € wh2(M) if and

only y‘j:wfdvol(g) =0.
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Let (m,n) € Z* and let B € Per(m,n). Then (by Lemma 3.47) there
is Y €X(T?) such that A = —(divY)om. Let f = div(Y + Z) where
Z =aS+bW. Clearly szfCUT =0 hence (by Lemma 3.48) there is a
weak solution uy to Au=f. Also u € C®(T?) because f € C®(T?) and
the Laplacian A is hypoelliptic. Let us set by definition

a=uyomw+p e COR?.

As ug o is periodic and B semiperiodic it follows that ¢ is semiperiodic,
too. Precisely a € Per(m, n). Moreover

Aa=A(ugon)+AB=(Auy)or —(divY)orn
=div(Z)omr =(Sa+ Wb)om

i.e., & is a solution to (3.68). Let us define X € X(T?2) by setting
X, = cosa(§)S, +sina(§)W,, &en '(p), pe T

The definition of X}, doesn’t depend upon the choice of § € 7~ (p) because
o 1s semiperiodic. Also o € Per(m,n) is an angle function for X hence
htp(s’W) (X) = (m,n). Finally, due to (3.70) and (3.68), it follows that X
is a critical point of B i.e., X € Crit(I3) N 8((2’,:;/)

Statement (c) in Theorem 3.46 follows easily from the identity (2.110)
in Chapter 2.

Let us discuss statement (d) in Theorem 3.46. If h is a flat metric on
T2 and V" is the Levi-Civita connection of (T2, h) then we may build a
globally defined orthonormal frame {Sy, Wy} of T(T?) (.e., h(Sy,So) =
h(Wo, W) =1 and h(Sp, Wy) = 0) such that {Sp, Wy} are Vh—parallel
(.e., Vs, =V, = 0). The construction of {Sy, Wy} is standard.” With
respect to the chosen frame {S, W} ={Sy, Wy} one has a=b=0 and
A =9°/0°x+ 0%/8%y where (x,y) are the natural coordinates on RZ.
Moreover, it is straightforward that the functions (3.69) are precisely the
(m,n)-semiperiodic solutions to (3.68) in the flat case at hand.

Let us justify statement (¢) in Theorem 3.46. By the J.L. Kazdan &
EW. Warner result (cf. [185]) quoted in Section 2.10 of Chapter 2, given a
Riemannian metric g on T2 there is a flat Riemannian metric / in the con-
formal class of g. Let {Sp, W)} be/an h-orthonormal frame of T'( T?) such

2 One merely starts with a /i,-orthonormal basis {s,wp} C Tp(Tz) at a point p € T2 and parallel
translates {so,wp} (with respect to Vh) along the geodesics of (T2, h) issuing at p.
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that V1S, = V"W, = 0, as before. Let Og, = h(Sp, ) and Oy, = (W, -).
Then

2(d05,))(X,Y) = X(Og,(Y)) — Y(O,(X)) — O, ([X, Y])
= (VEOg)Y — (VEOs)X =0.

Similarly d®py;, = 0. By the Poincaré lemma for any g € T2 there is an
open neighborhood U C T? of ¢ and there exist smooth functions fi,f
U — R such that @5, = dfy and Oy, = dfs on U. Let f : U — R? be given
by f = (fi,f2). Let E? denote R?> endowed with the canonical flat metric
dx @ dx 4 dy ® dy. Since

So(f1) =1, So(f2) =0, Wo(f1)) =0, Wo(f2) =1,

it follows that
ffAx@dx+dy@dy) = Og, ® Og, + Oy, @ Oy, = h

hence f is an injective isometric immersion of (U, h) into E? hence a con-
formal local chart of (T2, 9.

Corollary 3.49 Let (Tz,g) be a Riemannian torus and X a nowhere zero
Killing vector field on (T2,g). Then X /|| X| is a critical point of B. If additionally
| X|| is constant then X is parallel and g is flat.

Proof. Let us set f = || X]| € C>®(T?). Also let us consider the unit vector
fields S, W € & given by

S=(/HX, W=(1/)JX.
Then (as X is Killing)
0=(Lx9(S, W) =g(VsX, W) +¢(VwX,S)

= S(NS, W) +fe(VsS, W)+ (1/)) g(Viy X, X)
1
=fat o WAXID) =fat W)
so that a = —W (logf). Similar calculations show that b=0 and Sa+
Wb = 0. Then by Theorem 3.46 it follows that S is a critical point of B.

3.9.2. Stability

Let Xy €& be a unit vector field on the torus (Tz,g) and let X =
{X(D}11<e € E(=e,e) be a 1-parameter variation of Xy (such that X(0) = Xp)
of class C*°.
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Definition 3.50 A 1-parameter variation Y = {Y(£)}<¢ € E(—¢,¢) of class
C®™ is said to be in first order contact with X at t = 1y if X(fp) = Y (tp) and
(dX/dt)(to) = (dY /dr)(to). u

The scope of this section is to prove the following result (which slightly
reformulates and completes Proposition 2.34 in Chapter 2 of this book)

Theorem 3.51 (G. Wiegmink, [309]) Let us consider a Riemannian torus
(T?,9) and let Xy € Crit(B) C & be a critical point of the total bending functional.
Then

d2
2 {BX()}=0 >0 3.77)

for any smooth 1-parameter variation X = {X(t)}j<e € E(—e.e)) of Xo (such that
X(0) = Xo). Moreover one has equality in (3.77) if and only if X is in first
order contact at t =0 with a variation Y = {Y () }jj<e of Xo such that Y(t) €
SO(2) - Xy for any |t| < €.

Here SO(2) - X denotes the SO(2)-orbit of Xy € £ with respect to the
action of SO(2) on & given by (2.44) in Chapter 2.

Proof of Theorem 3.51. Let X € ¢y with X(0) =Xy and let o€
C®(R? x (—¢,€)) be an angle function for X. We recall (cf. (3.70)) that

{%{B(X(t))} - 4/(5{ [Aa — (Sa+ Wh) o n] e
Q

Let us differentiate with respect to ¢

j—; (BX(1))} = 4/ {B [Aa — (Sa+ Wh) on] +ﬂAﬁ}n*wT
Q

where B =a. Let us set op(§) = «@(£,0) and Bo(§) = B(£,0) for any & €
R?. Then for =0 (as Xp € Crit(B) implies that Aoy = (Sa+ Wh) o, cf.
Theorem 3.46)

4> R
ﬁ{B(X(t))}t:o = 4/,30 (Aﬂo)n*wT = 4/V(AV)CUT (3.78)
Q

T2
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where v € C®(T?) is given by v(p) = Bo(£) for any &€ € ! (p) and any
p € T?. Then (by Green’s lemma)

2

%{B(X(t))}t:() =4/{ div(v Vv) + || Vv]|*} —4/ IVol* >0
T2

and (3.77) is proved. Let us assume that equality takes place in (3.77). Then
v=ron T? for some r € R i.e., By = r on R2. We set by definition

yE,D=ag)+1po(E), £eR? i <e,

so that y € Per(_¢ ¢)(m,n) where (m,n) = hepS ) (Xp). Moreover let Y =
{Y(t)}|t|<e be given by

Y(1), = (cosy (€,0)S,+ (siny (E,0)W,, Een '(p), pe T
Then Y(0) = Xy = X(0) and (dY/dt)(0) = (dX/dt)(0). Also
Y (1) = (cos(tr)) Xo + (sin(tr)) JXo € SO(2) - Xo

for any |t| < €. Vice versa if X(f) stays in SO(2)- Xy then B(X(¢)) is
constant so that (3.77) holds good. |

Corollary 3.52 Let (T?,g) be a Riemannian torus. For any (m,n) € Z2 the
restriction B : 5((8 :;/) — [0,4-00) of B to the homotopy class 5((;::;/) attains an

absolute minimum. Moreover inf {B(X) Xe E(i :V)} is achieved precisely at the

critical points in Crit(B) N 5((2’2/).

Proof Let (m,n) € Z? and let B be the restriction of B to Sfj :;/) €

{[X]: X €&} Cm(T? S(T?)). Let Y be a critical point of B in 5((; g/)

and let X € 5((2 ﬂ)) be arbitrary. Let A, 8 € Per(m, n) be respectively angle
functions for Y and X. Let o € Perg(m, n) be defined by

aE,n=(1—-0DrE)+1BE), EeR? teR.

Then Aa;=(1—)Ar+(AB and a(k, H=pE) —rE) =a(§,0) for
any £ €R? and any re€R. Moreover, Al = (Sa+ Wh)omr because
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Y € Crit(B) (cf. Theorem 3.46). Then (by (3.70))

4 Blay) = 4/a [Aa — (Sa+ Wh) on] o7
dt

Q
= 4/(,3 —MIAB -V 0T = 4t/aOAa0n*wT
Q Q

where ¢o(&) = @(£,0) for any £ € R%. Yet ap = A is a critical point of B
hence (by (3.78) and (3.77))

B — d> 5 _—
E{ (Olt)}—f@{ (a5)}=0 = 0.

Thus B(Y) = B(ag) < B(a1) = B(X) so that infB,, ) = B(Y). Corol-
lary 3.52 1s proved. n

3.9.3. Examples and Open Problems

Let Le Ry and let c= (¢1,0) : R — Ry x R C R? be a C* immersion
such that both ¢ are L-periodic functions. Next we consider f : R> — R?
given by

f(x,y) = (cos®)cr (), Ginx)aa (), (),  (x,y) € R*.

Clearly f is a C* immersion. We set di = (27,0) and d» = (0,L) and
I' = {mdi +nd> : (m,n) € Z?}. Let T> = Rz/F and let 7 : R2 — T2 be the
natural projection. Clearly f induces an immersion W : T> — R> given by
W(p) =f(&) for any & € m~!(p) and any p € T?. We endow T2 with the
Riemannian metric ¢ = W*gy where gy = dx + dy> 4+ dz> is the standard
flat metric on R3. That is to say we endow T2 with a Riemannian metric
¢ arising from an immersion of T2 in E? = (R?, 20) as a torus of revolu-
tion with an arbitrary profile curve. The maps & € R? > (dg7r)(0/0x)g and
& € R? > (dgm)(d/dy)¢ are periodic hence {9/dx, 3/dy} are projectable.
Let X,Y € X(T?) be given by

0 _
) Yp=(d§77)a— , §em 1(p), pGTZ.

0
X, = (demr)—
b (En)ax Yle

£

Next we set

1 1
S=—-X, W=-—Y,
a llcll
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so that {S, W} is a global g-orthonormal frame of T(T?). It should be
observed that the standard Euclidean torus may be obtained for

c(y) = (R+rcosy, rsiny), yelR. (3.79)
Indeed if this is the case W(T?) is given by the equations
X=(R+rcosy)cosx, Y =(R+rcosy)sinx, Z=rsiny,

where (X,Y,Z) are the Cartesian coordinates in R3. Eliminating the
parameter y € R one obtains the fourth order equation

X2+ Y?’+ 72> —R>2— )2 =4R*(P - Z°). 3.80
)

Directly on the familiar equation (3.80), one may read oft the two families
of circles lying on W(T?) the first of which is obtained by intersecting
W (T?) with a plane passing through the axis X =0, Y = 0. Such a plane
intersects the torus in two circles of radius r which are symmetric with
respect to the Z-axis. Also the planes Z =a (a € R) intersect the torus
in two real circles if |a| <r, centered at the origin (and coinciding when
Z=). If Z=0 one gets the maximal and minimal circles X + Y? =
(RE1)2. It may be easily seen that (dW)S and (dW) IV are the unit tangents
to the two families of circles above, so that W (T2) possesses two unit tangent
vector fields which are regular (in the sense of R. Palais, [233]). It is a classical
fact that the torus is the only closed surface possessing regular vector fields
(cf. e.g., G. Vranceanu, [304]).

Let us go back to the case of an arbitrary profile curve where g is
given by

g=a()? d + [l dy’. (3.81)
A straightforward calculation based on (3.81) shows that

ViS=0, V=0,

/ /
Ves=—— AWy, gy 9
alecyl a eyl
Consequently
qaw
a=g(VsS W) =———"""—, b=g(VyS,W)=0, Sa+Wb=0.
a eyl

On the other hand for any angle function @ of S one has @ (§) € {2mm :
m € Z} hence (by the continuity of «) it must be @ = constant. Hence

~

Aa=0=(Sa+ Wh)om
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and we may use Theorem 3.46 to conclude that S is a critical point of
B and actually (by Corollary 3.52) the absolute minimum of B restricted
to 5((:0?/) The same is of course true for . More can be said for the
particular metric g = W¥*gy on T2.

Proposition 3.53 (G. Wiegmink, [309]) Let us consider the torus
T? =R?/{(2wm, Ln) : (m,n) € Z*} endowed with the metric ¢ = ¢1 (y)2 x> +

le(y)I12 dy?. Then S, W € Crit(B) NEy)” and

4 ()?

L
B(S)=B(W) = | ddvol(g) =2 /—
(8) =BW) / M= | D

T2 0

dy = 27‘[1‘10.

The constant Ao may be determined’when (T?,g) is the standard Euclidean torus
with c(y) given by (3.79) for R > r > 0, that is Ao = 2w R/r.

It is an open problem to extend G. Wiegmink’s results to Finslerian tori,
cf. e.g., P. Dazord, [94].

We end this section with the following remark and open problem. Let
¢ : T?> — N be a smooth map of a Riemannian torus (T2, g) into a warped
product N = L X, R for some C* function w: N — (0,+00) that is N =
L x R where Lis a (v — 1)-dimensional Riemannian manifold carrying the
metric ¢r and N is endowed with the Riemannian metric

gN = nfgL+w2 dt @ dt (3.82)

where 71 : N — L is the natural projection. Let f =mj0¢: T?> — L and
0 =mro¢p e C®(T?) where mp: N — R is the natural projection. We
wish to compute the Hilbert-Schmitd norm of d¢. To this end we use
a g-orthonormal frame {S, I} as before. Indeed for any p € T

ldgpll; = traceg (¢%en), = (%) (S, 8), + (¢"an) (W, W),
= I4F 12+ w(d @) {[@7dn,s, )" + [@*do, 1, ]|
and ¢*dt = d6 so that
11> = Ildf1I” + (wo §)* VO, (3.83)

3 We take the opportunity to correct a misprint in G. Wiegmink, [309], p. 342. Indeed one has
[ 1{sin%y) /(R + recosp)]dy = Ty —siny — 24/72 — larctan \/[(r — 1)/(z + D](1 — cosy)/(1 + cosy)

+ const., where T = R/r, and L =27
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Let us assume that ¢ : T2 — N is a harmonic map of (T2, ¢ into (N, gn)
where gn is given by (3.82). Let us consider the following smooth
1-parameter variation of ¢

b T> > N, ¢.(p)=(f(p),0(p)),
0:T> >R, 0(p)=0(p)+sp(p), peT? sl <e,

where ¢ € C®(T?) is a given smooth function. As ¢ is harmonic (by
replacing ¢ with ¢ in (3.83))

d d ,
0= LB =+ /wmmm@>
s ds

s=0
d
- ds ) /‘(||df||2+ (quSS)Z ||V95||2)dv01(g)
" s=0
2 du? 5
:/ QCwop) ¢(Vep, Vo) + ¢ (W O¢)> IVE] }dvol(g),
T2

Next we integrate by parts

/ (w? o $)g(Ve, VO)dvol(g) = / (w? 0 $)(VO)(@)dvol(g)

= / {div(e(w? 0 ¢) VO) — @ div((w? o ¢) V6) }dvol(g)

T2

— / @ div((w? o ) VO)dvol(g)
TZ
so that

div((w” 0 ¢) VO) = % <8— o¢> IVO|>. (3.84)

The fact that the component 8 = 75 o ¢ of a harmonic map ¢ : T? > L x,
R satisfies (3.84) was first observed by B. Solomon, [271] (and the result
holds for harmonic maps from an arbifrary Riemannian manifold (M, g) into
L x, R, cf. Lemma 1 in [271], p. 153). The equation (3.84) is elliptic hence
any smooth solution 6 to (3.84) satisfies the strong maximum principle
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(cf. e.g., E. Calabi, [76]). Consequently for any harmonic map ¢ : T> —
L x,, R the image ¢ (T?) lies in L x {tp} for some 4 € R. To formulate the
open problem alluded to above we need to recall a few notions of topology.
Let

) :SVﬂ{(xl,...,xv+1) e RVT! :x%—}—x%:()}

be a (v —2)-dimensional sphere embedded in S” as a totally geodesic
submanifold. A continuous map ¢:T? — S” is said to meet ¥ if
H(TPH)NT #P. Also ¢ : T?> — S is said to link X if it does not meet ¥ and
the map ¢ : T? — S"\ = is not homotopically nontrivial. By a beautiful
result of B. Solomon (cf. Theorem 1 in op. cit., p. 155)

Theorem 3.54 A nonconstant harmonic map ¢ : T> — S¥ either links or
meets 2.

The key ingredient in the proof of Theorem 3.54 is to observe
that S”\ X is isometric to a warped product Sj__l X, S' where Si_l =
{(y1,---,p0) €RY: y% +---+y2 =1, y, > 0}. Then whenever ¢ neither
meets nor links ¥ it must be constant. Indeed if ¢ : T — Si_l X, S'is a
null-homotopic harmonic map then ¢ lifts to a harmonic map ¢ : T> —
Si_l X,y R (one also exploits the fact that the former target is the univer-
sal covering space of Si_l Xy S1). Then one applies the argument above
(based on the strong maximum principle) to conclude that ¢ is actually a
harmonic map T? — Sj__l and as such (by a result in J. Eells & L. Lemaire,
[112]) a constant.

We come to our final comment. Note that Si_l x S' is homotopy
equivalent to S'. Consequently a continuous map ¢ : 7> — Si_l x S is
null-homotopic if and only if po¢ : T?> — S! is null-homotopic, where
p: Sz__l x S' — 8! is the natural projection. Yet the homotopy classes of
continuous maps T2 — S! form the Bruschlinsky group m'(T?) of the
torus, computed in Chapter 1 as identified with the set of homotopy classes
of unit tangent vector fields {[X]: X € &} (where & =T®(S(T?))). We
expect a nontrivial link among the geometry of smooth maps T2 — S”\
and the geometry of unit tangent vector fields on T2,
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Our first examples of harmonic vector fields were Hopf vector fields on

a sphere $2"*!

, that is Reeb vector fields underlying Sasakian structures
on S?"+1 Tt is therefore a natural problem to study harmonicity of Reeb
vector fields on arbitrary contact Riemannian manifolds. As it turns out,
looking at the harmonicity of the Reeb vector field of a contact metric
manifold M is relevant for understanding the geometry of M itself. After
a brief preparation of contact Riemannian geometry (cf. D.E. Blair, [42])
one introduces one of the main object of study in this chapter, that is the
notion of an H-contact manifold (a contact metric manifold whose Reeb
vector is harmonic, cf. Definition 4.2 below). H-contact manifolds may
be described as in Theorem 4.5 [due to D. Perrone, [242], and generaliz-
ing a result by J.C. Gonzalez-Davila & L. Vanhecke (cf. [145]) holding in

dimension 3]. Conclusive results may be obtained on 3-dimensional contact
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metric manifolds with ||7|| = constant, where T = L¢¢. Any such manifold
M is H-contact if and only if M is either Sasakian or M is locally iso-
metric to a unimodular Lie group G (equipped with a non-Sasakian left
invariant contact metric structure) whose universal covering belongs to the

list {SU(2), E/(\é), SL/(ZI/R), E(1,1)} (cf. Theorem 4.24 below). It is note-
worthy that one distinguishes among the various candidates in the list by
looking at p = 44/2W /||| where W is the Webster scalar curvature, so
that the discussion in Theorem 4.24 is related to the work by S.S. Chern &
R.S. Hamilton, [86], and S. Tanno, [281].

4.1. H-CONTACT MANIFOLDS
4.1.1. Contact Metric Manifolds

We start by reviewing a few facts of contact Riemannian geome-
try. Our main reference is the monograph [42], yet we also rely on
the exposition in [286]. Let R?>"*! with the Cartesian coordinates

n+1

(t,x],...,x”,x X2 A contact transformation is a local diffeomor-

phism of R?"*! preserving the 1-form
n=dt—Y & dx (4.1)
i=1

up to multiplication by a nonzero real valued function. The family Go,,11 5
of such local diffeomorphisms contains the identities and the inverses, and
admits a partial composition law (G2,,41,y 1s the contact pseudogroup). Taking
germs of local diffeomorphisms, one obtains a topological groupoid I'2,,41 5
to which there corresponds (cf. e.g., the method of construction presented
in [64]) a classifying space BI'2,41,. The space BI'z,11, classifies codi-
mension 2n 4+ 1 foliations which admit locally a contact structure transverse
to the leaves. The case of interest in this chapter is that of the foliation
by points and the underlying manifold admits a global contact form. For a
precise treatment we need a few definitions.

A real 1-form n on a real (2n+ 1)-dimensional manifold M is a contact
Sform it n A (dn)" is a volume form on M. By the Darboux theorem (cf.
[42]) for any point of M there is a local coordinate system (U, ,x?) with
respect to which 1 is given by (4.1). A contact structure on M 1s a maximal
atlas A whose transition functions are elements of G,11 . A contact struc-
ture A determines a contact form provided the transition functions of A lie
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in g;; i the pseudogroup of orientation preserving transformations in
Gontt,y (f nis odd then gZJ:H-l,n = Gou+1,5). Therefore on oriented mani-
folds the two notions are equivalent, and a pair (M, n) or (M, .A) is referred
to merely as a contact manifold. If orientability is not assumed and # is even,
then M may admit a contact structure A without a globally defined form
n (an example is M = R"T! x RP", cf. R. Stong, [276], for a comparative
discussion of the two definitions).

Two contact forms 1y and 71y are equivalent if there is a transfor-
mation f: M — M and a nowhere zero function A € C*°(M) such that
f*n1 = Ang. Therefore, on an oriented manifold, an equivalence class of
contact structures is defined by a section of P(T*(M)) (the projective
bundle associated to the cotangent bundle).

The condition n A (dn)" # 0 implies that 7 has maximal rank 2n so that
there is a smooth distribution H(M) of rank 2n such that (dn)" is never zero
on H(M). Next there is an associated 1-dimensional smooth foliation on M
defined by a vector field & € X(M) satisfying n(§) =1 and &€ | dn =0, the
characteristic direction or Reeb vector field of (M, n). Let us give a few examples
of contact manifolds.
a.Let N be a real n-dimensional manifold and M = T*(N) x R. Let 7 :

T*(N) — N be the projection, & € T*(N), and Z € To(T*(N)). We
consider the 1-form w € Q' (T*(N)) given by

we(Z) = a((da7)Z).

If t is the coordinate function on R then n = IT*w + dt is a contact form
on M, where IT: M — T*(N) is the natural projection.

b. A projective algebraic variety X>" has natural symplectic structure whose
defining 2-form €2 belongs to an integral cohomology class. Let S! —
M 5 X2" be the principal circle bundle over X?" determined by this
class. There is a contact form n on M such that 7*Q = dn. The leaves of
the associated 1-dimensional foliation are the fibres of 7. See also [284].

c.Letg; € Z, a; > 1,and let V' = V(ao,...,a,) be given by

V=8"""N{z=(2,...,2,) € C""": 280 42 =0}
Then the real 1-form n € Q(C"+1)
i 1
n= gz;a—j(z,fd?j—%d%‘)
=

induces a contact form on V, cf. C.B. Thomas, [287].
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A necessary condition for the existence of a contact structure on
M is that GL(2n+ 1,R) (the structure group of T(M)) be reducible to
SO(2n+1). By a result in [286], if M = S*"*! then there are contact
forms corresponding to each reduction of the structure group of the tangent
bundle.

Equivalence classes of contact forms are stable, so that they may be stud-
ied by topological methods (cf. again [286]). Precisely if M is a compact
orientable (2n 4 1)-dimensional manifold and [n] is an equivalence class of
contact forms on M then there is a neighborhood U of [n] in P('T*(M))
such that the 1-forms in each [n] € U satisfy the contact condition and
there is a transformation i : M — M such that h*n is equivalent to 7’.

An associated metric on (M, n) is a Riemannian metric ¢ on M such that
n(X) =g¢(§,X) for any X € T(M) and there is a (1, 1)-tensor field ¢ on M

satisfying
¢*=—I+n®&,
(@ (X, Y)=¢(X,0Y), X,YeT(M).

The pair (n,g) (as well as the synthetic object (¢,&,n,g)) is referred to as a
contact metric structure on M (and (M, (¢,&,n,)) is a contact metric manifold).

If (M,n) is a contact manifold and ¢ an associated metric we denote
by V and R the Levi-Civita connection and the curvature tensor field of
(M,g). Also let Ric, Q and p be the Ricci curvature, the Ricci opera-
tor (¢(QX,Y) =Ric(X,Y) forany X,Y € T(M)) and the scalar curvature
of (M,g). The tensor field h= %qub (where L is the Lie derivative) is
symmetric i.e., g(hX,Y) = g(X,hY) for any X,Y € T(M) and

VE=—¢p—¢h, Vip=0, hp=—ph, ht=0. (4.2)
Let us set T = Lgg. Then
I7]|? = 4trace,(h*) = 8n — 4Ric(£,&),
T(X,Y) =2¢(h¢pX,Y), X,Y € T(M).

Since h anti-commutes with ¢, if E is an eigenvector of /i corresponding
to the eigenvalue A, i.e., h(E) = LE where A is a smooth function, then
@E is also an eigenvector of h corresponding to the eigenvalue —A. Conse-
quently for any point p € M there is an open neighborhood U € M and an
orthonormal frame of the form

{Eo=§&,E Eiyy=¢E :1<i<n}
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(referred to as a local ¢-basis) defined on U and consisting of eigenvectors of
h. A contact metric manifold M is a n-Einstein manifold if the Ricci operator
Q is of the form

Q=al+bn®E

for some a,b € C°°(M). A contact metric manifold is a K-contact manifold
if £ is a Killing vector field (equivalently & = 0). A contact metric structure
(¢,5,1n,9) is normal, or Sasakian, if

(Vx¢)Y =g(X,Y)§ —n(V)X, X,YeTM).

Any Sasakian manifold is K-contact and the converse is also true when
n=11i.e., when M is 3-dimensional. On any K-contact manifold, & is an
eigenvector of the Ricci operator. Precisely

Q& =2né.
We shall need the following notion.

Definition 4.1 (D.E. Blair et al., [46]) A contact metric manifold
(M, (¢,&,n,9)) is called a (k, u)-space if

R(X,Y)& = k{n(X)Y = n(V) X} + u{n(X)hY —n(Y)hX}  (4.3)
for some k, it € R and any X,Y € T(M). [
If M is a (k, i)-space then
Q& =2nkE, k=<1, I =(k—1)¢

and if k=1 or h=0 then M is Sasakian. Contact metric manifolds
satisfying the requirement (4.3) for some nonconstant smooth functions
k, € C°(M) are referred to as generalized (k, pt)-spaces. However, general-
ized (k, u)-spaces exist only in dimension three, ct. T. Koufogiorgos & C.
Tsichlias, [197].

4.1.2. H-Contact Manifolds
We adopt the following

Definition 4.2 A contact metric manifold whose underlying Reeb vector
is a harmonic vector field is called an H-contact manifold. ]

Sasakian manifolds are (cf. G. Wiegmink, [309]) examples of H-contact
manifolds. K-contact manifolds are (cf. J.C. Gonzales-Davila & L. Van-
hecke, [145]) examples of H-contact manifolds, as well. It is also shown
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in [145] that the Reeb vector of a Sasakian manifold is actually a har-
monic map. When M is a K-contact manifold P. Rukimbira, [262],
showed that the Reeb vector & : M — S(M) is a ¢p-holomorphic map (i.e.,
O1,6(x) © (di§) = (d§) o P for any x € M, where ¢q is the (1,1)-tensor
field underlying the standard contact metric structure of S(M) as a real
hypersurface in the almost Kihler manifold T(M)) hence (by a result of
S. Tanus & A.M. Pastore, [175]) € is a harmonic map. It should be observed
that, in spite of the adopted terminology (cf. again [175]) the notion of a
¢-holomorphic map (among two given almost contact metric manifolds)
involves.

Implicitly the metric structures (and isn’t the proper CR analog to the
notion of a holomorphic map in complex analysis, which is the notion
of CR map, cf. e.g., Definition 1.3 in [110], p. 4). A natural question in
this context, to which we shall come back later on (see Chapter 8 of this
monograph) is under which conditions is the Reeb vector & (underlying a
given almost contact metric structure) a CR map? By a result of D. Perrone
et al., [107], if & is a CR map, then the natural almost CR structure on M
(associated to the given almost contact metric structure, cf. S. lanus, [173])
is strictly pseudoconvex and a posteriori & is a pseudohermitian map. As it
turns out, if £ is also geodesic then it is a harmonic map.

In the sequel, we address the problem of characterizing a H-contact
manifold. We shall need the following

Theorem 4.3 (D. Perrone, [242]) Let (M,(¢,&,n,9)) be a real 2n+
1)-dimensional contact metric manifold. Then
Ao = 4nk — Q€ = || VEI*s —mpy Q&
where |VE||? = 2n+ trace (h*) and mp: T(M) — H(M)=Ker(n) is the
natural projection associated to the direct sum decomposition T(M)=H(M) @ RE.
To prove Theorem 4.3 we need

Lemma 4.4 Let M be a real (2n+1)-dimensional contact metric manifold and
{Eo =&, Ej, Euyj=@QE;: 1 <j < n} alocal orthonormal ¢-basis. Then

2n
Y e((Vx)Ei, E) =0, (4.4)
i=0
2n
Y " e(Vxh)E;, Ei) = 0. (4.5)
i=0

forany X € T(M).
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Proof. As X(¢(¢E;, E;)) = 0 it follows that
2(Vx9E;, E) —¢(Ei,¢VxEj) =0
hence (4.4) holds good. Moreover, as

2(Vxh¢)§,8) =0

the identity (4.5) is equivalent to

> d(Vxh)ELE)+ Y o(Vxhd)PE: pE;) = 0.

i=1 i=1

If the chosen ¢-basis consists of eigenvectors of h corresponding to the
eigenvalues {Ag =0, A;, —A;j:1=<j<n} then

s((Vxho)E;, E)) =2X,g(VxE;, QL))
S(Vxhp)QE;, pE) = —21,9(VxE;, @ E)),

hence one obtains (4.5). Lemma 4.4 is proved. [ |

Proof of Theorem 4.3. Using (2.114) and (4.2) we may write
A =—V*p—V*(ph) = —=V*¢ + V*(he).

We need the formula (cf. the identity (3.4), by S. Olszak, [227])

2n
> (VE®)E = 2u§. (4.6)
i=0
Thus
Aok = 20E + V*(he). 4.7)

Next we compute the Ricci curvature Ric(X,§). By (4.2)

R(X,Y)é = —VxVyE +VyVxé + Vix vié
= (Vx®)Y + (Vxph)Y — (Vyd) X — (Vydph) X
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so that
2n 2n

Ric(X,§) = ) R(E, X, E,§) = ) _o(R(X,EDE, Ey)
i=0 i=0
2n

= {e(Vx)Ei ) +(Vx§h)E;, Ey)
i=0

—¢(VEP)X,E) — ¢((VEdh) X, E}
2n

=Y ((Vx$)E.E) — g(Vh$)E;, E))
i=0

+2((VE)E;, X) +¢((VEh) X, En)}
hence (by (4.4)—(4.5) and (4.6), as h¢ is symmetric)
(X, Q&) = 2ng(§,X) — g(V*he, X).
Thus
Vihe = —QE +2nE = —wr Q& — g(QE,6)& +2n&

1 2
=-—muQ§ + Z”T” £
Finally (by (4.7))
~ VARG
Ak =dnk — Qb = (2n+ == |§ — 7 Q5
= | V&% — 7 Qk.
Theorem 4.3 yields L

Theorem 4.5 (D. Perrone, [242]) A contact metric manifold is an H-contact
manifold if and only if the Reeb vector field is an eigenvector of the Ricci operator.

For n =1 Theorem 4.5 was proved by J.C. Gonzales-Davila & L. Van-
hecke, [145]. Theorem 4.5 implies that Einstein contact metric manifolds,
and more generally n-Einstein manifolds, are H-contact manifolds.

If M is a (k, u)-space then Q& = 2nk&. Moreover, a calculation (in the
presence of a local orthonormal frame consisting of eigenvectors of h) based
on (4.3) shows that trace,R(V.£, §)- = 0. Then (by Theorem 4.3 above)

IVEN? = g(AgE,E) = 2n(2n — k).
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Then a (k, ;)-space is an H-contact manifold. Precisely, & is a harmonic
map and its energy is

2 1
E@E) = 2

Vol(M) + % / IVE(? dvol(g)
M

= %(4114— 1+ 2n(1 —k)) Vol(M).

If k=1, then M is Sasakian and E(&) = 5 (4n+ 1) Vol(M).

Remark 4.6 As previously recalled, a D-homothetic deformation of a
contact metric structure (¢,&,n,9) is given by

¢t:¢’ gt:(l/t)sa 77[:“7, gt:tg+t(t—1)77®77’ t>0'

By a result of S. Tanno, [280], (¢;,&:, ns,4:) 1s a contact metric structure for
any t > 0. Moreover, the property £ is an eigenvector of the Ricci operator
is invariant (cf. S.I. Goldberg & D. Perrone, [141]) under D-homothetic
deformations. Then Theorem 4.3 implies that the class of H-contact manifolds
is invariant under D-homothetic deformations. ]

Let (M,¢) be a Riemannian manifold and w € Q'(M) a differential
1-form on M. We recall (cf. e.g., [258]) the Weitzenbdck formula

Arw = Agw + Ric(Xy, )

where Aj is the Hodge-de Rham Laplacian on 1-forms and X, = o €
X(M) is the tangent vector field determined by w = ¢(X,,-). If M is a
contact metric manifold, then Theorem 4.3 together with the Weitzenbdck
formula lead to

An=Agm+Ric§, ) =g(AL + QE,) =4ng(§, ) = 4nn
1.e., the contact form is an eigenform of the Hodge-de Rham Laplacian on
Q).

Definition 4.7 Let (M,¢) be a Riemannian manifold and let 1, : M —
M be the identity map. A vector field X € X(M) is said to be a Jacobi vec-
tor field if it is a solution to Ji,,X =0 where Ji,, is the Jacobi operator
associated to 157 : M — M. [ ]

As J1,, X = A X — QX, Theorem 4.3 yields Ji,,§ = 4n§ —2Q&. This
leads to the following description of K-contact manifolds.

Corollary 4.8 A contact metric manifold is a K-contact manifold if and only if &
is a_Jacobi vector field.
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By a result of C. Boyer & K. Galicki, [66], any compact Einstein
K-contact manifold is Sasakian. Therefore (by Corollary 4.8) a compact
Einstein contact metric manifold is Sasakian if and only if & is a Jacobi
vector field.

Definition 4.9 An almost contact metric manifold (M, (¢,&,n,¢)) is said
to be an almost cosymplectic manifold if both the 2-form

(X, Y)=g0@X,Y), X, YeTWM),

and the 1-form 7 are closed i.e., d® = 0 and dn = 0. An almost cosymplec-
tic manifold is cosymplectic if the underlying almost contact metric structure
is normal i.e., [¢,¢] = 0. [ |

For the normality condition and its geometric interpretation see S.I.
Goldberg & K. Yano, [143], and D.E. Blair, [42], p. 77. Cf. also E. Barletta
et al., [23], p. 74. Normality is known to imply V& = 0 (as a consequence
of $(§) =0 and V¢ =0). A cosymplectic manifold is locally the prod-
uct of a Kihler manifold and an interval in R. There are however examples
of cosymplectic manifolds which aren’t globally the product of a Kihler
manifold and a real 1-dimensional manifold (cf. again [42], p. 77). Prod-
ucts of almost Kihler manifolds and 1-dimensional manifolds are examples
of almost cosymplectic manifolds with § parallel. The converse is not true,
in general: Z. Olszak, [228], has shown that almost cosymplectic structures
with a nonparallel vector & exist on certain odd-dimensional Lie groups.
In dimension three, an almost cosymplectic manifold is cosymplectic if and
only if & is parallel (cf. again [228]).

Remark 4.10 S.I. Goldberg & K. Yano, [143], showed that the 1-form
n of an almost cosymplectic manifold is harmonic i.e., A1n =0. Hence
(by the Wietzenbock formula) A & = —QE. It is therefore implicit in S.I.
Goldberg & K. Yano’s work (cf. op. ct.) the following result similar to
Theorem 4.5: the characteristic vector field of an almost cosymplectic manifold is
a harmonic vector field if and only if it is an eigenvector of the Ricci operator.

For an almost cosymplectic manifold the formula A& = —Q§& implies
J1,,5 = —2Q&. Moreover one has ¢(Q§,§) + V&> =0 (cf. Z. Olszak,
[228]) so that

Proposition 4.11

a. Let M be an almost cosymplectic manifold. Then the characteristic vector field & is
a Jacobi field if and only if it is parallel or equivalently & : (M, g) — (T (M), Gy)
is a harmonic map.
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b. Let M be an almost cosymplectic metric 3-dimensional manifold. Then & is a
Jacobi field if and only if M is a cosymplectic manifold.

‘What relationship is there among the class of H-contact manifolds and
the other classical classes of contact metric manifolds? If we set

M : the set of all Sasakian manifolds,
M : the set of all K-contact manifolds,
My, - the set of all (k, j)-spaces,
M : the set of all strongly ¢-symmetric spaces,

My : the set of all H-contact manifolds,

we already observed that Mg € My and My, € Mpy. The study of the
classes Mg, Mk and My, was a rather popular differential geometric
subject for the last forty years (cf. e.g., D.E. Blair, [42]). Note that Mg N
M = Mss.

Let S(M) be the total space of the tangent sphere bundle with the
standard contact metric structure (cf. [42]). By a result of D.E. Blair &
T. Koufogiorgos & B.J. Papantoniou, [46], S(M) is a (k, it)-space if and
only if the base manifold M is a space of constant sectional curvature ¢ € R.
Moreover, by a result of S. Tashiro (cf. [42], p. 144) S(M) 1s a K-contact
manifold if and only if M is a space of constant sectional curvature ¢ = 1.
Therefore the total space S(M) of the tangent sphere bundle over a real
space form M of sectional curvature ¢ # 1 is an example of a (k, )-space
which is not K-contact i.e., S(M) € My, \ M. Also, there are examples
of K-contact manifolds which are not (k, t)-spaces i.e., Mg \ My, # 0.
Indeed it is known (cf. D.E. Blair & D. Perrone, [47]) that there are exam-
ples of K-contact manifolds which are not Sasakian (i.e., Mg\ Mg # 0)
and these examples are not (k, t)-spaces (as emphasized above, if a mani-
fold is both K-contact and a (k, t)-space it must be Sasakian). On the other
hand if M is a two-point homogeneous space, then the Reeb vector field of
S(M) is a harmonic vector field (see Theorem 4.76 in this chapter). There-
fore the total space S(M) of the tangent sphere bundle over a two-point
homogeneous space M of nonconstant sectional curvature is an example of
an element of My which belongs to neither Mg nor My ,.

The class M, of all strongly locally ¢-symmetric spaces was introduced
by E. Boeckx & L. Vanhecke, [53]. The formula (5.3) in [53] with k=0
shows that the characteristic vector field & of a space in the class My, is an
eigenvector of the Ricci operator. Therefore a strongly locally ¢-symmetric
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space is an H-contact manifold i.e., My, € Mp. The converse is false in
general, i.e., the previous inclusion is strict. Indeed S(M) is a strongly locally
¢-symmetric space if and only if M is a space of constant sectional curva-
ture (cf. [53]). Hence the total space S(M) of the tangent sphere bundle
over a two-point homogeneous space of nonconstant sectional curvature is
an example of an element in the class My which is not strongly locally
¢-symmetric. The Reeb vector field of a K-contact manifold defines a
harmonic map (cf. [262]). Moreover for any (k, (t)-space a calculation (in
the presence of a local orthonormal ¢-basis consisting of eigenvectors of /)
together with (4.3) leads to

trace, {R(§,V.§)-} =0.

Summing up the facts discussed so far we obtain

Proposition 4.12

i. My D Mg D Msand My D My, D Mg and My D Meg,.

ii. Mg 2 My and My, 2 Mk.
Moreover the Reeb vector field of any space in My, U Mg D Mg is a
harmonic map.

The condition on the Ricci tensor characterizing the class of H-contact
manifolds (cf. Theorem 4.5 above) appears naturally in an array of prac-
tical problems. For instance it occurs (cf. S.I. Goldberg & D. Perrone &
G. Toth, [142]) in connection with the vanishing of the first Betti number
of a contact metric manifold whose underlying metric is critical in the sense
of the following

Definition 4.13 Let (M, n) be a real (2n+ 1)-dimensional compact con-
tact manifold. Let us consider the functional

1 2
F@ = / 71 dvol(e)
M

defined on the set A(n) of all associated Riemannian metrics on (M, 7).
F is called the Chern-Hamilton functional. A critical point g € A(n) of the
functional F : A(n) — [0,400) is referred to as a critical metric on (M, n). &

The functional F : A(n) — [0,4+00) was studied by S.S. Chern & R..S.
Hamilton, [86], for n =3 and by D.E. Blair, [42], p. 167, under the addi-
tional condition that 7 is regular (in the sense of R.S. Palais, [233]). Cf. also
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S. Tanno, [281], for a study of F in the higher dimension case. A critical
metric ¢ € A(n) is a smooth solution to

Vet =21¢ (4.8)

Equations (4.8) (i.e., the Euler-Lagrange equations of the variational prin-
ciple § F(¢) = 0) were derived by S. Tanno, [281]. Together with [23], we
adopt the following

Definition 4.14 Equations (4.8) is referred to as Tanno’s equation. ]

The critical points of an ample class of functionals (i.e., Fr(g) =
f wfdT %) d vol(g) with f : R — R real analytic) are actually described by
Tanno’s equation (cf. Theorem 1 in E. Barletta et al., [23], p. 69).

The Chern-Hamilton functional F is related to the Dirichlet func-
tional E. It should be noted that a contact metric structure (¢,§,7n,¢) is
determined by the tensors ¢ and &. Indeed once ¢ and & are given the con-
tact form is given by n = g(§,-) and the (1,1)-tensor ¢ is determined by
dn = g(-,¢-) (by the nondegeneracy of g). Let L(1/,¢) € R be the Dirichlet
energy of a given unit vector field I tangent to M

1
L(V,9) = 5/ 14V )1 dvol(g),  (V,g) € T™(S(M)) x A().
M

The restriction of L to I'*°(S(M)) x {g} is precisely E. Moreover, a metric
g€ A(n) is a critical point of L(§,-) : A(n) — [0,400) if and only if ¢
is a critical point of the Chern-Hamilton functional F : A(n) — [0, +00)
because of

1
||V5||2=2n+1||75||2-

Definition 4.15 A contact metric structure (§,¢) on M is said to be critical
if € is a critical point of L(-,g) : ['*°(S(M)) — [0,4-00) while g is a critical
point of L(§,-) : A(n) — [0,+00). [

By slightly reformulating a result of S.I. Goldberg & D. Perrone &
G. Toth, [142], we obtain

Theorem 4.16 Let (M,(¢,£,1,9)) be a real (2n-+1)-dimensional compact
contact metric manifold whose underlying contact metric structure (§,¢) is critical. If
Ric 4+ cg is positive definite for some 0 < ¢ <2 — ||T||/~/2n then the first Betti
number of M is zero (i.e., by (M) = 0).
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In the K-contact case (i.e., when T = 0), the result is due to S. Tanno,
[280]: if M is compact and Ric + ¢g is positive definite then b1 (M) =0. A
K-contact structure is of course critical, yet the converse is false in gen-
eral. Indeed the standard contact metric structure on S(M"(—1)) (the total
space of the tangent sphere bundle over a real space form M"(—1) of sec-
tional curvature —1) is not K-contact yet £ is a critical point of E and g is a
critical point of F (cf. D.E. Blair, [42]). Therefore the class of compact con-
tact metric manifolds whose underlying contact metric structure is critical
contains strictly the class of compact K-contact manifolds.

We close this section by recalling that (by a result of K. Bang & D.E.
Blair, [43]) a real (2n+ 1)-dimensional conformally flat H-contact man-
ifold is a space of constant sectional curvature ¢ and n=1= c€ {0,1}
while n > 1= ¢=1. For n=1 the result was proved independently by
G. Calvaruso & D. Perrone & L. Vanhecke, [78].

S) 4.2. THREE-DIMENSIONAL H-CONTACT MANIFOLDS

The scope of this section is to give a classification of 3-dimensional
contact metric manifolds whose Reeb vector field is a harmonic map.

Let (M, (¢,€,7n,9)) be a 3-dimensional contact metric manifold. For
each point m € M there is a local orthonormal frame of the form
{§,E1, E> = ¢E1} defined on some open neighborhood U of m in M and
consisting of eigenvectors of h. Let Uj = {x € M : h(x) # 0}. Then Uy is
an open subset of M. Also let U, consist of all x € M such that h=01n a
neighborhood of x. Then U is open and Uy U U, is an open dense subset
of M. If hEy = AE; for some A € C®°(U) then hEy = —AE; (and A(x) 0
for any x € U N Uj). We shall need the following

Lemma 4.17 (G. Calvaruso & D. Perrone & L. Vanhecke, [78]) The
Sfollowing identities

V§E1 = —ak>, VgEg =akq,
Ve =—A+1DE, Vpé=-A-1E,

1 1
Ve Ei1 = o (E2(M) +A)Ez, Vg, Ex= o (E1(A) + B) Eq, (4.9)
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1
Vi Ex = ey (E2(M) +A) Er + (A + 1§,

1
Vi, Er = o (E1(M) + B E2 + (A — 1§,

hold on UNUy for some C* function a. Here A =Ric(§,E1) and B=
Ric(&, E»). Moreover

1 1
[E1, Ex] = T (Ex(M)+A)E + o (E1(\) + B) Ex + 2¢, (4.10)

Vgh=2ah¢+5(k—’\)h. (4.11)

The proof of Lemma 4.17 is straightforward. We shall also need
the expression of the Ricci operator Q with respect to the local frame
{&, E1, E> = ¢E;} (cf. D. Perrone, [238])

Q& =2(1 — A%)& + AE, + BEs,

QE; = At + (g 1422 +2ax) By + £\ Es,

QE2:B§+$(A)51+<§—1+A2—2ak) E. 4.12)
By Lemma 4.17
trace, {R(V.§,8)-} = —245(M)§ + (A — 1)BE1 + (A + D AE>
hence

Proposition 4.18 Let (M, (¢,§,n,9)) be a 3-dimensional contact metric man-
ifold. Then & is a harmonic map if and only if M is an H-contact manifold and
(Il =0.

Our next purpose is to establish the following

Theorem 4.19 (D. Perrone, [241]) Let us consider a 3-dimensional contact
metric manifold (M, (¢,&,1,9)). The characteristic vector field & is a harmonic map
if and only if the generalized (k, )-space condition holds on the open dense subset
U U Us.

We start by proving
Lemma 4.20 Let (M, (¢,£,7n,9)) be a generalized (k, p)-space. Then
Veh=php, w=2a, &M =0, k=1-2%
on UN (Uy U Us) where A and a are the functions appearing in Lemma 4.17.
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Proof. We adopt the notations in Lemma 4.17. If UN U, # @ then the
restriction of the contact structure to UN U, is Sasakian and h =0,
A=a=pu=0and k=1 on UNU,. Moreover (by (4.3)) the operator
£ =Ric(§, )€ satisfies

0= —k¢> 4+ puh=k(I—nQE)+ puh (4.13)
on UNUj. Then (by (4.13))
o=k +php, ¢lL=kp—uhe,
from which
(p + Pl = 2k¢, (4.14)
0 — pl =2h¢. (4.15)

We recall (cf. the identity (2.6) in [237]) that on any contact metric
manifold

2Veh =L — @L.
Hence (by (4.15)) Veh = whe or equivalently
¢Veh= ph. (4.16)

Next (by (4.11) in Lemma 4.17 and (4.16)) u =2a and £(A) = 0. Then
(4.13) and (4.16) yield

€= —k¢? +¢Veh, (4.17)
or equivalently (cf. Remark 2.4 in [237]) h> = (k— 1)¢? so that k=1 —A2.
|

Lemma 4.21 If M is a generalized (k, [L)-space then

Ric(§, ')|Ker(7]) =0

so that & is a harmonic vector field.

Proof. By (4.3) one has R(X,Y)§ =0 for any X,Y € Ker(n) hence
Ric(X,&) =0 for any X € Ker(n). [ |

Proof of Theorem 4.19. Once again we adopt the notations in Lemma 4.17.
As emphasized above, if U N U, # @ then the restriction of the contact met-
ric structure to U N U, is Sasakian and then the statement in Theorem 4.19
is trivially satisfied. Next, let us assume that UN Uy # @ and consider the
local ¢-basis {£,E1, E» = @E1} (as appearing in Lemma 4.17). If M is a
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generalized (k, t)-space, Proposition 4.18 and Lemmas 4.20 and 4.21 imply
that & is a harmonic map.

Vice versa, let us assume that & is a harmonic map. We shall show that the
generalized (k, ;t)-space condition (4.3) is satisfied on U N Uy. We start by
recalling (cf. [238]) that the Ricci operator Q of an arbitrary 3-dimensional
contact metric manifold is locally given by

Q=al+BN®E+¢Vih—0(p?) ®E + 0 (ENn® Ei +0(E2)n® Es
hence (by (4.11))

(L)
Q=al+ﬁn®§+2ah+7¢h
—0(¢*)®E+0(ENN®E +0(E)n®E) (4.18)
on UN Uy, where
. 1Y 2 1Y 2
O'ZRIC(-‘;:,')lKer(n), (XZE—l—f—)\,, ,8=—§+3—3)\,

By (4.11) and (4.18) it follows that 0 =0 and §(X) =0 on UN Uy if and
only if
(P _ 2 P332

Q=(5-1+22)1+ (-5 +3-37) @& +2ah (4.19)

In the 3-dimensional case R(X, Y)& is determined by Q. Precisely
R(X,Y)§ =n(X)QY —n(Y)QX
— QY. OX +g(QX.H)Y = L)Y —n(¥)X)
hence (by (4.19))
R(X,Y)§ = (1 =2 (XY = n(V)X} +2a{n(X)hY — n(Y)hX}.

Therefore the generalized (k, ()-space condition (4.3) is satisfied on U N Uj
with k=1—X% and u = 2a. [ |

Example 4.22 Let us consider
M = {x = (x1,x2,x3) € R : x5 # 0}

and the vector fields

Lo 18

B 3 2x 9 10
_3361’

>
Ey=2w2— gL %~ T
3
9x1 xg 9> xg 0x3
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We define (¢,§,1n,9) by setting

¢(E1) =0, ¢(E2)=E3 ¢(E)=—E,
§=E, n(X)=g4¢.X), gE.E)=46; 1=<ij=<3.

By a result of T. Koufogiorgos & C. Tsichlias, [197], (M, (¢,£,7n,9)) is
a generalized (k, w)-space so that & is a harmonic map. On the other
hand the requirements Ric(§, ) |ger(y) = 0 and §(A) = 0 are invariant under
D-homothetic deformations hence for any ¢> 0 the contact vector &
underlying the contact metric structure

oi=¢, &=/, ni=tm, g=tg+tt—1)n®n,

is a harmonic map.

T. Koufogiorgos & C. Tsichlias classify (cf. [198]) the 3-dimensional
generalized (k, p)-spaces satistying ||Vk| = constant # 0. As it turns
out, the class is parameterized by two arbitrary smooth functions of
one real variable. T. Koufogiorgos & C. Tsichlias’ classification (cf. op.
ct.) yields a classification of 3-dimensional H-contact manifolds with
IVl = constant # 0. The manifolds in this class are noncompact and
parallelizable.

Definition 4.23 (S.S. Chern & R.S. Hamilton, [86], S. Tanno,
[281]) Let (M, (¢,€,7n,9)) be a 3-dimensional contact metric manifold.
The Webster scalar curvature is defined by

1 .
W=g (p —Ric(§,6) +4)
where p and Ric are the scalar curvature and Ricci tensor of (M, g). [ ]

Moreover if T = Lgg and ||7]| # 0 we set

42w

p_
Il

Our next task is to classify 3-dimensional H-contact metric manifolds with
7|l = constant. It will be useful to recall (cf. D. Perrone, [241]) that the
following properties are equivalent

1. M is an H-contact manifold with || || = constant.

2. & is minimal (i.e., a critical point of the volume functional) and harmonic.
3. & is a strongly normal unit vector field.
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The notion of a strongly normal unit vector field was introduced by J.C.
Gonzales-Davila & L. Vanhecke, [144]. A crucial technical ingredient in
[144] is the fact that any strongly normal unit vector field is minimal.

Theorem 4.24 (D. Perrone, [241]) Let (M, (¢,&,1,9)) be a 3-dimensional

contact metric manifold with ||T|| = constant. Then M is an H-contact manifold if

and only if either M is a Sasakian manifold or M is locally isometric to a unimodular

Lie group G equipped with a non-Sasakian left invariant contact metric structure.

Precisely

i. If p > 1 then (} is the 3-sphere group SU(2).

il. If p=1 then G is the group E(2) i.e., the universal covering of the group of
rigid motions of the Euclidean 2-space./\/

iii. If =1 p < 1 then G is the group SL(2,R).

iv. If p=—1 then G is the group E(1,1) of rigid motions of the Minkowski
2-space.

Here G is the universal covering of G. In all cases £ is a harmonic map.

Proof. Let (M, (¢,&,1,9)) be a 3-dimensional contact metric manifold. We
adopt the notations in Lemma 4.17. If UN U, # @ then the restriction to
U N U, of the contact metric structure is Sasakian hence & is harmonic and
IT]] = 0. Next let us assume that UN Uy # @ and let {§€,Eq, E; = ¢E;} be
a local ¢-basis as in Lemma 4.17. Then (on UN Uy) & is harmonic if and
only if A = B=0. Let us assume that & is harmonic. Then (by (4.12))

(VeQ¥E =0,

(VE, QE; = {51 <g) +2)0E, (a)} Ey,

(Vb= {E(5) + 2250 | .

Next the identity
1
S X(0) = Zg((VEi QE;, X)

yields
P P
E (—) —E (—) 2AE
13 (3 + 2AE; (a)
hence Ei(a) =0. Similarly E»(a) =0. Hence (by [Ei,Ex]=2§) a is
constant on U N Uj. Then Lemma 4.17 gives

5. E1l = k2, [§,E2l=akE, [Ei,E] =26,
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where g =A+a—1and o =X —a+1, ¢, € R. This implies that M is
locally isometric to a unimodular Lie group carrying a left invariant contact
metric structure, cf. E Tricerri & L. Vanhecke, [289], and Theorem 3.1 in
D. Perrone, [239]. The quoted Theorem 3.1 in [239] classifies unimodular
Lie groups equipped with a left invariant contact metric structure in terms
of the Webster scalar curvature W and the pseudohermitian invariant p. In
the non-Sasakian case this implies the classification stated in Theorem 4.24.
The last statement in Theorem 4.24 then follows from Proposition 4.18.

]

Corollary 4.25 Let G be one of the Lie groups SU(2), Hy (the lowest dimen-

sional Heisenberg group), SL(2,R), E?-Z/) or E(1,1). A compact 3-dimensional
manifold M admits an H-contact metric structure (¢,&,n,9) with || Legll = con-
stant if and only if M is diffeomorphic to the left quotient of G by a discrete
subgroup.

H. Geiges, [122], has shown that a compact 3-dimensional manifold
admits a normal contact form (i.e., a Sasakian structure) if and only if
it is diffeomorphic to a left quotient G/I" of a Lie group G by a dis-

crete subgroup I' C G where G € {SU(2), H;, SL/(ZI/R) } H. Geiges’ result
(cf. op. cit.) together with Theorem 4.24 above imply Corollary 4.25.

Remark 4.26 Let G be one of the following simply connected unimodu-
lar Lie groups

{SU(Z), H,.SL(2.R). £(2), E(1. 1)} .

Then G admits a discrete subgroup I' such that the quotient space G/ T’
is a manifold and the projection m : G — G/ T is smooth (cf. e.g., [59],
p- 97-100). Any left invariant tensor field on G, and in particular a left
invariant contact metric structure on G, descends to G/I'. The contact
metric structure induced on G/T" by a given left invariant contact met-
ric structure on G has the same curvature properties. Also, properties of
the (left invariant) Reeb vector on G such as minimality or harmonicity
remain invariant under projection on the quotient space. A 3-dimensional
Lie group G admits a discrete subgroup I" such that G/ T is compact if and
only if G is unimodular (cf. J. Milnor, [210]). [ |

As previously emphasized, the class of all compact contact metric man-
ifolds with critical contact metric structure contains strictly the class of
all K-contact metric manifolds. The purpose of Theorem 4.27 below is
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to show that, in dimension 3, the two classes may be identified from a
topological viewpoint.

Theorem 4.27 (D. Perrone, [242]) Let us consider a 3-dimensional contact
metric manifold (M, (§,g)). Then the contact metric structure (§,g) is critical if
and only if either M is a K-contact manifold or M is locally isometric to SIT(E,TR)
equipped with a non K-contact left invariant contact metric structure.

Proof Let us recall that the contact metric structure is critical if & is har-

monic and T satisfies Tanno’s equation (4.8). We adopt the notations in
Lemma 4.17. Then on U N Uj

Veh=2ah¢ <= &(A) =0. (4.20)

Let us assume that M is a 3-dimensional H-contact manifold satisfying
Tanno’s equation yet not K-contact. Then (4.8) and (4.20) imply §(A) = 0.
Hence & is a harmonic map (see Proposition 4.18). Then the general-
ized (k, ;)-space condition is satisfied on the dense open set Uy U U, (see
Theorem 4.19). Therefore on Uy U U,

Vet = uto (4.21)
and (ct. T. Koufogiorgos & C. Tsichlias, [198])
hVu = Vk. (4.22)

On a generalized (k, t)-space the requirements (4.8) and (4.20) imply
that uw =2. Moreover (by (4.22)) k= constant. Thus M is a (k,u)-
space with . = 2. A 3-dimensional (k, i)-space is a 3-dimensional locally
homogeneous contact metric manifold (ct. the study of 3-dimensional man-
ifolds admitting a homogeneous contact metric structure performed by
D. Perrone, [239]). Precisely (M,g) is locally isometric to a unimodular
Lie group G equipped with a left invariant contact metric structure. Due
to left invariance it suftices to describe these structures at the level of the
Lie algebra g of G. On a unimodular Lie group G as above there is an
orthonormal frame {E| = &, E», E3 = ¢E»} such that

[E1, Eo] = A3Es, [Ex,E3]l =2E1, [Es Ei]=AE>. (4.23)

Using (4.23) and the first Cartan structure equation one may compute the
Levi-Civita connection
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(VE{E‘J‘)lﬁi,jS?)
A+ Az —2 —A2—A3+2
( 0 2 3 E 2 3 E
2 2
A — A3 —2 —Ao+A34+2
_ 2 3 E 0 2 3 E
2 2
A —Az+2 —A+A3—2
2 3+ E 2+ A3 E 0

(4.24)
Using (4.23) one obtains
T=(—A3)(0*®0°+6°®67) (4.25)
where A»,A3 € R and {0#' =15, 62, 6%} is the coframe dual to {£, E», E3)}
Le., Gi(Ej) = 8; Since (VE,.QJ‘)ji = V[, E; one finds (by (4.24)—(4.25))
Vet =2 -2 —A3)T9. (4.26)
Therefore
Vet =2t <=1 =0 or Ay +A3=0. (4.27)
Then (by a result of D. P/ezr_(zle, [239], p. 249-250) we may conclude that M

is locally isometric to SL(2,IR) equipped with a left invariant contact metric
structure which is K-contact (i.e., T = 0) if and only if A» = A3 < 0. [ |

At this point we may prove the converse. Let us consider the Lie group

P

SL(2,R) with a left invariant metric g. Let us fix an orthonormal basis
{E1, E», E3} in the Lie algebra g such that

[E1, E2] = A3Es, [E2, B3] =M E1, [Es, Ei] = A2k,

where A1,A2,A3 € R are constants such that Ay >0, A, >0 and A3 <0
(such a choice is always possible, cf. J. Milnor, [210]). Let n be the 1-form
dual to Ej i.e., n* = E; with respect to ¢. We may assume without loss of
generality that A1 = 2 and define ¢ by ¢ E1 =0, ¢E» = E3 and ¢ E3 = —E>
to conclude that (¢,& = Ej1,n,g) is a left invariant contact metric structure
satistying (4.24)—(4.27). A calculation based on (4.24) shows that

Ric(&, Ey) = Ric(€, E») = 0.

Hence, by assuming that A» = —A3 > 0 we may conclude that (§,9) is
critical.
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Theorem 4.27 and the above mentioned result by H. Geiges (cf. [122])
imply

Theorem 4.28 A compact 3-dimensional manifold M admits a critical contact
metric structure if and only if M is diffeomorphic to a left quotient of the Lie group

G by a discrete subgroup, where G € {SU(2), Hy, SL(2,R)}.

We end this section by mentioning that the study of 3-dimensional
H-contact manifolds is related to the study of strongly (and weakly) locally
@-symmetric spaces (cf. G. Calvaruso & D. Perrone & L. Vanhecke, [78],
D. Perrone, [243]).

4.2.1. A Characterization of H-Contact Three-Manifolds and
New Examples

In this section we aim to characterize 3-dimensional H-contact manifolds

and give examples of H-contact three-manifolds whose Reeb vector fields

is not a harmonic map.

Definition 4.29 Let (M, (¢,£,n,¢)) be a contact metric manifold. Then
(M, (¢,&,n,9)) is called a (k, i, v)-contact metric manifold if there are k., u,v €
C%(M) such that

R(X,Y)§ =«{n(X)Y —n(Y)X}
+ u{n(XOhY —n(Y)hX} +v{n(X)phY —n(Y)phX}

forany X,Y € X(M). [ |
By the arguments in the proof of Theorem 4.19 one may show that

Theorem 4.30 (T. Koufogiorgos & M. Markellos & V.J. Papanto-
niou, [199]) Let (M, (¢,&,n,9)) be a 3-dimensional contact metric manifold.
If M is a (k, |4, v)-contact metric manifold then it is an H-contact manifold. Vice
versa if M is an H-contact manifold then (¢,&,n,9) is a (k, L, V)-contact metric
manifold structure on an everywhere dense open subset of M.

By another result in [199] every («, i, Vv)-contact metric manifold of
dimension > 3 is either Sasakian or a («,t)-contact metric manifold i.e.,
the functions «, i are constant and v = 0.

Example 4.31 Let M = {(x,y,2) € R?: x>0, y >0, 2> 0} and let us
consider the vector fields
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4 a 0 - a
E; = —; eG(y,z) G)’(Y’ 2’) gc + ﬁ(x, Vs Z)a— + 6‘(’()/’2)/28—,
Y <

where G(y,z) < 0 for any (y,2) € R? and

2G,+ G =—z© (4.28)
while B(x, y, z) satisfies
4 G c/z 1 cr 4 G
ﬂx:@e , ,By ZGZC —;G),e .

In particular a solution to (4.28) is given by

y= 4\/jerf,/ —, erf(x) = \/_/ -

Example 4.32 Let M = {(x,y,2) € R3: 2> 0} and

Ey = i, Ey = i,
dx dy
E; :2(y+z)i+ {lefxz— <£y+cz+i) y} i—i-i,
ox ¢ 2 2z dy 0z

where ¢ € R\ {0}.
In both Examples 4.31 and 4.32, we consider the synthetic object
(¢,£,1,9) given by
p(E1) =0, (k) =E3, @(E)=—kE,

By a result in [199] it follows that (M, (¢,§,n,9) is a (x, 4, V)-contact
metric manifold with

4 2 2
Kk=1-— €2G, < +—ec) V= ——

X4Z2 X < X

in Example 4.31 and
Z2

K=1__€2fx

nw=2+z, v=g,
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in Example 4.32. As v # 0 (by Theorem 4.19 and Theorem 4.30) the Reeb
vector § in Examples 4.31 and 4.32 is a harmonic vector field yet fails to be
a harmonic map.

Let us recall the notion that an H-contact metric manifold is invariant
under D-homothetic deformations (cf. Remark 4.6 above). This leads (by
a D-homothetic deformation of the structures in Examples 4.31 and 4.32)
to new examples of H-contact metric manifolds whose underlying Reeb
vector is not a harmonic map.

4.2.2. Taut Contact Circles and H-Contact Structures
We shall need the following

Definition 4.33 (H. Geiges & J. Gonzalo, [123]) Let M be a 3-
dimensional manifold. A pair of contact forms (61,02) on M is called
a contact circle if for any a=aj +iap € S' ¢ C the linear combination
a101 + a26- is a contact form, too. [ |

If (61,02) is a contact circle then any nontrivial linear combination
A0+ A0, with (Aq,A2) GRZ\{(O,O)} is also a contact form on M.
By a result of H. Geiges & J. Gonzalo, [124], any compact orientable
3-dimensional manifold admits a contact circle.

Definition 4.34 A faut contact circle is a pair (61,60,) of contact forms such
that

Oy ANdBL =0 AdOr, O ANdOr = —0> A dOy .
A taut contact circle (01,6>) is called a Cartan structure if 04 Ad6, =0. &

Theorem 4.35 (H. Geiges & J. Gonzalo, [123]) Let M be a compact
3-dimensional manifold. Then M admits a taut contact circle if and only if M is
diffeomorphic to a left quotient of the Lie group G by a discrete subgroup I' C G

where G € {SU(2), SL(2,R), E(2)}.

On the other hand H; admits a Sasakian structure. Therefore, in general
3-dimensional Sasakian manifolds fail to admit taut contact circles.

Let (M, (¢,&,1n,9)) be a non-Sasakian contact metric 3-dimensional
manifold (i.e., T #0) and let {&, E;, E» = ¢E1} be a local orthonormal
frame of T'(M) consisting of eigenvectors of I with hEq = AE; and A > 0.
Let {w1,wo} be 1-forms dual to E; and E; respectively (i.e., a)fi = E; with
respect to g, i € {1,2}). The three eigenvalues {O,A,—A} of h are every-
where distinct (as h 7% 0 everywhere). Hence the corresponding line fields
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are global. The 1-forms n1 = wy + w1 =g(Ex + E1, -) and 1y = g(¢ (Ex +
Ej), ) = w2 — w1 are orthogonal to the contact form 7. At this point we
may establish the following

Theorem 4.36 (D. Perrone, [246]) Let us consider a 3-dimensional non-
Sasakian H-contact manifold (M, (n,9)). Then the following statements are
equivalent
1. The pair (n,n1) is a taut contact circle.
. The pair (n,n2) is a taut contact circle.
3 The Riemannian many%ld (M, g) is locally isometric to one of the following Lie
groups SU(2), SL(2 R), E(Z) equipped with a left invariant non-Sasakian
H-contact metric structure satisfying Veh = 0 (equivalently Vet = 0).

Moreover (n,1;) is a taut contact circle if and only if (n,n;) is a Cartan structure,
ie{1,2}.

Proof As M is H-contact, & is an eigenvector of the Ricci operator i.e.,
A1 =Ric(§,E1) =0 and A = Ric(§é,E») = 0. Then a calculation based
on Lemma 4.17 leads to

(n Adn)(§,Er, Ez) = (dn)(Er, E2) = g(E1,¢Ez) = —1,

E>(X)
(m A dw1)(§,E1, Ex) = (dw1)(E, E2) = TR
E1(A)
(M AN dws)(§,Er, E2) = (dwp)(Er, E2) = — TR

1
(w1 Adn)(§, Er, Ez) = (dn)(E2,§) = 52(57 VeEz) =0,

1
(w2 Ndn)(§,Er, E2) = (dn)(§,Er) = Eg(g,VsEO =0.

Thus
E>(A) — E{(A
(77 N dnl)(ngl’EZ) = %
Ex (L)
=M Adn)(&,Er, E2) + o (4.29)

and

(m ANdn)(§,E, Ez) = (2 A dn)(§,Er, E2) = 0. (4.30)
Moreover

A—1+a
(w1 ANdwr)(§,E1, E) = —
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a—Ai—1
(w1 ANdwr)(§,E1, E2) = (w2 Adw1)(§,Eq, E») =0,
from which
(m A dni)(§,Er, E2) = (2 Adna)(§, Er, E2)
=MmArdn)(E,E, E) +a. (4.31)

Let us prove the implication (1) = (3) in Theorem 4.36. The identi-
ties (4.29)—(4.31) imply that the pair (,71) is a taut contact circle (or
equivalently a Cartan structure) if and only if

E>(A) =E;(A), a=0. (4.32)
Using Lemma 4.17 and the previous requirement (4.32) one has

R(§,E)E1 = =V Vg E + VE Ve Er + Ve g E

=V (Ez()‘) E2> + (. + D) VE,E

2\
_)_ EZ(A) _)il 2 _
—{ $< o ) o El()\)}Ez-i-()L Dé,

R(§,Ex)E> = —Ve Vi, Ex + Vi, Ve B> + Ve i, E2

— Ve (Elo‘) 51) + (.= 1)V, B

2\

) _ El()‘) _ );1 2

—{ §< % ) % Ez(k)}E1+()» 1)E&.
Then

g(R(§,E1Ez, Ey) =Ric(§,E2) =0,

gR(,E2)Ey, E2) = Ric(§,E1) =0,
imply

Ex(A) A+1 _
5( . )+TE1()»)—O, (4.33)

BN 2l =0 434
f(B2)+ 5 =0 (434
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The identities (4.32)—(4.34) imply
Ei(A) = E2(A) = 0.

Moreover 2&(A) = [Eq,E2](A) =0 hence A is locally constant, hence
constant (as A 1s continuous and M connected). Then

£, Ell=(+1DEz, [Eé]=—A—-1E, |[E,E]=2&, (4.35)

where A € R\ {0}. Then (4.35) implies that M must be locally isometric
to a Lie group carrying a left invariant contact metric structure (cf. D.
Perrone, [239]). Moreover (by Lemma 4.17) Vgh = 0. Thus (by Theorem
3.1 in [239]) M must be locally isometric to one of the Lie groups

—_—~—

SU2), SL(2,R), EQ),

equipped with a left invariant non-Sasakian H-contact metric structure
satisfying Veh = 0. [ |

Let us prove the implication (2) = (3). The identities (4.29)—(4.31)
imply that (1, 7n2) is a taut contact circle (or equivalently a Cartan structure)
it and only if

E(A) =—E(A), a=0. (4.36)

Then, as well as in the proof of the implication (1) = (3), the requirement
(4.36) yields (4.35) hence the result.

Let us prove the implications (3) = (1) and (3) = (2). Under the
assumption (3) tlE\L}Eiversal covering of M is one of the unimodular Lie
groups SU(2), SL(2,R) or E/a) Let G be one of these Lie groups. Then
G admits a left invariant non-Sasakian contact metric structure (1, ¢) whose
underlying contact vector £ is an eigenvector of the Ricci operator and
satisfies Veh = 0. Also there exist local orthonormal frames of the form
{€,E1, E» = ¢E;}, consisting of eiegenvectors of h and satisfying

[E1,E2] =28, [E2,§]=ME1, [§,E1] =ik,

with A1 + A2 = 0 (equivalently Ve¢hh = 0) and A # Ao (equivalently h # 0).
Cft. D. Perrone, [239], for the explicit construction of (n,¢). A straightfor-
ward calculation shows that

(m Adn)(§,Eq, Ex) = (2 Adna)(§, Eq, E2) = (M Adn)(§,Er, E2) = —1,
(m Adn)(&,Er, E2) = Adn)(§,Er, Ex) =0,
(m A dn)(§,E1, E2) = (mANdnp) (&, Er, Ea),
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so that (1,1,), i € {1,2}, are Cartan structures and in particular taut contact
circles. Theorem 4.36 is proved.

Let M be a 3-dimensional compact manifold. If M admits a non-
Sasakian H-contact structure satisfying Ve h = 0 then Theorem 4.36 implies
that M admits a taut circle. Conversely, let us assume that M admits a
taut contact circle. Then (by Theorem 4.35) M is diffeomorphic to a
left quotient of the Lie group G by a discrete subgroup I' C G where

G e {SU(2), SL/(ZI/K), E?é)} Left invariant tensor fields on G descend to
the quotient G/ I" hence any left invariant non-Sasakian H-contact struc-
ture with Ve =0 on G induces a contact metric structure on G/ I" which
enjoys the same properties (cf. D. Perrone, [239]). Therefore

Corollary 4.37 A 3-dimensional compact manifold M admits a taut contact circle
if and only if it admits a non-Sasakian H-contact structure satisfying Veh = 0.

The requirement Vgh = 0 (equivalently Ve T = 0) was examined for the
first time by S.S. Chern & R.S. Hamilton, [86]. Several differential geo-
metric problems (in Riemanninan geometry) in a close relationship to the
requirement Vgh = 0 are described in the survey paper [245].

> 4.3. STABILITY OF THE REEB VECTOR FIELD

Few results concerning the stability of the Reeb vector field are
known so far. E. Boeckx & J.C. Gonzales-Davila & L. Vanhecke, [56], stud-
ied the stability of the Reeb vector underlying the standard contact metric
structure on S(M) when M is a compact quotient of a two-point homoge-
neous space. V. Borrelli, [61], studied the stability of the Reeb vector field
of an arbitrary Sasakian manifold. Precisely

Theorem 4.38 (V. Borrelli, [61]) Let (M,(¢,&,1n,9)) be a compact
Sasakian manifold and

Eo=vEkE, ge=klg ke (0,400).

Then

i. Assume that & is stable with respect to the energy functional E. Then there is
ks € (0,4-00) such that & is stable with respect to the volume functional if and
only if 0 < k < ki.

ii. If & is unstable with respect to the energy functional E then there are ks, k. €
[0,400) such that ky < K. and &, is stable with respect to the volume functional
if and only if ks < k < k..



234 Chapter 4 Harmonicity and Contact Metric Structures

The remainder of this section is devoted to a discussion of the results in
[243] on the stability of the Reeb vector field of a 3-dimensional compact
H-manifold M with respect to the energy functional E : ['*°(S(M)) —
[0,400). We distinguish between the following cases: 1) M is Sasakian,
2) M is a generalized (k,p)-space, and 3) M is non-Sasakian and & is
strongly normal.

4.3.1. Stability of £ for Sasakian 3-Manifolds and Generalized
(k, n)-Spaces

As previously shown, Hopf vector fields on S, i.e., unit Killing vector fields
on S%, are the only absolute minimizers of the energy and hence they are
stable. On the other hand, a unit Killing vector field on S* may be looked
at as the Reeb vector of a Sasakian structure (17,¢) on S? with Webster scalar
curvature W = 1. The main result of S.S. Chern & R.S. Hamilton, [86],
states that any 3-dimensional compact contact manifold (M,n) admits a
compatible metric ¢ whose Webster scalar curvature I is either positive or
a nonnegative constant. The Ricci tensor field of a 3-dimensional contact
metric manifold is given by

Ric=2Q2W —1)g+4(1—-W)n®nm, (4.37)

where (due to Ric(£,&) =2—|t||?/4) W is given by (cf. also Defini-
tion 4.23)

W=1 ,0+2-|-M (4.38)
8 4 ) '

Theorem 4.39 (D. Perrone, [243]-[244]) Let (M,(n,g)) be a 3-
dimensional compact Sasakian manifold.
i. If W > 1 then

E(V) 2 EE) = 2 Vol(d,9, Ve T(S(M)),

and equality is achieved if and only if V' is a Killing vector field and an eigen-
vector of the Ricci operator corresponding to the eigenvalue 2. Also, the equality
is achieved for some V' € T'°°(S(M)) which is not collinear to & if and only if
(M, g) has constant sectional curvature +1, so that the universal covering space
of M is M= S.

ii. If W > 0O then there is a D-homothetic deformation of (n,g) into a Sasakian
structure (1, g¢) such that

E(V) > E(&) = FEE), Vel®(S(M,g)),
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and equality is achieved if and only if V' is a Killing vector field and an eigenvec-
tor of the Ricci operator corresponding to the eigenvalue 2 with respect to g;. Also
the equality is achieved for some V € I'°°(S(M,g;)), which is not collinear to
& if and only if (M, g;) has constant sectional curvature +1.

iii. If W =0 then the universal covering space M of M is the Heisenberg group T
and & is E-stable.

Proof of (). The Reeb vector & is a unit Killing vector field and an eigenvec-
tor of the Ricci operator Q such that Q& = 2&. Moreover the eigenvalues of
Qare Ag=2=Ric(§,&) and Ay = A, =2(Q2W —1). Therefore if W > 1
then Ric(V, V) > 2 for any IV € '*°(S(M)). We must show that

E(V) = E§) = §V01(M), Ve I (S(M)),

and E(1) = E(€) if and only if V7 is Killing and QV =2V. As § is
Killing and Q& = 2& Theorem 3.14 implies that E(§) = 5Vol(M) /2. Using
Ric(V, V) = 2 =Ric(&,&) and the inequality (3.12) we get

E(V) > %/(3 + Ric(V, 1)) dvol(g) > E(§).
M

If 7 is a unit Killing vector field and QI =2V then (again by Theorem
3.14) it should be that E(17) = E(§).
Let IV now be a unit vector field such that E(1) = E(§) i.e.,

/(Ric(V, I7) —2) dvol(g) =0, Ric(V,V)>2.
M

Then Ric(V, V) =2 =Ric(§,§) hence (by (4.37))
(W —=1D[n()?>=1]=0. (4.39)

Then E(V) = 5Vol(M)/2 = (1/2) fM(3 + Ric(V, V) dvol(g) implies
(3.13). Then, as well as in the proof of Theorem 3.14, I/ is Killing if and
only if fj := (1/2)div(V) = 0. Let A} = {x € M : W(x) — 1 # 0} (an open
set) and Aj be the set of all x € M such that I/ — 1 = 0 in a neighborhood
of x. Then A; U A5 is an open dense subset of M. By (4.39) it follows that
n(V)> =1 on Aj so that V' = £& (and then I/ is Killing and QV = 21).
In particular fi = 0 on Aj. By (4.37) it follows that g is Einstein on A and
then QI =2V. Therefore, by arguments similar to those in the proof of
Theorem 3.14, it follows that f; is a harmonic function on A. Hence fi
is harmonic on Ay U A3 and then on M. Yet M is compact and connected
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hence fi must be a constant so that f{ = 0. Thus 17 is a Killing vector field
satisfying QI =21/

Let now IV be a unit vector field not collinear to & such that E(1) =
E(§). Then QV =2V1. At each point x € M there is a local orthonor-
mal g-basis {Ey =&, E1, E» = ¢E;} consisting of eigenvectors of the Ricci
operator i.e., QE; = AE; for i € {0,1,2}. Let us set Vy = vpep +vie; +1oen
where ¢; = Ej(x). By W > 1 and (4.37)

2 = Ric(Vy, Vi) = Ao + 7 (A — ko) + v3(ha — Ao)
=24+ 4f (W —1) + 45 (W —1) > 2.

Then (as Vy and &, are not collinear), Ay = A1 = A9 = 0 so that (M, ¢) has
constant sectional curvature 1.
Conversely, if M has constant sectional curvature 1, then (by Theorem
3.14) one has E(V) = E(&) for any unit Killing vector field IV on M.
Proof of (ii). Let us assume that W > 0. Then Wy = inf{]W (p) : p € M} >
0 and we may consider the D-homothetic deformation

bi=¢, E=1/DE, ni=m, g=1g+ -,

with ¢t € (0, Wp]. Then (n,¢/) 1s a K-contact structure of scalar curvature
pr = (p+2)/t—2 and of Webster scalar curvature (by (4.38))

1
Wt=§(,0t+2)=(1/t)W-

Moreover a calculation shows that dvol(g,) = t2dvol(g) so that E(&;) =
PE(). As W > W, > t one has W, > 1 and (ii) follows from (i).

Proof of (iti). Let us assume that W = 0. Then M is a Sasakian manifold
of constant scalar curvature. By a result of Y. Watanabe, [306], M must
be a (3-dimensional) locally ¢-symmetric Sasakian manifold hence M is a
(3-dimensional) locally homogeneous Sasakian manifold of Webster scalar
curvature W =0. Then (by Theorem 3.1 in [239]) it follows that M is
locally isometric to the Heisenberg group Hj equipped with a left invariant
Sasakian structure. Precisely M is the space of right cosets Hy/I" for some
discrete subgroup I' C Hlj and the Sasakian structure of H; / I is induced by
the left invariant Sasakian structure of Hj. Then there is a globally defined
orthonormal frame of the form {Ey =&, Ej, E» = ¢ E1} such that (by the
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identity (3.2) in [239] with A» = A3 = 0)

Ve, § =—E, VEE =0, VgE =§, (4.40)

lvgs =0, ViE =-E), VeEx=E,
Vi,é =Ei, VgE =-§, VgE=0.

Let X € Ker(n) so that X = fiEy + 1 E» for some f; € C®°(M), i € {1,2}.
By (4.40)

Ve X =hHE+E(i)E + Ei(H)E,

‘%X = (E(H) +5) Ei + () —f) Ea,
Vi, X = —fi§ + Ex(fi)E1 + Ex(f2) Ea.

Then

IVXI? =2(f2 +/) +EA)* +E(H)?

+E(f)* +El(A)? + E(fi)* + B2 () + 2 (REAH) —fiE()) -
(4.41)

By (4.40) one has div(E;) =0, i € {0,1,2}, hence
div(g192Ej) = @192div(E)) + Ei(p192) = ¢1Ei(¢2) + ¢2Ei(91)
for any @1, @2 € C°°(M). Thus

/¢1Ei(¢2) dvol(¢) = —fszi(¢1) dvol(g). (4.42)

M M

By (4.42) and (4.40)

f (E2(DE1(fi) — E1 () E2(f1)) dvol(@)

M

_ / (=REE1 (i) +AE Ex(f1)) dvol(g)

M

= f AIELE](f) dvol() = / (hECH) —iE(f)) dvol(g).
M M



238 Chapter 4 Harmonicity and Contact Metric Structures

Then (by (4.41))

(Hess E)¢ (X, X) = / (IVXII> = IVEIIZIIX]1?) dvol(g)

M
= f (IVXI? =2 XI) dvol(o)
M
=/{(E1 (£) = B2(f0))” + (Er(f) + E2())’} dvol(o)
M
+/{$(ﬁ)2+§(ﬁ)2} dvol(g) > 0,
M

that is & is stable. Theorem 4.39 is proved.

Theorem 4.40 Let (M, (n,9)) be a compact generalized (k, 1)-space. If
3—k

WZmax{

3—k
+%«/1—Ie, T—%m—k} (4.43)
then the Reeb vector field & is stable. If additionally M is non-Sasakian (k, (t)-space
then the requirement (4.43) may be written . < 2(k—2)/[1 —+/1—k] <O0.

For a proof of Theorem 4.40 one may see D. Perrone, [243]. As a con-
sequence of Theorem 4.40 we may deal with the following (an example of
a stable harmonic vector field which is not Killing)

Example 4.41 Let g be a 3-dimensional Lie algebra. Let us consider a
linear basis {E, E», E3} C g such that

[E2,E3] = MEy, [Es Ei]=AE2, [Ei,Ex]=A3E3, (4.44)

for some A; € (0,+00), i € {1,2,3}. Then the Lie group G associated to g
is the 3-sphere group SU(2) or the rotation group SO(3) ~ SU(2)/{=%I}
(cf. J. Milnor, [210], p. 307). Let ¢ be the Riemannian metric on G defined
by requiring that {E1, Ep, E3} be orthonormal. Let {n',n 1’} be the dual
frame i.e., (0)* = E;, i € {1,2,3}. As A; # 0 each n' is a contact form and
E; is the corresponding Reeb field. We may assume A1 =2 and set by
definition

¢(E) =0, ¢(E2) =E3, ¢(E3)=—Es.
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Then dn' =g(-,¢-) so that (¢, E=E;, n=n', ¢) is a contact metric
structure on G. Moreover h = %ﬁgd) and the curvature tensor field R satisfy
(cf. D.E. Blair & T. Koufogiorgos & B.J. Papantoniou, [46])

hE, = AE», hEy = —AE;s
R(X,Y)Z =k{n(X)Y —n(Y)X} + u{n(X)hY —n(Y)hX},
A3 — Az (A3 —A2)?

A= PR k=1— "0 =1—-22 pu=2—ir—As.

Given 0 < A < 1 let us consider a constant g such that p < 2(1 +1)%/(A —
1) < 0 and set

=2, Azzl—k—%>0, x3=1+x—%>0. (4.45)

The Lie algebra structure (4.44) with A;, i € {1,2,3}, given by (4.45) gives
rise to a contact metric structure on G which organizes G as a non-Sasakian
(k, p)-space satisfying the requirement (4.43) in Theorem 4.40 above. Thus
& is a stable harmonic non-Killing vector field.

4.3.2. Stability of Strongly Normal Reeb Vector Fields

Definition 4.42 (J.C. Gonzales-Davila & L. Vanhecke, [144]) A unit
vector field IV on a Riemannian manifold (M,g) is said to be strongly
normal if

s(Vx(VIN)Y,Z)=0
for any X, Y, Z € X(M) orthogonal to 1. [ ]

Contact metric 3-dimensional manifolds whose Reeb vector field is
strongly normal are H-contact ([241], Theorem 1.2). In the sequel, we
study the stability of the Reeb vector field & under the additional assump-
tions that & is strongly normal and the manifold is non-Sasakian (i.e., T # 0).
The discussion is in terms of p = 42 W /|t and relies on the classification
in Theorem 4.24.

Theorem 4.43 Let (M,(n,9)) be a compact non-Sasakian 3-dimensional

manifold whose Reeb vector field & is strongly normal.

i.If—1 <p<14+4V2/|t| then & is E-unstable.

. Ilfp>1+ 4«/§/||‘E|| and t> (p — 1)||‘L'||/[4«/§] then under D-homothetic
deformation (ny,8;) of (n,g) the Reeb vector field & = (1/1)& is E-unstable.

The case p < —1 1s open as yet. To prove Theorem 4.43, let (M, (n,9))
be a non-Sasakian contact metric 3-dimensional manifold such that the
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underlying Reeb vector £ is strongly normal. By Theorem 4.24 the man-
ifold M must be the space of right cosets G/I" where G is a unimodular
Lie group and I' C G a discrete subgroup and the contact metric struc-
ture of G/ I is induced by a left invariant contact metric structure on G.
Also G is E(2) (the universal covering of the group of rigid motions of the
Euclidean ij\a_lge) when p =1, the 3-sphere group SU(2) when p > 1,
the group SL(2,R) when —1 # p < 1, or the group E(1,1) (the group of
rigid motions of the Minkowski 2-space) when p = —1. There is a globally
defined orthonormal frame of the form {Ey = &, E1, E» = ¢ E;} consisting
of eigenvectors of h i.e., hEy = A E; and hE> = —AE> with A € (0,+00)
such that (cf. (3.2) in D. Perrone, [239], for 2 — Ay — A3 = 2a)

0 —akE> aEq
(VEE))<ijwo=| —+DE 0 +DE |, (4.40)
o (1=ME  (-1§ 0

for some a € R. Then (by (4.46))

(Ric(Ej, E))g<ica = (2(1 = 1%), 2a(A — 1), —2a(A + 1)),

so that

p = trace; Ric=4(1 —a) —2(1 + )\2).
Moreover

Izl =2v24, W= 1;“, p= ZTW

By (4.2) one finds ||VE||?> =2+ ||7||?/4 hence

(Hess E)g (X, X) = / (VX1 = IXI* I VEI*) dvol(g)
M

:/(||vx||2—(2+2,\2)||X||2)dv01(g), X € Ker(n).

M
(4.47)

Let (x1,x2) € R? and X = x1 E; 4+ x2E» € Ker(n). Then (by (4.46))

VeX=—(1—=2W)x1E2+ (1 —2W)x2E,
Vi, X = (14 A)xé, (4.48)
VEZX = ()\' - 1)x1$a
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hence
IVXIIZ = (1 =2W)2 + (k= D) xf + (1 =2)% + O+ 1)?) 3
Then
IVXI? = 2(1 + 221X = Ax] + B3
where

A= ”f”z(+>< 4—*5) :W( ><+1—4*—5>.

Izl Izl

If B> 0and A < 0 we may choose (x1,x2) € R? such that x% > —(B/A)x%
so that Ax% + Bx% < 0. Then (by (4.47)) & is unstable when A < 0. Let
us observe that —1 <p <1 +4«/§/||17|| implies A < 0 so that statement
(1) in Theorem 4.43 is proved. If p > 1+ 4«/§/||7:|| then we may consider
t>(p—1|7]/[4v/2] > 0 and

bi=¢, &=0/DE, n=m, g=u+tt—1)nQn,

so that (1;,¢¢) is a contact metric structure whose underlying Reeb vec-
tor field & is strongly normal. Indeed &; is harmonic (by Remark 4.6)
and ||7/|| = (1/9)]|t|| = constant hence &; is strongly normal. A calculation

shows that (cf. [141])

o+2 I ||2
pt=T 24 (¢ —1)

hence W; = (1/t)W. Therefore

4ﬁ 44/2
[k || Izl

hence (by part (i) in Theorem 4.43) &, is unstable.

Corollary 4.44 Let (M,(n,g)) be a compact contact 3-dimensional manifold
whose Reeb vector field & is strongly normal. If W =0 then either 1) the universal
covering space M is the Heisenberg group Hy and & is a stable harmonic Killing

vector field, or ii) the universal covering space M is the group SL(2,R) and & is an
unstable harmonic non-Killing vector field.

Corollary 4.44 follows from part (iii) in Theorem 4.39 (when v =0)
and from part (i) in Theorem 4.43 (when T # 0).

G. Wiegmink has shown that on each 2-dimensional Riemannian torus
(T?,9) the total bending B functional achieves its minimum (cf. Theorem 4
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in [309] or Theorem 2.43 in Chapter 2 of this monograph) and all the
critical points of B are stable (cf. Theorem 6 in [309] or Theorem 3.51 in
Chapter 3 of this monograph).

The situation is considerably different in dimension three. The 3-
dimensional torus T° admits a natural flat contact metric structure (cf. [42],
p. 68 and p. 100). As T is Ricci flat its Reeb vector field £ is harmonic.
Also 0 = Ric(£,£) =2 —2A% hence A = 1. Thus £ is strongly normal and
21 =1 so that p = 1. Therefore (by part (i) in Theorem 4.43) & is unstable.
Moreover (by (4.46)) the vector field Ej (spanning the eigenbundle of i cor-
responding to the eigenvalue 1) is parallel. Hence E(E1) = (1/2) Vol(T?)
and for any I € T (S(T?))

1 5o 1 5 1 5
E(V) = 2 Vol(T )+5f IVVI? vol(g) = - Vol(T?) = E(Ey).

WS
‘We may conclude that

Corollary 4.45 The Reeb vector field underlying the natural flat contact metric
structure on T2 is an unstable critical point and the energy functional achieves its
minimum

. 1
inf (E(V): V e T®(S(T?))} = EVol(']T3).

Remark 4.46

a. J.C. Gonzales-Davila & L. Vanhecke studied (cf. [146]) the stability of
harmonic unit vector fields and the existence of absolute minima for
the energy functional on 3-dimensional manifolds and in particular on
compact quotients of unimodular Lie groups.

b. Let (M,g) be a Riemannian manifold and 77 a unit vector field on
M. We recall that V: (M,g) — (S(M), G;) is a harmonic map, i.e., a
critical point of E: C®(M,S(M)) — [0,400), if and only if I/ is a
harmonic vector field and trace, {R(V.V, V)-} =0 (ct. Theorem 2.19).
Clearly instability with respect to E:['%°(S(M)) — [0,400) implies
instability with respect to E : C*°(M, S(M)) — [0,+00). For the Reeb
vector field £ of a contact metric 3-dimensional manifold as in Theo-
rem 4.43 one checks easily (by (4.46)) that trace, {R(V.£,£)-} = 0. Then
all instability results proved in this section may be reformulated for & as
a harmonic map of (M, ¢) into (S(M), Gy). [ ]
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S) 4.4. HARMONIC ALMOST CONTACT STRUCTURES

The purpose of this section is to report briefly on recent results by
E. Vergara-Diaz & C.M. Wood, [299], on the harmonicity of an almost
contact structure.

Let (M,g) be a Riemannian manifold and P — M a principal G-
bundle. Let H C G be a Lie subgroup such that the homogeneous space
G/H is reductive. Let us assume that G/H is equipped with a G-invariant
Riemannian metric and that P — M is endowed with a connection I'. Let

N=Px¢(G/H)=(Px(G/H))/G~ P/H

be the associated bundle with standard fibre G/H and let I'* be the
associated connection so that (cf. e.g., R. Crittenden, [92])

T,(N)=T) ®Ker(d,p), weEN,

where p : N — M is the natural projection. Let ¢ be the horizontal lift of
gile.,
(A, B) = 8o (dup) A, (dyp)B).  A.BET;, weN.

w?

Let h be the Riemannian metric on N defined as the product of ¢™ and the
fibre metric on G/H.

Definition 4.47 (C.M. Wood, [318]) A section 0 : M — N is said to
be harmonic if ¢ is a critical point of the energy functional E: '*°(N) —
[0, +00)

E(o) = %/ ldo||?dvol(g), o € T®(N),
Q

for any relatively compact domain Q2 C M, i.e., {dE(0;)/dt};=o = O for any
smooth 1-parameter variation {0¢}|;<¢ of 0 (i.e., 09 = o) through smooth
sections 0; € '°°(N), |t] < €, supported in Q. [ ]

The Euler-Lagrange equations of the variational principle § E(o) =0
were derived by C.M. Wood, [318].

The problem of studying harmonicity of smooth sections in an associ-
ated bundle with an arbitrary standard fibre F (equipped with a Riemannian
metric) is open. A covariant derivative of such sections is well defined
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(cf. R. Crittenden, [92]) relative to a given connection I' in P — M. See
also S. Dragomir, [100].

In particular, let G=SO@2n+1) and let P— M be the principal
SO(2n+ 1)-bundle of all positively oriented orthonormal frames tangent
to a real (2n+ 1)-dimensional Riemannian manifold (M,g). An almost
contact metric structure (¢,&,1,¢) on M may be thought of as a C*®
section o in the associated bundle N = P/U(n) — M with standard fibre
F=S0(@2n+1)/U(n). The harmonicity of such o was investigated by E.
Vergara-Diaz & C.M. Wood, [299]. We may state

Theorem 4.48 Let (¢,€,1,9) be an almost contact metric structure on M and
H(M) = (R“;‘)J‘. Let | : H(M) — H(M) be the restriction of ¢ to H(M). Let
o € I'®°(P/U(n)) be the section associated to (¢,&,n,g). Then o is harmonic if
and only if [D*DJ,J] = 0 (that is, | is a harmonic almost complex structure in H,
in the sense of [320]) and

5 1
Ag =gl = ST T(9)

where T'(¢p) = trace,{D] ® V&} and D is the connection in H(M) — M defined
as the orthogonal projection of V. on H(M). In particular, if both & and J are
harmonic then o is harmonic if and only if T(¢) = 0.

Therefore the study of the harmonicity of almost contact metric struc-
tures o is related to the study of H-contact structures. When (H(M), ], D)
is a Kaehler bundle (i.e., the Hermitian structure induced by ¢ on H(M)
is parallel) it may be shown that ¢ is a harmonic section (respectively a
harmonic map) if and only if & is a harmonic vector field (respectively a
harmonic map). Two instances where (H(M), ], D) is a Kaehler bundle are
indicated in the following

Theorem 4.49 (E. Vergara-Diaz & C.M. Wood, [299]) Let us assume
that a) M is a 3-dimensional almost contact metric manifold, or b) M is an oriented
real hypersutface in a Kaehler manifold, equipped with the induced almost contact
metric structure. Then (H(M), ], D) is a Kaehler bundle.

Another recent result is

Theorem 4.50 (E. Vergara-Diaz & C.M. Wood, [300]) An H-contact
structure on M is harmonic if and only if the p*-Ricci curvature of M is sym-
metric (equivalently ¢-invariant), where p*(X,Y) = ¢(R(X, ED)¢ Y, E)) for any
X,Y € T(M), and R is the Riemann curvature tensor of (M, g).
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The (k, n)-manifolds are H-contact [242]. To provide an example, one
may show that all contact metric structures satisfying the (k, p)-nullity con-
dition (4.3) are harmonic (that is the p*-Ricci curvature is symmetric), cf.
[300]. Such structures include unit tangent bundles over spaces of constant
curvature.

A new family of examples of harmonic unit vector fields is provided by
the Reeb vector fields of the warped products R Xf]\~/l and M x rR car-
rying the almost contact metric structure induced by an almost Hermitian
structure on M (cf. [300]). A Kenmotsu manifold is locally isometric to a
warped product R x M where f(f) = ce' (c € R) and M is Kihlerian (cf.
[42], p. 80).

> 4.5. REEB VECTOR FIELDS ON REAL HYPERSURFACES

Let M be an orientable real hypersurface in a complex (n41)-
dimensional Kaehler manifold (My, Jo,g0), where Jy is the complex struc-
ture and go the Kaehlerian metric. As customary My = M"1(¢) denotes a
complex (14 1)-dimensional complex space form of (constant) holomor-
phic sectional curvature ¢. Let v be a unit normal vector field on M. Then
20(Jov,v) = 0 hence & = Jyv is a unit vector field' tangent to M. Let us set

JoX=¢X—nX)v, XeTM),

so that ¢ and 7 are respectively a (1, 1)-tensor field and a differential 1-form
on M. Let g be the first fundamental form of M in M i.e., g = t*gy where
t: M — My is the inclusion. Then (¢,&,7,¢) is an almost contact metric
structure on M. Let A = A, be the shape operator associated to the normal
section v.

Definition 4.51 Let M be an orientable real hypersurface of a Kaehler
manifold with the naturally induced almost contact metric structure
(¢,5,1,9). We call (M, (¢,§,n,9) a Hopf hypersutface if the Reeb vector
field is an eigenvector of the shape operator A i.e., A = a& for some
a € C®(M). [

We recall the Gauss and Weingarten formulae

VoY =VxY+B(X,Y)v, Viv=—AX,

1 According to the conventions adopted in [290]-[291] the Reeb vector underlying the naturally
induced almost contact metric structure on M is —§&.
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for any X, Y € X(M), where V" and V are the Levi-Civita connections of
(Mo, g0) and (M,g) while B(X,Y) = ¢(AX,Y) is the second fundamental
form of the given immersion. Then

(Vxp) Y = g(AX, Y)§ —n(V)AX, Vx§=—-¢AX.

As V& = —¢AE it follows that Ve& =0 if and only if A& = a§ for some
o € C°°(M). We recall the Gauss-Codazzi-Ricci equations

R(X,Y)Z =tan {Ro(X,Y) Z} + 9(AX, Z) — g(AY, Z)AX,
Ro(X,Y)v=(VxAY — (VyA)X,
where Ry and R are the curvature tensor fields of VY and V. As usual
tan, : Ty(Mo) — To(M) is the projection associated to the direct sum

decomposition T, (M) = [(dyt) Tx(M)] @ Ry, forany x € M. Let {E; : 1 <
i < 2n+ 1} be a local orthonormal frame of T'(M). By the Ricci equation

IRy (X, E)v, E) = g¢((VXA)E,, E;) — ¢(VEA) X, E))

or (by summing over 1 <i<2n+1)

2n+1
Ricy(X,v) = Y _{g(VxA)E;, E) — g(VEA) X, Ep) (4.49)

i=1
= X(H) — (divA) X,
where Ricgp is the Ricci tensor field of (My,gp) and H = trace(A) €

C® (M) is the mean curvature of M in My. Also the 1-form divA4 € Q' (M)
is given by

(divA)X = g(trace, VA, X), X e X(M).

Let Vu be the gradient of u € C'(M) with respect to g i.e., locally

2n+1
Vu= Z E,'(M)El' .
i=1
Let V*:T'®(T*(M) ® T(M)) - X(M) be the formal adjoint of V:
X(M) — I'°(T*(M) ® T(M)). The shape operator A is a C* section in
the vector bundle T*(M) ® T(M) — M. Then (locally)

2n+1
V*A=—) (VEAE; = trace,VA
i=1
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so that (divA)* = —V*A4 i.e., the 1-form divA and the tangent vector field
—V*A are dual with respect to g. Throughout f : Q'(M) — X(M) denotes
“raising of indices” with respect to g i.e., ¢(w* X) = w(X) for any w €
Q'(M) and any X € X(M). By the Gauss-Codazzi equations we get
Ric(X,Y) = Ricy(X, Y)
—g0(Ro(v, X)Z,v) —g(AX,AZ) + Hg(AX,Z)  (4.50)

and in particular

Q& = Qu& — g(Qu&, V)V + Ro(v,&)v — A% + H AE, (4.51)

where Qq is the Ricci operator of (M, go).

4.5.1. The Rough Laplacian and Criteria of Harmonicity

Let A, be the rough Laplacian on X(M). We wish to compute A.&. Let
{Ei:1<i<2n+1} be a local orthonormal frame of T(M) consisting of
eigenvectors of the shape operator. Then

2n+1

A ==Y (VEVEE — Vv, £é).

i=1
Moreover we consider a local orthonormal frame of the form
{S, Vﬂla¢V0l . 1 S o S f’l}

with 1V, € H(M) = Ker(n) for any 1 <a < n. Without loss of generality,
we may assume that both local frames are defined on the same open set.
Then

Ak =Y {a(AE V) Vo +8(AE Vo)V } +2(AE.EE.  (452)

a=1

Note that (as a consequence of ||&|| = 1)

g(VVE,EiS’ §)=0.

Hence

AE.E) == o(VEVEE.E)

- {a(5E060) - 1vsei] = ivere
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Let us compute the remaining terms in (4.52). As Vx§ = —¢pAX
AV VEE V) =gV (~$AE;, V)
= —g¢((VEPA)E + AVEE;, V)
= _g((vE,¢A)El - VVEI.E,‘S7 V)
hence
g(VEiVE/%- - VVE[E{55 V) = _g((vEl¢A)El’ V) (453)
for any tangent vector field I on M. Using (4.53) for I € {I/,,¢ 1V} the

identity (4.52) may be written

Ak = IVEIPE+ ) {e(VEPAE, Vo) Ve +8(VESAE;, pVa)$Var}

(4.54)

As the adjoint (with respect to g) of the operator Vx¢A is precisely —VxA¢p
one has

S((VEQAE;, V) = —g(E;, (VAP V)
= —g(E;, VE APV — APVE V)
(by adding and subtracting AV ¢ 1)
= —g(E;, VEAGV — AVEGV + AVESV — AGVE V)
so that
(VEPAE;, V) = —g(Ei, (Vg APV + AVEP) V). (4.55)

At this point, one may apply (4.55) for V' € {V,, ¢V} so that (4.54) may
be written as

Ak =|IVEIIPE — (i +5) (4.56)

where

fi=Y {eE (VEASVa) Ve — g(Ei, (VEA) Vo) Va

= {e(E AVED) Ve) Vi + ¢(Eis ANVED)S Vo) Ve }

We shall need the following
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Lemma 4.52 (D. Perrone, [247]) Let M be an orientable real hypersurface
in a Kaehler manifold My. Then

Ak = —¢V* A+ $> A% + | VE|’E
= —¢VH + 7y Qo + ¢>A%E + || VE||%E (4.57)

where 7wy : T(M) — Ker(n) is the natural projection associated to the decomposi-
tion T(M) = Ker(n) ® R&.

Proof. Using (4.49) one may compute fi and find

f1 =—¢VH+ T JQov. (4.58)
Moreover (again by (4.49)) ¢0(Qov, X) = X(trace A) — (divA) X hence

THJQov = Y {200 Quv, V) Vir + 800 Quv, ¢ Vo) Var)

a=1

= {—20(Quv, ¢ Vi) Vir +80(Quv. Vi) V)
= ([Valtrace A) — (divA) (Vo)1 Va

— [(@Ve)(trace A) — (divA) (P V)] Vi }

=¢VH =Y ${(divA) (Vo) Vi + (divA) ($ V)b Vi

+ (divA)(§)E} = ¢V H — ¢ptrace VA.
Thus (4.58) becomes
fi=—¢trace VA= V*A. (4.59)

Let us compute f>. One has
2n+1 n

=YY e AVES) Ve, E) Ve + QA ED)S Ve, END Vi)

i=1 a=1

=Y > {G(AE;, Vo)g(AE, E) Ve + g(AE;, ¢ Vo )g(AELE)p V)

1 o

= {g(AVa, AE) Vo + g(Ap Ver, AE) B Vi)

o

=Y (G(A%, Vo) Vi +9(A%. ¢ V)P V)
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or

f=—¢*A%E. (4.60)
Finally the identities (4.56)—(4.60) yield (4.57) in Lemma 4.52. [ |

‘We may state

Theorem 4.53 (K. Tsukada & L. Vanhecke, [290], D. Perrone,
[247]) Let M be an orientable real hypersurface of a Kaehler manifold. Then
i. the Reeb vector field & is harmonic if and only if p V*A — $>A%E = 0.
ii. Let us assume that divA =0. Then & is harmonic if and only if & is an
eigenvector of A2,
iii. Let us assume that M is a Hopf surface. Then & is harmonic if and only if V*A
is proportional to & .

Theorem 4.54 (D. Perrone, [247]) Let M be an orientable Hopf hypersur-
face of a Kaehler manifold My. Let us assume that the unit normal vector v on M
is an eigenvector of Qp. Then
i. & is harmonic if and only if VH = §(H)&.
ii. Let us assume that the principal curvature o corresponding fo the principal direc-
tion & is constant along the integral curves of §. Then & is harmonic if and only
if the mean curvature H is constant.

Proof Under the assumptions in Theorem 4.54 (i.e., M is a Hopf surface
and & is an eigenvector of the Ricci operator QQp) the identity (4.57) in
Lemma 4.52 may be written as

A& =¢VH+||VE|’E. (4.61)

Statement (i) in Theorem 4.54 follows from (4.61). To prove (ii) let o be
constant along the integral curves of &. Let {E;: 1 <i <2n+ 1} be a local
orthonormal frame of T(M) consisting of eigenvectors of the shape opera-
tor A i.e., AE; = A E;. Also we assume that E1 = &. As v is an eigenvector
of Qo

2n+1

> w(RoE. Ev, E) = Ricy(£,v) = 0.

i=2
By Vx& = —¢pAX and the Codazzi equation

2n+1

0= Z g((VeA)E; — (Vg A)§, E))
i=2



4.5. Reeb Vector Fields on Real Hypersurfaces 251

2n+1
= Y gE)Ei + A VeE— E()€ +aVEE, E)
i=2
2n+1
+ > (—VeE+ViE, AE)
i=2
2n+1
= Y (EQ)ag(—pAE, E) + o(—~pAE;, AE) + Aig(V: E;, Ey))
i=2
2n+1
= (Z xi) = £(H — ) =£(H).
i=2
Then (by (4.61)) A& is collinear to & if and only if H is constant. [

As a consequence of Theorem 4.54

Corollary 4.55 (K. Tsukada & L. Vanhecke, [290], D. Perrone,
[2471) Let M be an orientable Hopf hypersurface of a complex space form M"+1(c)
with ¢ # 0. Then & is a harmonic map of (M,g) into (S(M), Gy) if and only if
the mean curvature H of M in M"T1(0) is constant.

Proof Hopf hypersurfaces of a complex space form M"*1(c) of sectional
curvature ¢ # 0 enjoy the property that A = a§ for some o € R (cf. e.g.,
K. Tsukada & L. Vanhecke, [291]). Moreover

¢
an {Ro(X, )2} = [6X,2)Y — oY, 2)X — g(¢ Y, 2)$ X
+e(@X. 2)pY —24(X.0Y)9Z}.  (4.62)
Let {E1 =&,E;:2<i<2n+41} be a local orthonormal frame of T (M)
consisting of eigenvectors of A. Then (by the Gauss equation)

2n+1 2n+1
trace, {R(V.§,£)-} = ) R(VEEEE = )  RGAE, §)E;
i=2 i=2
2n+1
= > {(APAE;, E)AE — g(AE;, §) AQAE;} = 0.
i=2

Then (by Theorem 4.54), & is a harmonic map if and only if H is constant.
|

Let T = Lggandlet T be the symmetric (1, 1)-tensor field on M defined
by o(TX,Y) =1(X,Y) for any X,Y € X(M).
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Proposition 4.56 Let M an orientable real hypersutface of a Kaehler manifold.
Then

1
T=[A,¢], divé= > trace T = 0.

Moreover TE = 0 if and only if M is a Hopf hypersutface. Also if TX = 0 for any
X € Ker(n) then T =0.

Proof.
T(X,Y) = (Leg (X, Y) =¢(VxE,Y) +4(X, VyE)

=2((A¢ —pAX, Y).
In particular trace [A4, ¢] =0 so that (by ¢& =0) A§ =« if and only if
T& = 0. Moreover, with respect to a local orthonormal frame {E;: 1 <i <
2n+ 1} consisting of eigenvectors of A
2n+1 2n+1

1 1
divé = E ¢(VEE E) = > E (Leg)(ELE) = Etrace T=0.
i=1 i=1

The last statement in Proposition 4.56 follows from
4(T&,8) = g(Ag,$5) =0
and
ATE,X) =¢(,TX), X eKer(n).
|

Lemma 4.57 (D. Perrone, [247]) Let M be an orientable real hypersutface of a
Kaehler manifold My. Then

Ak = QE+ V*T = QE —trace, VT. (4.63)

Proof. Let {E;: 1 <i<2n+ 1} be a local orthonormal frame of T(M) as
above. The identity V& = —¢ A implies

2(VxE,Y) +4(VyE, X) =¢((A¢ —pA) X, Y) =o(TX,Y).  (4.64)

Next (4.64) together with
2n+1

Ric(§,X) = ) o(R(X, E)E, Ej)
i=1
2n+1
- Z {Vixri€ — Vx Vi€ — Vi VxE}
i=1
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imply that
2n+1
Ric(§,X) = Y _{o(T[X,E, E) —g(VEE, [X, Ei])
i=1
— X(¢(VEE, E)) + (V& VxE))
2n+1
+ ) E(e(VxE, E) — g(VxE, Vi E)}
i=1
2n+1
= D {e(VEE, Vi) +(TIX, E), E) — X(divé))
i=1
2n+1
+ ) AE(—g(VEE, Vi X) +¢(TX, E))
i=1
+g(VVEiE,E’ X) _g(TX, VEZ‘EI')}
2n+1

=Y {e(Vy,EE X) —o(VEVEE, X)

i=1
+g(T[X, Ei],E,‘) —g(TX, VE,,E,') —+ Ei(g(TX, E,))}
or (by the very definition of A,)

2n+1
Ric(§,X) = g(Ak, X) + Y {¢(TIX,El, E) +¢(VE TX, E)}.  (4.65)
i=1
As T is symmetric one may choose from the very beginning the local frame
{E;:1 <i<2n+4 1} to consist of eigenvectors of T'. Thus

2n+1
> {e(T[X.E).E) +¢(VE TX, E))}
i=1
2n+1
= > {e(VxE TE) +¢((VE, T)X. E))

i=1
= (div T) X = g(trace, VT, X).
The last identity together with (4.65) implies (4.63) in Lemma 4.57. ]

Remark 4.58 Let us assume that the induced almost contact metric struc-
ture (¢,&,n,¢) on M is actually a contact metric structure. Then (by the
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contact condition) T = 2h¢ hence (cf. [242])
traceg VI = —2V*hp = 2Q& — 4né
and (4.63) becomes
A = —QE +4nk. (4.66)

It should be observed that this is precisely the contents of Theorem 4.3
(hence Lemma 4.57 may be thought of as a generalization of the result in
Theorem 4.3). [ |

‘We may state the following

Theorem 4.59 Let M be an orientable real hypersutface of a Kaehler manifold

My. Then

i. & is harmonic if and only if Q€ = A& + V*T, and if & is an eigenvector of Q
then

ii. & is harmonic if and only if V*'T' is proportional to & .

Definition 4.60 (M. Kon, [193]) The real hypersurface M is said to be
pseudo-Einstein if Ric = ag+ bn ® n for some a,b € R. [ |

According to the terminology of S. Tanno, [284], a contact Riemannian
manifold M is an n-Einstein space if the Ricci curvature is given by Ric =
ag+bn ® n for some a,b € C°°(M). When M is an m-dimensional, m > 3,
n-Einstein space and a K-contact Riemannian manifold then a are b are
constants.

M. Kon classified (cf. [193]) complete pseudo-Einstein real hypersur-
faces in C"*! and in the complex projective space CP"+! (1 > 2). For each
hypersurface in these classes the Reeb vector & is an eigenvector of the
Ricci operator Q so that the following harmonicity criterium holds

Corollary 4.61 Let M be an orientable pseudo-Einstein real hypersurface in a
Kaehler manifold My. Then & is harmonic if and only if V* T is proportinal to & .

Reeal hypersurfaces satistying 7= 0 (i.e., [A4,¢] = 0) have been classified
by M. Okumura, [226], when My = cp+t by S. Montiel & A. Romero,
[214], when My = CH"*! (the complex hyperbolic space), and by J. Berndt
& Y. Suh, [38], when My = G»(C"*2) (a complex 2-plane Grassmannian
manifold). In an arbitrary Kaehlerian ambient space My, any quasi-umbilical
real hypersurface M (i.e., one whose shape operator is of the form A = al +
bn ® & for some a,b € C*°(M)) obeys to T = 0. By a result of A. Banyaga,
[20], the characteristic foliation of a compact simply connected real hyper-
surface satisfying T'=0 has a compact leaf. By Proposition 4.56 the
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condition T' = 0 may be replaced by T = 0 along Ker(n). On such hyper-
surfaces one may derive a harmonicity criterium similar to that obtained in
the context of abstract (i.e., not embedded) contact metric structures.

Corollary 4.62 Let M be an orientable real hypersurface of a Kaehler manifold
My satisfying [A,@] =0 on Ker(n). Then & is harmonic if and only if § is an
eigenvector of the Ricci operator Q.

Remark 4.63 a) By a result of S. Tachibana, [278], i) any harmonic
1-form w on a compact Sasakian manifold is orthogonal to the contact
form i.e., i(n)w = 0, ii) for any harmonic 1-form w the 1-form & given by
wj = goja),' is harmonic as well, and as a corollary iii) the first Betti number
of a compact Sasakian manifold is zero or even. No analog for harmonic
vector fields is known so far (see also (i) in Remark 2.25 of Chapter 2).

b) By a result of S. Tanno, [284], if M is a real m-dimensional compact
K-contact n-Einstein space with a > 0 (equivalently the scalar curvature
p is > m—1) then b1(M) =0. It is an open problem to study harmonic
vector fields on a K-contact n-Einstein space. See also S. Tanno, [280],
D.E. Blair & S.I. Goldberg, [45], and S.I. Goldberg, [140].

4.5.2. Ruled Hypersurfaces
We adopt the following

Definition 4.64 (M. Kimura, [186], M. Kimura & S. Maeda, [187])
Let M be an orientable real hypersurface of a complex space form M"*1(c)
of holomorphic sectional curvature ¢ 0. If the distribution H(M) =
Ker(n) = (RE)T is completely integrable and its leaves are totally geodesic
submanifolds of M"*1(c) then M is said to be a ruled real hypersurface. B

By a result of M. Kimura & S. Maeda, [187], the shape operator of a
ruled real hypersurface is given by

AE = a +bE, AE=0bE, AX=0, (4.67)

for some a,b € C®°(M), b#0, and some unit vector field E € Ker(n),
and any X € Ker(n) orthogonal to E. Then the mean curvature of M in
M""1(¢) is H = a and the Reeb vector is not a principal direction (i.e., M
is not a Hopf hypersurface). Moreover (by V& = —¢A and by (4.67))

Ve§ = —bpE, VpE =0, Vx&=0,

for any X € Ker(n) orthogonal to E, hence || V&> = b?. As ¢p>A%E = —abE
and M"T1(¢) is Kaehler-Einstein equation (4.57) in Lemma 4.52 may
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be written
A& = ¢Va— abE + b€,

Furthermore ¢Va = abE if and only if (¢pE)(a) = —ab and X(a) =0 for
any X € Ker(n) orthogonal to ¢ E. We may conclude that

Theorem 4.65 (K. Tsukada & L. Vanhecke, [291]) Let M be a ruled

hypersurface in M"*1(c). Then

1. & is harmonic if and only if (9 E)(a) = —ab and X (a) = 0 for any vector field
X € Ker(n) orthogonal to pE.

ii. The Reeb vector field of a minimal ruled hypersurface is a harmonic vector field,
but it is not a harmonic map.

4.5.3. Real Hypersurfaces of Contact Type

Let M be a real hypersurface of a complex (n+ 1)-dimensional Kaehler
manifold (Mo, Jo,g0). Orientability, or equivalently the existence of a
smooth globally defined unit normal field on M, is assumed throughout
without further mention. Let (¢,£,7,¢) be the induced almost contact
metric structure. Let Q0(X,Y) = ¢o(X,JoY) be the Kaehler 2-form on M
(X,Y € X(Mp)). Let t : M — M, be the canonical inclusion.

Definition 4.66 (M. Okumura, [225]) M is said to be a hypersurface
of contact type2 if (dn)(X,Y) =rg(X,¢Y) for some C* function r: M —
R\ {0} and any X, Y € X(M). [ |

If M is a hypersurface of contact type as in Definition 4.66 then dn =
rt* Qp. Indeed (as ¢ = t*g)
X, PY) = g0(X,9Y) = g0 (X, JY — n(Y)v)
=g0(X,JY) = Q(X,Y)
forany X, Y e T(M). As ® € Q>(M) (given by ®(X,Y) = ¢(X,¢Y)) has
rank 2n it follows that 1 is a contact form i.e., n A (dn)" is a volume form

on M. When r = 1, the induced almost contact metric structure on M is a
contact metric structure.

Lemma 4.67 Any hypersurface of contact type is a Hopf hypersurface.
Proof. As M is a hypersurface of contact type, for any Y € Ker(n)

(d)(E,Y) =rg(6,9Y)=0

2 As a matter of terminology in use, it should be noted that a real hypersurface M — M of a
symplectic manifold (My, @), where w is the symplectic form, is referred to by A. Banyaga (cf.
[20]) as a hypersurface of contact type whenever M admits a contact from 71 such that dn = (*w.
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(as Ker(n) is ¢-invariant). On the other hand
2(dm)(§,Y) = —n([§, Y]
=g(Vy§ — VeY,§) = g(pAE,Y) = —g(A§,9Y),

so that A& is proportional to &. [ ]

Lemma 4.68 Let (M,n) be a (2n+1)-dimensional contact manifold. If f €
C®° (M) satisfies df = &(f)n then [ is a constant.

Proof. By the assumption df = &(f)n the function f is constant if and only
it £(f) = 0. One has

0= d*f = (dE(N) An+ECS) dn. (4.68)

The reminder of the proof is by contradiction. Let us assume that
&(f)x, # 0 for some xy € M. By continuity there is an open neighborhood
U of xp in M such that £(f), # O for any x € U. Then (by (4.68))

1
dn=——nAnd
n 50 nAdE(f)

on U, hence n A (dn)" =0 on U, a contradiction (as 7 is a contact form).
|

Lemma 4.69 Let M be a hypersutface of contact type of a Kaehler manifold M.
Ifdim(M) =2n+1> 3, i.e., n>2, then r is a constant. If dim(M) = 3, i.e.,
n=1, then r is constant along the integral curves of &.

Proof. As ® =1*Qq is a closed 2-form on M we may differentiate the
identity dn = r® and obtain

O=d’n=drA®+rdd=dr AD

that is dr A® =0. Let X,Y € Ker(n) such that X is orthogonal to both
{Y,¢Y}. Then

(dr AD)(X,Y,Y) = X(Ng(Y,$°Y) = =X Y|?
and
(dr ADYE,Y,9Y) =E(ng(Y,9°Y) = —E(0| Y.

We may conclude that r is constant when n > 2 and merely that £(r) =0
when n=1. [ |
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Remark 4.70 (M. Okumura, [225]) If M is a hypersurface of contact
type in a complex space form M"+1(c) then r is a constant in all dimensions
n>1. [ ]

Theorem 4.71 Let M be a hypersutface of contact type in a Kaehler manifold
My. Let us assume that v is an eigenvector of the Ricci operator Qp. If dim(M) =
2n41> 3 i.e., n> 2 then the following statements are equivalent

i. & is harmonic.

ii. The mean curvature H is constant.
iii. & is an eigenvector of the Ricci operator Q.

The statements (i) and (1) are equivalent when n =1 as well.

Proof Let M be a hypersurface of contact type in the Kaehler manifold M.
Let us assume that v is an eigenvector of Qg and that n > 2. By Lemma 4.67
it follows that M is a Hopt hypersurface. By Theorem 4.54 we know that &
is harmonic if and only if VH = &(H)&. Then the implication (if) = (i)
is immediate. Moreover, if § is harmonic then dH = &(H) n and then (by
Lemma 4.68) H is constant. Let us prove the equivalence (i) <= (iii) (under
the assumption that # > 2). By Lemma 4.69 the contact type condition
is satisfied with r = constant. For r # 1 the Riemannian metric g is not
associated to 7 yet this is easy to adjust. Indeed

p=¢, E=(/NE f=rm, 3=ryg
1s a contact metric structure. Next
A(@é = Ag.
Moreover the Ricci operators of (M,g) and (M, g) are related by
Q=r7Q
By Theorem 4.3
A =IVEIZ § +¢7 Q8.

Thus

A =r g =7 |IVEI2E + 970k}

=7 | 2Ive 120708 + 7207 QU /g | = V€12 + 4208

and one may conclude that & is harmonic if and only if £ is an eigenvector
of Q. Theorem 4.71 is proved. [ |

Hypersurfaces of contact type in a complex space form M"*!(c) have
been classified by M. Okumura, [225], when ¢ = 0, by M. Kon, [193], when
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¢ > 0, and by M.H. Vernon, [302], when ¢ < 0. The Hopf hypersurfaces in
a complex 2-plane Grasmann manifold (studied by J. Berndt & Y.J. Suh,
[38]) are of contact type and their Reeb vector & is a harmonic map.

Corollary 4.72 The Reeb vector of a hypersurface of contact type in a complex
space form is a harmonic map.

Proof. The identity (4.51) implies that statement (iii) in Theorem 4.71 is
equivalent to the statement: & is an eigenvector of Ry(-,v)v. At this point
Corollary 4.72 follows from Theorem 4.71 and the Gauss equation (of M
in M"1(0)). [

Corollary 4.73 Let M be a real (2n4 1)-dimensional hypersurface of contact

type in a Kaehler-Einstein manifold My and let (¢,&,n,9) be the induced almost

contact structure. Then

i.ifn>1 then (¢.£, 1,9) is an H-contact structure if and only if M has constant
mean curvature in My. Moreover

ii.if n>1 then ($,€,7,9) is an H-contact structure if and only if & is an
eigenvector of the Ricci operator of (M, g).

Remark 4.74 Let SO(2n+1) = P — M be the principal bundle of all
positively oriented orthonormal frames tangent to a (2n + 1)-dimensional
Riemannian manifold (M, g). We recall that an almost contact metric struc-
ture on M may be thought of as a section o in the associated bundle
P/U(n) = M (with standard fibre SO(2n+ 1) /U(n)). Let us assume that M
is an oriented real hypersurface in a nearly Kaehler manifold (Mo, Jo,g0) (i.e.,
the almost Hermitian structure (Jo,go) satisfies (V?J@) Y + (Vg/])X =0 for
any X,Y € X(Mp)). Let o be the induced almost contact metric structure
on M. By a result of E. Vergara-Diaz & C.M. Wood, [299], if M is a con-
tact metric hypersurface then o is a harmonic section if and only if M is an
H-contact manifold. Also (cf. op. cit.), it M is an oriented real hypersurface
of a Kihler manifold then o is a harmonic section (respectively a harmonic
map) if and only if & is harmonic as a unit vector field (respectively & is a
harmonic map). n

S 4.6. HARMONICITY AND STABILITY OF
THE GEODESIC FLOW

The present section is devoted to the study of the geometry of Rie-
mannian manifolds (M,g¢) whose (total space of the) tangent sphere bundle
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S(M) is an H-contact manifold with respect to its standard contact metric
structure.

4.6.1. The Ricci Curvature

Let (M,g9) be a real n-dimensional Riemannian manifold and let
(¢,€,n, G,) be the standard contact metric structure on S(M). We wish
to compute the Ricci tensor of (S(M), G). To this end one chooses first a
local orthonormal frame {o7,...,0,} of (n_lTM,(é), defined on the open
set 7~ 1(U), such that o, = L™ £ where L =3(L, L) € C®(T(M)). Note
that L =1 everywhere on S(M). If v = —y L (the unit normal vector on
S(M)) then &' = —Jv = B L so that

{2)/ 01"' 72)/ 011—1’ 2/3017'-"250—1’1—17 S = 25/} (469)

is a local orthonormal frame of T(S(M)) = [y Ker(w)] & [H|gyy)]- Here
(o) =3(0,L) forany o € ' TM.

Let X € X(M) and let us consider XT € '™ (V) (the tangential lift of X)
locally given by

N , 0
XuT = XJ/ —w(X)y Y’(”) ;

for any uenfl(U) Here (U,x%) is a local coordinate system on M
and (r~1(U), ' ,y") are the induced local coordinates on T'(M). Clearly

T e T, (S(M)) for any u € S(M). We also adopt the notation X = X —
a)(X) L eT®(@ " TM). Then X € Ker(w) and y X = X T. Using the local
frame (4.69) one may compute the Ricci tensor field Ricg, of (S(M), Gg)
and obtain (cf. e.g., [53])

Rice, (X1, Y1)y = (n—2){g(X, V) — ge( Xy, ) g (Yie, 1)}

1
+ 7 2 e (R, Xei, Rl Y, (4.70)
i=1

Ric (X1, YH) = % {(VRi0) (1, Xy, Yy) — (VRIC) x (Xy, 1, Ya)}, (4.71)

1 n
Ricg, (X, Y = Rie(X, V) = 2 D Jer(Ralin,e) X, Rl ) Vo),

(4.72)
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for any X, Y e X(M) and any u € S(M)y, x € M, where ¢;=o0;(u) €
(n_lTM)u: To(M) for any 1 <i<mn. Also, R and Ric are the cur-

vature and the Ricci tensor of (M,g). By Theorem 4.5 it follows that
(S(M), (¢,&€,7n, Gs)) is an H-contact manifold if and only if the charac-
teristic vector § is an eigenvector of Ricg, i.e.,

Ricg,(€,X"), =0, Ricg, (& Y, =0,
for any X, Y € X(M) and any u € S(M), such that Y, and u are orthogonal.
Then (by (4.71)—(4.72))

(VRic),(u,u, X)) = (VRic) (X, u, 1), (4.73)

n
2Ric(Xyo 1) = ) en(Ra(i,e) Xy, Reuedu),  (4.74)
i=1
for any X € X(M) and any u € S(M), such that X, and u are orthogonal.
As u is an arbitrary unit vector tangent to M at x the identity (4.73) is
equivalent to

(VxRio)(Y, Z2) = (VyRio)(X, Z2), X,Y,ZeX(M), (4.75)
1.e., Ric is a Codazzi tensor field on M. We may conclude that

Proposition 4.75 The total space S(M) of the tangent sphere bundle over a
Riemannian manifold (M,g) is an H-contact manifold if and only if a) the Ricci
tensor Ric of (M, g) is a Codazzi tensor and b) the identity (4.74) holds for any
u€ S(M), and any x € M.

Let x € M and let u € S(M),. be a fixed unit vector. The Jacobi operator
R, =Ry (u, )u
is symmetric, it is diagonalizable. Thus we may complete u to a g.-

orthonormal basis {ey,...,e,} C Ty(M) such that ¢, = u and R, (¢;)) = Aje;
for some A; € R and any 1 <i < n. Then

n—1 n—1
Ricy(ej,u) = — Y ge(Re(t,e)ei, ) = — Y _ aue(Rou, ),
i=1 i=1

n—1

D (Rl )i, Rl 1))
i=1
n—1 n—1

= Z)»igx(Rx(u, €)ej, ¢) = — Z)»ig(Re[M, ¢),

i=1 i=1
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and (4.74) becomes
n—1

> =Ry ) =0, 1<j<n—1. (4.76)
i=1

Moreover, & is a harmonic map of S(M) into S(S(M)) if additionally

3 {RG“‘ (ﬂ.c, vggjg) Boi+ RCs (ﬂ L v(f;f ) of} —0. (477

=

Here V& is the Levi-Civita connection of (S(M), Gs) and R its
curvature tensor field. Using

(VirE) = RaXmm),,

(Vire) =2(X— X mu), + Ru(Xemn)lf

and the explicit expression of the curvature (cf. e.g., [42], p. 140) it may be
shown that (4.77) is equivalent to

n—1

D (1 = 1)ge((VR) (.1, e1,5),u) =0, (4.78)

i=1

n—1

D 201 = kg (VR (i, u ¢i,€1), ¢)

i=1

n—1

+) 2= A)g(VR)(eirer,u,u),¢) =0, (4.79)
i=1
n—1
Z((4 —3A) + A, (1 —A))g(Reu,ep) =0, (4.80)

i=1
forany 1 <j<n—1.

Let us recall that a Riemannian manifold (M,g) is a fwo-point homo-
geneous space if for any (x,y), (x',y) € M x M such that d(x,y) = d(x',y)
there is an isometry f € Isom(M,g) such that f(x) = x’ and f(y) = y/. Here
d: M x M — [0,400) is the distance function associated to the Riemann-
ian metric g. Two-point homogeneous spaces were classified: the complete
list consists of the Euclidean spaces, the compact rank one symmetric spaces
and their noncompact duals. The compact rank one symmetric spaces are
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the sphere S", the projective spaces RP", CP" and HP", and the Cayley
plane CayP?. By a result in [55], a Riemannian manifold is locally isomet-
ric to a two-point homogeneous space if and only if the tangent sphere

bundle (S(M), (¢,£,1, G)) obeys to
Vf“h = 2ah¢ + 2b$S

for some a,b € C*°(S(M)) which are constant on the fibres of 7. Here
h=(1/2)Lep and S is the identity on horizontal vectors and minus the
identity on vertical vectors.

Theorem 4.76 (E. Boeckx & L. Vanhecke, [54]) If (M,g) is a two-point
homogeneous space then (S(M), (¢,&,n, G)) is an H-contact manifold and & is
a harmonic map of S(M) into S(S(M)).

Proof. One should check that the requirements (4.75)—(4.80) are satisfied.
The proof relies on two basic ingredients. First any two-point homoge-
neous space is locally symmetric hence (4.75) and (4.77)—(4.78) hold good.
Second the Jacobi operator is subject to the following property: if u,v are
two orthogonal unit tangent vectors such that R,v = Av then R,u = Au as
well (cf. e.g., [88]). Therefore the tangent vector R, u appearing in (4.76)
and (4.79) is proportional to u so that (4.76) and (4.79) are satisfied. [

Clearly the statement in Theorem 4.76 holds for the geodesic flow &’
as well. Also, Theorem 4.76 remains true if M is but locally isometric to a
two-point homogeneous space.

Let (M,],g) be a complex m-dimensional Kihler manifold and let us
consider the tangent vector fields &1,&, € X(S(M)) locally given by

2m 9 T 2m 9 H
§1=§y(J@> , 52=§Y (Jg) :
Then

Theorem 4.77 (E. Boeckx & L. Vanhecke, [54]) If (M,],¢) is a com-
plex space form then the unit vector fields &1 and & are harmonic. Also each
& S(M) — S(S(M)) is a harmonic map.

On the pointed tangent bundle (T'(M) \ M, G;) one may consider the
outward unit normal to S,(M) and the normalized geodesic flow

w=L"'yL, w=L"'B8L L=3yL L)
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Then

Theorem 4.78 (E. Boeckx & L. Vanhecke, [54]) Let M be a Riemann-
ian manifold. Then a) v1 is a harmonic vector field and a harmonic map. Also b)
if M is a two-point homogeneous space then vy is a harmonic vector field and a
harmonic map.

4.6.2. H-Contact Tangent Sphere Bundles

The purpose of this section is to report on the state-of-art results related
to the following problem (raised by E. Boeckx & L. Vanhecke, [54]): Are
two-point homogenous spaces the only Riemannian manifolds M whose
total space S(M) of the tangent sphere bundle is an H-contact manifold?
The problem is open in general. Nevertheless partial positive solutions are
already available. For instance if M is locally reducible then (by a result of G.
Calvaruso & D. Perrone, [77]) S(M) is an H-contact manifold if and only
it M is flat. Also when dim(M) € {2, 3} then (by a result in [54]) S(M) is an
H-contact manifold if and only if M has constant sectional curvature.

We recall that a Riemannian manifold (M, g) is (locally) conformally flat if
for any x € M there is an open neighborhood U € M of x and an every-
where positive smooth function ¢ : U — R such that ¢ ¢ is a flat metric on
U. The study of conformally flat Riemannian manifolds is a classical issue
in differential geometry. It is well known that the curvature tensor field of a
real n-dimensional conformally flat Riemannian manifold (M, g) is locally
given by

1
Rijpe = P {gikRje + gie R — gie Rje — gjeRie |

T D=2 {gigie — giegie) (4.81)
provided that n > 3. The identity (4.81) is the explicit form of W =0
where W is the Weyl conformal curvature tensor field. By a classical result
when n > 4 the converse holds (i.e., W = 0 implies that M is conformally
flat) while W/ = 0 always holds on a 3-dimensional Riemannian manifold.
‘We may state

Theorem 4.79 (G. Calvaruso & D. Perrone, [77]) Let (M,g) be a Rie-
mannian manifold such that W = 0. Then (S(M), (¢,&,1, G)) is an H-contact
manifold if and only if (M, g) has constant sectional curvature.
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Proof When (M,g) has constant sectional curvature its Ricci tensor is a
Codazzi tensor and a straightforward calculation shows that requirement
(b) in Proposition 4.75 is satisfied (as both sides in (4.74) vanish identically).

Conversely let M be a Riemannian manifold such that W = 0 and (4.74)
holds. Let x € M and let {6/1,...,(?:1} be an orthonormal basis in T, (M)
consisting of eigenvectors of the Ricci operator Qy i.e., Ricx(e;‘,, eZ) = PrOke
for any 1 < k,€ < n where p; are the corresponding eigenvalues. Let i # j
be two arbitrary indices. For any 8 € R the system {e, : 1 < k < n} given by

{et,oen) = (e ke {1, \ {i,j}} U {u,v},
U= (COS@)E; + (sin@)e;, v=(— sin@)e; + (cosh) ¢,

is another orthonormal basis in Ty(M). As u and v are orthogonal and
{er: 1 <i<n} C Ty(M) is an orthonormal basis (¢, = u) we may use (4.74)
to compute Ric,(u,u) and we obtain

n

2Ricy(u,v) = ng(Rx(u, ep)v, Ry(u,ep)u). (4.82)
k=1

Let us use (4.81) to compute the right hand side of (4.82). As {¢],...,¢,

n
consists of eigenvectors of the Ricci operators one may easily see that (4.81)

yields

/ I\ /
R.(e,,é)e,=Kye,, 1=<rs<n, r#s,

Kp= 2P p : (4.83)
n—2 (n—1(m—2)

Next we compute g (R (u, ¢,)v, R(u,e,)u) for any 1 <r < n. As

e, forsome ke f{l,...,n}\{i,j} if r<n—2,
ee=13v, ifr=n—1,

u, if r=n,
it follows that
& (Ro(u,€)v, Roe(n, ) )
= (K. — Kix) (sin 6) (cos0) (Kig cos” 6 + Kjsin’6), (4.84)
if r<n—1and e = ¢, and

Ie(Ry(u,e)v, Ry(u,e,)u) =0, re{n—1,n}. (4.85)
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Let us substitute from (4.84)—(4.85) into (4.82). We obtain
2Ric,(u,v)

- > (Kjt — Kit.) 5in0) (cos 0) (K, cos” 6 + Kigsin? ).

kefl,...,n}
ki ke
(4.86)
On the other hand
Ricy(u,v) = (pj — p;) sinf cost
hence (by (4.86))
2(p;— pi) = > (K. — Ki) (K cos> 0 + Ksin®0) - (4.87)
kefl,...,n}
ki ke
for all & € R such that sinf cosf # 0. Note that (4.83) implies that
Pj— Pi .
I<ji_Kik: 1_21, kE{l,...,i/l}\{l,]},
so that (4.87) becomes
1
(=P 12+ — Z (Ki cos®6 + K sin?6) t = 0. (4.88)
n—
kt{ij}

As 6 is an arbitrary number such that sinf cosf # 0 the identity (4.88)
implies that p; = p;. Hence the eigenvalues of the Ricci operator Qy
coincide so that M is an Einstein manifold. Since M is by assump-
tion conformally flat we may conclude that M has constant sectional
curvature. n

Other results related to the E. Boeckx & L. Vanhecke problem were
obtained in [77]. For instance a) let M be a 4-dimensional non Ricci flat
Kihler manifold. Then S(M) is an H-contact manifold if and only if M has
constant holomorphic sectional curvature. Also b) if M is a compact Kihler
manifold of nonnegative sectional curvature and S(M) is H-contact then
M is a Kihler-Einstein locally symmetric space. Finally ¢) if M is a Sasakian
manifold then S(M) is H-contact if and only if M has constant sectional
curvature +1.
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Recently S.C. Chun et al. [90], obtained the following result. Let (M, g)
be an n-dimensional Einstein manifold (n > 3). Then S(M) is H-contact if
and only if M is 2-Stein. Also, they classify simply connected irreducible
symmetric spaces (M,g) for which S(M) is H-contact.

4.6.3. The Stability of the Geodesic Flow

Let (M,g) be a compact orientable Riemannian manifold and S(M) =
S(M,g) the total space of the tangent sphere bundle. If IV € I'*°(S(M))
is a harmonic vector field the Hessian form at 7 is given by

(Hess E) (X, X) = / (VX2 = IXIPIVVI?) dvol(g), Xe v,
M

and I/ is stable when (Hess E) - is positive definite (otherwise 17 is unstable,
see Chapter 2 of this monograph).

Letc> 0. If IV € I'*°(S(M,g)) is a harmonic vector field then the vector
field V. € ['*°(S(M,g.)) given by V. = (1/4/c) V' is harmonic too, where
g =cg Also E, (1) = /2=t {[n(c —1)/2] Vol(M, 9) + Eg(V)} hence

(Hess Eg) 1.(X, X) = ¢"*(Hess B)) (X, X), Xe V™.

Consequently, 1, is Eg -stable if and only if 17 is E,-stable.

There are few stability results on the stability of the Reeb vector field of
an H-contact manifold of dimension > 3. Let S(M) be equipped with the
standard contact metric structure

1,1~
(d”ér n, G(S) = ((p,’ 25/7 5 7’)/7 Z G?)

In the previous section we have shown that (S(M),(¢,§,n,Gy)) is an
H-contact manifold whenever the base manifold (M, g) is an n-dimensional
Riemannian manifold locally isometric to a two-point homogeneous space.
Let us study the stability of & when (M, ¢) is a compact quotient of a two-
point homogeneous space (compact quotients always exist, cf. [60]). The
results we report on are due to E. Boeckx & J.C. Gonzales-Davila & L.
Vanhecke, [57]. By the very definition of Hess E

(Hess B, )e (A, 4) = 27"V (Hess E¢, )/ (4, A)

—=CrD f (V& 412 = 14121958 '12) dvol(G)

S(M)
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for any A € X(S(M)) such that G,(A,&") = 0. The norm in the identity
above is of course associated to the metric G;. Recall that & = AL is a unit
vector field with respect to G,. For each X € X(M) the tangential lift X7
is orthogonal to &’. As customary in all local calculations we use a local
orthonormal frame of the form

{yo-lTr""Vanjlla ﬁo—]""7ﬁaﬂ—17§/}

where {o1,...,0,} is a local orthonormal frame in 7~ 'TM with o, =

L' £. Using the expressions ofv)(g‘TE/ and V}%}é' (reported in the previous

section) one obtains
Gsgl2 . 1 2
V8T = (n = 1) = Ricy(u,u) + SR |I™

As M is locally isometric to a two-point homogeneous space, one has Ric =

(p/n)g and

IR = —— (IRiclP+ 2 1RIP) . we s
u n(n+2) > , x-

X

Hence

Ve -1 =2 — 2 13 R @s9)
no 2n2m+2)  4n(n+2)

Moroever
IXT)12 = 1X017 = 3(X, £)%

To compute VS XT| we recall that

ViXT ==& 0T, VEXT = —(WyX)T + BRI LY.
Let u € S(M),, and ¢, = 0;(u). Thus

IVEXT2 = (n— D ge(Xy, 0)* + | VX2

n R R 1
-2 {gxw, (Va0 X) )2+ 7 IR, u)el-uz} .
i=1
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Then (by integrating along the fibre)

/ IXT|2dvol(Gy) = ==

S(M)

1
i / | X |12 dvol(e), (4.90)
M

/ IVEXT |Pdvol(Gy) = 2=

S(M)
<||R||2 )/’
+ +n—1) [ 1X|Pdvol(o) § . (4.91)

where ¢,_1 = Vol(S"™!). Using (4.89)—(4.91) one obtains

(n—1) / 1V X1Pdvol(g)
M

G{asEé)g(XT;KT)

. ( 1)571 1 / /
=" ||VX|| dvol(g) + 6 ||X|| dvol(g) (4.92)

where

5—2n 5 0>
=7 IRI = -5——¢
n(n—1)(n—2) 2n*(n+2)

Let us assume that the first Betti number is nonzero (b1(M) # 0) and con-
sider a vector field Xy dual to some nonzero harmonic form on M (i.e.,
Xy = 0" for some w € Q' (M) such that Aw = 0 and w # 0). Then (by the
Weitzenbok formula)

+——<—m

A1 Xo = AgXy + Ric(Xo, ")

where A1 is the Hodge-de Rham Laplacian acting (by duality) on vector
fields. Then

/||VX0||2dvol(g) = —/Ric(Xo,Xo)dvol(g).
M M
If M has constant sectional curvature A < 0 then
p=nn—"Dx |R|I>=2n(n—1)1%

f IV X0 dvol(g) = —(n— 1)A / 1X0[1>dvol(g).
M
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By (4.92) one finds

(Hess EQ)S/ (XOT,XOT)

B _ 2
_ (=D =2 +2)6 / 1X0]12dvol(g) < 0
M

2n

provided that n > 3. If M is a compact Kihler manifold of constant negative
holomorphic sectional curvature © < 0 of dimension dimg(M) =n=2m
then

p=m(m+1u, [RI*=2m(m+1)u?

1
f IV X0 Pdvole = — L8 / 1Xol2dvol(e).
M M

Then (again by (4.92))

—Dooy— 2 11) 12
<Hess Eé‘)f’ (XOT’XOT) _ _(m )Cm—1 |:( m=+11)u

2m 16

+2(2m—1)]/||X0||2dV01(g) <0
M

provided that m > 2. If M is a compact quaternionic Kihler manifold of
constant negative Q-sectional curvature v < 0 and dimension dimg (M) =
n = 4m then

o =4m(m+2)v, |IR|?=4mGGm+ 1)v>,

/ 1V X0 Pdvol(g) = —(m+2)v / 1 Xol2dvol(g).
M M

Then (again by (4.92))

2

C4m—1 | 4m=+33m—13 ,
HessE~> xI' xTy=— "
< Gs s/( 0+%Xo) 4m [ 8

+22m—1)(4m — 1)] / | Xol12d vol(g)
M
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provided that m > 1. Finally if M is a compact quotient of the Cayley plane
CayH 2(¢) of minimal sectional curvature ¢ < 0 then

p=144¢, |R|*=576¢7,

f |V Xol|*dvol(g) = —9¢ / 1 XolI2dvol(g)
M M

and then (by (4.92))

21¢5
64

(Hess EC>§ ! xhH=- (9¢2 +40)f 1 X012 dvol(g) < 0.

M

Summing up the information obtained so far we may state the following

Theorem 4.80 (E. Boeckx & J.C. Gonzales-Davila & L. Vanhecke,
[571) Let M be a real n-dimensional (n> 3) compact quotient of a two-point
homogeneous space of nonpositive curvature with by (M) £ 0. Then the Reeb vector
field & of S(M) is an unstable critical point of the energy functional and the index
of & is at least by (M).

In the positive curvature case one may prove (cf. [57]) a similar yet
weaker result. Indeed on any real n-dimensional (n > 3) compact quotient
of a two-point homogeneous space of positive curvature the existence of
nonzero Killing vector fields implies the instability of & as a critical point
of the energy functional, in certain ranges of the dimension and of the
curvature. The geodesic flow &’ on S(S?) is however stable. In this case
(S(8?), % G,) is locally isometric to > and £ is the Hopf vector field. Except
for few particular results the question of stability of & remains open, par-
ticularly in the case of positive curvature. An intriguing case (according to
[57]) is that of 8" with n > 3 (whose natural contact metric structure on
S(8") is actually Sasakian). By a result in [252] the geodesic flow on S(S")
(with n > 6) is an unstable harmonic vector field.
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Let (M, g) be an n-dimensional Riemannian manifold. The Sasaki met-
ric G; is a Riemannian metric on T(M) naturally associated to ¢ yet
exhibiting a certain “rigidity” (according to the philosophy in M.T.K.
Abbassi & M. Sarih, [6]) in the sense that most natural requirements
imposed to G; imply drastic limitations on the choice of ¢g. For instance
(by a result of Y. Tashiro, [285]) the natural contact metric structure on
S(M) is K-contact if and only if (M, ¢) has constant sectional curvature 1.
Also, as demonstrated earlier in this monograph (cf. Theorem 2.10 in
Chapter 2), O. Nouhaud, [223], and T. Ishihara, [176], showed that par-
allel vector fields are, among all smooth vector fields, the only harmonic
maps. Subsequently O. Gil-Medrano, [126], showed that the critical points
of the energy functional restricted to X (M) are again the parallel vector
fields (cf. Theorem 2.17 in Chapter 2). It is our point of view that the
quoted (negative) results arise from the choice of the metric on the tar-
get space (the Sasaki metric G;) and that the emerging difficulties may be
circumnavigated by a new choice of metric on T (M), possibly among the
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so called g-natural metrics (cf. [6]). Indeed it is known that G; belongs to
a wide family of Riemannian metrics on T(M), the family of g-natural
metrics, parametrized by C*°(RT, R®), where Rg‘ = [0,400).

According to the above philosophy one endows T(M) with an arbi-
trary Riemannian g-natural metric G and looks at smooth vector fields 7
on M thought as maps of (M,g) into (T(M), G), cf. [2]. Several results
discussed earlier in this book carry over to this context (e.g., O. Nouhaud
and T. Ishihara’s Theorem 2.10 turns out to remain true under a certain
2-parameter and 1-function deformation of the Sasaki metric) and new
phenomena arise. For instance, examples of non-parallel vector fields which
are harmonic maps with respect to a certain 2-parameter family of g-natural
metrics may be indicated (such as the Reeb vector fields of Sasakian man-
ifolds, Hopf vector fields on unit odd-dimensional spheres and conformal
gradient vector fields on S%). M. Benyounes & E. Loubeau & C.M. Wood,
[32]-[33], studied harmonic sections in a Riemannian vector bundle with
respect to the generalized Cheeger-Gromoll metrics hy 4. When E = T(M)
the metrics h, 4 are g-natural (see below).

Given a unit vector field 17, one looks at the harmonicity of the map
from (M,g¢) into the tangent sphere bundle (S(M), G) where G is induced
by a g-natural metric on T(M) (cf. [3]). By decomposing the tension
field into vertical and horizontal components one derives two equations
describing the harmonicity of 1V: (M,g) — (S(M), G). As it turns out,
one of these equations does not depend upon the choice of G. In par-
ticular the class of harmonic vector fields (cf. Theorem 2.23 in Chapter 2)
is invariant under a 4-parameter deformation of the Sasaki metric. The
remaining equation is a natural generalization of the situation encountered
in Theorem 2.19. For unit Killing vector fields, both harmonic map equa-
tions are independent of the choice of G. An example of a (non-Killing)
harmonic unit vector field which is not a harmonic map with respect to the
Sasaki metric yet is a harmonic map with respect to a certain 2-parameter
family of g-natural metrics (none of which is of the Kaluza-Klein type)
1s provided by the unit normal to the horoball foliation of the hyperbolic
space.

The harmonic map equations for unit vector fields are also written for
the particular case of Reeb fields in contact metric geometry. In particular
Hopf vector fields on the unit sphere S*"*! are harmonic maps for any
Riemannian g-natural metric G on S(S2"1). In dimension three we give
an analogue to Theorem 3.10 (Han & Yim’s theorem) for a Riemannian
manifold of constant sectional curvature k¥ 7% 0. We also extend this result



5.1. g-Natural Metrics 275

to Riemannian (2n + 1)-manifolds M of constant sectional curvature k¥ > 0
with 1 (M) # 0.

When the tangent sphere bundle S(M) over a two-point homoge-
neous space (M,g) as well as the tangent sphere bundle S(S(M)) are
equipped with the Sasaki metrics, a result by E. Boeckx & L. Vanhecke,
[54], shows that the geodesic flow is harmonic and provides a harmonic
map S(M) — S(S(M)) (cf. also Theorem 4.76 in this monograph). If one
endows S(M) and S,(S(M)) with arbitrary Riemannian g-natural metrics
then the geodesic low (which has constant length equal to some p > 0
not necessarily 1) is always a harmonic vector field and it is a harmonic
map under appropriate conditions on the coefficients determining the fixed
g-natural metric, cf. [4], allowing one to exhibit large families of harmonic
maps defined on a compact Riemannian manifold and having a target space
with a highly nontrivial geometry.

> 5.1. ¢-NATURAL METRICS

According to [6] a g-natural metric G is given by

G, YH), = (a1 + a3) (P)g(X, V)«

+ (Br + B3) () g (X, )gu (Y, 1), (5.1)
GX™ Yy = ()X, Y)s + Bo(P)ge (K )ge (Yeow),  (5.2)
GX", Y = ()X, V) + Bo(P)ge (K )ge (Yeow),  (5.3)
GX" Y= a1 (Me(X, V) + b1 (P)ge (K, )ge (Yesw),  (5.4)

for any X,Y € X(M) and any u € T(M) with x=m(u) € M. Here «;,
Bi: Rg — R, i€{1,2,3}, is an arbitrary choice of C* functions and
r> = g.(u,u). For ap = B2 =0 one obtains precisely the g-natural metrics
on T (M) with respect to which the horizontal and vertical distributions are
orthogonal. See also [191].

We adopt the following notations for further use.

@i(H) = () + tBi(1),
a() = ar (N (a1 (1) +a3() — ()2,
¢ (1) = d1(1) (1 () + 3()) — (1),

for any f € R(T. Then
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Lemma 5.1 A g-natural metric G on the tangent bundle of a Riemannian
manifold (M, g) is a Riemannian metric if and only if

a1() >0, ¢1(H)>0, a)>0, ¢@) >0, (5.5)
forany t € RE)F.
The Sasaki metric G; corresponds to the choice

ar() =1, () =a3() =p1() = p2() = B3() =0,  (5.6)

while the Cheeger-Gromoll metric G, is obtained for
az(t) = p2(1) =0, (5.7)

1

ai () = p1() = —p3(n) = T4s a3 () = F (5.8)
The 2-parameter family of metrics investigated by V. Oproiu, [231], is a
family of Riemannian g-natural metrics on T'(M). A Riemannian g-natural
metric G on TM is a Kaluza-Klein metric (as commonly defined on princi-
pal bundles [315]) if ap = B> = B1 + B3 = 0. All examples (i.e., Gy, Gg, V.
Oproiu’s metrics and the Kaluza-Klein metrics) satisfy oo = B2 = 0 (hence
the horizontal and vertical distributions are orthogonal). See also [34].

Proposition 5.2 (Cf. [6]) Let (M,g) be a Riemannian manifold. Let G be
a Riemannian g-natural metric on T(M). Then the Levi-Civita connection V of
(T(M), G) is given by

(VY = (VI + WA Xy, YO  + 0B X, YL, (5.9)
(Vxu YY)y = (VxY)) +{CG; X, Yo} + (D1 X, Y}, (5.10)
(Vv Y = W{C(u; Yie, X)) + v{D(u; Yy, X)}, (5.11)
(Vi YY) = W{E(u; Xy, Yo} + v{F(u; X, i)}, (5.12)

for any X, Y € X(M) and any u € TM with x =m(u) € M. Here h{z} and
v{z} are the horizontal and vertical lifts of z € T (M). Also A, B, C, D, E, and
F are given by

A(H; Xy, Yx) = -4 [Rx(an M) Y.+ Rx(Yx, ”)Xx]
+ A4gx(Xx9 Y,)u+ Ang(AXx’ ”)gx(Yx, wu, (5.13)
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with
10 (0%9]
Al =———, Ar=—"=(B1+B3),
200 20

Ay = #az{al [b1(B1 + B3) — baPol + s (Brota — Baary)),

Ay = %(OM +a3),
> , o)
As = —(B1+ B3) + —(B1+ B3) 9282 — ¢1(B1 + B3)]
¢ ap
1

+ — (o1 +az) (@12 —azB1),
ag

B(“;Xx’ Yx) =—B Rx(Xx, l’i) Y. — BZRx(Xm Yx)”
+ B3 [gx(Yx’ u) Xy +gx(Xx, 1) Yx]

- B4gx(Rx(an ”) Yy, “)“ + Bng(an Yx)’/‘
+ B6.gx(Xx, “)gx(Yxa i, (514)

o 1
Bi=—=, Bo=——(a1+0a3), By=——(a1+a3)(B1+pBs),
20 20

By = ﬁ{az[qﬁzﬂz —¢1(B1 + B3)] + (1 +a3) (Boay — Bra2)},

Bs = —é(dn + ¢3) (o1 +3)’,

1
Bg = —5(051 +¢3)(B1+ B3)

1
+ %(51 + B3) (a1 +a3)[(¢1 + ¢3) B1 — ¢282]

(%]
+ @(,31 + B3)[aa(B1 + B3) — (a1 +a3) B2],
C(”;an Yx) =—-C R(Yxa “)Xx + Cng(an ”) Y.+ Cng(Yxa ”)Xx
- C4gx(Rx(Xx: ”) Yx, ”)“ + Cng(Xx, Yx)“
+ C6gx(Xx7 ”)gx(Yx’ u)u, (5.15)
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with

. SO

=5y 2——§(ﬂ1+/33),
G = %(011 +a3) — % (Oté — %) ,
Ci = solaa(@ap — 1) +ailgs (B + ) — dfal),

ag
G = %(,31 +B3) + 5—2(2062 — B2),
1
Co = %1(,31 +B3) + o [(OM +a3) + @]
1
x {az (a1 2 —a2B1) +ar[¢p2B2 — (B1 + B3) P11} + s [Olé - %]

x {a2[B1(P1 + ¢3) — Boo] — a1 [Ba(ey +a3) —a2(Br + B3)]},

D(V;Xxy Yx) = _Dle(Yxa “)Xx + Dng(an M) Y, + D3gx(Yx’ “)Xx
- D4gx(Rx(an “) Yxa “)” + Dng(XXa Yx)“

+ Dégx(Xx, “)gx(ym uu, (5~16)
with
o102 [040)
Dy = B Dy = 5(,31 +B3),
1
D; = —%(011 +a3) + &(om +a3) [Olé - %] ,
Dy = ;—1¢{(a1 +az) (a1 B2 —azB1) +az[P282 — d1(B1 + B3)1},
2 1 ,
Ds = —%(51 +B3) + ﬁ(qﬂ + ¢3) 2oy — B2),
1
D¢ = —%2(/31 + B3) + o [(Oﬁ +a3) + b -;ﬂz]
x (o1 +a3) (21 — a1 B2) + az[p1(B1 + B3) — p2B2]}

1
+ L [a; _ %} (o1 + ) Bahs — 1 (D1 +63)]

+az[Ba(ar +a3) —ax(Br + B3)]),
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E(u; Xy, Yy) = E4 [gx(Yxa u) Xy +gx(Xx’ u) Yx]

+E2gx(Xm Yx)”+ Eng(an”)gx(Yx’M)”a (517)
with
/ 1 /
E = - [ 2+'32] —0;—2011, Ey = p) (9182 — 2 (B1 — ],
2
— (2¢1l3§ — 1) +— ai{ai[aa (B + B3) — Balar +a3)]

"9 ad
1
+o2[B1(d1+¢3) — o]} + s (2ah+ B) {1 [282— d1 (Bi+ B3)]

+ao (a1 B2 —a2fr)},

Fu; Xy, Yy) = F Lgx(Yx, 1) X +gx(Xx: u) Yx]
+F2gx(Xx, Yx)“"'Fng(an“)gx(Yx, M)“a (518)

with

Fi = Y [az-i- ﬂz} + — (a1 +a3)a],

1
=% [(D1 +3)(B1 — a}) — h2pa].
1 2
= P [(d1 +¢3)B] — 20285 + @aé {aa[Ba(o) +a3) —az(B1 + B3)]
+ (a1 +a3) [ B2 — B1 (1 + ¢3)]}
1
+ @(2052 + B2){oa[d1(B1 + B3) — h282]
+ (a1 +az) (2B —a1B2)}.

Here, V and R are the Levi-Civita connection and curvature tensor field of (M, g).

5.1.1. Generalized Cheeger-Gromoll Metrics

Let (M,g) be a Riemannian manifold and 7 : E — M be a Riemannian
vector bundle endowed with a connection V and a holonomy-invariant
fibre metric (, ). Let us denote by K the Dombrowski map associated to V.
M. Benyounes et al., [32], introduced the generalized Cheeger-Gromoll metrics
hyq on E and studied harmonic sections in E. Given p,q € R z € E the
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generalized Cheeger-Gromoll metrics hy, ; are given by

(A, B) = g((d-7) A, (d-0) B)
1
0 o~y ZA7 < ZA’ 2
+ iy KeA KeB) + (Ked, 2) (KB, 2)]

for any z € E and any A4,B € T.(E). If ¢ >0 then h,, is a Riemannian
metric. If ¢ < 0 then h, 4 has varying signature and is a Riemannian metric
only in a tubular neighborhood of the zero section. When E = T'(M) the
generalized Cheeger-Gromoll metrics hy, ; are given by

Iy o XT YT = g (X, V),
hy o X7 YY) = hy (XY, YH) =0,

hy (X7, YY) = [ge(X,Y) + qge (X, u)g (Y, u)],

(L+ [lull?)?

for any u € T(M) with x=m (1) and any X,Y € T, (M). Let us denote
by Gg, g,k the g-natural Riemannian metric determined by the smooth
functions «;, B; such that

a1 >0, a1 +az =k B1+B3=0, 1 >0, a0=p=0, (5.19)

where k > 0 is a constant. Note that Gy, g, ¢ are Kaluza-Klein metrics. The
functions (5.19) satisty the inequalities (5.5) that is

ai(t) >0, ¢1() >0, a()=kai(t) >0, @) =kei(t)>0,

for any t € Ra_. In the Riemannian case (i.e., when g > 0) the generalized
Cheeger-Gromoll metrics hy 4 are of type Gy, g, r Where

1
S+t T (4o
It should be observed that Gy = ho o and Gg = hy 1.

B1 and k=1.

o1

5.1.2. g-Natural Riemannian Metrics on S, (M)
Given a Riemannian manifold (M,g) we set as usual S,(M),={ue€
T(M) : g.(u,u) = p?} for any x € M.

Definition 5.3 A g-natural metric on S,(M) is the restriction to S, (M) of
a g-natural metric on T'(M). [ ]
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As shown in [7], every Riemannian g-natural metric G on S(M) =
S1(M) is necessarily induced by a Riemannian g-natural metric G on T'(M)
of the form

Gu(XH, YH) = (a+ 0 go(X, Y) + B g (X, u)ge (Y, 1),
G,(XH YY) =bg (X, Y), (5.20)
Gu(XV7 YV) = agx(X7 Y)a

with a,b,c € R and g € C* (RJ,R). A comparison to the general expres-
sions (5.1)—(5.4) shows that

ar=a, ar=b, az=c P1=p2=0, fz=p. (5.21)
Such G depends solely on d = (1) (rather than on the full B). The
identities (5.5) and (5.21) show that G is a Riemannian metric if and only if

a>0, a=ala+c)—b>>0, ¢p=ala+c+d) —b >0. (5.22)

The Sasaki metric G, and the Cheeger-Gromoll metric é(g are Riemannian
g-natural metrics on S(M) and satisty b = 0. One may easily check that the
vector field N© € X(T(M)) given by

Nf:m[—buli—i—(a—i-c—i-d)u'/], ue T(M),
A/ a C

is a unit normal vector field on S(M).
Let X'C be the tangential lift of X € Ty (M) i.e., the tangential projection
of the vertical lift of X to u € S(M)

X'¢ =x" - G,(x",N&) NE

=XV—‘/a+fﬁgx(X,u)Nf, uwe S(M), x=m(u).

If X € Ty(M) is orthogonal to u then X'G =XV The tangent space
T,(S(M)) is spanned by vectors of the form XH and Y'6 with X,Y €
T,.(M). Consequently for all x € M,

Gu(XH, YT = (a4 0 g(X, Y) + dg (X, u)g (Y, 1),
CM(XH’ th) = ng(X’ Y)’ (523)

~ e ¢
Gu(X'6,Y'6) = ag (X, Y) — mgx(X, )gx (Y, u),
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for any u € S(M) with x = (u) and any X, Y € T (M). Also a,b,c,d € R
must satisfy the inequalities (5.22). Should we replace S(M) by S,(M) in
the above considerations the term a + ¢ 4 d must be replaced by p*(a+ ¢+
p2d). Note that (by (5.23)) horizontal and vertical vectors are orthogonal
with respect to G if and only if b = 0.

Remark 5.4 As a contact metric manifold S(M) has been traditionally
equipped with the Riemannian metric g homothetic to G with the homo-
thety factor 1/4, inducing the standard contact metric structure (1, G5) on
S(M). By a recent result of M.T.K. Abbassi et al., [8], there is a family of
contact metric structures (é,ﬁ,¢,§ ) over S(M) (referred to as natural con-
tact metric structures (or g-natural contact metric structures)) depending on three
parameters a,b,c € R where G is given by (5.23) and

é(x,u) =rufl, 1/1/2 =4[a(a+¢) —bz] =a+c+d,

1
A(x) = —e(X,u), 7(X') = brg(X, u),

1
P(xy = P [—be + (a+0)X'C +
ro

(X H
a+c+dg( U }

¢ H
— (X
a+c+dg( smu |,

~ ot 1 H t
P(X'C)= — | —aX" 4+ bX'¢ 4+
2ra
for every X € T(M). For a=1/4, b=c=d=0 and r=2 we get the
standard contact metric structure on S(M) induced from the Sasaki
metric. u

S 5.2. NATURALLY HARMONIC VECTOR FIELDS

5.2.1. TheEnergyof V: (M,g) — (T(M), G)

Let (M,g) be a compact n-dimensional Riemannian manifold and
(T(M),G) its tangent bundle equipped with an arbitrary Riemannian
g-natural metric G. Each vector field V' € X(M) may be looked at as
a smooth map of Riemannian manifolds IV: (M,g) — (T(M),G). As
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N X = X" 4+ (Vx1)V for any X € X(M) one has (by (5.4))
(V*G) (X, Y) = GXH 4+ (Vx Y, YH 4+ (vy1)Y)
= (o1 +@3) (P)g(X, Y) + (B1 + B3) (P)g(X, )g(Y. V)
+ () [¢(X, Vy V) + (Y, Vx )]
+ Bo() [o(X, W)e(Vy V, V) +g(Y, V)g(Vx V, V)]

+a1(P)g(VxV,Vy V) + B1(P)g(Vx V, V)g(Vy V, V),
(5.24)

for any X,Y € X(M), where r=||V]|. It should be observed (cf. (5.24))
that in general IV* G depends on the length of 1.

As usual the energy E(17) of I is the energy of the map I': (M,g) —
(T'(M),G). That is E(V) = fM e(V)dvol(¢g) where the density e(l)) is
given by

1 1
ex(V) = 5||de||2 = 5tmceg(r/* G)s. (5.25)

By (5.24) one obtains (cf. [2])

E(V) = % f {n(om +a3) () + (B1 + B3) (D)% + 202(r)div(V)

+2B (P V() +ar (DIVV ]+ %ﬂm@) ||Vr2||2} dvol(g)
(5.26)

where r=||I7||. When T(M) is equipped with a g-natural Riemannian
metric of type Gy, g,k then (by (5.26))

1 2 LI PO N
Eqy p6(V) = > nk+ai(r)IIVI]| +Zr,31(f’ V] ¢ dvol(g)
M

k
> ”7 Vol(M), (5.27)

and the equality holds if and only if IV is parallel. Then for each of the
metrics Gy, g,k (including Gg and hy, ) parallel vector fields are precisely
the absolute minima for the energy functional (this extends Corollary 2.8
in Chapter 2).
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The vertical energy of a section ¢ in a Riemannian vector bundle E
equipped with a generalized Cheeger-Gromoll metric h, 4 is computed in
[32]. One has

B (o) =1+ / o/ 17 dvol()
Pq 2 *
M

L 2, 1yw,22
B 2/ (1+ 2y (Ivel?+ 2 IVl ) dvol(@ (5.28)
M

where r = ||o ||. The full energy and the vertical energy differ by an additive
constant (cf. Remark 2.6 in Chapter 2).

Let us equip T'(M) with an arbitrary Riemannian g-natural metric G
and compute E(V/) for each IV € XP(M). Here

X ={vexm: VI =p)

with p = constant > 0. One obtains

1
E(V) = 5[(14 — D1 +a3) + ¢1 + ¢3](p) Vol(M, ¢)

+2e(o)- f IV VI dvol(g). (5.29
M

Then (by o1 > 0 and (5.29))

1
E(WV) = 5[(14— D1 +a3) +¢1 + ¢3](p) Vol(M, g) > 0,

where (by (5.5)) [(n—1)(a1 +a3) + ¢1 + @3] > 0. We have proved the

following

Proposition 5.5 Let (M,g) be a compact Riemannian manifold. Let G be a
Riemannian g-natural metric on T(M). A vector field V € XP (M) is an absolute
minimum for the energy E : XP (M) — [0,4+00) if and only if V' is parallel.

5.2.2. The Tension Field of V' : (M,g) — (T'(M), G)

Let (M, g) be a Riemannian manifold, IV € X(M) a tangent vector field, and
G an arbitrary Riemannian g-natural metric on T(M). The tension field
(V) ot IV: (M,g) — (T (M), G) has been computed in [2] (the calculation
is rather involved). Using the identities (5.9)—(5.12) in Proposition 5.2 one
may show that
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Theorem 5.6 (Cf. [2]) Let (M,g) be a Riemannian manifold, V € X(M),
and G an arbitrary Riemannian g-natural metric on T (M). Then

TNy, =N} +1,(V)]., xeM, (5.30)
where

(V) = —241QV — 2C 1 tu[R(V.V, V)] 4+ C3ViZ 4+ E Vg V
+2C ViV + 242 — A3g(QV, V) + nds + Asr®
— 2Cyg(trace [R(V. 1V, 1)-], V) + 2Csdiv(l)

+ CoV () + BIIVVI?+ (1/HE|VAIP] V (5.31)
and

1,(V) = —=A,V — BiQV — 2D trace,[R(V.V, V)] + D3 V/*
+ Fi Vg2V 42D,V V + [2B; — B4g(QV, V) + nBs + Ber?
— 2Dyg(trace,[R(V.V, V)-], V) +2Dsdiv(V)
+ D V(P + B VVI?+ (/4 F | V72 ?] V. (5.32)

When G = G; is the Sasaki metric we obtain Proposition 2.12 in
Chapter 2. Except for the case where VIV =0 (cf. Remark 5.17 below)
and few other special cases the equations 7,(}) =0 and 7,(V) =0 are
difficult to work with in full generality, even for vector fields of con-
stant length. In the special case of a g-natural Riemannian metric G with

az(p) = Ba2(p) =0 we get

Theorem 5.7 (Cf. [2]) Let (M,g) be a Riemannian manifold and G a
g-natural Riemannian metric on T(M) satisfying ax(p) = Ba(p) =0, p > 0.
Then a vector field V' € XP (M) is a harmonic map of (M,g) into (T (M), G) if
and only if
(1 + $3)(0) [or1(p) trace (R(V.V, 1)} — (B1 + B3) () Vi V]
+ (B1+ B3)(p) [(a1 + a3)(p)div())

—a1(p)g(trace{R(V.V, 1)}, ]V =0 (5.33)
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and
AV + [M(p)—l—nw(p)
o d’l
pU Bt B — PPt () | P (p)llvvllz} V=0,
a1 1

(5.34)

In particular (by (5.34)), A,V and I are collinear. Therefore 17 is an

eigenvector of the rough Laplacian A, and (since /o = || V|| = constant)
one has A, 1" = %HV V||?V and then (by (5.34))

1
(;051 + a{) (DY VI + (a1 +az) + 11 + B3)] (p) =0.

As the metrics Gy, g, k satisfy (5.19), Theorem 5.7 admits the following

Corollary 5.8 Let V' be a smooth vector field on M with || VIZ=p=

constant.

i. If a1(p) + pa(p) # 0 then V : (M,g) — (T(M), Ga, k) is a harmonic
map if and only if V' is parallel.

ii. If a1(p) —}—pa{ () =0 then V' : (M,g) — (T(M), Gq, g, k) is a harmonic
map if and only if traceo,{R(V. V', V)-} = 0 and A,V is collinear to V. If this
is the case V' : (M,g) — (Sﬁ(M), és) is a harmonic map, too. Here G, is the
Sasaki metric induced on Sﬁ(M)

5.2.3. Naturally Harmonic Vector Fields

By a result of O. Gil-Medrano, [126] (cf. Theorem 2.17 in Chapter 2)
a vector field 1V: (M,g) — (T (M), Gy) is a critical point of the energy
functional E : X(M) — [0,400) if and only if V' is parallel. When G is
replaced by a generalized Cheeger-Gromol metric /i, 4 the same matter was
investigated by M. Benyounes & E. Loubeau & C.M. Wood, [32]-[33].
We look at the case where T'(M) is equipped with an arbitrary g-natural
Riemannian metric G. Let M be compact. A vector field V' € X(M) is a
critical point for the energy functional E : X(M) — [0,+00) if and only if

(cf. [2)
0T (V) + Bag(@(V), NV + a1t (V) + ig(r, (), V)V = 0. (5.35)

By (5.35), the projection of the tension field 7(1”) on the vertical
distribution vanishes (for any Riemannian g-natural metric G).
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Definition 5.9 A vector field 1V is called G-harmonic if it satisfies the
critical point condition (5.35). |

Clearly if V:(M,g) = (T(M),G) is a harmonic map then I/ is
G-harmonic. In general the converse does not hold. Indeed let us look
at the case where ap = > = 0. Under this assumption (5.35) is equivalent
to 7,(17) = 0. Several consequences of (5.35) are examined in [2]. In par-

ticular when oy = B> =0 and ||| is constant 7,(I") = 0 is equivalent to
(5.34). Then

Theorem 5.10 Let 1V be a smooth vector field on M with || ViP=pe

(0,400).

i. Ifa1(p) + pay(p) # 0 then V is Gy, g, k-harmonic if and only if VI = 0.

ii. If a1 (p) + pa(p) =0 then V is Gq, g, -harmonic if and only if AV =
A/pIVVIIPY. If this is the case V' is a harmonic section in Sﬁ(M) i.e., it
is harmonic with respect to the Sasaki metric for variations through vector fields of

length /p.

It G,k = hp,4 the condition a1 (p) + ,Ooti (p) =0 becomes p=1+
1/p (cf. [32]). This condition is satisfied for the metric Gy, g, r With a1 =
ke /P kg € (0,400).

Let us consider the vertical energy for a section ¢ in a Riemannian vec-
tor bundle E (over a compact Riemannian manifold M) equipped with a
generalized Cheeger-Gromoll metric h 4. It is given by (5.28). The Euler-
Lagrange equations associated to the variational principle §E; (o) =0
read (variations are of course through sections in E, cf. M. Benyounes
et al., [32])

(14 A Ao + pVy 20 = [p”VO‘HZ — % v 2] - g(l +72)A72i| o,
(5.36)
where ||o|| = .

Definition 5.11 A smooth section o satisfying! (5.36) is called hy -
harmonic. u

We end the section with the following remarks. a) If ||o'||> = p = con-
stant > O then o is hy,-harmonic if and only if Vo =0 except when
p=1+1/p. In this case, o is h, ;-harmonic if and only if o is a harmonic

1 With M not necessarily compact.
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section in the sphere bundle S ﬁ(E) (i.e., o is Gy-harmonic with respect
to variations through sections in S /5 (E)). Cf. [32].

b) If M is compact and ||o || is not constant then for each p € R there is
at most one ¢ € R such that o is hy ;-harmonic. Cf. [32].

5.2.4. Vertically Harmonic Vector Fields

Let (M,g) be a compact orientable Riemannian manifold and (7T (M),g)
the total space of its tangent bundle equipped with an arbitrary Rieman-
nian metric g. The vertical energy of a vector field V' : (M,g) — (T(M),g) is
given by

() = [ 1Pl
M

where 17} is the vertical component of V. : T(M) — T(T(M))=H®V
(a slightly different notation was used in Section 5.1). If g=G is a
Riemannian g-natural metric on T(M) then (by (5.4))

1 n
IVEIP =5 D Gr((Va ), (V1))
i=1

1 1
=3 [a1<r2)||w||2 + 2 (r2>||w2||2]
where > = || V||>. Hence

v 1 2 2 1 2 212
B =3 f [om(r NVVIP+ B 97 ]dvol(g)zo. (5.37)

Therefore (by (5.37) and the fact that parallel vector fields have constant
length), any parallel vector field 17 is an absolute minimum of E{; i.e., ' is
vertically harmonic. If VIV = 0 the equation (5.35) becomes

(e +a3) + 1B+ B)] (0) =0, (o=VI*
and one obtains

Theorem 5.12 ([2]) Let (M,g) be a compact orientable Riemannian man-
ifold and V a parallel vector field on M. Then V is wvertically har-
monic but not G-harmonic if and only if p= I V1% € (0,400) satisfies
[n(a 4 a3) + 1(B1 + B3)] () # 0.

The feature demonstrated in Theorem 5.12 is not enjoyed by the Sasaki
metric, by the Cheeger-Gromoll type metrics in [32], or by the class of
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Kaluza-Klein metrics in [34] (all of the above are Riemannian g-natural
metrics with o1 + o3 = constant and B1 4 B3 =0). One may however
exhibit wide classes of Riemannian g-natural metrics G to which Theo-
rem 5.12 applies. For instance let G be determined by the functions «; and

Bi satistying (5.5) and
aj+az=¢", Bi+Bi=b abeR, a#0, ab>0.

These are the first examples of Riemannian metrics on T (M) for which
vertically harmonic vector fields need not be harmonic. Vertical harmonic-
ity with respect to Riemannian g-natural metrics appears to be worth
further investigation.

5.2.5. Naturally Harmonic Unit Vector Fields

We start by giving a natural generalization of a result due to C.M. Wood
and G. Wiegmink. Here a unit vector field 17 is thought as a map 17:
(M,g) = (S(M), G), where G=(*G and (¢ : S(M) — T(M) is the inclu-
sion. Of course the energy densities of 17 : (M,g) — (S(M), G) and V:
(M,g) = (T (M), G) are the same. The energy of I/: (M, g) — (T(M), G)
is given by (5.26). Let now G be an arbitrary Riemannian ¢-natural met-
ric on S(M). Then G is given by (5.23) with a,b,c,d € R satisfying (5.22).
Then G = (*G for some Riemannian g-natural metric G on T (M) of the
form (5.20). Then (5.26) reads

E(V) = %[n(a—l—c)—l—d] Vol(M, g) + g f IVVIZdvol(p).  (5.38)
M

By a > 0 and (5.38)

E(V) > %[n(a%—c) + d] Vol(M, g)

:%[(n—1)(a+c)+a+c+d]Vol(M,g) >0, (5.39)

for any IV € I'*°(S(M)). The equality is achieved in (5.39) if and only if I/
is parallel. We may state the generalization announced above

Theorem 5.13 Let (M,g) be a compact orientable Riemannian manifold. Let
G be a Riemannian g-natural metric on S(M). A unit vector field 1V is an absolute
minimum for the energy E : T'°°(S(M)) — [0,+00) if and only if V is parallel.

Definition 5.14 Given a compact orientable Riemannian manifold (M, g)
a vector field V€ '*°(S(M)) is said to be harmonic if and only if the
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map V' : (M,g) — (S(M), G) is a critical point of the energy functional
E: T (S(M)) — [0,400) associated to ¢ and G (variations are of course
through unit vector fields). |

Let I/ (¢) be a smooth 1-parameter variation of IV in ['*°(S(M)). Then
(by (5.38))

E() =E(V (1) = W Vol(M, g) + g / IV V() ||? dvol(g).
M

(5.40)
Difterentiating (5.40) we obtain (as 17(0) = 1)

E'(0) = a/g(v V.,V V/(O))dvg = a/g(Ag V,V'(0))dvol(g).  (5.41)
M M

To derive the last equality we made use of the identity
Ag(X,Y) =g(A X, Y) + (X, AY) — 2¢(VX,VY)

for any X,Y € X(M). Note that 17(0) is orthogonal to V. Moreover for
any vertical vector field WV there exists a variation {I/(f)} of I/ by unit
vector fields such that WY = 17(0).

By a > 0and (5.41) it follows that 17 is harmonic if and only if the com-
ponent of A,l” orthogonal to V" vanishes, that is A,1” and 7 are collinear.
Thus

Theorem 5.15 (Cf. [3]) Let (M,g) be a compact orientable Riemannian man-
ifold. Let G be a g-natural Riemannian metric on S(M). A unit vector field V' is
harmonic if and only if AV and V' are collinear.

It is noteworthy (as a consequence of Theorem 5.15) that the harmonic-
ity of 1V doesn’t depend upon the choice of G. Another formulation of this
fact is that the result by C.M. Wood, [316], and G. Wiegmink, [309] (cf.
Theorem 2.23 in this book), is invariant under a 4-parameter deformation
of the Sasaki metric.

S 5.3. VECTOR FIELDS WHICH ARE NATURALLY
HARMONIC MAPS

In the theory of harmonic maps, a fundamental question concerns
the existence of harmonic maps between two given Riemannian manifolds
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(M,g) and (M',¢). If (M,g) is compact and the target space (M’,¢) is
a Riemannian manifold of non-positive sectional curvature, there is a har-
monic map f : (M,g) — (M’,¢') in each homotopy class of maps from M to
M’ (cf. ]. Eells & J.H. Sampson, [113]). No general existence result is known
when (M',¢) does not satisfy this condition. It is therefore an interesting
task to find examples of harmonic maps into Riemannian manifolds whose
sectional curvature isn’t necessarily non-positive. In the absence of general
existence theorems one will adopt direct ad hoc construction methods.

5.3.1. A Generalization of the Ishihara-Nouhaud Theorem

The purpose of this section is to investigate whether the “rigidity” prop-
erty exhibited in the Ishihara-Nouhaud theorem (i.e., Theorem 2.10 in
Chapter 2) is peculiar to the Sasaki metric. Our finding is that other
Riemannian g-natural metrics possessing the same property do exist.

Theorem 5.16 Let (M,g) be a compact Riemannian manifold and G a
Riemannian g-natural metric on T'(M) satisfying

ar=HF=0, aj,a3€R, a1 >0, o3> —a,

(5.42)
Bi=—-p3=0, p;=<0.
Let V'€ X(M). The following statements are equivalent
i. IV is parallel.
ii. V: (M,9) = (T(M), G) is a harmonic map.
iii. I is an absolute minimum of the energy E : X(M) — [0,4+00) and E(V') =
In(ay + a3) Vol(M).

Proof. Note first that (5.42) implies (5.5) so that the g-natural metrics
described by (5.42) are actually Riemannian. Let us assume now that (5.42)
holds. If V'€ X(M) is parallel let p = || V1% € (0,400). As is well known,
the existence of a nonzero parallel vector field IV on M yields the local
reducibility of M. That is (M, g) is locally isometric to a product manifold
R x M’ equipped with the product metric and I/ may be identified (locally)
with a vector field tangent to the flat term R of the product. Rewriting
(5.31) and (5.32) for a parallel vector field I/, one concludes that T(17) =0
(i.e., IV is a harmonic map of (M,g) into (T'(M), G3)) if and only if

—241(p)QV +[242 — A3g(QV, V) +nAs + pAs] (p) V' =0 (5.43)
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and

—AV = Bi(p)QV +[2Bs — B4g(QV, V) +nBs + pBs] (p) V' =0,
(5.44)

where ./p = || V||. Since V' is tangent to the term R of R x M’ the cur-
vature terms vanish. Moreover A,V = 0. Therefore (5.43) and (5.44) are
equivalent to

[2A42 + nA4 + pAs] (p) = [2B3 +nBs + pBel (p) = 0. (5.45)

Next (by (5.42)) a1 4+ o3 1s a constant and B1 + B3 = 0. Then (by exploiting
the explicit form of the functions A; and B; furnished by Proposition 5.2)
it follows that (5.45) holds. This proves the implication (1) = (i1). As
to the converse, if 7 is a harmonic map of (M,g) into (T (M), G) then
(by Theorem 5.6) t;,(V') = 0 and 7,(1V) = 0. Next (by Proposition 5.2 and
(5.42)) one may easily check that 7,(17) = 0 reads
2 /2
s+ B A
: ¢1(r%) 41 (%)
where r = || I/||. Let us take the scalar product of (5.46) by I and integrate
over M. Since

nvﬂw]v=o, (5.46)

/g(AgV, V)dvol(g)=/||VV||2dvol(g)
M

M
we get (by the very definition of ¢1)

o (1”2) 72 ,Bi (72)
$1(r?) 4¢1(r%)
M M

IV V)1 dvol(g) — VA2 dvol(9) =0.  (5.47)

By (5.42) it follows that aq >0, ¢ >0 and B] <0. Therefore (5.47)
implies that 17 is parallel.

Let us check the equivalence (i) <= (iii). If G satisfies (5.42) then (by
(5.26)) for any IV € X(M) the energy of I is

E(V)—1 VU 4 1 VA2 dvol
=3 n(ey +o3) + o [V +4,31(V V(|7 ¢ dvol(g)
M

> — (a1 4+ a3) Vol(M), (5.48)

NNl s

where r = || /||, and the equality holds if and only if IV is parallel.
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It should be observed that (5.42) determines a family of Rieman-
nian g-natural metrics depending on two parameters 1, @3 € R and on
a smooth function B4 :Rg‘ — R (subject to some restrictions). One may
easily exhibit examples of Riemannian g-natural metrics satistying (5.42).
The Sasaki metric G is obtained for @y = 1 and a3 = 51 = 0.

Remark 5.17 Using the explicit expressions of t,(1") and 7,(}) in The-
orem 5.6, one may conclude (cf. [2]) that a parallel vector field V7 is a
harmonic map of (M, g) into (T'(M), G) if and only if p = || V|12 is a criti-
cal point of the function A(f) = n(a1 + a3) + t(B1 + B3) that is A'(p) = 0.
To end with, we note that a) for the g-natural metrics Gy, g, the func-
tion A(¢) is constant and equals nk, and b) for all Riemannian g-natural
metrics G on TM such that A'(f) # 0 for all ¢, parallel vector fields are not
harmonic maps of (M, g) into (T'(M), G). [ ]

5.3.2. Non-parallel Vector Fields Which Are Harmonic Maps

Besides from generalizing the T. Ishihara & O. Nouhaud theorem as above,
we may show that there are examples of non-parallel vector fields which are
harmonic maps of (M,g) into (T (M), G) for some Riemannian g-natural
metric G on the tangent bundle. Our examples are among the Reeb vector

fields, the Hopf vector fields, the conformal and Killing vector fields. Using
(5.30) one obtains (cf. [2])

Theorem 5.18 Let (M, (&, n, g)) be a contact metric manifold and G an arbi-
trary Riemannian g-natural metric on T(M). If & : (M,9) — (T(M),G) is a
harmonic map then (M, (n,¢)) is an H-contact manifold.

Theorem 5.19 Let (M,(§,1n,9)) be a (2m+ 1)-dimensional contact metric
manifold and G a Riemannian g-natural metric on T (M) satisfying aa(1) =
Ba(1)=0. Then & : (M,g) = (T (M), G) is a harmonic map if and only if 1)
M is an H-contact manifold, ii) trace,{R(V.§,&)-} = 0 and iii)

IVEN? (a1 + ) (1) + [@m+ 1) (1 +a3) + 11+ B3)] (1) = 0. (5.49)

On a Sasakian manifold both trace,{R(V.£,&)-} = 0 and the H-contact
condition are satisfied. Moreover (5.49) becomes

2m(ar +ap)(1) +[Cm~+ 1) (1 +a3) +1(B1 +B3)]'(1) =0.  (5.50)

In particular
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Theorem 5.20 Let (M, (§,n,¢)) be a Sasakian manifold and G a Rieman-
nian g-natural metric on T'(M) satisfying a2 (1) = B2(1) = 0. Then the following
statements are equivalent

i.&: (M,9) — (TM, G) is a harmonic map.

ii. & is G-harmonic.
iii. The relation (5.50) is satisfied.

Since a Hopf vector field £ on the unit sphere S?"*! (equipped with
the canonical metric) may always be looked at as the Reeb vector field
underlying a suitable Sasakian structure, we conclude that the result in The-
orem 5.20 holds for the Hopf vector fields on the unit sphere S *! as
well. On the other hand, one may easily exhibit examples of Riemannian
g-natural metrics satisfying (5.50). For instance (5.50) holds for all Rie-
mannian g-natural metrics of type Gg, g,k Where af =kje™" with kj €
(0, 400).

Next for any vector a € R"!, a % 0, consider the conformal gradient vector
field A, defined as A, = VA, where A,(x) = (x,a) i.e., As(x) =a— (x,a)x
(cf. Section 3.3) for any x € §". Harmonicity of conformal gradient vector
fields was first investigated in [32]—[33] by equipping the tangent bundle
with a metric of Cheeger-Gromoll type h,,. Yet the examples exhibited
there are not Riemannian (but metrics of varying signature). Moreover, the
use of these metrics doesn’t lead to examples of harmonic maps defined
on &2 Using Riemannian g-natural metrics we have

Theorem 5.21 ([5]) If G is a Riemannian g-natural metric on T(S>)
determined by

a1 > 0,01 +a3 >0, a1 +2(a; +a3) =0,
aw=p=PF=P»=0,

then A, : (Sz,g) — (T(S8%), G) is a harmonic map, where g is the canonical
metric.

(5.51)

For example, we can take explicitly

1
— st
ai(t) = pe 2t a3() = uo (), o2 =p1=pr=p3=0,

for any real constants ;> 0 and @1 > 0. Note that if G is a Riemannian
g-natural metric on TS? determined by (5.51), then G is a Kaluza-Klein
metric and A’ G is conformal to ¢. Next, we recall the following decreasing
property for harmonic immersions of a surface, proved by Sampson ([265],
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Theorem 7, p. 217): if f : (M?,g) — (M,3) is a harmonic immersion and
f*Z is conformal to g, then the sectional curvatures of (M?,f*g) and (M,3)

satisfy
Kpg(TM?) < Kg(f TM?),
for any x € M?. This result ensures that (T'S?, G) admits some positive sec-

tional curvatures for any Riemannian g-natural metric G on TS satisfying
(5.51). In fact, the Gauss-Bonnet Theorem then gives

1 2 2
— | Kpp(T:87) = x(§7) =2>0,
2 a

SZ

where x (S?) denotes the Euler number of S2.

5.3.3. Unit Vector Fields Which Are Harmonic Maps

Our purpose in this section is to give natural generalizations of results by
S.D. Han & J.W. Yim, [157]. Let (M,g) be a Riemannian manifold and
IV € I'*°(S(M)) a unit vector field on M. By (5.31) and (5.32) and Propo-
sition 5.2 where T(M) is equipped with a g-natural Riemannian metric
G satistying (5.20) the tension field 7(V) of IV: (M,g) — (T(M),G) is
given by

(V) =1, + 1,7, (5.52)

where
ab a* ad
T,(V) = — QV + —trace, {R(V.V,V)-} = =V IV
o o : o

[bd a>bd abB' (1) — abd?
+—=——(QV, )+ ———
o 70 ag

ad ad
———g(trace {R(V.V, 1")-}, V) + — div( V):| v, (5.53)
op ¢

b ab bd
(V) = =A,V — —QV — —trace, {R(V.V, V)-} + = Vi IV
o o o

2 20 ’
. |:_ (a+o)d +ab—dg(QV, )+ b=d= —alp’(1)
(70 (070
2

a“bd bd .
+ ——g(trace {R(V.V, 1)-}, V) — — div( V)] v, (5.54)
(070 ¢
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where £ = a—+c+d. Let now 71(I/) be the tension field of V: (M,g) —
(S(M),G). As G=1*G (where ¢ : S(M) — T (M) is the inclusion) 71 (1)
is the tangential component of 7(I”) with respect to the decomposition
T(T(M)) = T(S(M)) ® RNC. We may then state the following (cf. [3])

Theorem 5.22 Let (M, g) be a Riemannian manifold and V' € T'°°(S(M)) a
unit vector field. Let G be a g-natural metric on S(M). The tension field T1 (1) of
V:(M,g) — (S(M), G) is given by

(V) =t (VP 4+ 1,(1)Y (5.55)

where
ab a* ad
T (V) = — QV + —trace {R(V.V, V):} — — Vp IV
o o o
b(ad + b*
4 [_M
ol

aad + b?)

b d
gQV, V) — Zg(Ag V,V)+ 7 div(1)

g(trace {R(V.V, 1)}, V):| v, (5.56)

b ab bd
T, (V) = —AV — — QV — —trace, {R(V.V, V)-} + = Vi IV
(07 o ° o

2
+ [%g(QV, ) +g(AV, V) + %b g(trace, {R(V.V, 1)}, V)] V.
(5.57)

In particular V' : (M, g) — (S(M), (~;) is a harmonic map if and only if
71, (V) = 11,(1) = 0. Then (by (5.56)—(5.57))

Theorem 5.23 (Cf. [3]) Let (M,g) be a Riemannian manifold, V' a unit
vector field, and G a Riemannian g-natural metric on S(M). Then V' : (M, g) —
(S(M), G) is a harmonic map if and only if V' is a harmonic vector field and

bQV + atrace, {R(V.V, 1)} = {b[IVV|* — ddiv(I) } V +d V.
(5.58)

For the Sasaki metric G, one obtains (by Theorem 5.23) Theorem 2.19
(the S.D. Han & J.W. Yim theorem) as an immediate corollary. Also, The-
orem 5.23 allows one to generalize the quoted S.D. Han & J.W. Yim

theorem to a two-parameter family of Riemannian g-natural metrics on
S(M) (including G;). Indeed
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Corollary 5.24 (Cf. [3]) Let (M,g) be a Riemannian manifold and V €
['%°(S(M)). Let G be a Riemannian g-natural metric on S(M) with b=d = 0.
Then V : (M,g) — (S(M), G) is a harmonic map if and only if A,V and V' are
collinear and trace,{R(V. 1V, 1V)-} = 0.

Harmonicity with respect to g-natural metrics leads to new descriptions
of unit Killing vector fields. Indeed (cf. [3])

Theorem 5.25 A unit vector field V' is Killing if and only if the harmonic
map equations for T : (M,g) — (S(M), G) do not depend upon the choice of
the g-natural Riemannian metric on S(M).

Let us give an example of a unit vector field 1 € X' (M) which is not
a Killing vector field and emphasize that the harmonic maps equations for
V:(M,g) — (S(M), G) depend explicitely on the choice of Riemannian
g-natural metric. Other examples will be given in the sequel within contact
metric geometry.

Example 5.26 Let us consider the hyperbolic space of constant nega-
tive sectional curvature —k? i.e., (R}, ghyp) with R} ={yeR":y, >0}
and ghyp = k=2y 2 (dy1 @ dyy + -+ + dy, ® dy,). Clearly R?, admit no unit
Killing vector fields. The vector fields E; = ky,d/dy;, 1 <i<n, form a
Zhyp-orthonormal frame of T(R!} ). Let us set IV = E, (the unit vector field
normal to the horoball foliation of R’} ). A calculation shows that covariant
derivatives of E; are given by (see also Remark 3.12 in this book)

Vi E = k8;V, ViV =—kE, VyE =0, ViV =0, (5.59)

for any 1 <i,j < n. In particular (5.59) implies that IVVI? = (n—1)k?
and A,V = —traceV2V = |VV|?V. By Theorem 5.15 it follows that I/
is a harmonic (unit) vector field. Moreover, as R’} has constant sectional
curvature —k%, one obtains

trace {R(V.V, V)-} =V, 1V — (div(V) V = —k* div(V) IV

and (by (5.59)) div(V) = (1 —n)k#0. Hence (by Theorem 5.23) 1:
(R, ghyp) = (S(R!), G) is a harmonic map if and only if

ak®> —2bk —d = 0. (5.60)

It must be observed that Riemannian g-natural metrics G for which 1 :
(R}, ghyp) = (S(RZ), G) is a harmonic map are (by (5.60)) precisely those
satisfying d = ak?> — 2bk (a three-parameter family of Riemannian g-natural
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metrics on S(RY)). In particular V' = E, : (RY}, gnyp) = (S(RY}), G,) is not
a harmonic map (because for G = G, one has b=d =0 and ak® # 0).

Let H® = (Ri, Shyp) be the hyperbolic 3-space of constant sectional cur-
vature —1. We use the notations in Example 5.26 above. Ej3 is a unit vector
field whose integral curves are a family of vertical geodesics, and {Ej, Ez}
is a frame for the orthogonal horosphere foliation. A calculation based on
(5.59) shows that E; is harmonic of constant bending

IVE® = VEl>=1, [VEs|*=2. (5.61)

The harmonicity of E; (i € {1,2,3}) was proved in [129]. Any horospherical
unit vector field of the form

X = (cost) Ey + (sint) E», teR,

is also harmonic and ||[VX]|?>=1. C.M. Wood, [319], observed that
any such X is parallel when restricted to a horosphere (with respect to
the induced (Euclidean) geometry) although clearly not parallel in H>.

Together with £Ej3 these are the only invariant harmonic unit vector fields
on H? (cf. [129]). By a result in [319]

Theorem 5.27 Let X be a harmonic horospherical unit vector field. Then either
X is invariant or

Y2 Y1

VIt N R

Next we wish to discuss the harmonicity of the Reeb and Hopf vector

X=- Ey + E>

up to translation in H°.

fields. Let IV =£ be the Reeb vector field underlying a contact metric
manifold (M, (&€, n,¢)). By Theorem 5.23, Theorem 4.5, and (4.2) we
obtain

Theorem 5.28 (Cf. M.T.K. Abbassi et al., [3]) Let (M,(&,7n,9) be
a (2m 4 1)-dimensional contact metric manifold and G a Riemannian g-natural
metric on S(M). Then & : (M,g) — (S(M), G) is a harmonic map if and only if
Q¢ and & are collinear and

atrace,{R(V.£,6)-} = 2b (| V&> — 2m)E.

P. Rukimbira, [262], showed that the Reeb vector field of a K-
contact manifold (M,g,&) is a harmonic map § : (M,g) — (S(M), G;). As
a consequence of Theorem 5.28 one obtains
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Theorem 5.29 (Cf. [251]) The Reeb vector field of a K-contact mani-
fold (M,g,&) is a harmonic map & : (M,g) — (S(M), G) for any Riemannian
g-natural metric G on S(M).

By aresult of Y.L. Xin, [321] (cf. also Theorem 3.17 in this monograph),
any stable harmonic map from the sphere to a Riemannian manifold is a
constant map. Theorem 5.29 yields

Corollary 5.30 Let & be a Hopf vector field on the unit sphere (S>"+1,g). Then
£ :(S2"H g) — (S(S*"*1Y), G) is an unstable harmonic map for any Riemannian
g-natural metric G on S(§2ty,

Remark 5.31 The result in Theorem 3.10 is invariant under a 4-
parameter deformation of the Sasaki metric on S(S>"*+1). [ |

‘We may state

Theorem 5.32 (cf. [250]) Let (M,g) be a 3-dimensional Riemannian mani-
fold of constant sectional curvature k 7= 0 and S(M) its unit tangent sphere bundle
equipped with a Riemannian g-natural metric G with d # —«a and b= 0. Let
£e X' (M). Then & : (M, g) — (S(M), G) is a harmonic map if and only if &
is a Killing vector field and k > 0.

Proof Let us assume that & is a unit Killing vector field. Then (cf. [258],
p- 169) Vi V=0, div(})) =0, AV = QI and (as I/ is a unit vector field)
AV, V)= [VV||?. As M has constant sectional curvature & : (M, 9 —
(S(M), G) is a harmonic map. Hence (by Theorem 5.23) & : (M,g) —
(S(M), G) is a harmonic map for any G. Conversely, let us assume that £ :

M,g9) — (S(M), G) is a harmonic map, where G is a Riemannian g-natural
metric with d # —ka and b = 0. By (5.58)

(i) Ak =E17E, (i) trace,R(V.E,€)- = —g[(diV@E — Veg]. (5.62)
As M has constant sectional curvature k
trace,R(V.£, §)- = k[div(§)& — V£ ].
Next k # —d/a and condition (ii) in (5.62) imply
div(§) =0 and Vg&=0. (5.63)
Let us set T = Lgg where Lg is the Lie derivative. That is

T(X,Y) =¢(VxE,Y) +g(X, Vy§).
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T is a symmetric tensor of type (0,2). Let h be the corresponding symmetric
(1,1) tensor

T(X,Y) = g(hX, Y).
Then (by (5.63))

1
2(hg,Y) =1(,Y) =¢(Ve&,Y) +4(5,Vy§) = EY(Ilfllz) =0

hence h€ = 0. Let us consider a local orthonormal frame {eq,ep,e3 = &}
consisting of eigenvectors of h i.e., h§ =0, hey = A1e; and hey = Asen.
Since

. 1 1
div(§) =2(Ve€.8) +2(Vei§.01) +8(Vi§ e2) = Strace(h) = 5 (A1 + 42),
we get (by (5.63)) A» = —Aq. Therefore & is Killing if and only if A1 = 0.
Let us set

1
ﬂ = 5)\’15 jézg(v€1$5€2)7 f})=g(V€162’€1)’

Ja=g(Vper,e1), f5=g(Veer,e).
Then
Veoer =HE —fier, V& =fier +he, Ve =0,
Veo§ = —fher —fiea, Veer=—f&—frea, Veer=—fseq,
Voo =f& +fier, Veye=—HE+fze1, Veep=fser,
Consequently

R(e1,6)§ = =V Ve§ + Ve Vo § + Vi 518

={f2-pP+eD)ea+{2hs+ED) e (5.64)
R(e2,£)6 = =V, V& + Ve Vi & + Vi g1
={2fis—EB e+ {2 —L—E(M)]e (5.65)

R(el’ 62)%- = _Vm Vezs + Veg Vmé + V[a ,02]5

= (e1(f) +e2(fi) +2ff3)er + (e1(fi) +e2 () — 2fi fa)eo.
(5.66)

R(€1,€2)€1 = _vq Vegel + VQ Ve1 el + V[el,ez]cl
=—(e1(f) +e2(fi) +2fif3)€
+ (A2 =L+ ea(fp) —ealfs) —2h6—f2—fi)e. (5.67)
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Besides
R(er,§,e1,6) = R(e2,€,€2,8) = R(er, e2,01,€2) = & (5.68)
and
R(e1,8)er = R(e1,€2)§ = R(ez,6)e; = 0. (5.69)

By (5.64)—(5.69) one obtains

f—f—E(fi)=« and 2fifs+&(f) =0, (5.70)
f—f+Ef)=k and 2fifs—&(f) =0, (5.71)
a(f)+e(f)+2AA=0 and e(f)+e(h)—2Afi=0, (5.72)
2= rea(f) —elf) —2hfk—f2—f2=«. (5.73)

By (5.70) and (5.71) one gets

F-f=x fif=0 ad §)=ER)=0. (574
Using (5.74) the identity (5.73) becomes

el(fy) —ea(fs) =2 fs —ff —f} =2k (5.75)
Moreover
—AgE =—||VEIPE+ (a1 () —e2( o) —2fifa)er
+(e1(R) —e(fi) —2ff)e,
where || V€| =2(f +£). Due to (i) in (5.62) and (5.76) one gets
e1(fi) —e(f)=2fifs and e (L) —e(fi) =2/fif3. (5.76)
Combining (5.72) and (5.76) one has

e1() =ea( ) =0.

Moreover, (5.74) implies §( f2) =0 and f12 =f22 — k. Hence f and f, are
constant. If fi 7 0 then (5.70) and (5.72) imply f3 = f4 = f5 = 0 from which
(by (5.73)) k = 0. Yet k # 0 and we may conclude that f{ =0 so that § is
Killing and (by (5.71)) k = f5 > 0. n

As an immediate consequence of Theorem 5.32, Theorem 3.10 (Han-
Yim’s theorem) is invariant under a three-parameter deformation of the
Sasaki metric on S(M).
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If H"(—«k) (k > 0) is the hyperbolic space the problem whether unit
vector fields (of course non-Killing) which are harmonic maps H"(—«) —
(S(H"(—k)), G,) exist. Theorem 5.32 yields the following non-existence
result in dimension three.

Corollary 5.33 Let H>(—k) be the hyperbolic 3-space. There is no unit vector
field X on H?(—k) such that

X : H(—k) = (S(H?(—x)), Gy)

is a harmonic map. The result is invariant under a 3-parameter deformation of the
Sasaki metric on S(H>(—x)).

Remark 5.34 The flat three-space and the sphere S* equipped with a met-
ric of nonconstant sectional curvature do possess unit vector fields which
are not Killing yet are harmonic maps (cf. [250]). |

Theorem 5.35 (Cf. [250]) Let (M, g) be a real space form of constant sectional

curvature k > 0, dim(M) =2m+ 1, such that M is not homeomorphic to the

sphere 2"+ and let (S(M), G) be its unit tangent sphere bundle equipped with

a Riemannian g-natural metric G with b#0 and d # —ka. Let £ € X' (M).

Then

i.§5:(M,9) — (S(M), G) is a harmonic map if and only if & is Killing.

ii. If & is a solenoidal (i.e., divergence free) unit vector field then & : (M,g) —
(S(M), G) is a harmonic map if and only if & has minimum energy Eg :
x' ) - R.

E 5.4. GEODESIC FLOW WITH RESPECT TO ¢-NATURAL
METRICS

Let (M, ¢) be a Riemannian manifold. As usual, let S, (M) be the tan-
gent sphere bundle of radius p and S(M) = S1(M). In the previous sections
we studied harmonic (unit) vector fields with respect to an arbitrary Rie-
mannian g¢-natural metric G on S(M). Similar results hold for vector fields
of constant length p (i.e., Theorem 5.15 and Theorem 5.23 hold for vector
fields of constant length p). If this is the case equation (5.58) becomes

1
bQV +atrace {R(V.V, V)-} = = {bIV V> — dp>div(IN} V +dVy 1.
p
(5.77)
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Next we look at the geodesic flow vector field &. Let (M, ¢) be a two-point
homogeneous space (i.e., M is either flat or rank-one symmetric). When
both S(M) and S(S(M)) are endowed with the Sasaki metrics E. Boeckx &
L. Vanhecke, [54], showed that & : (S(M), G,) — (S(SM)), (G;);) is a har-
monic vector field and a harmonic map (cf Section 4.3 in this monograph).
Let us replace now the Sasaki metric on S(M) with an arbitrary Riemannian
g-natural metric G. Then & has constant length p (not necessarily 1). Let us
look at map & : S(M) — S,(S(M)). We then equip S,(S(M)) with a Rie-
mannian g-natural metric G derived from G and look at the harmonicity
of the map é S (S(M), G) — (Sp(S(M)), G). Two natural questions arise:
i) When is 5 S (S(M), G) — (Sp(S(M)), G) a harmonic vector field? and
ii) When is § S (S(M), G) — (Sp(S(M)), G) a harmonic map?

Definition 5.36 A vector field of constant length 17 € X"(M) is said to
be harmonic if it is a critical point for the energy functional E : X' (M) —
[0,4+00) (variations are through vector fields of constant length /7). [

If G is an arbitrary Riemannian g-natural metric on S;(M) then (by
(5.23)) ||§||%; =a-+c+d. Note that a+c+d>0as a>0 and ¢ =a(a+

c+d) —b*> > 0. Hence é has constant length p = +/a+ ¢+ d (not neces-
sarily equal to 1) so that it is a map § : S(M) — Sp(S(M)). Let us look
at the harmonicity ofé, both as a map S(M) — S,(S(M)) and as a vec-
tor field (i.e., a critical point of E: X'(S1(M)) — [0,400) where r = 02).
Let us endow S,(S(M)) with an arbitrary Riemannian g-natural metric

G derived from G. Then (by (5.23)) G depends on four constants 4, b,z d
satistying

>0, a(a4+0—b>>0, a(a+i+p’d)—b>0.
By Theorem 5.15

Theorem 5.37 (Cf. [4]) Let (M, g) be a two-point homogeneous space. Let G

be a Riemannian g-natural metric on S(M) and G a G-natural Riemannian metric
on S, (S(M)). Then the geodesic flow vector field & on S(M) is a harmonic vector

field with respect to G and G i.e., Acé and & are collinear.

Theorem 5.37 is the source of a large number of examples of harmonic

geodesic flows (as both G and G depend on four parameters).
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By Theorem 5.23 the geodesic flow & is a harmonic map if and only if
(5.77) holds i.e.,

— .~ -~ o~~~ 1 - ~~ - -~~~
bQE +atrace(R(VEE)) = (b IVEIZ — dpdive)é +dVis,
(5.78)

l

where Q is the Ricci operator of (S(M), G). As div, (é) =0and gé‘ =0
(cf. [4]) the identity (5.78) becomes

ap e (R(VEE)) = b |2 Q8 +IVEIZE]. 679
As (M, g) is two-point homogeneous it is (as well known) globally Osser-
mann so that the eigenfunctions A; of the Jacobi operator R, = R(u,-)u are

constant (cf. [88]). Let us compute tracec{f{(ﬁé,g)-}, QS and ||§§||2c
Then (5.79) becomes

n—1
naaby 27 =[ab’d+2bale — )] S—n(n—Dba(a+0>,  (5.80)
i=1

where S is the scalar curvature of (M, g). Then

Theorem 5.38 (Cf. [4]) Let (M,g) be a two-point homogeneous n-space, G
a Riemannian g-natural metric on S(M), and G a G-natural Riemannian metric

on Sp(S(M)). Then the geodesic flow vector field & on S(M) is a harmonic map of
(S(M), G) into (Sp(S(M)), G) if and only if (5.80) is satisfied.

Theorem 5.38 may be used to build several examples of harmonic
maps (defined by geodesic vector fields). If (M,g) is a two-point homo-
geneous space and G is a g-natural Riemannian metric on S(M) then
there is a 3-parameter family F of G-natural Riemannian metrics on

Sp(S(M)). F consists _of all f}—nat_ural Riemannian metrics G depending
on the parameters a,¢,d € R, with b uniquely determined by (5.80).
Corollary 5.39 If (M,g) is a space of constant sectional curvature k > O then
there is a 2-parameter family of g-natural Riemannian metrics G on S(M) such
that the geodesic flow is a harmonic map é (S(M), é) — (Sp(S(M)), é) for
any G-natural Riemannian metric G.

Proof. It suffices to consider the Riemannian g-natural metrics G deter-

mined by a>0,b=0,c=a(k—1) and d > —ak and to apply Theo-
rem 5.38.
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The following result is an immediate corollary of Theorem 5.38

Corollary 5.40 Let (M,g) be a flat Riemannian manifold, G a Riemannian
g-natural metric on S(M) and é a G-natural Riemannian metric on Sp(S(M)).
The geodesic flow is a harmonic map § S(S(M), G) —> (Sp(S(M)), (:;) if and
only if horizontal and tangential distributions are (:}-orthogonal, that is b= 0.

The harmonicity ofg (S(M), é) — (Sp(S(M)), é) is also related to

the Killing property with respect to G. Theorem 5.38 and its corollaries

show that an appropriate choice of the g-natural metrics G and G leads to
examples of geodesic flow vector fields which are harmonic maps of S(M)
into S,(S(M)) (where M is a two-point homogeneous space). However
the requirement that the geodesic flow vector field be a harmonic map
with respect to any Riemannian g-natural metric on the target manifold
turns out to be rather restrictive. Indeed (by Theorem 6 in [3]) this only
happens when the vector field itself is Killing.

Theorem 5.41 (Cf. [4]) Let (M,g) be a two-point homogeneous space

and G a g-natural Riemannian metric on S(M). The following statements are

equivalent

i. § S (S(M), G) — (Sp(S(M)),é) is a harmonic map for any G-natural
Riemannian metric on Sp(S(M)).

ii. The geodesicﬂowg on S(M) is a Killing vector field.

iii. (M,g) has constant sectional curvature k = “T'H > 0 and horizontal and

tangential distributions are G-orthogonal.
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Let (E,m,M) be a (locally trivial) real vector bundle of rank k where
dim(M) =n and dim(E) =n+k and 7w : E— M is the projection. Let
{o1,...,0%} be alocal frame in E — M, defined on the open set U C M.
Without loss of generality we may assume that U is also a local coor-
dinate neighborhood in M with coordinates x = (X',...,x"): U — R".
Let ' :m7'(U) — R be defined by ¥ =X om for any 1 <i<n. Let
v 1~ 1(U) — R be given by

uw=1*og (), nen '(U), 1<a<k.

Then (7 ' (U),x',1%) is a local coordinate system on E. For the elementary
considerations below one may also see W.A. Poor, [258].

Definition 6.1

i) A smooth curve y : (—€,€) — E is called vertical if y (t) € E, for some
x€Mandany |t| <€.Letz € E.

ii) A tangent vector X € T (E) is said to be verfical if X is tangent to some
vertical curve in E i.e., there is a vertical curve y : (—€,€) — E such
that ¥ (0) = z and y(0) = X. A tangent vector field X € X(E) is said
to be wvertical if the tangent vector X, € T-(E) is vertical for any z € E.

Harmonic Vector Fields. DOT: 10.1016/B978-0-12-415826-9.00006-7
(© 2012 Elsevier Inc. All rights reserved. 307 |


http://dx.doi.org/10.1016/B978-0-12-415826-9.00006-7

308 Chapter 6 The Energy of Sections

iii) Let x € M and z € 7~ (x) = E,. The vertical lift of u € Ex in z is the
tangent vector u;/ =y(0) € T-(E) where y = ¥+, : (—€,€) = Eisthe
vertical curve given by y (f) = z 4 tu for any |f| < €.

iv) Given a cross-section o € ['*°(E), its vertical lift is the tangent vector
field 0V € X(E) given by

0" (@)= (@)} € T-(E), z€E,
where (o (T (z)));/ is the vertical lift of o (7 (2)) in z. [ ]

Let 0 € '*°(E). We wish to express its vertical lift oV € X(E) in local

coordinates. Let (U, X") be a local coordinate system on M and {o7,...,0}
a local frame in E defined on U. Let zen N (U)CEand x=m(2) € U
so that

o (x) = 1¥(0 (%)) (x).

Let ¥ =Vio(n) @ (—€,€) > E, C 77 1(U) be the vertical curve given by
y(t) = z+to(x) for any [f| < €. Let

Y =2, yTO=»" ), lil<e

be the local components of y with respect to the local coordinate system
(=N (U), 5, v%). By the very definition of y

y'() =5 (x) =const., y*T"(1) =10 (x)), |t <e,

hence
_ dy' 9 dyet™ 9 B
0)=—0)— 0)— = — 6.1
HO = O3]+ T =regg] e
so that
V |24 ; o 9
o (R)=(0x); =y0)=v(0x)—
v |,
or
GVz(VO‘oooJT)i (6.2)
v '
everywhere in 771 (U). As ¥ 0 0 = 8%‘ the identity (6.2) shows that
y 0
o, =—, 1<a<k (6.3)

o o
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The vertical space at z € E is the subspace V(E). C T-(E) consisting of all
vertical vectors in T-(E). We set

V(E) = VE).
zeE

(disjoint union) and observe that V(E) is (the total space of)) a vector bundle
over E in a natural manner (the vertical subbundle of the tangent bundle
T(E) — E). It should be observed that

V(E). =Ker(d.w), z€E.

Indeed let z € E and x = (2) € M and (U, X") be a local coordinate system
on M such that x € U, together with a local frame {0y : 1 <a <k} in E
defined on U. Letusset 7' =% o, 1 <i<n. Then n' = x' hence

(d: ) ( ) i i
n)— — ()= = —
ox 7(2) ox' |,
!
(dt)—| = —( )— =0,
d ox 7(2)
so that
Ker(d.m) k R 9
)= — .
i I
a=1 ~

On the other hand (by (6.1)) any vertical vector tangent to E at z
is in the span of {(3/0v%).:1 <& <k} hence V(E). C Ker(d.m). Vice
versa (0/0v%), is a vertical vector (because (9/0v%), = y(0) where y (f) =
z+toy(x), |t] <€, which is precisely the contents of the identities (6.3)
evaluated at z) hence Ker(d.w) C V(E)».

S) 6.1. THE HORIZONTAL BUNDLE

Let D:T'®(E) - I'*®(T*(M) ® E) be a connection in the vector
bundle 7w : E— M. Let (7 ~'(U), x",»%) be a local coordinate system on E
as above (naturally induced by a local coordinate system (U, %) on M and
a local frame {0y : 1 < <k} in E on U). We set for simplicity
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Let fo € C*(U) be defined by
Dyoy = fo og.

Let X € X(M) and o € I'*°(E) be respectively a tangent vector field on M
and a cross-section in E locally represented by

X=X, o=f%,,
for some Xi,fo‘ € C*°(U), so that
Dxo =X' (E)Lfﬂ +f“rfx) 0p.

Let y : (—€,€) — M be a smooth curve in M and o € ['*°(E) a smooth
section in E. With respect to a local frame {0y :1 <o <k} in E on U
one has 0 = f%0gy for some f* € C®°(U). As y is continuous there is
0 <& <€ such that y(f) € U for any [f| <. One may assume as cus-
tomary, by eventually shrinking U, that U is the domain of a local chart
x=@G1. .., :U— R"on M andset y' =X oy. Then

D (s vy 8 6.4
( dy/dta)y(t)—<7(t)+ (I)W(t) ia()/(t)))Uﬁ(V(t)) (6.4)

where V¥(t) = f“(y(¢)) for any |#| < 8. The right hand side of (6.4) actu-
ally defines (Ddy /dzU)y o
curve y.

for any smooth section o (f) defined along the

Definition 6.2 Let D:I'°(E) —» I'*°(T*(M) ® E) be a connection
in E. i) A smooth cross-section o () defined along the smooth curve
y:(—€,€) > Min Eisamap 0 : t+> o(1), locally o (1) =), f*(£)oa(1)
with f%(f) smooth functions. Such smooth section is said to be parallel
(with respect to D) along y if (Dd)//dfo)y(t) =0 for any |f| <e€. ii) Let
C:(—€,e) > E, C(t) =(y(t),0(t)), be a smooth curve in E that is
locally y (1) = (x'(C(1)),...,x"(C(1))) and o (1) = (v' (C(1)),...,v*(C(1))).
We say C is a horizontal curve if o (f) is parallel along y . iii) A tangent vector
v € T(E) is said to be horizontal (with respect to D) if there is a horizontal
curve C: (—€,€) = E such that C(0) = z and (dC/dt);=o = v. iv) A tan-
gent vector field X € X(E) is said to be horizontal (with respect to D) if X,
1s a horizontal tangent vector for any z € E. |

Let z€ Eand x=m(2) € M. Let y : (—€,€) = M be a smooth curve
such that y(0) = x. There is a unique horizontal curve )/T :(—€,¢) > E
such that a) y7(0) = zand b) T oy T =y (cf. e.g., [258)).
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Definition 6.3 The curve y ! is referred to as the horizontal lift of y issuing
at z. |

Let z€ E and x =7 (2) € M. Also let v € T (M) and let us consider a
smooth curve y : (—€,€) — M with the initial data (x,v) i.e.,

y(0) =x, %(0) =v.

Let y1: (—€,€) — E be the unique horizontal lift of y issuing at .

Definition 6.4 The horizontal tangent vector
vl
7(0) € T-(E)

is called the horizontal lift of v in z and is denoted by v, |

Let us derive the local expression ofvf. Let (U, X") be a local coordinate
system on M such that x =7 (2) € U and {0y : 1 <o < k} a local frame in
E on U. Let y : (—€,€) — U be a smooth curve such that y(0) = x and
y(©0)=v. Let ¥ : (—€,€) = 77 (U) be the unique horizontal lift of y
such that )/T(O) ==z. As )/T : (—€,€) = E is a horizontal curve, there is
o (1) such that yT = o oy and Dgy 410 = 0 along y hence (by (6.4))

dVv

dt

where V(1) = f“(y (1)) for any |f| < € and 0 = %0y on U. Let us set
y'() =X (y(1). Then

dy'

dr

o P da' o
0 ==V O—OTEy®»), 1=a<k, (6.5)

n % ) a

dy' 0
= — (¢ —
dt(){axl

If v =A1(8/9X"), for some A' € R then

_a
(0 ="-()

9x Y10

ad
— VPO () 5
AX0) v

J/T(t)}

E(O)z)ﬁ, 1<i<n
dt
Also z=y1(0) = o (¥(0)) = 0 (x) so that
VE0) =f*(y(0)) =f*(x) =" (0 (x)) = v*(2).



We may conclude that
d
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— VAOTY((0) =
dxi i v

J/T<0)}

In particular, the definition of v!! doesnt depend upon the choice of
smooth curve y : (—€,€) — M of initial data (x,v). Let us set

5 9 3
:__Vﬁ< %on)ﬁef(n_l(U)), l<i<n (6.6)

= Q dxt

Summing up we have shown that given v = A(0/0x"), € Te(M) then its

dyt dy'
=2 0)=L ()
d[ dt )/T(O)

| 0 d
i) | _ B __
=A { ax"L v (Z)Ffjg(x) W

d;

horizontal lift in z € E, is given by V? = 1'8,(2).

Definition 6.5 If X € X(M) is a tangent vector field on M then its hor-
izontal lift (with respect to D) is the tangent vector field XH € X(E)
given by

XH(2) = (Xz0), z€E,

where (Xz)g is the horizontal lift of the tangent vector v = X, €
Tn(z)(M). |

The horizontal lift of a tangent vector field X on M is locally given by
XH = (X' om)8; where X = X'9/3%' for some X' € C*®(U).
Let RP be the curvature tensor field of D

RP(X,Y)o = —DxDyo + DyDxo + Djx.y|0,
for any X,Y € X(M) and any o € ['*°(E). It may be easily checked that

Proposition 6.6 Let D: T°(E) — I'®°(T*(M) ® E) be a connection in the
real vector bundle E — M of rank k. Then

[V, r"1=0, X1, "1=(Dx9", (6.7)
X, vy = [X, Y]+ 0(X,Y) (6.8)

for any X,Y € X(M) and any s,r € T°°(E). Here w(X,Y) is the globally
defined smooth section in V(E) locally given by

V
0 (X, )|y = " (RP(X, Y)oy)
for any local frame {0y : 1 <a <k} on U C M.
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We check (6.8) and leave the proof of (6.7) as an exercise to the reader.
First for any z € ¢ 0)

BFlﬂ BFJ"% 9 ‘

Y B 2
[6i.6].=v (2)( T +1“,,3 o r,ﬂrf;) ) 57|
m(z

[8:. 8] = (RD(%, %) O,>V

Finally if X = X'9/0%" and Y = Y/9/9¥ then

hence

(X" Y] = (X, Y] om)8;i+ (X o) (Y om)[8;, 8]

= [X, Y] + *(RP(X, Y)oy) "

Remark 6.7 Asa consequence of (6.7) and the classical Frobenius theorem
the vertical distribution V(E) is completely integrable. [

Let z € E and (U,X") be a local coordinate system on M such that x =
m(z) € U. Let {04 : 1 <a <k} be a local frame in E on U. Let H(E)-
be the linear subspace of T-(E) spanned by {§;(z) : 1 <i < n}. It may be
easily checked that the definition of H(E). doesn’t depend upon the choice
of local coordinates and local frame at x = w(2). Note that H(E). is real
n-dimensional. We set

HE) = JH(®E)-
z€E
(disjoint union). An inspection of (6.6) reveals that H(E) is a smooth dis-

tribution on E.

Definition 6.8 The linear space H(E). is called the horizontal space at
z (associated to the connection D). Also H(E) — E is the horizontal
distribution (associated to D). |

Proposition 6.9 Let D be a connection in E. The horizontal distribution H(E)
associated to D is complementary to the vertical distribution i.e.,

T-(E) = H(E)- ®V(E)., z€L. (6.9)

The horizontal distribution H(E) is involutive if and only if D is flat (i.e.,
RP =0).



314 Chapter 6 The Energy of Sections

Proof. Let X be a tangent vector field on E and zp € E an arbitrary
point. Let us choose as customary a local coordinate system (U,X")
and a local frame {0y :1 <a <k} on U such that xo =m(z() € U. Let

(7~ (U), x', v%) be the induced local coordinates on E. Then
.0 d
X=d—+b—
o TV Gm
on w~H(U), for some d',b* € C® (w1 (U)). Let us set
0 . 0

Tox T e

for the sake of simplicity. Then 9; = §; + P F%E)a so that

0;

X = aiSi + (ba + Vﬂrffga') 30,

on 7~ '(U) and in particular in zo so that (6.9) holds at zo. The last
statement in Proposition 6.9 follows easily from the identity (6.8) in
Proposition 6.6. u

Definition 6.10 Let D : I'°(E) — I'*°(T*(M) ® E) be a connection in
the real vector bundle E — M of rank k. For each z € E we consider the
linear map K. : T.(E) — Eg(») defined by

Kz(X) =0, Xe H(E)za
K:(a].) =0u(m(2)), 1<a =<k

for any local frame {0y : 1 <o <k} defined on an open neighborhood
U C M of x = m(z). The resulting vector-valued 1-form K € I'*°(T*(E)
®m~'E) is called the Dombrowski map. |

It may be easily checked that the definition of K, doesn’t depend upon
the choice of local frame {0y :1 <o <k} at x=m(z). The following
sequence of vector bundles and vector bundle morphisms

Y L
0— 7 'E—> T(E) — 7 'T(M) - 0 (6.10)

is exact. The pullback bundles appearing in (6.10) are described by the
commutative diagram

7 'E - E <« a7 'T(M)

\ \: \
E - M <« T (M)
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Also the vector bundle morphism y : 7 ~'E — T(E) is locally given by

0
V@ =55 . z€ n7N(U), 1=sask
for any local frame {0y : 1 <o <k} of E on U. Finally the vector bundle
morphism L: T(E) — m~' T(M) is given by

L.X = (dm)X, XeT.(E), =z€cE.

Similarly, in the presence of a connection D in E, the sequence of vector
bundles and vector bundle morphisms

0 — H(E) — T(E) B0 (6.11)

is exact. We close this section by exhibiting a geometric interpretation of
the Dombrowski map. Let C: (—€,€) — E be a smooth curve in E and let
us set y(f) = w(C(f)) € M for any |f| < €. Let us set as customary y'(f) =
X'(y (1)) with respect to a local coordinate system (U,x') on M. Also

Ci() =x'(C(1), C*(1) =1*(C1), |l <e,

with respect to the local coordinate system (r~H(U),x',v%) (associated
to (U,X") and to the local frame {0y :1 <a <k} of E on U). By the
very definition of the local coordinates x': 771 (U) = R one has C'(1) =
X (C(1)) =X (y () = y'(1). Also we set for simplicity V¥(f) = C¥T"(t)
forany 1 <« < k. Then

n dve 0 ad
C() dl 81/0‘

dC dy! ad
E(t) = I(t) Py

X

C(1)

dy'
ikl

(£ v ore g ao ™ @) L
<o dt B dre

C(1)
Let o (¢) be a smooth section in E defined along y. If o (t) = IV* ()0, (¢)
for any |f| < € then

dC dyi
0= s
t

9
- + (Dayjar0)”

C(n)

and applying K¢y to both sides gives

e
Kc E(l‘) = (Ddy/dta)y(r) , t] <€, (6.12)
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which is the geometric interpretation we were looking for. Moreover,
let 0 € '*°(E) be an arbitrary smooth section and let us consider the
differential of the map o : M — E at a point x € M

de . Tx(M) - TG(X)(E).

Let v € Ty (M) represented as v = A’ (3/9X") for some A' € R, with respect
to a local coordinate system (U, x') at x. We set

ocl=x'oo, o*"=1c0,

1.e., consider the local components of o with respect to the local coordinate
system (7~ '(U),x',v%). Then

(o) =1 (d,0) 3‘ ] R aw”() i
xO)V = x0) ——| = — ) — —
396‘ x 3961 396’ O'(x) 396 31/‘)‘ a(x)
| oo/ )
=\ —~l(x)—]
3x (Sx O’(x)

O’OH_” B+n F“
+< (x) +0"(x) (x) (x)> W

U(A)}

8]’ Consequently

Ontheotherhand, o0’ =x'oo =% om oo =X 013y = ¥ hence 80’/85@ =
Sxit

G(x)}
=l 9
85 (x)

Let X be a tangent vector field on M extending v i.e., X, = v. Then

{ 5
(doo)w = A/

oa+n
+(80~' (x) + 0P (e (x))
(x)

ax!

o d

+ (Da/a;ci(f) (x) a—a .
v o (x)

(do) X, = xH o) T (DXU) (6.13)

o(x) "

S 6.2. THE SASAKI METRIC

Let w : E— M be a real vector bundle of rank k endowed with a
Riemannian bundle metric h. Let D be a connection in E such that Dh =0
1.e.,

X(h(s,r)) = h(Dxs,r) + h(s, Dxr),
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for any X € X(M) and any s,r € '*°(E). Such D is commonly referred to
as a metric connection in (E,h). Metric connections are not unique (cf. e.g.,
[258], p. 120). As a consequence of Dh = 0 one has RP e Q*(Ad(E)) i.e.,

WRP(X,Y)s,r) = —h(s,RP(X, Y)r).

Let C(E,h) be the affine subspace of all metric connections in (E, h). Let
¢ be a Riemannian metric on the base manifold M and V its Levi-Civita
connection. Given the data (h, D,g) with D € C(E, h) one may build a Rie-
mannian metric Gs; on E in a natural way (i.e., G; is the ordinary Sasaki
metric when E= T(M) and h =g¢, D = V). Indeed we may set

G (A, B)Z =dn(2) ((dzn)Az, (dzﬂ)Bz) + hﬂ(z) (KZAZ7 Ksz), (614)

for any A,B€ X(E) and any z€ E. Here K:T(E) — n~'E is the
Dombrowski map associated to D. It may be easily checked that

Proposition 6.11 For any D € C(E,h) and any Riemannian metric g on M
the (0,2)-tensor field G given by (6.14) is a Riemannian metric on E.

Definition 6.12 The Riemannian metric G, on E associated to the data
(h,D, g) with D € C(E, h) is called the Sasaki metric on E. [ |

Let z € E and A,B € T.(E). Let then C;: (—€,€) — E be two smooth
curves (i € {1,2}) such that C;(0) =z and C1(0) = A, C>(0) = B. We set
yi(t) = w(Ci(¢)) for any [t| < €. Let 0; be the smooth section in E defined
along y; such that 0;(y;(r)) = Ci(¢) for any |t| < €. Then

dy;

dc; dC;
(dc,'(t)”)w(t) = E(t)’ KC,v(t)E(t) = (Day,ar0:) ] <e,

vi(t)’
hence

Gi=(A, B) = gc(71(0), Y2(0)) + e ((Dayy yae01) . » (Dynyar02) )
where x = 7 (2) € M. It may be easily checked that

Proposition 6.13 Let D € C(E,h) be a metric connection in a Riemannian
vector bundle over a Riemannian manifold (M,g). Let Gs be the Sasaki metric
associated to the data (h, D,g). Then

G(XT, Yy =g(X,Y)or, G(X" s"y=0, G(",r")=h(s,nom,

forany X, Y € X(M) and any s,r € QUE). In particular the distributions H(E)
and V(E) are mutually orthogonal with respect to the Sasaki metric.

Remark 6.14 If {E;: 1 <i<n} and {0y : 1 <a <k} are local orthonor-
mal frames of (T'(M),g) and (E,h) respectively, say both defined on
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the open subset U C M, then {E V 1<i<n 1<a<k} is a
local orthonormal frame of (T(E), GS) deﬁned on the open subset
7~ (U) CE. m

The Levi-Civita connection of (E, G;) may be computed (cf. J.J. Kon-
derak, [194], and D.E. Blair, [42], p. 149) with the result that formulae
similar to those in Proposition 1.14 (where E= T(M) and h=g¢, D=V)
hold good. To state the result, we need to introduce a few differential
geometric objects in the pullback bundle 7 ~'E — E.

Definition 6.15 The Liouville vector is the smooth cross-section L €
Q' ~'E) defined by

L(z) =z€Ezg: = (n_lE)Z, z€E.

The natural lift of a section o € QY(E) is the section 6 € Q'(wr ' E) defined
by =ocom. ]

Locally if {0y : 1 <a < k} is a local frame in E on U then
L) =2=1"()04(2), zemx '(U),

hence £ = v* 04 on 7~ ' (U). The Riemannian bundle metric i in E — M
induces a Riemannian bundle metric / in 7 ~'E — E determined by

WGP =h(s,nom, sreQUE). (6.15)

Clearly not all sections in 7 ' E — E are natural lifts of sections in E — M
(the map o € Q'(M) > 6 € QU(w~'E) is injective yet not surjective).
However, given a local frame {0y : 1 <o <k} in E on U it follows that
{60 :1 <a <k} is a local frame of 7 'E on 7' (U) hence the formula
(6.15) does determine h uniquely. A

Similarly a connection D in E induces a connection D in m 'E
determined by

Dynt=Dxr, Dy?=0, (6.16)

for any X € X(M) and any r,s € QU(E). The formulae (6.16) determine
a unique connection D in 77'E due to the observation above (a mild
reformulation of which is that {6, :1 <& <k} generates the module
'~ (U),7~'E) over the ring C®(m~!'(U))) together with the fact
that T(E) = H(E) @ V(E). Also ifD € C(E,h) then De C(n~'E, iz) ie.,

D is a metric connection in (7 7'E, h)
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Note that y : 7 'E — V(E) C T(E) is a bundle isomorphism (referred
to as the wertical liff, as well as in the case E= T(M)). Moreover y
(previously defined by using a suitable local frame) is also determined by

ys=s", seQ%E).

Next let 8 : 7~ T(M) — H(E) be the bundle isomorphism (referred to as
the horizontal lift, as well as in the case E = T'(M)) determined by

BX=x"  Xexm).
Here X = £(X) is the smooth section in 7~ ! T(M) — E given by
)A((z) =Xz, =z€L.

When E = T(M) this coincides with the natural lift of X as introduced
in Definition 1.2 in Chapter 1. As a counterpart of (6.11), the following
sequence of vector bundles and vector bundle morphisms

B K
0> 7 'T(M)— T(E) — 7 'E—>0 (6.17)
1s exact.

Proposition 6.16 The Levi-Civita connection V& of (E, Gy) is given by

v =o, (6.18)
1 N
Ve Y = (Vxn + 5 yRP(xH yH)L, (6.19)
GV v L b ool ~i\
VE = (Dxn)" — 5(h(R (X" BLL.H) ) . (6.20)
1 A~ ™~ H
VoyH = 5(11(;, RPBY., YH)L)ﬁ) , 6.21)

for any X, Y € X(M) and any s,r € QY(E), where RD is the curvature tensor
field of the induced connection D in 1~'E — E and # : Q1 (M) — X (M) the
canonical musical isomorphism associated to g.

We emphasize that f£X = XH for any X € X(M). Also the 1-form
WRP(XH, )L, 7) € QU(M) is defined by

Y e X(M) > hRP (XM, YH) L. 3) e ¢ ().
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Hence W(RP(XH, B )L, 7)? € X(M) is given by
JWRP(XH Be L, »?, y) = hRP(xXH, yH) L, )

=Y WRP(xM, B L DE
i=1

for any local orthonormal frame {E;:1 <i<un} in (T(M),g). Proposi-
tion 6.16 is due to J.J. Konderak, [194] (the proof is of course similar to
that of Proposition 1.14 in Chapter 1).
Remark 6.17 The projection w : E— M is a Riemannian submersion
of (E, G,) onto (M,g). Indeed (Ker(d.7))t = V(E)L = H(E). and d.7 :
H(E) = Tx(z) (M) is a linear isometry, for any z € E. ]

It may be shown (cf. Theorem 3.11 by J.J. Konderak, [194]) that 7 is

a totally geodesic map (i.e., By =0, where B is the second fundamental
form of ) if and only if D is flat (i.e., RP = 0).

E 6.3. THE SPHERE BUNDLE U(E)
With the conventions in the previous section we set

UE) ={z € E: hy(»(z,2) =1}.

This gives a bundle Sk=1 5 U(E) i) M and a real hypersurface U(E)
in E. Let us consider the tangent vector field v on E, defined along U(E),
given by

v(2) =(y £): € T.(E), =ze€U(E).
Then v is a unit vector field i.e.,
Gw,v)s =I(L, £): = hr(y(2.2) =1,

for any z € U(E). Let z€ U(E) and v e T,(U(E)). Let us consider a
smooth curve C : (—€,€) — U(E) such that C(0) = z and C(0) = v. Let us
set Y (f) = (C(t)) for any [t| < €. Let o be the smooth section in E defined
along y such that o (y(f)) = C(¢) for any |{| < €. We may differentiate in
hy (n (C(1), C(¢)) = 1 so that (by Dh = 0)

d
0= % {hy (i) (C(0), C())} = 20Dy jai, )y 1)

= hy(ny (K C). Koo ly) = Giew (C0).08,)
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hence (at t=0) one obtains G,.(v,v;) =0. Indeed if locally o () =
f¥()og (1), then
0

o

=o"(C(1))
C(1)

i)
=40 —

v(C(0) = (¥ L)y = v (C(1) e
C(1) v

so that 0V () = vs. Summing up we have shown that

Proposition 6.18 Let D € C(E,h) be a metric connection in a Riemannian
vector bundle (E, h) over a Riemannian manifold and Gy the Sasaki metric associ-
ated to (h,D,g). Then v =1y L is a unit normal vector field on U(E) (as a real
hypersutface in (E, Gy)).

Definition 6.19 Given s € QU(E) we consider s! € X(U(E)) given by
sT(z) = (tan SV)z where tan, : T.(E) — T>(U(E)) as the natural projec-
tion associated to the direct sum decomposition T-(E) = T-(U(E)) ® Rv.
for any z € U(E). The tangential vector field sT on U(E) is called the
tangential lift of s. |

As the normal bundle of the given immersion U(E) < E is spanned by
Vl.e.,

TA(U(E)" =Rv:, z€ U(E),
it follows that the tangential lift of s is given by
ST(Z) = 5;/ - Gs(5V9 V)2V = 5;/ - il(ga L),

for any z € U(E). We may state the following

Proposition 6.20 The horizontal distribution H(E) consists of tangential vectors
i.e., H(E)> C T-(U(E)) for any z € U(E). Moreover

T-(U(E)) = H(E): ® v Ker(w):, =z € U(E), (6.22)
where w is given by w(0) = (o, L) for any o € QU(w ' E).
Proof. Let X € X(M). Then
GXEvw=cx"yL)=0

as H(E) and V(E) are mutually orthogonal (with respect to the Sasaki met-
ric Gy). To prove the second statement in Proposition 6.20 let z € U(E)
and A € T-(U(E)) CH(E): ®V(E).. Then A= .Y + y.0 forsome Y €
(7' T(M)): = Tr(xy(M) and 0 € (17 E); = Ey(»). Next

A=B.Y+ ol + G, (Y20,v2)V2
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where we have set by definition ol =y.0 — Gi.(y-0,v2)v- € T-(U(E)).
Yet A is tangent to U(E) hence its component along v, must vanish

0= Gsz(yza,vz) = I:lz(o—yﬁz) = w.(0).

Summing up, we have shown that A = .Y 4 y.0 for some o € Ker(w:)
so that

T-(U(E)) € H(E): + y: Ker(w:), z€ U(E).

On the other hand, H(E). N y. Ker(w,) € H(E).NV(E). = (0) so that
the sum H(E); 4 y» Ker(w;) is direct. Proposition 6.20 is proved. [ |

Remark 6.21 Let L=h(L,0)"2 e C®(E). If {E:1<i<n} is a
local frame of (T(M),g) defined on the open subset U C M and
{L_lﬁ,ag,...,ak} is a local orthonormal frame of (n_lE, ]:l) defined on
7~ (U) C E then {EtH 1 <i<n}U{yos,...,y0or}isalocal orthonormal
frame in (T(U(E)), G,) defined on 7~ (U) N U(E). ]

Proposition 6.22 Let A be the shape operator of the given immersion
U(E) < E. Then

ABY =0, Ayo =-yo, (6.23)

for any Y € QU= 'T(M)) and any o € T®(Ker(w)) C QU 'E). In
particular

AxMy =0, A" ==, (6.24)
for any X € X(M) and any s € QU(E). Also, the mean curvature vector H of
U(E) < E is given by

1 E—1
H=———trace(A)v=— (6.25)
n

_ .
+k—1 n+k—1

Proof Let A be the shape operator of the immersion U(E) < E i.e., the
Weingarten operator A = A, associated to the normal section v. We recall
(the Weingarten formula)

AV =—VZv, VeX(UE)). (6.26)

Let {ElH, yoy:1<i<n, 2<a <k} be a local orthonormal frame in
T(U(E)) defined on 7~ (U)NU(E), as in Remark 6.21. Let {sy: 1 <
o < k} be a local frame of E on U and let us set g, = Zgzl Ag?lg for
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some )»g e C®(r~N(U)) with2<a <kand 1 <B <k. Then v = Vﬂsg
and y oy = AﬁsV. Also

B
n k
V= ZMlElI_I + Zfa)/oa
i=1 a=2

for some ui,fa e C®(r~Y(U)NU(E)). We may conduct the following
calculation

Y Oa

k
G - ‘
VVv:u’VEIHv—i— E RAVASIETE
oa=2

Ve v = Agv;; (v s)) =aEsh ()s), 2<a <k,

as (by (6.18) in Proposition 6.16) V%sg = 0. Moreover
°p
ovP

G _ Vv __ V_ ) —

Vo,V = )”5375,0 _)‘55/3 =V ()»55,3) =Y Oa,
Vv =0V sk + X 0P sy

for any X € X(M). If X = A'9/9%' then X = Ao 7 §; so that

SvP - avP .
H/ p\ _ 41 _ i Bpa _ i BP
X7 (v )—A—Sxi =—Av Fiﬁ—ava =—Av Fiﬁ

and then

, 1 /A~ ~ H
VG =P T 40 {(stp) V_ 5 (h(RD(XH, BLL, §p)ﬁ) }

U (rP(xH A
= <h(R (X ,ﬁz-)c,z)) —0
as RP € Q2(Ad(E)). Summing up

Vfgav=yaa, 2<a <k, V;jﬂ:O,

hence
k
Vi =Y Yy ou = V). (6.27)

oa=2

Here V) denotes the Ker(w)-component of 7 with respect to the
decomposition T(U(E)) = H(E) @ Ker(w). At this point (6.23) follows
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easily from (6.27) (and the Weingarten formula (6.26)). It remains that we
compute the mean curvature

k

trace(4) = Z GS(AEiH, E,H) + Z Gi(Ay 04, ¥ 0g)
i=1 a=2

k k
==Y Gy 0w, y0) ==Y (0a,00) =—(k—1)

a=2 a=2

thus yielding (6.25). |

> 6.4. THE ENERGY OF CROSS SECTIONS

Let 7 : E— M be a Riemannian vector bundle, with the Riemann-
ian bundle metric h, over a compact orientable Riemannian manifold
(M,g). Let D € C(E,h) be a fixed metric connection in E. Let Gy be the
Sasaki metric on E (associated to the data (h, D,g)). Let o € QU(E) be a
smooth section thought of as a smooth map o : M — E of the Riemannian
manifold (M,¢) into the Riemannian manifold (E, G;). As such we may
compute the ordinary Dirichlet energy of o

1 *
E(o) = > trace, (o GS) dvol(g).
M
Let {E;: 1 <i < n} be a local orthonormal frame in (T (M),¢) defined on
the open subset U € M. Then for any x € U
n n
trace, (U*Gs)x = Z (O'*Gs) (Ei, E)x = Z Gsa(x)((dxo')Ei,xy (dx0)Ei )

i=1 i=1

yet (by (6.13))

v
o(x)

(dy0)Eix = (E") ., + (Dr0)

o (x)
hence (as H(E) and V(E) are mutually orthogonal)

n

trace, (O*Gf)x = Z {GS (E,H, E,H)U(x) + G:((Dgo)”, (DE0) V)U(X)}
i=1

= Z {¢(Ei, E)y + h(Dp,0, Do)} = n+ || Do |2
i=1
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hence

n 1 5
E(o) = EVol(M)—i-E/IIDJll dvol(g).
M

Consequently E(o) > (n/2) Vol(M) and equality is achieved if and only if
Do =0.

Proposition 6.23 (J.J. Konderak, [194]) The section o € QU(E) is parallel
with respect to D if and only if the map o : (M, g) — (E, Gy) is totally geodesic.

Proof. Let y be a geodesic in (M, ¢) and let us set C = o o y. By the identity
(6.13)

) . dy H v
C(t) = (dypno)y () = <—> + (Ddy/dta)cm
dt C(1)

hence (by (6.18)—(6.21))

ve €Y _ye ()7 g v
dC/d g, Gt i (dy JdnyH (Day jai0)

d H
G _]/ Gy 1%
V(D”V/"’U)V ( dt ) + V(Ddy/d,a)V(DdV/d‘U)

dy H ol (dy H dy H
= Vi /di— -¥R — .= L
(d”mm> ty dr dr
v
+ (Day it Dy 1dto)
H

i
T~ pf(dy H
—5 h(R ((E) ,ﬂﬁ ,C,EDdy/d,O'
o\ H
1 (4 b dy H
+§ h(ﬁDdy/dtG,R (,BE-, <E> L
that is
dC v
G _ 2
(VdC/drE) o <Ddy/dt0 )

ft
o ~fdv\ T
h(RD(<d—J;> ,ﬁ€'> £7£Ddy/dt0>

H

(6.28)
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If Do = 0 then (by (6.28)) (DCC) = 0 i.e., C is a geodesic in (E, Gy).
Therefore any parallel section ¢ maps geodesics of (M, ¢) into geodesics of
(E, Gy) i.e., 0 is a totally geodesic map. |

Theorem 6.24 (]J.J. Konderak, [194]) Let o € QY(E) be a smooth section
in a Riemannian vector bundle (E, h) over a compact orientable Riemannian mani-
fold (M,g). Let D € C(E,h) and let G be the Sasaki metric on E associated to
(h,D,g). Then o : (M,g) — (E, Gy) is a harmonic map if and only if Do = 0.

The proof of Theorem 6.24 is similar to that of Theorem 2.10 and
hence omitted.

Let o € Q(E) be a smooth section thought of as a map of Riemannian
manifolds o : (M,g) — (E,h) and let (o) € Q"(c~'TE) be the tension
tensor of 0. By a result of J.J. Konderak (cf. op. cit.)

n H

(o) = (Z WRP(, E)o, DEicr)ﬁ) —(Ac) L oo (6.29)
i=1

where the Laplacian A : QU(E) — QU(E) is locally given by

n

Ao = — Z (DE,'DE,O— - DVEl-E;O_)
i=1

for any local orthonormal frame {E;: 1 <i <n} of (T(M),g) on U C M.
By the very definition of  : Q' (M) — X(M)

(o) = Z h (RD(EJ',El')O', DEIU) (EJH) oo —(Ao) oo

iyj=1
and we may conclude that

Corollary 6.25 (J.J. Konderak, [194]) t(0) =0 if and only ifi) Ao =0
and i) trace, {(h(RP(X, Yo, D.0)} = 0 for any X € X(M).

E 6.5. UNIT SECTIONS

Let o € QU(E) be a unit section i.e., hy(o (x),0(x)) =1 for any x €
M. Thus 0 € '*®(U(E)) and ¢ may be looked at as a smooth map of
Riemannian manifolds o : (M,g) — (U(E), G;). The Sasaki metric on E



6.5. Unit Sections 327

and the induced metric on U(E) are denoted by the same symbol G;. The
Dirichlet energy of o is given by

n 1 5
E(o) = EVOI(M) + 5/ |Do||= dvol(g).
M

As o is a unit section and Dh = 0 one may derive the constraint
h(Dxo,0) =0, XeX(M). (6.30)

Let {E;: 1 <i < n} be alocal orthonormal frame of (T'(M),g) on U C M.
Then

Ao, 0) ==Y h(DgDgo — Dy, 50, 0)

1

1
=- Z{Ei(h(DE,U’O')) — h(Dg,0, DE;0) — > (VEE) (lol?)}

1

on U so that
(Ao, o) = |Do|? (6.31)

for any o € I®°(U(E)). Let us denote by t(0) € Q'(c "' TE) and by
71(0) € QU(c ' TU(E)) respectively the tension fields of the maps of
Riemannian manifolds o : (M,g¢) — (E, G;) and o : (M, 9) — (U(E), Gy).
Then

71(0) =tant(0)

where tan; : T.(E) = T.(U(E)) is the projection associated to the decom-
position T.(E) = T-(U(E)) ® Rv. for any z € U(E). Let t(0) ) and
7(0)y(E) be the components of 7(0) in H(E) and V(E) respectively. Then
forany x e M

() = {t@O1® 4y T{TOVE |4y
hence (by (6.29))
11(0)x = {T(G)H(E)}U(x) + {T(U)V(E)}U(x) — G(T(O)v(E), Vo (x) Vo (x)
{tOH®) 4 H-D) ], ()~ GERD Vo) VowLow
{T©@ @}y ) = (A0)) (o + (B, L)) Vo o ()
(T 1)}y )+ Vo0 {—(B0)o (9 + h(AT, 0) 0 (x) ]
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so that (by (6.31))
1(0)x = {1 n® ), + Yo [~ (Do) + Do 0 ()]
and we may conclude that

Theorem 6.26 o : (M,9) — (U(E), G;) is a harmonic map if and only if
i) Ao = ||Do||> o and ii) trace, {h(RP(X,)o, D.0)} = 0 for any X € X(M).

Definition 6.27 A smooth section o € QU(E) is said to be a harmonic
section if o 1is a critical point of the energy functional E: '**(U(E)) —
[0, 400). [ |

Theorem 6.28 (C.M. Wood, [317]) Let D € C(E,h) be a metric connec-
tion in a Riemannian vector bundle over a compact oriented Riemannian manifold
(M,g). Let 0 € T°°(U(E)) be a unit section. Then o is a harmonic section if and
only if Ao = | Do ||?o.

The proof of Theorem 6.28 is similar to that of Theorem 2.23 (due to
C.M. Wood, [317]) and hence omitted. We close the section by stating the
second variation formula for the energy functional E: I'*°(U(E)) — R.
Let 0 € '*°(U(E)) and let {0 (#)}<s be a smooth 1-parameter variation
of o with 0(0) =0 and @ = ¢/(0) € (o). Then, as well as in the case

E=T(M)
1/(dnvG(t)nz) dvol(g)
=— — VO
=0 ZM dt =0 ¢

Py

dE
o= 20

= / W(Vo, Vo) dvol(g) = / h(Aa, ) dvol(g).

M M

Moreover (cf. C.M. Wood, [317], p. 74)

d*E(¢)

(Hess E)U (Ol) = 7

d
:fa{h(Vo*(t),Va/(t))}t:O d vol(g)

M

t=0

=f(||Va||2—||a||2||Vcr||2)dvol(g>.

M
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S) 6.6. HARMONIC SECTIONS IN NORMAL BUNDLES

Let M — Mj be an isometric immersion of a Riemannian mani-
fold (M,g) into the Riemannian manifold (My,gp). Let us assume that
dim(M) = n and dim(My) =n+k. Let V and VY be the Levi-Civita
connections of (M,g) and (My,g0) respectively. Let m : T(M)* > M
be the normal bundle of the given immersion M — M. For each
v e QUT(M)L) let A, be the corresponding Weingarten operator. One
has the Weingarten formula

Vov=—A,X+Viv, XeXM),

where V= is the normal connection, a connection in T(M)+ — M. Let gJ‘
be the restriction of gy to T(M)* ® T(M)L. Then (T(M)J‘,gl) is a Rie-
mannian vector bundle and V+ € C(T(M)J‘,gj‘) ie., VLgL = 0. Therefore
the general theory developed in the previous sections applies. In particular
we may consider the Sasaki metric G; on T(M)*+ (the total space of the
normal bundle) associated to the data (¢-, V1, ¢) and study the geometry
of smooth maps v : (M, g) — (T(M)J‘,gl).

Definition 6.29 (K. Hasegawa, [159]) Let (Mo, (¢,&,1,90)) be a Sasa-
kian manifold of real dimension 2n+ 1. Let (M,g) be a real n-dimensional
Riemannian manifold isometrically immersed in (My,go). We say M is a
Legendrian submanifold of (Mo, (¢,&,n,90)) if To(M) € H(M), = Ker(n,)
for any x € M. [ ]

See also D.E. Blair, [42], p. 55 and p. 128. On each Legendrian subman-
ifold £ is a section in the normal bundle. It should also be observed that
¢ Tie(M) C T (M)* for any x € M. Consequently, given a local orthonor-
mal frame {E;: 1 <i < n}of T(M) on U C M the system {¢E1,...,¢E,,§}
is a local orthonormal frame in T(M)* defined on the same open sub-
set U. As (¢,&,1n,90) is a Sasakian structure it is in particular K-contact
ie., V%é = —¢X for any X € X(M)). Consequently (by the Weingarten
formula of M in My) A¢ =0 and

Vit =—¢X, XeXM). (6.32)
We need to recall (cf. Lemma 8.2 in [42], p. 128) that

ApxY = Apy X, X, YeXM). (6.33)
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Let a be the second fundamental form of the given immersion M < M.
Then (by (6.33))

a(X,Y) =) a0(@(X,Y),pENPE; +g0(a (X, V), 6§
i=1

= Zg(/LpE,X, Y)@E;+g(As X, Y)§

1

=Y _g(ApxE;, Y)PE;

hence

n

a(X,Y) = Z 9(Ei, Apx Y)@E;. (6.34)
i=1

On the other hand for any X,Y € X(M) (by the Gauss and Weingarten
formulae)

(Vi)Y = VoY — VY
= —Apy X+ VY — ¢ (VxY +a(X,Y))

(by (6.34))

n
= —Apy X +V¥pY —pVxY + Zg(z‘lqu Y,E)E;
i=1

= —Apy X+ VY —pVxY + Agx Y
by (6.33))
—vi
=Vx¢Y —¢pVxY.
Moreover (as go is a Sasakian metric)
(VX$) ¥ = g(X, V)5 = n(V)X.
Therefore

VipY = ¢VxY +g(X, Y)E. (6.35)
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Let A : QU(T(M)+) = QU(T(M)1) be the rough Laplacian associated to
the data (V+, ¢). Summing up the information obtained so far

n

AE = — Z (Vévﬁ,é - V%E,f)
i=1
= Z (—Véd)Ei + ¢VE,E')

= Z (_¢VEiEi _g(Ei’ Et)s + ¢VE,E,) = ns

1

i.e., AE =n&. Therefore (by Theorem 6.28), & is a harmonic section in
T(M)* (cf. also K. Hasegawa, [159], p. 61). Moreover, the curvature tensor
field R+ of V+ satisfies

RE(X,Y)E = —ViVyé + Vi ViE + Vi yf

(by (6.32))
= VxoY — VigpX — $[X, Y]
(by (6.35))
=¢VxY + (X, Y)§ —pVyX — (X, Y)§ —8[X, Y] =0.

In particular

traceggo(RJ‘(X, €, V,J‘é-‘) =0, XeXWM).
Then (by Theorem 6.26), we may conclude that

Theorem 6.30 Let M be a real n-dimensional Legendrian submanifold of a
real (2n+ 1)-dimensional Sasakian manifold My. The Reeb vector & of My is
a harmonic map of (M, g) into (U(T(M)J‘), G;). Moreover

_n 1 L2 _
E() = EVOI(M) + > IV=&||~ dvol(g) = nVol(M).
M

Remark 6.31 As a map of (M, go) into (S(Mp), Gyo) the energy of the
Reeb vector € is E(§) = [(4n+ 1) /2] Vol(Mp) (because of dim(Mp) = 2n+
1 and ||VYE|| = 2n). Here S(My) = U(T (Mp)). n
Example 6.32 Let S"T1(1) carry the standard Sasakian structure. Then
S"(1) is a Legendrian (totally geodesic) submanifold of S>"+1(1) (cf. [42],

p. 59). Also the flat torus T2 is a Legendrian (minimal) submanifold of $>(1)
(cf. [42], p. 59).
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S 6.7. THE ENERGY OF ORIENTED DISTRIBUTIONS

Let M be a compact oriented Riemannian manifold and let us denote
by 7 : 7" (M) — M the vector bundle of all tangent tensors of type (r,s)
on M. The Riemannian metric ¢ induces a Riemannian bundle metric in
T (M) — M denoted by the same symbol g. Also the Levi-Civita con-
nection V induces a connection (compatible to the induced bundle met-
ric) in 7" (M) — M (denoted again by V). Therefore we may endow
the total space 7"(M) with the Sasaki metric G = G, (so that Gy g is the
ordinary Sasaki metric on T'(M)). In this context one may consider the
energy of a (r,s)-tensor field (thought of as a map of Riemannian mani-
folds (M,g) — (T (M), G,)). This section is devoted to applying these
notions to the study of the energy of an oriented distribution on a com-
pact oriented Riemannian manifold, following P.B. Chacon & A.M. Naveira
& J.M. Weston, [81], and O. Gil-Medrano & J.C. Gonzales-Davila & L.
Vanhecke, [128]. Let AT (M)  T*O(M) be the vector bundle of all skew-
symmetric tangent (k, 0)-tensors on M. Let G(k, T,,(M)) be the Grassmann
manifold of all oriented k-planes in T,(M). As dim(M) = # it follows that
dim G(k, T,(M)) = k(n — k). We setas usual G(k, M) = UpeM G(k, T,(M))
(disjoint union) so that G(k, M) is the Grassmann manifold of all oriented k-
planes. If IV, C T,,(M) is an oriented k-plane then 1/, may be identified with
the decomposable k-vector o, =e1 A+ Aeg € Ak’Tp(M) where {eq,..., e}
is a positively oriented orthonormal basis in V). A posteriori V), is referred
to as the subspace associated to the k-vector 0,,. Under this identification
G(k, T,(M)) may be thought of as a submanifold of AkTp(M). Precisely
G(k, T,(M)) may be identified with the submanifold {0, € Ek(Tp(M)) :
llopll = 1} where Ek(Tp(M)) consists of the decomposable k-vectors at p.
Accordingly, the tangent space Ty, (G(k, Ty(M))) may be identified to the

subspace Tgp (G(k, T,(M))) C AkTp(M) spanned by
{0& =e A Ae_1ANegAepi A Nep: 1 <i<k k+1<a« fn}

where {ep+1,...,e,} completes {eq,...,ep} such that {e,...,e,} is a posi-
tively oriented orthonormal basis in T),(M). Indeed if o () = ey () A -+ A
ee(t) € G(k, T,(M)) C AkTp(M) is a smooth curve with 0(0) = o, then
k
o'(0) = 261 Ao A e /\e;(O) Aeip1 A+ Aeg.

i=1
Since ¢;(t) is a unit vector e;(O) and ¢; are orthogonal hence ¢”/(0) lies in the
spanof{o’&:lfifk, k+1<a<n}
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Under the identifications above, the Grassmann bundle G(k, M) — M
is the decomposable unit subbundle of A*T(M) — M (whose total space
ART(M) is thought of as endowed with the Sasaki metric G= G
induced by g). Clearly when k=1 one has A' T(M) = T(M) and G(1, M)
may be identified to S(M).

A smooth distribution v of rank k on M, that is a smooth section in
the Grassmann bundle G(k, M), may be looked at as a smooth section
o in A""T(M). If {Ej,...,E,} is a positively oriented local orthonor-
mal frame in T(M) such that {Ej,...,E.} spans v then 0 = E; A--- A Ep
while {Epy1,...,E,} span the orthogonal complement H = vt C T(M),
a section in G(n — k, M) represented by the section ol = Epp1 A---ANE,
in A" RT(M). Such a local frame {E;:1 <i <n} is said to be adapted to
the given distribution v.

The energy of the distribution v is then defined as the energy of the cor-
responding section o : M — G(k, M) where G(k, M) is endowed with the
Riemannian metric induced by the Sasaki metric G on A*T(M). Hence v
is looked at as a map of Riemannian manifolds (M, ¢) — (G(k, M), G) —
(A*T(M), G) and

E(v) = E(0) = gVol(M) + % / Vo |2 dvol(g).
M

Proposition 6.33 (O. Gil-Medrano & J.C. Gonzales-Davila &
L. Vanhecke, [128]) Let o be a smooth oriented distribution on a compact

orientable Riemannian manifold and let o= be the orthogonal complement of o .
Then ||Vo || = ||Vo || hence E(6) = E(c1).

Proof. Let {E;: 1 <i<n} be a local orthonormal frame adapted to the
distribution o. Then

o=E/N---NEp, JLZE/Q+1A---AE”,

hence

k
V)(O':X:El/\---/\Ej,1/\VXE]'/\EJ'+1/\---/\E[€
j=1

so that

k n
Vxo =) ) a(VxEi Edo, (6.36)
i=1 a=k+1



334 Chapter 6 The Energy of Sections

Next the identities

n k n
Vo> =) IVeoll’, Veo=> > oVgE;,Edop,
a=1

i=1 a=k+1

yield

n ok n
IVoIP=3"3" 3" o(VeE. E)e(Vi,E B (i, o})

a=1 i=1 a,f=k+1
Moreover by
¢t oh) =5

one gets

n k n
IVoI?=>"" " a(Vi,Ei E)*.

a=1 i=1 a=k+1

Let us interchange o and j, respectively i and B, to get

n n k
IVol>=>" > > a(VeEp E)* = Voo|*.

a=1 j=k+1 =1
[ |

Lemma 6.34 Let 0 be an oriented smooth distribution of rank k on (M,g).
Then

¢(R(X,Y)o,0,) = g(R(X,Y)E;, Ey), (6.37)
k n
R(X, V)0, Vyo) =Y Y o(VyE;, E)g(R(X,Y)E; Ea),  (6.38)
i=1 a=k+1

Sforany X, Y € X(M).
Proof. Let {Ej,...,E,} be an adapted frame as above so that 0 = E{ A -+ A
Ep. As R(X,Y) is a derivation (cf. e.g., [258], p. 85)
k
R(X,Y)o :ZEl A= ARX,Y)Ej A+ A By

J=1
hence (6.37) follows (since 6& =EAN---ANE_{ANEyNE 1 N---NE} for
any 1 <i<kand k+1 < o < n). Finally, (6.38) follows from (6.36)—(6.37).
Lemma 6.34 is proved.
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The identities (6.37)—(6.38) in Lemma 6.34 were first obtained by
O. Gil-Medrano & J.C. Gonzales-Davila & L. Vanhecke, [128], by a
different approach. ]

Theorem 6.35 (O. Gil-Medrano & J.C. Gonzales-Davila &
L. Vanhecke, [128], B-Y. Choi & J.W. Yim, [89]) Let o be an
oriented smooth distribution of rank k on a compact orientable Riemannian meni-
fold (M,g). The map o : (M,g) — (G(k, M), G) is harmonic if and only if 1)
trace, ¢(R(X,-)o,V.0) =0 for any X € X(M) and ii) g(AG,O’é) =0 for any
1<i<kandany k+1 <o <n.

It should be noted that statement (i) in Theorem 6.35 is equivalent to

k

> R(Ei, (Vg E)NE,=0. (6.39)

i=1 b=1
To prove this statement one should first observe that (i) is equivalent to

n

Y U(R(EyEpo, VEo) =0, 1<a<n.
b=1

Let us use the identity (6.38) in Lemma 6.34. We have

n n k n
D eR(E, Eo.VEo) =YY" 3" o(R(E,, E))Ei, Eo) ¢(VE,Ei, Eo)
b=1 b=1 i=1 a=k+1
1
= ) gR(E,E)E;, (VgE))
1<i<k
1<b<n

=Y o(R(Vg,E)", E)E;, E,)
i,b

=g<ZR((VEbEi)l, E)E), E)
i,b
and the last expression vanishes if and only if (6.39) holds good.
Proof of Theorem 6.35. Let us look at o as a section in A¥T(M) and let
7(0) be its tension field as a map of (M,¢) into (AT (M), G). By (6.29)

7(0) =0 if and only if (a) trace, R(X,-)o,V.0) =0 and (b) Ao =0 (the
two conditions are equivalent to the requirement that the horizontal and
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vertical components of 7 (o) should vanish). Let 71 (o) be the tension tensor
of ¢ thought of as a map of (M,g) into (G(k, M), G). Then t1(0) =0 if
and only if requirement (a) is fulfilled (that is (i) in Theorem 6.35 holds)
and the orthogonal projection of (Ao), on Tg,(G(k, Ty(M)) vanishes.
The second requirement is equivalent to (ii) in Theorem 6.35 as o (p) =
(Ey A---ANE;j_4 /\Ea/\EH_l/\u-/\Ek)p forl<i<kand k+1<a<n
is an orthonormal basis of Tg, (G(k, T(M))). [ |

Proposition 6.36 (O. Gil-Medrano & ]J.C. Gonzales-Davila &
L. Vanhecke, [128], B-Y. Choi & J.W. Yim, [89]) Let o be an ori-
ented smooth distribution of rank k on a compact orientable Riemannian manifold
(M,g). Then o :(M,g) = (G(k,M),G) is a harmonic map if and only if
ol M,g) = (G(n—k,M), G) is a harmonic map. Moreover E(0) = E(c™h).

Proof Let us assume that o is a harmonic map. By Theorem 6.35 we obtain

n k n
0=2"%" > e(R(E,E)E;,Eg(VE,Ei, Eo)

b=1 i=1 a=k+1

= ¢(R(Eq, Ey) Eq, E)g(VE, Ea, Ei)

b,i,a

hence o satisfies condition (i) in Theorem 6.35. It may be also checked

(cf. [128], p. 26) that

g(Aa,aa’;) =—g <A0J‘, <ol)é{)

1

and (i) holds for o if and only if it holds for o't [ |

It should be observed that condition (ii) in Theorem 6.35 characterizes
the distributions which are critical points of the energy functional restricted
to the space I'*°(G(k, M)). Such critical points are termed harmonic dis-
tributions. This remark (and definition) together with Theorem 6.35 and
Proposition 6.36 imply

Corollary 6.37 Let (M,g) be a compact orientable Riemannian manifold and
U e I'*®(S(M)). Then i) E(U) = E(UY), i) U is a harmonic vector field if
and only if UL is a harmonic distribution, and i) U: (M,g) = (S(M), G) is
a harmonic map if and only if Ut M,g9) = (G(n—1,M), G) is a harmonic
map. Here S(M) = G(1, M).
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S) 6.8. EXAMPLES OF HARMONIC DISTRIBUTIONS

Let (M, (¢,&,n,9)) be a contact metric manifold of real dimension
2n+1. Then £+ is a smooth distribution of rank 2n on M. By apply-
ing the previously developed theory it follows that £1 is a harmonic
distribution if and only if M is an H-contact manifold ie., Q& = A§.
Moreover SJ‘ : (M,g) = (G(2n,M), G) is a harmonic map if and only if
£E:(M,g) — (S(M), G) is a harmonic map. In particular if M is a Sasakian
manifold (or more generally M is a (k, ;t)-space, or M is a K-contact mani-
fold), then EJ‘ 1s a harmonic map of (M, g¢) into (G(2n, M), G). It M is one
of the 3-dimensional contact manifolds classified in Theorem 4.24 then &+
(a 2-dimensional distribution) is a harmonic map.

By a result of O. Gil-Medrano & J.C. Gonzales-Davila & L. Vanhecke,
[128], the vertical distribution associated to the Hopf fibration S —
StmtS s HP"! (commonly referred to as the Hopf distribution) is a har-
monic map (S4'”+3,g0) — (G(3,8*"*t3) G). PB. Chacon & A.M. Naveira
& J.M. Weston also derive (cf. [81]) the second variation formula and show
that the Hopf distribution is an unstable critical point of the energy func-
tional. The Hopf distribution (of rank 3) on S*"*3 is but a particular case
of the Reeb distribution (of rank 3) such as encountered on a 3-Sasakian
manifold. Precisely

Definition 6.38 Let M be a real (4m + 3)-dimensional manifold (m > 0).
The synthetic object {(¢;,&;,n;) ;i € {1,2,3}} is called an almost contact 3-
structure if each (¢, &;,n;) is an almost contact structure on M and

G —E®n = =—¢;p; +§ i,
§e=0i§=—¢&, me=niop;=-—-nod;
for any cyclic permutation (i,/, k) of (1,2,3). ]
Given an almost contact 3-structure as in Definition 6.38 there is a Rie-

mannian metric ¢ compatible to each of the three almost contact structures
i.e., (¢;,&,ni,¢) is an almost contact metric structure.

Definition 6.39 If cach (¢;,&,1,¢) is Sasakian then {(¢;,&,7n:,9) :i€
{1,2,3}} is referred to as a 3-Sasakian structure on M (and M is called a
3-Sasakian manifold). [

Examples of 3-Sasakian manifolds (besides from $*"*3) abound (cf. e.g.,
C. Boyer & K. Galicki, [68]).
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Definition 6.40 The smooth distribution of rank 3 on a 3-Sasakian
manifold M defined by & =& A& A&3 is called the Reeb distribution
on M. [ ]

The Reeb distribution £ may be looked at as a smooth map § : (M,¢) —
(G(@3,M), G). Let us consider a local orthonormal frame

{(Ei:l1<a<4m+3}={£,Ey:1<i<3, 4<a<4m+3}
defined on UC M. Let us define {§.:1<i<3, 4<a<4m+3} by
setting

£y =Ea NE2NEs, Ep =51 NEy NEs, Eg =E1 NE2 N Eg.

Then (by (6.36))

3 4m+3

VEE=Y . Y a(Veg Bt 1<a<4m+3,

i=1 a=4

hence (byg( i Sé) = 8'78“5)
3 4m+3

IVEEIP =Y e(VE& Ea), 1<a<4m+3.

i=1 a=4

Next we may use Vg§ = —¢;§; and ¢;§; = £ for distinct i,j, k together
with Vg& = 0 to obtain

3 4m+3
IVEEIP =) Y o(Veki E)* = Y _ e Ea)> = 0.
i=1 a=4 ia

Moreover (by Vg, = —¢iEp)

3 4m+3

IVEEIP =D D a(VEs&i Eo)’

i=1 a=4

=Y o(—diEp, Ea)> =) _a(—¢iEp, $iEp)” =3.

Summing up

4m+3 4m+3

IVEI? = D IVEEIT = D IVEEl° = 12m. (6.40)

a=1 B=4
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The identity (6.40) allows one to compute the energy of &. Let us look at
the requirements which imply the harmonicity of & Since (¢;,&;,7;,9) is a
Sasakian structure one has (cf. e.g., [42])

R(X,Y)§=g(X,6)Y —g(YV, )X =n;(X)Y —ni(Y)X

and V§&; = —¢;. Consequently (by (6.38) in Lemma 6.34)

4m+3 4m+3 3 4m+43

Y RCGENE VS =Y Y Y (Ve E E)g(R(X, EE, Ea)

a=1 a=1 i=1 a=4

=Y " a(~¢iEq, E)ni(X)¢(Ea, E)

a,i,o

— > o(~¢iEa, Eni(E)(X. E,)

a,i,o

- Z {e(=¢iEa, EQ)8ni(X)

+ ¢(¢iEq, E)ni(Eo)g(X, Ey)}.

Since g(¢iEq, Ea)8t = g(¢iEa, E) = 0 and ni(E,) = g(&, E) =0, for any
1 <a<4m+ 3 such that E, # &, and g(¢;E,, E,) = ¢(¢i&i, Ex) = 0 when-
ever E, = &; it follows that

trace,¢(R(X,-)§,V.6) =0, X e X(M). (6.41)

Let S¢, C A3 T,(M) be the subspace spanned by {S& 1<i<3, 4<a<
4m+3}. We wish to compute the projection of (A§), on S¢,. By (6.36)

3 4m+3 '
vaxé = Vx (Z Z g(VXSia E(x)g(;)

=1 a=4

= ) {e(VxVx&;, EE} +9(Vx&i, VXEE, +¢(Vxéi, Eo) VxEL}

o
hence

2(VxVxt.8}) =2(VxVxE. Eg) +2(VxE, VxEp)

+ Zg(vxéi, Ea)g (foé, 513) :



340 Chapter 6 The Energy of Sections

Moreover the projection of Vx&., on S, is
Y o(VxEo, Epél — Y o(VxE; E)én
B j

hence the preceding formula becomes

¢ (VxVE.&)) = e(VxVxE, Bp) +2(Vxt;, VxEp)

+ > a(Vx&, E)g(VxEa, Ep)
- Zg(Vx&, Ep)a(Vx§j, §i). (6.42)

Using

4m—+3
VxEg =Y a(VxEp.&)&i+ »  ¢(VxEg, Eo)Eq

1 oa=4

the identity (6.42) may be written as
2 (VxVxE, ) = ((VxVxty Ep) +2 ) a(VxEp, )2(VxE, ). (6:43)

Moreover (again by (6.36))

(Vv xE. £ = g(Vvuxki, Ep). (6.44)
Then (by (6.43)—(6.44))

4m+3

g (AS,‘?@ =-Y g <VEaVEa§ - VvuaEaé,S‘,g)

a=1

= Zg (an anSj - vVlja Eaéj’ E/g)

—2) " o(VE,Ep, £)g(VE,E,. &)

= g(A&, Ep) =2 a(VE&, ERe(VEEi &).

i,a



6.8. Examples of Harmonic Distributions 341

On the other hand &; is a Killing vector field, i.e., V&; is skew-symmetric,
hence

o(85.8) =o(88. ) — 23 Vi, Ee(Vi i o)

= (A&, Ep) =2 a(VEs&i, Ve ki)

1

= g(A&, Ep) —2) _a(ilp, pi&)) = g(Ag;, Ep).

Yet (¢;,§),7;,2) is a Sasakian structure so that A§; = (4m+2)§; (for any
j€{1,2,3}) and then

g(AS,Sf;)=0, 1<j<3, 4<B=<4m+3. (6.45)

At this point the identities (6.40)—(6.41) and (6.45) together with
Theorem 6.35 imply

Theorem 6.41 (O. Gil-Medrano & J.C. Gonzales-Davila &
L. Vanhecke, [128]) The Reeb distribution & of a real (4m + 3)-dimensional
3-Sasakian manifold M is a harmonic map of (M, g) into (G(3, M), G). Moreover,
its energy is

dm+3 m—+3

E(§) =

1 ) 16
Vol(M) + 5/ IVE||~ dvol(g) = Vol(M).

M

Remark 6.42 By Proposition 6.36 it follows that the statement in
Theorem 6.41 holds good for the 4m-dimensional distribution £+, as
well. ]

Other examples of harmonic distributions may be obtained by con-
sidering Hopf distributions on real hypersurfaces of a quaternionic Kahler
manifold of dimension n = 4m with m > 1.

Definition 6.43 A quaternionic Kdhler structure on a Riemannian manifold

(Mo, g0) is a vector subbundle Jy C End(T(M)y)) of rank 3 such that the

following requirements are fulfilled.

a) for any point p € My there is an open neighborhood Uy € My of p
and there are smooth sections J1, J», J3 € I'*°(Up, Jo) such that for any
i€ {1,2,3} one has 1) (J;,g0) is an almost Hermitian structure on Uy
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i.e.,.]l.2 = —I and g0(J;iX,Y) = —¢o(X,J;Y) for any X,Y € X(U)), and
thinking for a moment of the almost complex structures J; as indexed in
Zs3 one has 2) JiJix1 =Jiy2 = —Ji+1Ji for any i € Zs.

b) VY] e I'®(J) for any X € X(Mpy) and any J € ['®(J)), where V°
is the Levi-Civita connection of (My,go). A triple {Ji, Jo, J3} satis-
fying these conditions is commonly referred to as a canonical basis of
'*°(J5). A Riemannian manifold (My,go) carrying a quaternionic
Kihler structure Jj is said to be a quaternionic Kdihler manifold. [ |

Any quaternionic Kiahler manifold Mj is oriented and has real dimen-
sion 4m for some m > 1. When m > 1 any such My is an Einstein manifold.

Definition 6.44 Let (M, g0, Jo) be a quaternionic Kihler manifold. If for
any p € My and any unit tangent vector u € T,(M) and any J € Jo, the
sectional curvature of the 2-plane spanned by {u,Ju} is a constant c€ R
then My is said to be a quaternionic space form. [ |

Let My be a quaternionic Kihler manifold and M an orientable real
hypersurface in M. Let v be a unit normal field on M. Let tan,, : T,,(My) —>
T, (M) be the natural projection associated to the decomposition T,(My) =
T,(M) & Ry, for any p € M. Let us set

Jp, = {tan, o (J|TP(M)) JeJopt, peM.
If { J1,)2,J3} is a local frame of J defined on the open set Uy € M then
by setting
bi, :tanpo],',p|Tp(M), peU=UyNM, ie{l,2,3},
one builds a local fame {¢1,¢2,¢3} in J defined on U. Clearly ¢; is a

skew-symmetric (1, 1)-tensor field on U such that
JiX=¢X+n(X), XeXM),

where 1; is a 1-form on U such that n;(X) = ¢o(X,§;) for any X € X(U),
where & = —Jiv. Let ¢ be the induced metric on M. Then

niE) =1, ¢} =—I+E®n;,
8@iX,9;Y) =¢(X,Y) — ni(X)ni(Y),
$i§i=0, ¢i§ =&, ¢k =—§,
b= —9ipi + &,
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for any cyclic permutation (i,j, k) of (1,2,3). Hence M carries an almost
contact 3-structure. By the very definition of Jj there exist three 1-forms
o;, i € {1,2,3}, defined on Uj such that

Vidi= (X)) — (X)X € X(Uo),
for any cyclic permutation (i,/, k) of (1,2,3). Thus
Vxé&i = ap(X)&j — aj(X)é + ¢ SX
where S is the Weingarten operator 1.e., Vg{v = —SX.
Definition 6.45 The 3-dimensional distribution D on M given by
Dy={Jvp:J€Jop}, peM,

is referred to as the (quaternionic) Hopf distribution. If D is invariant under S
(i.e., Sp(Dy) S D, for any p € M) then M is said to be a Hopf hypersurface
of M. |

Let & be the section in G(3,M) corresponding to the Hopt distribu-
tion D (as in Definition 6.45) so that locally § =& A& A &3. It should
be observed that the (quaternionic) Hopf distribution looks locally like the
Reeb distribution associated to a contact metric 3-structure (and enjoys
similar properties, [128]).

Let Go(C"*2) be the complex Grassmann manifold consisting of all
complex 2-dimensional linear subspaces of C"*2. Let Go(C"*+?) carry the
canonical Riemannian metric ¢. Then Gy (C"™*2) and its noncompact dual
Go(C™2)* are Hermitian symmetric spaces and Einstein manifolds. They
carry both a Kihlerian structure and a quaternionic Kihlerian structure.
The real hypersurfaces My in G2(C"+2) or Go(C"2)*, which are Hopf
hypersurfaces with respect to both structures, were classified by J. Berndt &
Y.J. Suh, [37] (any such Hopf hypersurface turns out to be a tube about
some totally geodesic submanifold all of whose principal curvatures are con-
stant). It may be shown that the Hopf distribution of Mj is a harmonic map
of (Mp,¢) in (G(3,My), G). We may also state

Theorem 6.46 (O. Gil-Medrano & J.C. Gonzales-Davila &
L. Vanhecke, [128]) The Hopf distribution of a Hopf hypersutface in the
quaternionic projective space HLP™(c), m > 2, is a harmonic map.

The Hopf hypersurfaces considered in Theorem 6.46 were classified by
J. Berndt, [36]. L. Ornea & L. Vanhecke considered (cf. [232]) locally con-
formal Kihler manifolds (M, J, ¢) with a parallel Lee form (cf. e.g., [106])
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and showed that the canonical distribution spanned by the Lee and anti-Lee
vector fields is a harmonic map of (M, g) into (G(2, M), G). In particular L.
Ornea & L. Vanhecke consider (cf. op. cit.) locally conformal hyperkihler
manifolds and show that, whenever the Lee form is parallel, the associated
3- and 4-dimensional distributions are harmonic maps of (M,g) into the
appropriate Grassmannians. Also the Lee and anti-Lee vector fields on a
Inoue surface with the Tricerri metric (cf. [106], p. 23—25) are harmonic

(cf. [232]).

6.9. THE CHACON-NAVEIRA ENERGY
6.9.1. Energy of Smooth Distributions

Let (M,g) be a real n-dimensional oriented Riemannian manifold and v a
smooth distribution on M of rank k. Let H = v* be the orthgonal com-
plement of v in (T(M),g). Let us consider a local orthonormal frame
{E,:1<a<n}in T(M) adapted to v i.e., {Eq,...,E} is a local frame
of v while {Eg41,...,E,} is a local frame of H. Let V be the Levi-Civita
connection of (M,g). We adopt the following convention as to the range
of indices

l<ij<k k+l<af<n 1<ab<n
The functions
hi = —g(VEEy, E)) = g(Eq, Vi E)

are the local manifestation of the second fundamental form of v along the
vector fields Ey. Similarly the functions

wp = —8(Vi, Ei, Eg) = g(Ei, Vi, Ep)

describe locally the second fundamental form of ‘H along the vector fields
E;. Note that v is integrable (equivalently [E;, Ej] € v, 1 <i, j < k) if and
only if h‘;’- = hj‘?f. Also v is totally geodesic if and only if hg‘- =0.

Definition 6.47 A vector field Z is said to be H-conformal if
(Lz9)(X.Y) =fg(X,Y), X, YeH,
for some f € C*°(M). [

Of course a Killing vector field is H-conformal with f = 0.
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The distribution v may be looked at as a smooth section & of the
Grassmann bundle G(k, M) whose total space carries the Sasaki metric G
induced by ¢

E:(M,9) = (G(k,M),G), &=EiN---NE}.

Let M be compact. The energy of v is

1
EWw)=E¢) = gVol(M) + 5/ ||Vé§||2dvol(g). (6.46)
M

PB. Chacon & A.M. Naveira & J.M. Weston proved (cf. [81]) that the
Hopf distribution §* — $*"*3 — HP" is an unstable critical point of
the energy functional for any m > 1. Subsequently PB. Chacon & A.M.
Naveira considered (cf. [82]) the following fotal bending of v

D(v)=/{||vsn2+(n—/e)(n—k—2)||ﬁm||2+k2||ﬁlu||2}dvol(g)
M
where
k n

n k
SN B =1 3 SR

i=1 a=k+1 a=k+1 i=1

-

Hy =

1
n—k
Hyy and H,, are respectively the mean curvature vectors of H and v. Note that

Ve =3 Ivee =Y () + X (i)
a=1

irf,0 i,

2 2
- 1 . N 1

Definition 6.48 We call
E*(v)=E"(¢) = §V01(M) + > D)
the Chacon-Naveira energy of v. |

Note that E* does not generalize the Brito functional E. Indeed if v is
1-dimensional (k= 1) and we identify v with & € ['*°(S(M)) then

- - - 1 .
H,=-V¢§, Hy=Hg = —m(lef)g,
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so that

E*(8) = ng1<M>

1 -
+5 / (IVEI? + (n = 3)(n— D[ Hgs, > + [ V£E (%) dvol(g)

M

- 1
=B+ 5 / IV 12 dvol ().
M

Let us go back to the case of an arbitrary smooth distribution of rank k > 1.
The Chacon-Naveira energy attains its minimum (#/2) Vol(M) when both
distributions H and v are totally geodesic. The main result in [82] may be
stated as

Theorem 6.49 (P.B. Chacon & A.M. Naveira, [82]) If v is integrable
then

D) > / ZK(Ei,Ea)dvol(g) (6.47)
M e

where K(E;, Ey) is the sectional curvature of the 2-plane spanned by E; € v and
Ey € 'H. Moreover equality is achieved in (6.47) if and only if v is totally geodesic
and the vector fields E1, ..., Ey are H-conformal.

6.9.2. The Chacon-Naveira Energy of Distributions on
3-Sasakian Manifolds and Normal Complex
Contact Manifolds
Let M be a compact real (4m 4 3)-dimensional manifold M endowed with
a 3-Sasakian structure {(¢;,&;,1;,9) : i € {1,2,3}}. For the Reeb distribution
& = &1 A& A &3 our previous finding was that

16m—+3

E@) = Vol(M)

that is fM IVE|? dvol(g) = 12mVol(M). Moreover the vector fields &; are
Killing and

h = —¢(Vg Ea, §) = g(Ve &), Eo) = —g(9&i, Ea) = ¢(&), Eo) =0,
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for any cyclic permutation (i,j, h) of (1,2,3). Consequently

D(E) = f IVE|1 dvol(g) = 12mVol(M), (6.48)
M
D(E) = / > K dvol(g). (6.49)
M o

Let us consider the unit sphere S*"3 C C*"*+2. Let v be the normal
unit field on S*"*3 (that is v, =pE€E TP(CZ”H'Z) for any p € S*"3). Let
{J1.J2.J3} be the ordinary complex structures of R*"** The vector fields

§&1=Jiv, &=Jv, &=]w,

determine the natural 3-Sasakian structure of $*"*3_ The vector fields &; are
tangent to the vertical bundle of the Hopf fibration > — S*"+3 — HP™,
By Zi’a Kiq = 12m and by (6.48)—(6.49) one derives the following result
(due to PB. Chacon & A.M. Naveira, [82])

Theorem 6.50 Among all smooth integrable distributions of rank 3 on S*"*+3,
the Reeb distribution & NEx NE3 of SO — S35 HP" minimizes the
Chacon-Naveira eneigy.

Let v be an integrable distribution of rank 3 on M. Let us assume that v
is locally expressed by V' = E{ A Ex A E3 where {Ej, ..., E4;,43} is a positive
orthonormal local frame of T'(M).

Definition 6.51 The scalar K(v) = K(E1, E») + K(E», E3) + K(E3, Eq)
is called the curvature of the distribution v. [ ]

In dimension 3, the scalar 2K (v) is precisely the scalar curvature of M
as a Riemannian manifold. Let us show that K(v) is well defined i.e., the
definition does not depend upon the choice of local positive orthonormal
frame. Let {0": 1 < i < 4m+ 3} be the dual coframe i.e., Qi(lfj) = 8; and let
us set

Qu(X,Y)=¢(R(X,Y)E,,Ep), X,YeX(M).

The sign convention in the definition of the curvature tensor field is of
course that adopted in the Chapter 2 of this monograph. Let us consider
the (4m 4+ 3)-form

Q=) €0 Y ey AI"PATD AT AL AgTETD

g€03 TE T4y
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where 03 is the group of permutations of {1,2,3} and oy, is the group
of permutations of the set {4,5,...,4m+ 3}. One may easily check that
is well defined i.e., its definition doesn’t depend upon the chosen positive
orthonormal local frame. Also (by (13) in [82], p. 102)

Q(Er,..., Eants) =2(4m — 1)1 Y " K(E;, Ea). (6.50)
Lo
Moreover
ZK(EMEO() = ZR(Ei9E()(a Ei’ EO()
io i

=Y R(E.E.E.E)— Y R(E,E.E.E)
ia i
=Y "Ric(E;, E) —2) K(E,E) =) Ric(E; E) — 2K(v).
i i<j i
By a result of T. Kashiwada, [183], any 3-Sasakian manifold is Einstein of
scalar curvature p = (4m+ 2)(4m—+ 3). Then

> K(Ei, Ey) = 3(4m+2) — 2K(v). (6.51)
i,
By (6.50)—(6.51) it follows that K(v) 1s well defined. If K(v) <3 then (by
(6.48), (6.51)) and Theorem 6.49)

D) = /ZK(Ei,Ea)dvol(g) > 12mVol(M) = D(§) (6.52)

M L
and equality is achieved in (6.52) if and only if K(v) = 3, v is totaly geodesic
and E1, E>, E3 are H-conformal. Let us also recall that T. Kashiwada has
proved (cf. [184]) the following remarkable result: every contact metric
3-structure is 3-Sasakian (cf. also [248] for a direct proof in dimension
three). Therefore we obtain the following result (extending Theorem 6.50)

Theorem 6.52 (D. Perrone, [249]) Let M be a compact 3-contact metric
manifold. Then among all integrable distributions v on M of rank 3 and cur-
vature K(v) < 3 the Reeb distribution & minimizes the energy D(v). Moreover
D ="D(é) if and only if v is totally geodesic, E1,Es, E3 are H-conformal, and
K() =3.

Let us give an application of Theorem 6.52. Each compact Riemann-
1an manifold of constant sectional curvature +1 and dimension 4m + 3 is a
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spherical space form (S*"*3/ T ¢) with I' C O(4m +4) a finite subgroup
(where the identity is the only element corresponding to the eigenvalue +1)
and g is the metric induced on S*"*3/T" by the canonical metric gy of
sHmt3 qf (¢1,&i,mi,90) 1s the standard 3-Sasakian structure on SHt3 the
spherical space forms S*"*3/T" which admit a 3-Sasakian structure cor-
respond to the subgroups I' leaving invariant each of the three Sasakian
structures (¢;,&;,1;). Of course on any such manifold K(v) =3 for any
3-dimensional distribution v. Then (by Theorem 6.52)

Theorem 6.53 (D. Perrone, [249]) Let M be a spherical space form admit-
ting a 3-Sasakian structure. Then among all integrable 3-dimensional distributions
on M, the Reeb distribution minimizes the Chacon-Naveira energy D.

As a 3-Sasakian manifold is Einstein, it follows that any 3-dimensional
3-Sasakian manifold has constant sectional curvature +1. Hence on any
compact 3-dimensional 3-contact metric manifold the Reeb distribution
minimizes D. Let us look at a few examples.

Example 6.54 For a 3-dimensional spherical space form S. Sasaki, [267],
has classified the subgroups I' leaving invariant each of the three Sasakian
structures. Precisely each I is a finite subgroup of Clifford translations on S*
and I' is equivalent to one of the following groups a) I' = {I}, b) I' = {£I},

A
¢) I' is the cyclic group of order g > 2 generated by ( 0 2) where

2 . 2m
COS — —Sin —
q q
A = )
. 2m 2w
sin—  cos —
q q

and d) I' is a group of Cliftord translations corresponding to a binary dihe-
dral group or the binary polyhedral groups of the regular tetrahedron T,
octahedron O¥, or icosahedron I*.

In dimension 4m4 3 > 3 examples of spherical space forms which
admit a 3-Sasakian structure are given by M = S*"*3/T', where I', =
I'x<---xT' (r=m+1 terms) with I' one of the groups in the list (a)—(d)
above. In particular the sphere S*"2 | the real projective space RP*"*3 and
the lens spaces L¥"3 = §*"+3 /", with " of type (c), admit a 3-Sasakian
structure. Therefore the Reeb distribution in these examples minimizes the
Chacon-Naveira energy.
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Next we look at the characteristic distribution of a complex contact
metric manifold. We start by recalling a few notions and basic results
on complex contact metric manifolds. For further details the reader may
consult D.E. Blair, [42], and B. Kormaz, [196].

Definition 6.55 Let M be a complex manifold of complex dimension
2m~+1. We call M a complex contact manifold if it carries an open cover U of
M by local coordinate neighborhoods and a family of holomorphic forms
{0y € Q1O(U) : U e U} such that 1) for any U € U one has 05 A (dOy)™ #
0 everywhere in U, and ii) for any U, U’ € U such that UN U’ # @ there
is a nowhere zero holomorphic function f = fy; : UN U — C* such that
Oy = f0u. u

Let (M, {0y : U € U}) be a complex contact manifold. The family {6 :
U € U} is referred to as its complex contact structure. It determines a smooth
distribution Hg in the following manner. Let us consider the canonical
bundle isomorphism T(M) — T'(M) defined by X > X — iJX for any
X € T(M), where J denotes the complex structure of M and T W) =
{X =X :X e T(M)} is the holomorphic tangent bundle. Let x € M and
let U € U such that x € U. Then we set by definition

Ho(x) = {v € Tu(M) : 0y,4(v — i) = 0).

By (i1) in Definition 6.55 the definition of H(x) doesn’t depend upon the
choice of U €U such that x € U. Moreover Hy(y) has constant dimen-
sion for any y € U, hence the assignment x € M = Hy(x) C Tx(M) is a
well defined smooth distribution on M. Also, as a consequence of (i) in
Definition 6.55 the distribution H is not involutive. The local 1-forms
defining a complex contact structure {6y : U € U} on M glue up to a (glob-
ally defined) 1-form on M if and only if ¢; (M) = 0, where ¢; (M) denotes
the first Chern class of M.

Let (M, {6y : U € U}) be a complex contact manifold. Then 6 = u —iv
where u,v € Q(U) are real 1-forms such that v =wuoJ. By (i) in Defini-
tion 6.55 the 2-form du is nondegenerate along H hence there is a unique
real tangent vector field B € X(U) such that

(duw)(B,X) =0, X €Hy,
u(B)=1, v(B)=0.

Let A= —JB and let us consider the distribution V) locally defined by the
bi-vector BA A. Then T(M) = Hy D V.
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Definition 6.56 The distributions Ho and Vy are respectively referred
to as the horizontal distribution and the wvertical distribution (or characteristic
distribution) of the complex contact manifold (M, {0y : U € U}). [ |

From now on we assume that (M, {0y : U € U}) is a complex contact
manifold whose characteristic distribution V) is integrable (this is indeed
the case in all known examples).

Definition 6.57 A Hermitian metric ¢ on M is said to be an associated
metric if 1) for any U € U there is a (1, 1)-tensor field G such that

GP=—-I4+u®B+v®A, GoJ=—JoG, GU=0,
2GX,Y) = —¢(X,GY), u(X)=yg(BX),
(d)(X,Y) =9(X,GY)+ (0 Au)(X,Y),
()(X,Y) =¢(X,HY) — (0 Au)(X,Y),
for any X,Y € T(M), where H= GoJ and o (X) =g(VxB,A). Also it
must be that 2) for any U, U’ € U such that UN U’ # @ one has
W =au—bv, v =bu+ av,
G =aG—bH, H' =bG+aH,
for some functions a,b € C*(UNU’) with a*>+b*>=1. Here /,v/ €
Q' (U) are defined by O =’ —iv/. [ |
Note that H?> = G? hence H> = —I+u® B+ v ® A as well.

Definition 6.58 A synthetic object (M, ], {8y : U € U}, ¢) consisting of a
complex manifold (M,]), a complex contact structure {0y : U € U}, and
an associated Hermitian metric g, is called a complex contact metric manifold.

By a result of B. Foreman, [119], any complex contact manifold admits
associated Hermitian metrics.

Definition 6.59 Let X € H(x) be a unit vector. Let p C Ty(M) be the
2-plane spanned by X and Y = AGX + uHX with A, u € R, A2 4+ 2 =1.
We call p a GH-plane while the sectional curvature of p is referred to as the
GH-sectional curvature of p. |

Definition 6.60 (D.E. Blair, [42], B. Kormaz, [196]) A complex con-
tact metric manifold M is said to be normal if

S(X,Y)ZO, T(X,Y)ZO, X,YGHQ,
S(B,X)=0, T(A,X)=0, XeTM),
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where S and T are the (1,2)-tensor fields given by
S(X,Y) =[G, GI(X,Y)+2¢(X,GY)B
—2¢(X, HY)A + 2v(Y)HX — 20(X)HY
+ 0 (GY)HX — 0 (GX)HY + 0 (X)GHY — o (Y)GHX,
T(X,Y) = [H,H|(X,Y) + 2¢(X, GY)B
+2¢(X, HY) A+ 2u(Y) GX — 2u(X) GY
+ 0 (HX)GY — 6 (HY)GX + 0 (X) GHY — o (Y) GHX,
forany X,Y € T(M). [ ]

As a consequence of normality, sectional curvatures of 2-planes spanned
by a vector in V) and a vector in Hy equal +1. Therefore, given a local
orthonormal frame {E, : 1 < «a < 4m} of H( one has

4m
> {K(BA Ey) + K(A A Eg)} = 8m. (6.53)

a=1

Again as a consequence of normality
VyB=—GX+0(X)4, VyA=—HX-—o0(X)B.
Therefore
(Lp)(X,Y) =g(VxB,Y) +¢(X,VyB) =0

for any X,Y € Hyp. A similar result holds for A. That is both B and A are
‘Ho-Killing vector fields. Moreover

g(VBB,X) =¢(VaA,X) = g(VpA,X) = ¢(V4B,X) =0

for any X € Hy i.e., Vy is totally geodesic. Consequently (as well as in the
3-Sasakian case) Theorem 6.49 and (6.53) yield

DV, = / Y (K(BA Eq) + K(A A Eg)}dvol(g) = 8mVol(M).  (6.54)
M o

The result in (6.54) is essentially Theorem 2 in [48]. This doesn’t imply
in general that Vy minimizes the Chacon-Naveira energy (although this
does hold in special instances). Arguments similar to those in the proof of
Theorem 6.52 lead to
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Theorem 6.61 (D. Perrone, [249]) Let M be a compact Einstein normal
complex contact metric manifold. Then among all integrable 2-dimensional distri-
butions V on M of curvature K(V) < K(Vp) the characteristic distribution V)
minimizes the Chacon-Naveira energy D(V). Moreover D(V) ="D(Vy) if and
only if V is totally geodesic, V1, Va are H-conformal, and K(V) = K(Vp).

Appealing examples of Einstein normal complex contact metric man-
ifolds do exist. A complex contact metric manifold M is normal in the
sense of S. Ishihara & M. Konishi (cf. [178]) or briefly M is IK-normal, if
S=0and T =0. Obviously a IK-normal complex contact metric struc-
ture is normal in the sense of Definition 6.60. S. Ishihara & M. Konishi,
[178], showed that any IK-normal complex contact metric manifold is
Kihler-Einstein with ¢; (M) > 0. Also (by a result of B. Foreman (cf. The-
orem 6.1 and Proposition 6.3 in [119]) M is isometric to a twistor space of
a quaternionic-Kihler manifold of positive scalar curvature and

R(X,Y)B=—u()X+uX)Y —v(Y)J X+ v(X)JY —2¢(JX,Y)A (6.55)
where R is the curvature tensor field of (M, ¢). Then
KOWy) =¢(R(B,A)B,A) =4, Ric=@4m+1)g. (6.56)

Conversely (again by using results in [119] and [177]), every twistor space
Z of a quaternionic-Kahler manifold of positive scalar curvature admits a
IK-normal complex contact metric structure satisfying (6.55).

Let Z be a compact complex (2m 4 1)-dimensional manifold carry-
ing a complex contact structure. By a result of C. LeBrun, [201], if Z
admits a Kidhler-Einstein metric of positive scalar curvature then Z is the
twistor space of a quaternionic-Kihler manifold of positive scalar curvature.
Summing up, a complex (2m+ 1)-dimensional compact Kihler-Einstein
manifold Z, of positive scalar curvature, carrying a complex contact struc-
ture, admits an Einstein normal complex contact metric structure of scalar
curvature p =2Q2m+ 1)(4m+1).

Another approach to building twistor spaces admitting an Einstein nor-
mal complex contact metric structure may be given as follows. Let M
be a 3-Sasakian manifold such that one of the Reeb vectors, say &1, is
regular. Then the orbit space M = M/&; admits a IK-normal complex con-
tact metric structure which is Kihler-Einstein of positive scalar curvature
(cf. S. Ishihara & M. Konishi, [177]). Therefore M is isometric to a twistor
space of a quaternionic-Kihler manifold of positive scalar curvature. Con-
sequently, the class of twistor spaces of a quaternionic-Kihler manifold of
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positive scalar curvature consists of Einstein normal complex contact metric
manifolds satistying (6.56). Then (by Theorem 6.61)

Theorem 6.62 (D. Perrone, [249]) Let Z be a compact twistor space of a
quternionic-Kdahler manifold of positive scalar curvature equipped with a IK-normal
complex contact metric structure. Then among all 2-dimensional integrable distribu-
tions V on Z of curvature K(V) < 4 the characteristic distribution minimizes the
Chacon-Naveira energy.

The complex projective space CP*"*! endowed with the Fubini-Study
metric ¢ (of constant holomorphic curvature 44) enters the above class of
examples. Indeed CP?"*! is the twistor space of the quaternionic-Kihler
manifold QP?>"*!. By a result of S. Ishihara & M. Konishi (cf. [177])
CP?"+! admits a normal complex contact metric structure (], {0y : U €
U},g) which appears to be closely related to the standard Sasakian 3-
structure on S*"*3 (it is induced by the structure on S*"*3 via S' —
S35 CP?" 1) Let V be a 2-dimensional integrable distribution on
CP?"*! Jocally defined by the bi-vector I A V3. As CP?"*! has con-
stant holomorphic curvature +4 the curvature K(V) satisfies (cf. e.g.,
[189], p. 167) K(V) =1+3cos¢ (V) <4, where cos¢(V) = |g(V1,]V2)
and K(V) =4 if and only if /> = £JI";. Then (by Theorem 6.62)

bl

Corollary 6.63 Among all 2-dimensional integrable distributions V) on CP>"+1

the characteristic distribution Vo of the normal complex contact metric structure
induced via the Hopf fibration S' — S*"+3 — CP>"*1 minimizes the Chacon-
Naveira energy. Moreover if V is locally defined by the bi-vector V1 A Vo then
D) =D(Vy) if and only if V is totally geodesic, Vo = £]JV1, and V1, V> are
H-conformal.
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Let M be a compact orientable n-dimensional Riemannian manifold and
let S(M) — M denote its tangent sphere bundle. As largely exploited in the
previous chapters of this monograph S(M) carries a natural Riemannian
metric Gy (induced by the Sasaki metric on T'(M)) naturally associated to
the Riemannian metric ¢ of M. A unit vector field X on M is then a smooth
map X : M — S(M). As such, X is a harmonic vector field if it is a critical
point of the energy functional

1
E(X) =3 f 14X [*dvol(g),
M

(where ||dX I? = trace,(X* Gy)) i.e., for any smooth 1-parameter variation
{Xi}fj<e of X = X by unit vector fields X; : M — S(M) one has

d
E{E(Xt)}t=0 =0,

cf. Chapter 2 of this monograph or C.M. Wood, [316]. Harmonic vector
fields aren’t harmonic maps in general (a unit vector field X : M — S(M)
is a harmonic map if and only if X is a harmonic vector field and the
additional condition trace,{R(V.X, X)-} = 0 is satistied, cf. Corollary 2.24
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in Chapter 2 of this monograph or O. Gil-Medrano, [126]). Harmonic
vector fields were first studied by G. Wiegmink, [309], though as critical
points of the total bending functional

B(X) = / IV XI2dvol(g),
M

a measure of the failure of a unit vector field X to be parallel with respect
to the Levi-Civita connection V of ¢. However a simple calculation (taking
into account the very construction of G;) showed that E(X) may be also
written as

B(X) = % B(X) + gVol(M),

(see Proposition 2.3 in Chapter 2 of this monograph) hence the notions in
[309] and [316] were seen to be equivalent. Both authors established the
first and second variation formulae for E(X) (the variations are through
unit vector fields) and gave applications. For instance, by a result in [309],
p. 332, the Reeb vector field & of a Sasakian manifold is harmonic. Gener-
alizations of this result to arbitrary contact Riemannian manifolds (mainly
due to the second author of this monograph) were presented in Chapters 3
and 4 of this book. Any Hopf vector field (i.e., a vector field on the sphere
§?"*+1 tangent to the fibres of the Hopf fibration S' — §?"+1 — CP") was
shown to be harmonic and unstable provided that n > 1, cf. Theorem 3.18
in Chapter 3 or [316], p. 320. The stability part in the previous result is not
surprising in light of the result by Y.L. Xin, [321] (that harmonic maps from
a sphere to a compact Riemannian manifold are unstable, cf. Theorem 3.17
in Chapter 3). The additional condition n > 1 is easy to understand since, as
proved by G. Wiegmink, [309], the Hopf vector fields on the sphere S are
stable critical points for the energy. The stability problem has not been stud-
ied in full generality (i.e., when the source manifold is an arbitrary compact
Riemannian manifold) yet in light of a classical result by PE Leung, [207]
(any nonconstant harmonic map of a compact Riemannian manifold into
a sphere is unstable) and taking into account the formal similarity between
the shape operator of a sphere and that of S(M) (as a real hypersurface of
(T(M), G;)) one may expect instability. For example if (M,g), n> 3, is a
compact quotient of a symmetric space of rank 1 and of non-positive cur-
vature with non-vanishing first Betti number, then the geodesic flow & on
S(M) is unstable for the energy functional (cf. [56]).
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A generalization of harmonic maps to the context of Hormander sys-
tems of vector fields was produced by J. Jost & C-J. Xu, [180], and
Z.R. Zhou, [327]. Their notion of a subelliptic harmonic map was seen to
arise as the local manifestation of the pseudoharmonic maps of E. Barletta
et al.,, [25], from a strictly pseudoconvex CR manifold M to a Riemannian
manifold. Pseudoharmonic maps themselves admit a nice geometric inter-
pretation in terms of the Fefferman metric Fy associated to a choice of
contact form 6 on M (ct. [25], p. 729).

In the present chapter, we report on the development of two analo-
gous theories of pseudoharmonic vector fields (or subelliptic harmonic vector fields)
within CR geometry, following the work by D. Perrone et al., [107], and
by Y. Kamishima et al., [103]. Precisely, if X is a unit tangent vector field
on a strictly pseudoconvex CR manifold M, lying in the Levi distribution
H(M) of M, then its horizontal lift X* with respect to the natural connec-
tion 1-form o in the canonical circle bundle ' — C(M) - M is a map of
C(M) into

S1(C(M), Fg) ={V € T(C(M)) : Fp(V, V) =1}.

Fg is a Lorentz metric on C(M) hence S1(C(M), Fyp) (the Lorentz analog to
the tangent sphere bundle over a Riemannian manifold) is a hyperquadric
bundle. At this point it is a natural question whether the tangent bundle
of a Lorentz manifold admits a natural metric (similar to the Sasaki met-
ric in Riemannian geometry) and almost complex structure. It turns out
that this is indeed the case (cf. O. Gil-Medrano & A. Hurtado, [130], and
D. Perrone et al., [107]) and one may request that X' be a critical point of
the functional

E(X) = % / tracep, (X* G;)dvol(Fy),
C(M)
X e T®(S1(C(M), Fy)).

It will be shown (following [107]) that given a smooth 1-parameter varia-
tion of X through unit vector fields X, € H(M)

;{E(Xj)} _ / Fg(f/,DXT)dvol(Fg), (7.1)
t =0 G

where ¥ = <3XtT /8t> . and O is the wave operator (the Laplacian
=
with respect to the Fefferman metric Fg). This is a consequence of the
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more general fact that given a unit vector field X on a compact Lorentz
manifold (N, ¢), one has (similar to the Riemannian case) {dE(X;)/dt};=0 =
ng( V,A¢X)dvol(g), where V' = (0.X;/0t);=0 and A, is the rough Lapla-
clan (on vector fields) associated to the Lorentz metric ¢. When ¢ is a
Riemannian metric, {dE(X;)/dt};=¢ = O yields

AX—|VX|PX =0 (7.2)

cf. Theorem 2.22 in Chapter 2 of this monograph. This is no longer true
when g is a Lorentz metric. However, one may integrate along the fibres in
the right hand member of (7.1) to obtain (up to a multiplicative constant)

fgg(V, —ApX + 27X + 4V IX + 6¢JX) 0 A (d0)"
M

which (by taking into account the constraint go (17, X) = 0) leads to equa-
tion (7.32) whose principal part is Ay, the sublaplacian (on vector fields).
Equation (7.32) is the CR, or pseudohermitian, analogue to (7.2). One
may show that Ay is a subelliptic operator (cf. Proposition 7.29) and that
(7.32) has a variational interpretation (cf. Theorem 7.32). A theory for the
existence and regularity of weak solutions to (7.2), or its CR analogue
(7.32), is missing in the present day literature.

The material in Sections 7.1 to 7.3 is organized as follows. In Section 7.1
we describe the canonical metric G; (a semi-Riemannian metric of sig-
nature (2n—2v,2v)) and the compatible almost complex structure J on
the total space T(M) of the tangent bundle over a semi-Riemannian
n-dimensional manifold (M,g) of index 0 <v < n (both arise naturally
from the semi-Riemannian metric ¢, as well as in the Riemannian case,
cf. [266] and [42]). In Section 7.2 we introduce the bundles of hyper-
quadrics Q¢ = S¢(M,g) — M (the semi-Riemannian analog to the tangent
sphere bundle over a Riemannian manifold) and show that Sc(M,g) is
a semi-Riemannian hypersurface of (T(M), G;), of index € € {£1}, and
compute its Weingarten operator. Also we endow S¢ (M, ¢) with the natu-
ral almost CR structure (induced by the almost complex structure J) and
obtain the integrability conditions (7.18). As an application of the material
in Section 7.2, we give geometric conditions under which the Reeb vector
& : M — S(M) of an almost contact Riemannian manifold is a CR map (cf.
Theorem 7.18 and Corollaries 7.19 and 7.20).

In Section 7.3 we consider harmonic vector fields of the form X7,
X € H(M), from C(M) (the total space of the canonical circle bundle over
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a strictly pseudoconvex CR manifold M) and project the relevant harmonic
vector fields equations on M, cf. (7.32). We show that (7.32) is a subellip-
tic system of PDEs and that (7.32) are the Euler-Lagrange equations of a
variational principle on M, cf. Theorem 7.32.

Building on the work by J. Jost & C-J. Xu, [180], and E. Barletta
et al., [25], one may study smooth pseudoharmonic maps from a compact
strictly pseudoconvex CR manifold and their generalizations. Boundary
values of Bergman-harmonic maps ¢ : € — S from a smoothly bounded
strictly pseudoconvex domain  C C" were shown to be pseudoharmonic
maps (cf. Y. Kamishima et al., [103]) provided their normal derivatives van-
ish. It is also known that dj-pluriharmonic maps are pseudoharmonic maps
(cf. again [103]). A smooth vector field X : M — T(M) is a pseudohar-
monic map if and only if X is parallel (with respect to the Tanaka-Webster
connection) along the maximally complex, or Levi, distribution. The main
purpose of Sections 7.4 to 7.7 is to report on the results by Y. Kamishima
et al. (cf. op. cit.) on the emerging theory of subelliptic harmonic vector fields
i.e., unit vector fields X € U(M,60) which are critical points of the energy
functional E(X) = % fM trace, (T X*Sp) @ A (d)" relative to variations
through unit vector fields. Any such critical point X was shown (cf. again
[103]) to satisfy the nonlinear subelliptic system A,X — ||[VHX]||?X = 0.
Also infxeya,) E(X) = nVol(M,0) yet E is unbounded from above. We
also present the derivation of the first and second variation formulae for
E:UM,0) — [0,400). Subelliptic harmonic vector fields generalize
(within CR geometry, or more generally within the theory of Hérmander
systems of vector fields) pseudoharmonic (or subelliptic harmonic) maps
very much the way harmonic vector fields generalize harmonic maps
(within Riemannian or Lorentzian geometry).

S) 7.1. THE CANONICAL METRIC

We start by adapting a few notions of geometry of the tangent bundle

(over a Riemannian manifold) to the semi-Riemannian case. As long as ten-
sor calculus 1s involved, only minor modifications are necessary. Let (M, g)
be an n-dimensional semi-Riemannian manifold of index 0 <v < n. Let
7 : T(M) — M be the tangent bundle and V = Ker(dm) the vertical sub-
bundle. The Levi-Civita connection of (M,g) induces a connection V in
the pullback bundle 7V TM — T(M). Indeed let (U, 56’) be a local coor-
dinate system on M and (n_l(U),xi,yi) the induced local coordinates on
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T(M). If F}k are the Christoffel symbols of (M, g) we set

Vo, X = (F’j o 71') Xi, VyX;=0.

Here X; is the (locally defined) section in the diagonal bundle given by
Xi(u) = (u,(3/95 ) (), for any u€ w1 (U) (the natural lift of 3/9%").
Note that {Xj: 1 <j < n} is alocal frame in 7 ' TM — T(M). Also {9;, 81}
is short for {3/9x', 3/9y'}.

We recall (cf. Chapter 1 of this book) that a nonlinear connection on M
is a C* distribution H : u € T(M) — H, C T,(T(M)) such that

T.(TM)=H,®V,, ue T(M). (7.3)

There 1s a natural nonlinear connection on M, associated to the semi-
Riemannian metric, as follows. Also the Liouville vector is the section £ in
7' TM given by L(u) = (u,u), for any u € T(M).

Lemma 7.1 Consider the bundle map K : T(T(M)) — ' TM given by
KX = Vi L for any X € T(T(M)). Then H =Ker(K) is a nonlinear con-
nection on M. Locally H is given by the Pfaffian equation

dy' + N/ dx/ =0 (7.4)
where NJ’ = F}kyk. Also K(yX) =X, forany X e ' TM.

Lemma 7.1 is an obvious semi-Riemannian analog to Proposition 1.8 in
Chapter 1. Here y : w = TM — V is the vertical lift i.e., locally y X; = ;.

Proof of Lemma 7.1. Let us set
8 _] .
Si:Ezai—Ni 8,

The Liouville vector is locally given by £ = y'X;. Then V5L =0 hence
{8i 11 <i<n}isalocal frame of H. As V is locally generated by {3;: 1 <
i < n} it follows that H,, NV, = (0), for any u € T(M). Then (7.3) follows
by inspecting dimensions. Finally

VyxL =XV L =X'X;
for any X € I®(wr ~! TM). [ |

The bundle morphism K in Lemma 7.1 is the Dombrowski map. As
well as in the Rieamannian case K really depends but on the nonlinear
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connection H. By the last statement in Lemma 7.1, the Dombrowski map
may be recast as

K=y"0Q

where Q: T(T(M)) — V is the projection associated to the direct sum
decomposition (7.3). The horizontal lift is the bundle morphism f:
7' TM - H (locally) given by BX;=4;. If L: T(T(M)) — 7 VTM is
the bundle morphism

L,X = (u,(dym)X), X € T,(T(M)), ue T(M),

then B may also be described as the inverse of L: H — 7~ TM.
Let G; on T(M) be the (0,2)-tensor field given by

G:(X,Y)=3(LX,LY) +3(KX,KY),

for any X, Y e T(T(M)). Here ¢ is the bundle metric induced in
7' TM — T(M) by the given semi-Riemannian metric i.e., locally
3(Xi, X)) = gjjom, where g = ¢(3/9x',8/0% /). Then

Proposition 7.2 G is a semi-Riemannian metric on T (M) of signature (2n —
2v,2v). Both H, and V,, have index v in (T,,(T(M)), Gs,), u € T(M).

We refer to G as the canonical metric on the tangent bundle over the
semi-Riemannian manifold (M,g¢) (this is of course the Sasaki metric in
the Riemannian case). Based on our knowledge of the positive definite
case, it is likely that G; is rather rigid e.g., for instance it doesn’t possess
the hereditary properties (cf. [6]) of the g-natural metrics introduced by O.
Kowalski & M. Sekizawa, [200].

Let us consider the almost complex structure | on T(M) given by

JBX)=yX, J(yX) =—BX,

forany X e —I1M. J is rarely integrable, in fact only when (M, ¢) is flat. A
remark is in order. The notion of nonlinear connection is due to W. Barthel,
[29], and is of current use in Finslerian geometry (cf. e.g., Definition 8.2 in
[209], p. 55). We recall (cf. [209], p. 62) that a Finslerian connection is a pair
(V,’H) consisting of a connection V in 7 ~V'TM and a nonlinear connection
H on M. Note that given a semi-Riemannian bundle metric § in 7~ TM
and just any nonlinear connection H, one may produce a metric G; and an
almost complex structure | on T(M) as above and in general the results in
Section 8.1 should carry over to Finslerian geometry (by replacing the Levi-
Civita connection with one of the canonical Finslerian connections e.g., the
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Cartan, Rund, or Berwald connections, cf. [209], p. 108 and p. 115). For
the interplay between CR and (complex) Finsler geometry see also [101]
and [104].

Proposition 7.3 Letb: T(M) — T*(M) be the natural diffeomorphism asso-
ciated to the semi-Riemannian metric ¢ and A the Liouville 1-form on T*(M).
Then i) (0*A)* = BL and ii) 2b*dA is the Kihler 2-form of (T(M),], Gy). In
particular (T (M), ], G) is an indefinite almost Kdhler manifold.

Here {f is the inverse of b. For a study of indefinite Kahler manifolds see
M. Barros & A. Romero, [28]. Let ( p,-,qi) be the natural local coordinates
on T*(M) and A = p;dq' the Liouville 1-form (cf. e.g., C. Godbillon, [137],
p- 124). Then

piob= y»jgij(x), qiob =,
hence
a 0gki © d - a
Ab)si = — + [ /== — Nrg | —,  (db)d; = gi—,
(db) )j 9q (Y IxJ i Ski i (db) i = &ji i

and Gy((b*A)*, X) = A(db)X vyields (b*1)* = y'8; which is the first state-
ment in Proposition 7.3. Moreover if Q = dp; A dg' then

gk : . .
b*dp; = yk% dx! +gidy?, b*dq = dx',
x
so that
Ogri . : . .
b*Q = yk% do' A dx) — gijdx' A dy!
X ]

and a straightforward calculation shows that 2Q(X,Y) = Gi(X, J Y) for
any X, Y e T(T(M)). Yet Q is a symplectic 2-form on T*(M) hence
Proposition 7.3 is proved.

Of course, a fundamental question is to describe the holomorphic func-
tions on (T'(M),]). Let R} = (R",b,,) be the semi-Euclidean space i.e.,
by (x,y) = Z:;1 G;xiyi, x,y €R", where ¢, =—1, 1 <i<v, and ¢ =1,
v+1<j<n. Letusset

T (T(M),]) ={X —i]X: X € T(T(M))}
(where i = /—1).

Definition 7.4 A C' function f: T(M) — C is holomorphic if Z( f) =0,
for any Z € Tl’O(T(M),]). [ ]
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Overbars denote complex conjugation in T(T(M)) ® C.

Proposition 7.5 Let M be an n-dimensional semi-Riemannian manifold of
index v (0 <v < n). The holomorphic functions f: T(M) — C are the C!
solutions to

i Lo _

5x7 Tioy0 =0, 1<j<n (7.5)

Any C? holomorphic function f : T(M) — C is harmonic (Af = 0). Therefore
when (M, g) is Riemannian (v = 0) f is C°. Moreover, ] is integrable if and only
if M is locally isometric to RY.

The equations (7.5) are the Cauchy-Riemann equations on (T (M),]). If we
set 9/9z/ = %(a/axj +id/dy7), then (7.5) may also be written

ad d
o = SThe 7.6

The only holomorphic functions on T(M) which are vertical lifts of
functions on M are the (complex) constants.

Proof of Proposition 7.5. Let X = )\j(Sj + Mjér Then
X=X = +in)) (8 - i9)

hence {§; — iéj :1 <j<n}isa (local) frame of T1’0(T(M),]) on 7 (V).
The harmonicity of C?> holomorphic functions f: T(M) — C follows

from
—Af = 8i("8 ) + (" ) +d'TES; £, (7.7)

where A is the Laplace-Beltrami operator of (T(M), G;). Indeed, by the
Cauchy-Riemann equations (7.5) and by the commutation formula

[8i, 3] =T 0
one has

Af =v=1 { +gl’frlk+g"rlz}éff=o

(due to Vg=0). When v =0, the canonical metric Gs is Riemannian
hence its Laplace-Beltrami operator is elliptic, and then hypoelliptic. Then
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C? solutions (and actually distribution solutions) to Af =0 are C*. The
last statement follows from

[J.7131,8)) = =[], J1(9i, 9)) = Ry O,

[J, 713, 8) = Rj; ¢,
where [ ], J] is the Nijenhuis torsion of | and R’k = R’kgy Also RM is the
curvature tensor field of F}k. Note that [6;,6;] = R d;, that is le =0is

the integrability condition for the Pfaffian system (7 4). We are left with
the proof of (7.7). The canonical metric G; is given by (with respect to the

local frame {9;, 31})

e il +NkN£g/ee Nkgy,
i glka <

Consequently, the cometric G;* induced by G; on 1-forms is given by

s Nk ij—f-NiNj ke |-
Ng” ¢ KNe &

Then for any C? function f on T'(M)

9 of
—Af = G =) +p
= x4 ( dxB ) g
= 8148, ) + 9:(¢"9; f) —g/kréiéif+ rf,
where P is the first order differential operator given by

0 d
= 507 (1oe/G) 6 2

Also (x1) is short for (x,y") and Gup= G,(3/dx?,3/0xP), G=|det
(G4B)|. Moreover

of e i
Pf = GG = Ty = B N8 £ =6, 7]
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where fﬁc are the local coefficients of D with respect to {a/axA 1<A<
2n}. By (7.11)—(7.14)

i 1
‘ ¢ ket kpt
Pj=Ti+5y (NJ kai+MR~"’ef)’

~ 1 ~ 1
L _ kt L _ kol
Fi,jJrn - 5 Y Rkji’ FiJrn,j - E Y Rk’ii’

~ 1 ~
C+n _ L kil Pl
Fi,j-i-nn =1 - 5 Y RGN FH—rZﬂ—n =0.
Note that R}ki = 0. Thus
A i pA
Fia= 2Fij’ lina=0,
so that
Pf = 2¢™T%, 84f
which leads to (7.7). |
In the real Finslerian setting, the integrability of the almost com-

plex structure | on T(M) has been discussed by H. Akbar-Zadeh &
E. Bonan, [13].

S) 7.2. BUNDLES OF HYPERQUADRICS IN (T(M), J, G5s)

Let q(x) = by (x,x) = — Z};l ()% 4+ Z?’Zvﬂ(xj)z, for xeR"
Given € € {£1} we consider the (central) hyperquadrics Qe = q_l(e). More-
over let S¢ (M, g)x consist of all u € Ty (M) such that g, (u,u) = €, for x € M.
Let {E;: 1 <i<n} be a local orthonormal (i.e., g(E;, E;) = €;8;;) frame of
T(M) defined on some open neighborhood of x € M. If u € Sc(M,g)
and u:uiEi,x then q(ul,...,u”) =€ i.e., the map ui> (ul,...,u") is a
linear isometry S¢(M,9)x ~ Q. Therefore S¢(M,g) — M is a bundle of
hyperquadrics over M. In particular one has

St Si(M.9 — M
(a bundle of pseudospheres) and

H'~! — S_1(M,9) — M
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(a bundle of pseudohyperbolic spaces). Here SI71 = {x € RY : Y1 €;(x')?
=1} and H,~ 11 ={xeR": Y1 €(x)> = —1}. Finally let us set

So(M,g) = {u € To(M) \ {Ox} : gx(,u) =0}, x€M,

to obtain A — Sy(M,9) — M (a bundle of nullcones) where A =

_1 (0)\ {0} C RY. Let (U, x') be a local coordinate system on M. The open
submamfold S€ (M, g) N~ 1(U) is given by the equation g;;(x)y' yf —€.
A vector field X = a'd; + b 8 is tangent to S¢ (M, ¢) if and only if

3
y (a % agl +2b{glj) —0. (7.8)
If X =§; then a/ = Sij, b= —Nij so that
v’ (dzykaeg/k + Zbkgﬂe> = y/y* (digi —2T'y) =0

hence (by (7.8)) §; € T(Se(M,g)). Moreover (again by (7.8)), X9 €
T(Se(M,g)) if and only if X'y /g; = 0. Summing up, it is immediate that

Lemma 7.6 Each horizontal vector on T(M) is tangent to Sc(M,g) i.e.,
H, C T, (Sc(M,g)) for any u € Sc(M,g). Moreover, a vertical vector yX, X €
wVTM, is tangent to Se(M,g) if and only if X is orthogonal to the Liouville
vector. Consequently

T(Se(M,9) =H®y[RL): (7.9)
where RL): ={X e n~'TM : 3(X, L) = 0}.

As RL, (with u € S¢(M,g)) is nondegenerate, so is the corresponding perp
space hence (7.9) follows by looking at dimensions.

Recall that on a semi-Riemannian manifold the tangent vectors
v e Ty(M) fall into three types, as g, (v,v) <0 (v is timelike or —1-like) or
gx(v,v) > 0 (v is spacelike or +1-like) or g,(v,v) =0 and v #£ O, (v is lightlike
or null). Consider the C* function

E:T(M) >R, E=3CL,L).

Then E(u) = € for any u € S¢(M,g) i.e., L, is e-like.

Let us recall that the sign € of a semi-Riemannian hypersurface
in (T(M),G;) is +1 (respectively —1) if Gy(z,2) > 0 (respectively if
Gi(z,2) > 0) for every normal vector z # 0. We may state

Theorem 7.7 Let (M,g) be an n-dimensional semi-Riemannian manifold of
index v (0 <v <n). Let € € {£1}. Then y L is a unit normal vector field on
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Se(M,g) i.e., Se(M,g) is a semi-Riemannian hypersurface of (T (M), G;) of sign
€ and index 2v —1 if € = —1, respectively of index 2v if € = 1. Finally, the
Weingarten operator A corresponding to y L is given by

ABX =0, AyX = —yX, (7.10)

for any X e m~VTM. So(M,g) is a real hypersurface of T(M), invariant under
the natural action of R* = R\ {0} (the multiplicative reals) on T (M). The vector
field yL is both tangent and normal to So(M,g), hence So(M,g) is not a semi-
Riemannian hypersutface.

Proof By Lemma 7.6 each normal section on S¢(M,g) is vertical. Next, if
Y € (RL)* then yX is orthogonal to S¢(M,g) if and only if g(X,Y) =
0, i.e.,, yX is proportional to yL. The proof of the next statement in
Theorem 7.7 requires the Levi-Civita connection D of (T(M), Gy). It is
given by

D&—Fka—lk’Reé 7.11
5:0j = L j%%k 2)’ ik %> ( )
oL ki
[
D;,0;= 0. (7.14)

The proof is similar to that in the Riemannian case (v =0) and thus
omitted. Cf. e.g., S. Sasaki, [266]. Next (by the Weingarten formula)

A8 =D, (y/9) = N9 -y (Ff}"f"k + %Y"’R@i&) =0.
Also
AyX = —Dyx (y'9;) = - X9,
for any X € (RL)™. The arguments above apply verbatim to show that
H®yRL)™T C T(So(M,9).

Yet E(u) =0 for any u € So(M,g) i.e., L is lightlike. In particular, £ €
(RL)* hence yL is tangent to Sy(M, g). Finally (by (7.8))

Xy L) = (b4 N/d ) g =0,
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for any X =dd;,+bd e T(So(M,g)) ie, yL is normal to Sy(M,g).
|

Let us set
T=—JyL=pBL.

Then (by Lemma 7.6), T is tangent to S¢(M,g). Let us consider the
differential 1-form 6 on S¢(M,g¢) given by

0(X) = Gy(X,T), XeT(S(M,y). (7.15)
Then
O(yX)=0, 0(BY)=2(Y,L), (7.16)

for any X € (RL)L and Y e 77" TM. We set H(S, (M,g)) = Ker(0) (the
Levi distribution of S¢(M,g)) and

T1,0(Se(M,9) = {X — iJX : X € H(S¢(M,9))}.

At this point, a number of fundamental questions may be asked. For instance
1) when is T1,0(Se¢(M,g)) a CR structure on S¢ (M, ¢) (and when is it strictly
pseudoconvex, or at least nondegenerate)? ii) What are the CR functions
on S¢(M,g) and when do they extend holomorphically (at least locally)?
ii1) Are any of the (twisted) Kohn-Rossi cohomology groups of S¢(M,g)
computable? We address (i) (cf. Theorem 7.15 below) and leave (ii)—(iii) as
open problems.

We proceed by recalling a few notions of CR and pseudohermitian
geometry, needed in the sequel.

Definition 7.8 Let M be a real (2n+ 1)-dimensional C® manifold. An
almost CR structure on M is a complex subbundle T} o(M), of complex rank
n, of the complexified tangent bundle T'(M) ® C such that

T ,0(M) N Ty 1 (M) = (0),

where Ty 1(M) = T10(M). The integer n is the CR dimension of
(M, T1,0(M)). An almost CR structure is called CR structure if it is integrable,
that is

Z, W e FOO(TL()(M)) — [Z, W] € FOO(T],()(M)).

The Levi distribution is H(M) = Re{T1,0(M) @ To1(M)}. [ ]
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The Levi distribution carries the complex structure J : H(M) — H(M)
given by

JZ+2)=i(Z—-2), ZeTyM).
Let us set H(M)i‘ ={we T} (M) : Ker(w) 2 H(M),} for any x € M. If M

is orientable then the real line bundle R — H(M)+ — M is trivial, hence
it admits globally defined nowhere zero C* sections 6.

Definition 7.9 A smooth globally defined nowhere zero section in
H(M)L — M is called a pseudohermitian structure on M. [ |

Definition 7.10 Let (M, T7 ¢(M)) be a CR manifold. Then M is said to
be nondegenerate if the Levi form

Lo(Z, W) = —i(d6)(Z, W), Z,W € Ti (M),
is nondegenerate for some pseudohermitian structure 6. [

It should be observed that if Ly is nondegenerate for some 6 then Lg
is nondegenerate for all . Indeed if § = £¢*6 then Ly= +etLg. If M is
nondegenerate then each pseudohermitian structure 6 is a contact form i.e.,
0 A (d6)" is a volume form on M, where n is the CR dimension. Given a
contact form 6 there is a unique tangent vector field T' € X' (M) such that
O(T)=1and T |dO = 0.

Definition 7.11 T is the characteristic direction of dO. [ ]

[t is customary to extend J (the complex structure along H(M)) to an
endomorphism of the tangent bundle by requesting that J(T) = 0. Then
P=-1+6QT.

Definition 7.12 The Webster metric gg is given by
2(X,Y) = (d0)(X,JY), go(X,T) =0, go(T,T) =1,
forany X,Y € HM). [ |

Note that gp is a semi-Riemannian metric on M of signature (2r 4 1, 2s)
where (r,s) is the signature of Lg.

Definition 7.13 M is strictly pseudoconvex if Lg is positive definite for
some 6. [

If M is strictly pseudoconvex and 6 is a contact form such that Lg is
positive definite, then gg is a Riemannian metric.
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Definition 7.14 Let (M, T10(M)) be an almost CR manifold. A CR
function is a C' function [ : M — C satisfying 8,,f = 0 (the tangential Cauchy-
Riemann equations). Here 3,: C'(M) — FO(T()J(M)*) is the first order
differential operator given by (3,f)Z = Z( f) for any Z € Ty o(M). [ |

Theorem 7.15 Let (M,g) be an n-dimensional semi-Riemannian manifold
of index v (0 <v <mn). Let € € {£1}. The Levi distribution of S¢(M,g)
decomposes as

H(Se(M,9) = BRL): @y (RL)™. (7.17)

In particular H(S¢ (M, g)) is J-invariant hence Ty o(Se (M, g)) is the eigenspace of
JC (the C-linear extension of J to H(Se(M,g)) ® C) corresponding to the eigen-
value i. Therefore Ty 0(Se(M,g)) is an almost CR structure of CR dimension
n—1on Sc(M,g). It is integrable if and only if

ZIWIR} =0, (7.18)
for any Z, W € (RL)* ®C, and then S, (M, g) is a strictly pseudoconvex CR

manifold. In particular, if M is a semi-Riemannian manifold of constant sectional
curvature then T1,0(Se (M, g)) is integrable.

See also S. Tanno, [282]. One may conjecture that for any semi-
Riemannian manifold M with Ti((S¢(M,g)) integrable one has M ~ S
(a local isometry).

Proof of Theorem 7.15. By (7.9) a tangent vector field on S¢(M,g) is of the
form X = y X+ BY for some X € (RL)* and some Y € 7~ TM. Then
X € H(S¢(M,g)) if and only if

0=0(X)=3(Y,L)

ie, Ye@®L)! and (7.17) is proved. Note that an element of
T1,0(Se(M,g)) may be written as

X—i]Y =B —iy)(X+iY).
Let Z, W € (RL)* ® C. Then (as D is torsion free)
[(B—iy)Z, (B—iy) W]
= DﬂzﬂW—DﬂwﬁZ—DyzyW+DyWyZ
—i{Dgzy W — DywBZ+ Dy zBW — Dgwy Z}
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hence (by (7.11)—(7.14))
(B—iy)Z,(B—iy)W]
SWI YA W 07 kA
=(Z— W= )8 — (2 - W=+ ZWIRE ),
Sxt St ay' ay’ !

oW 07 SWI 87N .
— V(2 W= )5+ [ 2 — — W == ) b
ay' ay! ox! ox!
This is of the form (8 —iy)V = VJ(SJ' - iaj) for some V € (RL)* ® C if
and only if (7.18) holds. The Levi form is given by

Lo((B — iy) Z. (B + iy)W) = 5 0([(B — iy) Z. (B + iy) W),

for any Z, W € (RL)* ® C. We wish to compute the H-component of
[(B —iy)Z, (B +iy)W]. Note that (7.11)—(7.14) may be written as

1

DgxBY = BVpgxY — > Yy R(BX,BY)L,
1

DgxyY =yVpgxY + EﬁR(ﬂﬁ,ﬁy)X,

DyxBY = B¥yxY + 3 BR(BLAX)Y,
DyxyY =yVyxY,
for any X, Y € I'® (7~ TM). Consequently
(B —iy)Z,(B+iy)W]=Dg—i)z(B+ i)W — Dg (B —iv)Z
=B(VpzW = Vi Z) —iB(VyzW 4V, 55:2)
modulo vertical terms, hence
Lo ((B—ir)Z,(B+iy)W) = —3(Z, W)

e., Lg is nondegenerate (negative definite provided g is Riemannian).
Finally, if the curvature tensor field of (M,g) is given by R;.M = c(g¢j0), —

gg@;), for some ¢ € R, then
7z W«fykajk =Wz, L) — Z'(W, L)} = 0. n

As an application of Theorem 7.15, we look at the Reeb vector field of
a contact Riemannian manifold. We first recall the notion of a CR map.



372 Chapter 7 Harmonic Vector Fields in CR Geometry

Definition 7.16 A smooth map f : M — N of two almost CR manifolds
is a contact map it

(df ) HM)x € H(N)f(v), x€M.
A contact map is a CR map if

(dxf) OJx :JN,x(dxf), x € M.

Here JN : H(N) — H(N) is the complex structure in the Levi distribution
of N. [ |

Equivalently, a smooth map f: M — N is a CR map if
(dx )T1o(M)x € T10(N)f(x), x€M.

If 6 and O are pseudohermitian structures on M and N and f : M — N is
a CR map then

fOn=10 (7.19)
for some A € C*°(M).

Definition 7.17 Let f : M — N be a CR map and A € C*°(M) given by
(7.19). Then f is said to be a pseudohermitian map of (M,0) into (N,0ON) if
A 1s a constant. ]

Any almost contact Riemannian manifold (M, (¢,&,n,¢)) carries a
natural almost CR structure given by

Tio(M) ={X—-i¢pX: X € HM)},

where H(M) = Ker(n) and (by a result of S. lanus, [173]) if (¢,&,7n) is nor-
mal then T7 (M) is integrable. We may close a circle of ideas by observing
that given a strictly pseudoconvex CR manifold M and a contact form 6
on M such that Ly is positive definite, ( J, =T, —6, gg) is a contact metric
structure on M. It should be emphasized that normality is but a sufficient
condition for the integrability of T7 ¢(M). A characterization of integrabil-
ity has been produced by S. Tanno, [281], in terms of the so called Tanno
tensor

QX,Y) = (Dy¢)X + [(Dyn)¢X]§ + n(X)¢(Dy§)

(T1,0(M) 1s integrable if and only it Q = 0). Here D is the Levi-Civita con-
nection of (M,g). A generalization of the basic results in pseudohermitian
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geometry to the case of contact metric manifolds whose almost CR struc-
ture isn’t integrable has been started by E. Barletta et al., [23], and D.E. Blair
et al., [44].

Let S(M) be short for S1(M,g) and v = 0. We need to recall the descrip-
tion of the natural contact metric structure (¢,&, 7,¢) (induced on S(M)
by the almost Kihler structure (J, G;) of T(M)) in some detail. First let
&' = BL be the geodesic flow on S(M) (remember that horizontal vector
fields are tangent to S(M) as a consequence of Lemma 7.6). Let ¢ = j*G,;
be the induced metric where j : S(M) < T(M) is the inclusion. Let n’ =6
be the contact form on S(M) given by (7.15) or (7.16). Next let us set
¢ =]—n"®yL. Since

JX, ¢'Y)=20dn)(X,Y), X,Ye€T(S(M)),

we need to rescale (¢', &', 1/, ¢) in order to make it into an actual contact
metric structure on S(M). Namely we set

F=¢. F=28. T=1n. g=-¢
’ ’ 2 ’ g 4g'

Summing up, the standard contact metric structure of S(M) is
PBX =y XX, 0yL, ¢yZ=-pZ

— 1
§=2BL, N(BX)= §§(X, £), ny2) =0,

1 1
2BX,BY) = Zé(X, Y), 3(BX,y2) =0, gy Z,y W) = Zﬁ(Z, w),

forany X,Y e 7' TM and any Z, W € (RL)™. Now we may state

Theorem 7.18 Let (M, (¢,§,1,9)) be an almost contact Riemannian manifold

and (S(M),(a,g,ﬁ,g)) the tangent sphere bundle, equipped with the standard

contact metric structure. Then

a. the Reeb vector field & : M — S(M) is a CR map if and only if D§ = —]
where J = d)‘Ker(n). If this is the case then dn = ® on Ker(n) ® Ker(n); in
particular the Levi form

G(X,Y) =—(dn)(X,JY), X,Y €Ker(n),

is positive definite (i.e., T1,0(M) is a strictly pseudoconvex almost CR structure)
and & is a pseudohermitian map.

b. If & is a geodesic vector field (i.e., Dg& = 0), then the following statements are
equivalent: 1) & is a CR map, ii) (¢,&,1,9) is a KC-contact structure. Finally if )
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or ii) holds, then & is a minimal (non isometric) immersion and a harmonic vector

field.

Proof of Theorem 7.18. Stated loosely, under the bundle isomorphism L & K
of T(T(M)) onto 71 ' TM @~ 'TM the vector (d&) 1V corresponds to
(V,Dy&). The precise statement is that

(L® K () (dif) Ve = (§(x), Vi) @ (§(x),(Dy§)y), xeM.
Indeed this follows from the decomposition
(dE) Ve = V()83 + (D) ()i (v)

for any tangent vector field IV on M locally written as 1V = 1719/3x' (and
the very definitions of L and K). Let IV € H(M) = Ker(n). Then

G,((Dy€)'0;, yL) = g(Dy&,E) o =0

hence (Dy£)'d; is tangent to S(M). Consequently, we may use the formulae
(7.16) so that

_ 1
Ug(x) (dxg) Vx = EU(V)x =0
i.e., & is a contact map to start with. Moreover

(L& K)é(x) (dxs),]x Ve=(§(x) Jx V) @ (§(x), (D]V‘i:)x)a
(L& K)o (deE) Vi = (E(x), = (Dr§),) @ (6(x), Va),

where | = a‘Ker(ﬁ)' Hence & is a CR map if and only it D§ = —] on H(M).
If this is the case, for any X, Y € H(M)

2(dm(X,Y) = =n([X,Y]) = —¢(§,DxY) + g(§, Dy X)
=4(Dx§,Y) —g(Dy§, X) = —¢(JX, Y) +¢(JY, X) = 2®(X,Y)

ie., dn=® on H(M)® H(M). At this point we may show that £ is a
pseudohermitian map. As § is assumed to be a CR map, one has

£ =y
for some A € C*°(M). Moreover (by (7.16))

1 1 ; : 1
Ax) = EQs(x)((dxé)éx) = Egy(X)%’(x)SJ(X) =3

so that S*ﬁ:%n. [ ]
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Let us prove statement (i) = (ii). As shown above, when & is a CR
map the condition dn = @ already holds on H(M) ® H(M). On the other
hand £ | ® =0 and for any Y € H(M)

28 1dm)(Y) = —n([§,Y]) = —g(De Y, &) = g(Y,Ds§) =0

as & is assumed to be geodesic. Thus dn = ® everywhere i.e., (¢,£,7,9)
satisfies the contact condition. Then we may apply Lemma 6.2 in [42],
p- 67, to get

Dx€ = —¢X — ¢phX, (7.20)

where h = %Eg(ﬁ. By statement (a) in Theorem 7.18 and Dg& = 0 one has
D& = —¢, hence (7.20) implies & = 0. Finally one may apply Theorem 6.2
in [42], p. 65, to conclude that § is a Killing vector field. The proof of the
implication (i) == (1) is similar. Next a result by J.C. Gonzales-Davila &
L. Vanheke, [144], allows one to conclude that & is a minimal immersion.
Moreover £ is not isometric as

1 1
Eg——g——n®n

Finally Ric(§) = 2n& (cf. Corollary 7.1 in [42], p. 92) and a result in [242]
imply that & is a harmonic vector field.

We emphasize that the condition Dg& = 0 is quite natural. It is surely
satisfied when the given almost contact metric structure satisfies the contact
condition (cf. Theorem 4.5 in [42], p. 37). As to the case of almost contact
metric structures not satisftying the contact condition, one may indicate
at least the example of Hopf hypersurfaces. We recall that an orientable
real hypersurface M of a Kihler manifold is a Hopf hypersurface if the
Reeb vector field underlying the naturally induced almost contact metric
structure on M is an eigenvector of the Weingarten map (associated to a
unit normal field on M). We obtain

Corollary 7.19 Let M be a Hopf hypersurface of a Kihler manifold M. Let
(¢,n,&,9) be the almost contact metric structure induced on M by the Hermitian
structure of M. Then § : M — S(M) is a CR map if and only if g is a Sasakian
metric.

Proof. 1f M is a Hopf hypersurface then Dg§ = 0 (cf. [247]). Moreover by
(3.3) in [247] we have

(Dx¢)(Y) =g(AX, Y)§ = n(Y)AX = g(¢Dx§, Y)§ —n(Y)¢p(DxE).
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Since D§ = —¢, the above formula implies that (Dx¢)Y = ¢(X,Y)§ —
n(Y)X hence (by Theorem 6.3 in [42], p. 69) g is Sasakian. [ |

Corollary 7.20 Let N be a Riemannian manifold. Let us endow S(N) and
U(S(N)) with the standard contact metric structures. Then the Reeb vector
£:S(N)— U(S(N)) is a CR map if and only if N has constant sectional
curvature +1.

Indeed (by Theorem 7.18) £:S(N) — U(S(N)) is a CR map if and
only if & is Killing, i.e., S(N) is K-contact. By a result of Y. Tashiro, [285],
this is equivalent to N having (constant) sectional curvature +1. In partic-
ular if & is the standard contact vector of the unit sphere S>"*! (a Hopf
vector field on 82”“) and & the standard contact vector of U(S*'*1)
then £ 0 & : > — UU(S?"t1)) isa CR map (as a composition of CR
maps) between a CR manifold and a (non integrable) almost CR manifold.

A remark is in order. By Theorem 7.18 if & is geodesic and a CR map,
then & is a harmonic vector field yet the converse doesn’t hold, in general.
For instance, if N is a Riemannian symmetric space of rank 1 then the
contact vector & on M = S(N) is both geodesic and a harmonic vector field
(cf. [54]) yet it does not define a CR map unless N has constant sectional
curvature +1.

Definition 7.21 ([42], p. 77 and p. 80) M is cosymplectic if ¢ is parallel
(D¢ = 0) and M is a Kenmotsu manifold if

(Dx@)Y = g(¢ X, Y)§ —n(Y)$X,
forany X,Y € T(M). [ ]

Proposition 7.22 Let (M, (¢,£,n,9)) be an almost contact Riemannian man-
ifold. 1) If M is a cosymplectic manifold or a Kenmotsu manifold, then & : M —
S(M) is not a CR map. 1) If (n,g) is a contact metric structure and the natural
almost CR structure on S(M) is integrable, then & is a CR map.

Proof Under the hypothesis of Proposition 7.22 one has either Dx& = 0 for
any X € T(M) (when M is cosymplectic) or Dx§ = —X forany X € H(M)
(when M is Kenmotsu). In any case D& = 0 and then (by statement (b) in
Theorem 7.18) & : M — S(M) is not a CR map. To establish (i1), when
T1,0(S(M)) 1s integrable then (by a result of S. Tanno, [282]) (M,g) has
constant sectional curvature ¢. Yet ¢ is a contact metric hence (by a result of
Z. Olszak, [227]) ¢ must be 41 and hence M is a Sasakian manifold. Finally
(again by statement (b) in Theorem 7.18), & is a CR map. [ |



7.3. Harmonic Vector Fields from C(M) 377

Remark 7.23 In [251] one studies the Reeb vector § as a CR map from
M to S(M) when the tangent sphere bundle is equipped with a natural
contact metric structure (cf. also Remark 5.4).

S) 7.3. HARMONIC VECTOR FIELDS FROM C(M)

Let (M, Ty 9(M)) be a CR manifold, of CR dimension n. Assume
from now on that M is orientable and nondegenerate. For any orientable
nondegenerate CR manifold, on which a contact form 6 has been fixed,
there is a unique linear connection V (the Tanaka-Webster connection of
(M, 0)) such that 1) H(M) is V-parallel, ii) V] =0, Vgg =0, and iii) the
torsion Ty of V is pure, i.e.,

Tv(Z, W) =0, Ty(Z, W) =2iL¢(Z,W)T,
forany Z, W € Ty (M), and
ToJ4+JoT=0.

Here 1(X) = Ty (T, X), X € T(M). When M is strictly pseudoconvex, the
contact metric structure (J, T,60,g9) is normal if and only if T =0 (i.e., M
1s K-contact).

Definition 7.24 A complex valued differential p-form n on M is a (p,0)-
formif Ty 1 (M) |n=0. Let APY(M) — M be the bundle of all (p,0)-forms
on M. The canonical bundle is K(M) = A" 10(M). Let s: M — K(M),
s(x) =0, € K(M)y, x € M, be the zero section. The canonical circle bundle
is C(M) =(K(M)\s(M))/R; where Ry are the multiplicative positive
reals. [ |

Assume from now on that M is strictly pseudoconvex and let us choose a
contact form 6 such that Lg 1s positive definite. Let us consider the (globally
defined) 1-form o on C(M) given by

1 i 7 e
o=—V{dy+7* (i —=¢"Pdg - — —"— 0] }.
n+2{ 4 (l @758 BB T 40 )
Here 7 : C(M) — M is the projection, y : 7~ '(U) — R is a local fibre
coordinate, a)g are the connection 1-forms of the Tanaka-Webster connec-
tion V with respect to a local frame {Ty : 1 <a <n}of T1 (M) on U C M
(ie., VIg = a)g ® Tg), and 2B = Lo (T, Tg) are the local components of

the Levi form (Tg = Ty).
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Definition 7.25 p = g“ERaE is the pseudohermitian scalar curvature. Here
Raﬁ = trace{Z > RY(Z, Ty) TE} is the pseudohermitian Ricci curvature while
RY is the curvature tensor field of V. [ |

It 1s noteworthy that o is a connection 1-form in the principal circle
bundle S' — C(M) — M. By a result in [203]

Fo=n*Gy+2(n"0) Qo
is a Lorentzian metric on C(M).
Definition 7.26 Fjy is called the Fefferman metric of (M,0)). [ ]
Here the (0,2)-tensor field Gy on M is given by
Go(X,Y) = (d9)(X,]Y), X,Y e H(M),
Go(V,T)=0, VeTM).

Let X: M — S(M) be a unit tangent vector field. The tangent sphere
bundle S(M) — M is defined with respect to the Webster metric gg. Let
X' C(M) — T(C(M)) be the horizontal lift of X with respect to o,
ie., X' €Ker(o) and (dZJT)XZT = Xy (2), for any z € C(M). If addition-
ally X € H(M), then X1 is Uj(C(M), Fy)-valued. Indeed (by the very
definition of Fy)

Fo (XX =g (X0 =1.

Let us assume from now on that M is compact (hence C(M) is compact, as
well). The following notion is central to the present section.

Definition 7.27 Given a unit vector field X € H(M), we say X is pseudo-
harmonic if its horizontal lift X1 : C(M) — S;(C(M), Fy) is harmonic, i.e.,
X" is a critical point of the energy functional

1
E(X) = 5 / tracepg (X*Gs)dVOI(FQ)’
C(M)

where X is a tangent vector field on C(M) [variations are through
S1(C(M), Fg)-valued vector fields on C(M)]. [ ]

Here G is the [semi-Riemannian metric induced on S;(C(M), Fg) by
the] canonical metric of T(C(M)). In general, if (N, g) is an m-dimensional
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compact Lorentzian manifold and X : N — Sc(N,g) a vector field, then we
need to establish the first variation formula for the functional

E(X) = %/traceg(X*Gs)dvol(g)
N

(Gs is the canonical metric on T(N)). Let {E;:1 <i<m} be a local
g-orthonormal frame at a point x € N. Since

(X By = 1[0 (84 | (Vix*) o [ B)

(where E; = A/ (3/8% 7)) it follows that

m
traceg(X* Gy = Y &i(X* G (E;, By
i=1
m

= Z Ei{gX(x) (LX(x) (dxX)Ei,x, LX(x) (dxX)Et,x)
i=1

+ 9x () (Kx () (dx X) Ej x, Kx(x)(dxX)Eix)}
= m+g(VX,VX)

where
o(VX,VX) = gl (vixk) (VJXZ) et
Therefore the energy functional becomes
m 1
E(X) = 3 Vol(N) + > /g(VX, VX)dvol(g).
N

Let X : N X (—=48,6) = T(N) (6 > 0) be a smooth 1-parameter variation of
X (X (x,0) = X, x € N) through S (N, g¢)-valued vector fields. Let us set

X, =X oy, where o, : N — N X (=6,9), a;(x) = (x,1), x €, |t| < 8. Let
D be the Levi-Civita connection of h=g¢+4 dt® dt (a semi-Riemannian
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metric on N x (—38,8)) and RP the curvature tensor field of D. Then

d
SEx) =35 [ 3 (Vi X Vi X dvol(

N =1

m

= [ Y- enDunDe X, Do)

N =1
_ / > " €ih(Dg; Dy/a X + RP(/1, ENX, Vi, X)dvol(g)
N i

(as RP(3/9t, E;) = 0)

= /Zéih(DE,Da/atX, VE X)dvol(g) = (as Dh = 0)
N i

f > el Ei(h(Dy X, D, X)) = h(Dyja, X, D, D, X)}dvol(g).
N
For each |f] < §, let us define a vector field Y; on N by setting
Y, Y) e =h(Dyjp X, DyX) (v, x €N,
for any tangent vector field Y on N. Then (by Vg =0)
d
= E(X) = / Zéi{Ei(g(Yt,Ei)) — h(Dya:X, D, DE; X))} dvol(g)
N
=/Zéi{g(vE[Yt,Ei)+g(Yt,vE[Ei)
N

— h(Dya:X, DE,Dg; X))} dvol(g) = /diV(Y,)dvol(g)
N

+ / Zét{h(Da/atX, Dy, g X) — h(Dy3:X, Dg, D, X)} dvol(g).

By differentiating E(X;) at t = 0, applying Green’s lemma and the identity

m

AX ==Y &{VEVEX — Vy, £ X)
i=1

we obtain
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Proposition 7.28 (The first variation formula) Let (N, g) be a compact semi-
Riemannian manifold. Let € € {£1}. Let {X;}js<s be a smooth 1-parameter
variation of X = Xo through unit vector fields X; : N — S¢(N,g). Then

d
d—t{E(Xt)}t:():/g(V, AgX)dvol(g) (7.21)
N

where V' = (0X;/0t);=0, with the constraint (X, 1) = 0 (obtained by differen-
tiating ¢(X;, X;) = € at t =0).

Unlike the Riemannian case (when v =0, € =1)

(X,Y)= / (X, Y)dvol(g)
N
is not an inner product on X (N), hence one may not conclude (from
{dE(X)/dt};=o = 0) that A,X and X must be proportional. However,
when g i1s a Lorentzian metric (v = 1) and X = Xj is a unit timelike vec-
tor field, I is spacelike (since g(17,X) =0). Then from (7.21) we get
{dE(X;)/dt};=0 = 0 if and only if A,X is proportional to X.

Now let X be a pseudoharmonic vector field on a compact strictly pseu-
doconvex CR manifold M. Let {X;}|;<s be a smooth 1-parameter variation
of X through unit vector fields X; € H(M). Then (by (7.21) applied to
N = C(M) and g = Fy)

%{E(X[T)}x:(): / Fo(V,0X ") dvol(Fp).
C(M)

Here IV = (8XtT/8t)t:0 and

—0X = Z C(M)VC(M)X yeun - x

C(M)
a anT 2

C(M) C(M) C(M)

+V \Y% — X

0 0 vEM) (ot

T'+S T'+S T¢+5(T +35)
C(M) C(M) C(M)

-V \Y% X+V X
™ —s 11 - vEM (7t _ )

TTS

for any tangent vector field X on C(M), where VEM) ig the Levi-Civita
connection of (C(M), Fg), and S is the (suitably normalized) tangent to the
S'-action (locally S = ((n+42)/2)d/dy), and {E,:1 <a<2n} is a local
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go-orthonormal frame of H(M). Note that TT—Sis a global timelike
vector field on C(M) (hence C(M) is a space-time). Clearly {EJ 1<
a<2n}U{TT £ 8} is a local orthonormal (with respect to Fp) frame of
T(C(M)). We wish to compute OX'. To this end, we recall (cf. E. Barletta
et al., [26])

Vi yt = (vxn - o) x, v 1! (7.22)
—{AX,Y) + 2 (X, Y)}S,

Vi Tt = (eX +9X)T, (7.23)

VI XT = (VX +¢X) T —2Go (X, W)s, (7.24)
Vi s=vEMxT = (', (7.25)
C(M) C(M)

vttt =wt o vits=o, (7.26)
C(M C(M

vt = v =, (7.27)

forany X,Y € H(M), where V is the Tanaka-Webster connection of (M, 6)
and ¢ : H(M) — H(M) is the skew-symmetric endomorphism given by

w(dX,Y) = (do)(XT, YT), X,Y € HM),
while W e H(M) is given by
w(W,Y) = 2(do—)<TT, YT), Y € H(M).

Also A(X,Y) =gp(X,tY). Recall (cf. e.g., [307]) that A is symmetric and
trace-less. Consequently, for any X € H(M)

2n

DXT _ ) C(M) C(M)XT C(Aj[) XT
21" gt Vgt Vo COD 1
a=1 a a EI a

C(M)  C(M) C(M) 7 C(M)
+2{ v VX v vt X

_gCOD i gCOD
vers vghrt
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may be written

—OXT = (=AW X +27JX +4 VX + 6pJX 4+ 2div(X) T)"
+ {2div(¢X) — 2div(TX) — 2g (JX, W)

+ trace((V1)X) — trace((V¢) X) 1S, (7.28)
where
2n
AX ==Y |V VX - Vy, £,x]. (7.29)

a=1

Indeed (by (7.22)—(7.27))

2n
Z vb%(M)V;I(M)XT — Z {(VEaVEaX)T

a=1 a
+90(Ea, JVE,X) T — g9(E,, TVE, X — ¢VE,X)S
+ Eo(90(Ea, JX)) T + g9 (Eo, JX)(tE, + ¢ E)'
— Eo(g0(Es,tX — X))S — g9 (E,, X — ¢X) (JE) '},

As 0 is a contact form, we may consider the divergence operator with
respect to the volume form @ =60 A (d0)" i.e., Lxw = div(X) w. As w is
parallel with respect to the Tanaka-Webster connection V, the divergence
may also be computed as

2n
div(X) =) e (VE,X.E,).

a=1
Then (by V] =0)

2n
C(M) o C(M) _
Do VeIV =3 (Ve VE X+ oo (X)) T!
a

a=1
- [Ea(g9 (Eaa TX— d)X)) +g9 (Eaa TVE,,X - ¢VEHX)]S}
+divgX) T+ (X + o))t — (Jr X —JoX)". (7.30)
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Recall that T o J = —J o T (with the corresponding simplification of (7.30)).
A similar calculation leads to
2n

cM)
VVIC(M)ETXT = — trace(p) JX) T + Z{(VVEQEGX)T
a

a=1 EuT a

+ 99 (VE,Eo, JX) T — g9(VE, By, TX — ¢ X)S).
(7.31)

Taking the exterior differential of o
o, i3 d(p0)
dwl — — dg®P A dg, 5 —
2 {’ Yo 75 W N B T )
we obtain (by the very definition of ¢) ¢ T, = oo’ Tg where
g% lpas__ P asl
2(n+2) 2(n+1)

Cf. also [26]. Consequently trace(¢) =0 and [¢,]J] =0. Using (7.30)—
(7.31) together with

do =

vEMYED Xt = (JVrX 41X,

VEMGEIDXT = (VX +¢JxX) T — 20 (JX, W),
we obtain (7.28). [ |

If X : M x(=68,8) = S(M) is given by X (x,1) = Xi(x), x € M, |f] <8,
then X =fi8/35ci, for somefi : U x (=6,8) = R, with respect to a local
coordinate system (U, %) on M. Then
of' .
(dx,n X)(0/00) (1) = E(X’ 1) 31‘;((,6,0

hence V' = (0X,/01);=¢ is given (under the identification Ker(dIT)x =~
T.(M), where Il : T(M) — M is the projection) by

af! 9
szi(x,O)T .
ot ox' N

Similarly, it (u®) = (&i,y) are the induced coordinates on C(M) and
0/3x) T = A{ 0/0u® then (under the identification Ker(dIlc) 2 ~ T

(C(M)), where I1¢ : T(C(M)) — C(M) is the projection) Vs given by

- of' 0
V.= —(7(2),0A{(2) —
du?

m , zen Y(U).

z
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It follows that IV = V1. Also, if 6; = 6/ 9x"), then we may differentiate
6(X;) =0 to get (3f'/3t)0; =0 i.e., V€ H(M). Thus Fg(I/,S) =0 and
then (using (7.28) and integrating along the fibre, i.e., applying the identity
fC(M)(fon)dvol(Fg) =27 foa), for any f € C*®°(M))

_ 4ot
0= dt{E(Xt )}t:O

= 2n/g9(V,A,,X—2rJX—4vT]X—6¢JX)w
M

which together with the constraint gg (17, X) = 0 leads to
— A X +H4VIX 421X+ 69]X = A(X)X (7.32)
where
MX) = =7 VX[ + 4g9 (V1] X, X) (7.33)
+ 209 (1JX, X) + 6g0 (9] X, X).

Here my VX is the restriction of VX to H(M), hence

2n
Il VXIP =) (Ve X, Vg X)

a=1

on U.

Proposition 7.29 The operator Ay acting on T'°°(H(M)) is subelliptic of
order 1/2.

Let us recall

Definition 7.30 A formally self adjoint second order differential operator
L: C®(M) — C°°(M) is subelliptic of order € (0 < € < 1) at a point x € M
if there is an open neighborhood U of x such that lull? < C(|{Lu,u)| +
|lul|?) for any u € Ci°(U), where |ull¢ is the Sobolev norm of order €
and ||ul|? = (u,u), while (,) is the L? inner product on functions, i.e.,
(u,v) = fM wvw. L is subelliptic if it is subelliptic at each point x € M. ]

A typical example in CR geometry is indicated in the following

Definition 7.31 The sublaplacian H : C*°(M) — C*(M) given by
Hu = —div(VHu), where VP is the horizontal gradient of u, i.e., locally
vH, = Zgil E,(u)E,. [ |
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By a well-known lemma of E.V. Radkevic, [259], H is subelliptic of
order 1/2. The meaning of Proposition 7.29 is that locally ApX is given
by a subelliptic operator acting on the coefficients of X = f“E,, plus lower
order terms. Precisely, there is a matrix Q of first order differential operators
such that

(AsX)" = Hf" — Q'f". (7.34)

Indeed (7.29) may be locally written in the form (7.34) with Q= A+ B,
where

[~ 2n
_ a
A=|>"TYE, :
L =1 1<a,b<2n

[~ 2n
B= Z{E[(Ffb)+Fdei—FiF§b}:| ,
1<a,b<2n

| =1

and Vi, E, =T") E..
Equation (7.32) admits the following variational interpretation.

Theorem 7.32 Let M be a compact strictly pseudoconvex CR manifold, of CR
dimension n, and 0 a contact form on M. Let X € H(M) be a unit vector field and
let us set

Bo(xX) =~ / A(X)6 A (d6)",
M

where M(X) is given by (7.33). Then (7.32) is the Euler-Lagrange equation corre-
sponding to {dBg (X;)/dt},_o = 0, for any smooth 1-parameter variation { X} |1 <s
of X through unit vector fields Xy € H(M), |t| < 4.

Clearly Theorem 7.32 follows from the identity
EX" = (n+ 12" 7 nl Vol (M) + 27 Bg (X). (7.35)
To establish (7.35) we start from
E(X1) = (n+ 1)Vol(C(M))
+ % f Fo(VEM xT g COD X1y 1yol(Fy).
C(M)
By a result in [26] @ = 2"n! dvol(gp), hence
Vol(C(M)) = 2"t n! Vol(M).
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Moreover (by (7.22)—(7.27))
2
F, (vC(M)XT, VC(M)XT) _ ;Fe (VSM)XT’ V;T(M)XT>
+ 48 (VEOXT, VEOXT) = 3 e (Ve X, Vi X

+2(d0) (Eq, X)[A(Eq, X) + g9 (PE4, X)|Fo (T, )}
+ 400 (VX + ¢ X, JX) = |t VX|?
—205(JX,TX — ¢ X) + 4gs (VX + X, JX)

that 1s

Fp(VEM xt vCMD Xty — 3 (X)or.

MAPS

In their seminal 1998 paper J. Jost & C-J. Xu studied (cf. [180]) the exis-
tence and regularity of weak solutions ¢ : 2 — (S,h) to the nonlinear
subelliptic system

> 7.4. BOUNDARY VALUES OF BERGMAN-HARMONIC

m

HY'+ 3" (Thod) X@) X0 =0, 1=i=v,  (730)
a=1

where H=)"""_ X*X, is the Hormander operator associated to a sys-
tem X = {Xi,..., X} of smooth vector fields on a open set 2 CR",
veritying the Hormander condition on €2, (S,h) is a Riemannian man-
ifold and F’:k are the Christoffel symbols associated to the Riemannian
metric h. Their study is part of a larger program aiming to the study
of hypoelliptic nonlinear systems of variational origin similar to the har-
monic maps system, but degenerate elliptic. Indeed, if X = b7(x)3/dx"
then Xf = —a(bf(x)f)/ax‘q for any f € C(1) () hence

ad ou
A,B
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where aB(x) = Y™ b3 (x)bB(x) so that in general [a1B] is only semi-
positive definite. Hence H is degenerate elliptic (in the sense of J.M. Bony,
[58]). As successively observed (cf. E. Barletta et al., [25]) solutions of sys-
tems of the form (7.36) may be built within CR geometry as S'-invariant

harmonic maps ® : C(M) — S where S' = c(M) i) M is the canonical
circle bundle over a strictly pseudoconvex CR manifold M and harmonic-
ity is meant with respect to the Fefferman metric Fy (associated to a choice
of contact form 6 on M, cf. ].M. Lee, [203]). Base maps ¢ : M — S corre-
sponding (i.e., ® = ¢ o) to such ® were termed pseudoharmonic maps and
shown to satisfy

2n

—ap'+ Y (Mod) @ X @ =0, 1=izv,  (737)
a=1

where Ay is the sublaplacian associated to (M,6) and {X,:1 <a <2n} is
a local orthonormal frame of the maximal complex, or Levi, distribution
H(M) of M. The sublaplacian may be locally written A, = Ziil Xa
hence the similarity among the systems (7.36) and (7.37). The formal
adjoint X* of X, is however meant with respect to the L? inner product
(u,v) = f uvl A (d9)", while in [180] one integrates with respect to the
Lebesgue measure on €2 (the precise quantitative relationship among the
two notions is explained in the next section).

The derivation of (7.36) by analogy to the harmonic map system
(replacing the Laplace-Beltrami operator with the Hormander operator) is
nevertheless rather formal. Indeed CR manifolds appear mainly as bound-
aries of smooth domains €2 in C" and it was not known previous to the work
in [103] whether boundary values of harmonic maps from €2 extending
smoothly up to d€2 were pseudoharmonic. We may state

Theorem 7.33 (Y. Kamishima et al., [103]) Let Q C C" (n>2) be a
smoothly bounded strictly pseudoconvex domain and g the Bergman metric on 2. Let
S be a complete v-dimensional (v > 2) Riemannian manifold of sectional curvature
Sect(S) < k? for some k > 0. Assume that S may be covered by one coordinate
chart y = (y1,...,y”) :S—>RY. Let f e Wwh2(€,8) N CY(Q,S) be a map
such thatf(ﬁ) C B(p, b) for some p € S and some 0 < p < min{rr /(2x), i(p)}
where i(p) is the injectivity radius of p. Let ¢ = ¢y : Q — S be the solution to the
Dirichlet problem

(@) =0 inQ, ¢=f on o (7.38)
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Then

N(fY=——(Hf), 1<i<v, 7.39
(=55 Ef) 1=is (7.39)
for any local coordinate system (w,y") on S such that (QYNw #D (fi=y of).
Also N = —]JT and T is the characteristic direction of 0€2. In particular if f €
C*®(3K,8) and N(f1) =0 then f : 9Q — S is a pseudoharmonic map.

The proof (similar to that of Theorem 2.35 in Chpater 2 of this mono-
graph) is beyond the scope of this book (which is confined to the study
of harmonic vector fields and their generalizations). Let us mention how-
ever that the key idea in the proof of Theorem 7.33 is (as first observed by
A. Koranyi & H.M. Reimann, [195]) that the Kihlerian geometry of the
interior of €2 and the contact geometry of the boundary €2 may be effec-
tively related through the use of the Bergman kernel K(z,¢) of €. The
main technical ingredient in the proof is then the existence of an ambient
linear connection V (the Graham-Lee connection, cf. R. Graham et al., [151],
or Appendix A in [26]) defined on a neighborhood of 92 in €2 and induc-
ing the Tanaka-Webster connection (cf. [279], [307]) on each level set of
¢(z) = —K(z, z)~ 1/t 1) (z € Q). See also Section 5.3 in [24], p. 87-95.

S) 7.5. PSEUDOHARMONIC MAPS

Let (M, T1,0(M)) be a (2n+ 1)-dimensional orientable CR manifold,
of CR dimension #. We assume throughout that M is strictly pseudo-
convex i.e., the Levi form Gy (given by Gy(X,Y) = (d9)(X,]JY) for any
X,Y € H(M)) is positive definite for some pseudohermitian structure 6.
Let 6 be a contact form on M such that Gy is positive definite and let
T be the characteristic direction of df i.e., the globally defined nowhere
zero tangent vector field on M, everywhere transverse to H(M), deter-
mined by 6(T) = 1 and T']d# = 0. As previously demonstrated, a strictly
pseudoconvex CR manifold comes equipped with a natural second order

differential operator A; (similar to the Laplace-Beltrami operator on a
Riemannian manifold) given by

Apu = —div (VHu) . UE CZ(M)7 (7.40)

the sublaplacian of (M,60). Here div is the divergence with respect to
U =0A(d0)" ie., LxV = div(X)W where Lx is the Lie derivative, and



390 Chapter 7 Harmonic Vector Fields in CR Geometry

VHy = 71 Vu (the horizontal gradient of u). Also Vu is the gradient of u
with respect to the Webster metric gg i.e., the Riemannian metric

(X, Y)=Gy(X)Y), (X, T)=0, g(T,T)=1, (7.41)

forany X,Y € H(M), and gy : T(M) — H(M) is the projection relative to
the decomposition T(M) = H(M) @ RT. The sublaplacian is degenerate
elliptic (in the sense of J.M. Bony, [58]) and subelliptic of order 1/2 (cf.
G.B. Folland, [118]) hence hypoelliptic (cf. L. Hérmander, [171]). Let us
assume that M is compact and consider the energy functional

1
E(¢) = E/tracecg (TP h) W (7.42)
M

where mwyB denotes the restriction to H(M) of the bilinear form B.
Here E is defined on the set of all C* maps ¢ : M — S from M into a
v-dimensional Riemannian manifold (S, k).

Definition 7.34 A pseudoharmonic map is a C* map ¢ : M — S such that
{dE(¢p;)/dt}i=0 = O for any smooth 1-parameter variation ¢; : M — S of ¢

ie., ¢o = ¢. ]

Let us set
2n

(Hi$)' = =2+ (T o) Xu@ HXu(@h), 1=i=v.
a=1

The Euler-Lagrange equations of the variational principle §E(¢) =0 are
Hy(¢) = 0 (cf. [25]). Let ¢ : M — S be a pseudoharmonic map. Let (U, x)
and (V,y") be a local coordinate systems on M and S such that ¢ (U) C V.
Let {X,:1 < a < 2n} be local Gg-orthonormal frame in H(M) defined on
the open set U. As a consequence of the nondegeneracy of M the vec-
tor fields {(dp) X, : 1 < a < 2n} form a Hérmander system on Q2 = ¢(U) C
R2"+1 where @ = (x!, ..., 22", As the formal adjoint of X, = bfa/axA
with respect to W is given by X u= —0 (bfu) JoaxA — baBFﬁBu one may
conclude that f=¢op~!:Q — S is a subelliptic harmonic map if and
only if Lf'=0 in Q where L is the (purely local) first order differen-
tial operator Lu = Ziil baBFﬁBXau and Fﬁc are the local coefficients of
the Tanaka-Webster connection of (M,60) with respect to (U, x). If for
instance M = HI, (the Heisenberg group, cf. e.g., [110], p. 11-12) then L=0
and the two notions coincide.
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To demonstrate a class of pseudoharmonic maps, we look at d-
pluriharmonic maps of a nondegenerate CR manifold into a Riemannian
manifold. We need a few additional notions of pseudohermitian geometry
(cf. e.g., [110], Chapter 1). The tangential Cauchy-Riemann operator is
the first order differential operator

3p: C®° (M) — (T 1 (M)*)

defined by (3,f)Z = Z( f) for any C* function f: M — C and any Z €
T;0(M). A (0,1)-form is a C-valued differential 1-form n on M such that
Tio(M)In=0and T |n=0. See also the preparation of CR geometry
earlier in this chapter.

Definition 7.35 A (1,1)-form is a C-valued differential 2-form @ on M
such that

w(ZW)=w(Z,W)=0, T|w=0,
for any Z, W € Ty o(M). [ ]

Definition 7.36 Let A%'(M) — M and AV (M) — M be the corre-
sponding vector bundles. Besides from 9, we define the differential
operator

3 : DA (M) — 1A (M)

as follows. Let 1 be a (0,1)-form. Then 9pn is the unique (1,1)-form on
M coinciding with dn on T1,0(M) ® To.1(M). [ |

Definition 7.37 A C? function u: M — R is said to be dy-pluriharmonic if
0,01 = 0. [ ]

Cf. [102] or Section 5.6 in [24], p. 112. The notion of a -
pluriharmonic function admits a natural generalization to smooth maps
¢ : M — S with values in a Riemannian manifold.

Definition 7.38 (R. Petit, [255]) The second fundamental form of ¢ is
given by

Bo(X,Y) = (¢ 'V xsY — 9 VxY, X,Ye€X(M). (7.43)
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As to the notations adopted in (7.43), V" is the Levi-Civita connection of
(S,h), V is the Tanaka-Webster connection of (M, 8), and ¢, X is the cross-
section in the pullback bundle TS —> M given by (¢« X)y = (dxp) X
for any x € M. Also ¢~ V" is the connection in ¢~! TS — M induced by
V' i.e., locally

@' V0,50 = 22 (o) x.

axA
Here (U,x?) and (o, yi) are local coordinate systems on M and S respec-
tively (with ¢(U) C w), d4 is short for 3/dx, ¢' =y o ¢, and X; is the
natural lift of 8/8)/" ie., Xi(x) = (a/ayi)¢,(x) (so that {X;:1<i<v}isa
local frame in ¢~ ' T'S — M defined on the open set ¢~ (1)).

Definition 7.39 We say ¢ : M — S is 8-pluriharmonic if

Bop(X,Y) + Bp(JX,JY) =0 (7.44)
for any X,Y € H(M). ]

Equivalently ¢ : M — S is j-pluriharmonic if and only if Bo(Z,
W) = 0 for any Z, W € Tj o(M). This may be locally written

(0509 (2, W) + Z(¢Y W ($") Tjj 0 =0

hence if S=RY then 9,0,¢' =0 ie., each ¢' is a 5h—pluriharmonic
function. We may state

Proposition 7.40 (Y. Kamishima et al., [103]) Let M be a strictly pseudo-
convex CR manifold and S a Riemannian manifold. Then every dy-pluriharmonic
map ¢ : M — S is a pseudoharmonic map.

For a proof one may see [103].

As largely reported on in this monograph, the theory of harmonic vec-
tor fields on a Riemannian manifold M was started by G. Wiegmink,
[309], and C.M. Wood, [316], starting from the observation that the total
space T'(M) of the tangent bundle over a Riemannian manifold (M,g)
carries a Riemannian metric G, naturally associated to ¢ (the Sasaki met-
ric). Then one could consider the ordinary Dirichlet energy functional
E(X) = % 1 trace (X* Gy)dvol(g) defined on C°(M, T(M)). As it turned
out, a vector field X : M — T(M) is a harmonic map, i.e., a critical point
of E for arbitrary smooth 1-parameter variations of X if and only if X is
absolutely parallel and the same result is achieved when looking for crit-
ical points of E restricted to the space of all smooth vector fields X (M)
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(cf. Chapter 2 of this monograph). A new and wider notion of harmonicity
was however obtained by looking at unit vector fields X and by restrict-
ing oneself to variations of X through unit vector fields. A rather different
theory (of harmonic vector fields) was seen to arise, aspects of which (e.g.,
stability of Hopf vector fields on spheres, the interplay with contact geom-
etry) were subsequently investigated by many authors such as EC. Brito,
[71], D-S. Han et al., [157], A. Higuchi et al., [164], C. Oniciuc, [230],
D. Perrone, [237]-[247], and A. Yampolsky, [323]. A similar approach also
led to the more general theory of harmonic sections in vector bundles
(cf. K. Hasegawa, [159], JJ. Konderak, [193]). Their main results were
reported on in Chapters 2 to 5 of this book.

Inspired by the geometric interpretation of subelliptic harmonic maps
(in terms of the Fefferman metric, cf. [25]) together with the extension
of the harmonic vector field theory to semi-Riemannian geometry (cf.
O. Gil-Medrano et al., [130]) D. Perrone et al. studied a subelliptic analog
to harmonic vector fields, cf. [107]. There one considered vector fields
X € H(M) on a strictly pseudoconvex CR manifold M endowed with a
contact form 6 (with Gy positive definite) such that Gg(X,X) =1 and
the horizontal lift X™ : C(M) — T(C(M)) (with respect to the connection
1-form o € I®(T*(C(M)) ® L(S")) in C.R. Graham, [150]) is harmonic
with respect to the Fefferman metric Fp (which is a Lorentzian metric on
C(M), ct. [203]). By a result in [107] any such X was seen to satisfy

—ApX +4AVIX 421X + 6¢JX = A(X) X (7.45)
where
MX) = —|lmp VX + 4g0 (V1IX, X) 4 200 (1] X, X) + 69 ()X, X).

See also (7.32) in this chapter. This is a nonlinear subelliptic system of vari-
ational origin (actually (7.45) are the Euler-Lagrange equations associated
to the functional By (X) = —% fM)»(X) 0 A (dB)", cf. Theorem 7.32 in this
chapter) yet formally rather dissimilar from the harmonic vector fields sys-
tem in Riemannian geometry. In the present chapter we build (following
[103]) another subelliptic analog to the theory of harmonic vector fields,
starting from the functional (7.42) restricted to the space of all unit vec-
tor fields (with respect to the Webster metric gg) and allowing only for
variations through unit vector fields.
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7.6. THE PSEUDOHERMITIAN BIEGUNG

7.6.1. Total Bending

Related to (7.40), we consider the sublaplacian on vector fields. Let M be
a strictly pseudoconvex CR manifold and 6 a contact form on M such that
Gy is positive definite. If X is a C2 vector field on M then A, X is the vector
field locally given by

, ) . ooxt ) 81"?6 ) ]
i i ki k J s i s i £
(85)' = ApX = 20Ty == —d (axk — 5T+ T30 | XE(7.40)

where X = X'9/9x" and F}k are the coefficients of the Tanaka-Webster

connection V of (M, 6) with respect to the local coordinate system (U, x')
on M. Also af =g — T"T'/ and [¢] = [g;] ™" where g; = g9(d;, 9)), 9; =
9/3x'. Let

UM, 0) = S(M,go) = {X € X (M) : gp(X, X) =1}
be the set of all C* unit vector fields on (M, gg).
Definition 7.41 The pseudohermitian biegung (or fotal bending) is the
functional By : U(M,0) — [0,+00) given by

1
Bu(X) = E/ IVEX 2w, Xel(M,b). (7.47)
M

Here VI X e T®(H(M)* ® T(M)) is the restriction of VX to H(M). m

The biegung (7.47) is a pseudohermitian analog to R. Wiegmink’s total
bending (cf. [309]) of a vector field on a Riemannian manifold (and By (X)
measures the failure of X to satisty Vy X = 0 for any Y € H(M)). We adopt
the following definition.

Definition 7.42 A subelliptic harmonic vector field is a C°° unit vector field
X e U(M,0) which is a critical point of By with respect to 1-parameter
variations of X through unit vector fields. |

For simplicity, we assume that M is compact (otherwise we may mod-
ity the definition (7.47) by integrating over a relatively compact domain
€ C M and consider only variations supported in €2). Subelliptic harmonic
vector fields will be shown to satisfy the nonlinear subelliptic system

AyX — |IVEX|PX =0, (7.48)
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(the Euler-Lagrange equations of the constrained variational principle asso-
ciated to (7.47)). The pseudohermitian biegung (7.47) is related to the
functional (7.42). To see this we need the CR analog to the Sasaki metric.

7.6.2. Tangent Bundles over CR Manifolds

Let 7~ TM — T(M) be the pullback of the tangent bundle, where 7 :
T(M) — M is the projection. If X is a vector field on M, then X=Xo
7 is as usual the natural lift of X. Let 0 be a contact form on M with
Gy positive definite. The Tanaka-Webster connection V of (M, ) induces
a connection V in 7' TM — T(M) which one describes as customary
in local coordinates. Let (U,X") be a local coordinate system on M and
(JT_1(U),xi,yi) the naturally induced local coordinates on T(M). Let X;
be the natural lifts of 3/0%". Let F;,\ be the local coefficients of V with

respect to (U, x%). Then Vis locally given by

Vi, Xe = (M o)X, @éij =0, (7.49)
where 8; = 8/0x" and 8; = 3/dy’ for simplicity. The following constructions
(leading to the CR analog Sp of the Sasaki metric) are formally similar to
those in Chapter 1 (and reported here for the convenience of the reader).
Let L= YiXi be the Liouville vector. A tangent vector field X on T(M) is
horizontal if Vy £ = 0. A calculation based on (7.49) shows that X = X'79; +
XMy, is horizontal if and only if X+ = —I\G-i?{ /. Here Nji = F;kyk and
m=2n+1. Let

H,={X, : X horizontal}, ue€ T(M).
Then
§i=0;—Nidj, 1<i<m, (7.50)

is a local frame of H — T(M) on 7' (U) hence H is a C* distribution
of rank m on T'(M) and

T(T(M)) =H @ Ker(dm). (7.51)
Thus the restriction to ‘H of

L:T(T(M)— 7 'T™M, L,X=(d,m)X,
X eT,(T(M)), ueT(M),
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is a bundle isomorphism whose inverse is denoted by 8 : 7~ TM — H (the
horizontal lift associated to V). Let y : w1~ TM — Ker(dm) be the vertical lift
i.e., locally y X; = 9;. The Dombrowski map is the bundle morphism

K:T(TM)—» 7 'TM, K=y 'oQ,

where Q: T(T(M)) — Ker(dm) is the projection associated to the decom-
position (7.51). The given data induces a Riemannian metric Sgp on T(M)
given by

So(X,Y) =g9(LX,LY) +g9(KX,KDY), X,V e T(TM)).

As well as in Riemannian geometry (cf. D.E. Blair, [42]), Sp is referred
to as the Sasaki metric of (M,60). The total space of the tangent bundle of
a strictly pseudoconvex CR manifold possesses a rich geometric structure
whose investigation is (as opposed to the Riemannian case, cf. [42] and
references therein) far from being complete. For instance, note that the
Riemannian manifold (T (M), Sp) carries the compatible almost complex
structure

JBX)=yX, JyX)=-BX, Xen 'TM.

A simple calculation shows that the Nijenhuis tensor field of | is given by

Nj(BX,BY) = yR(X, V) L+ BT(X,Y),

Nj(y X, BY) = BR(X, V)L -y T(X.Y),

Ni(yX,yY) = —yR(X, V)L - BT(X.Y),
for any X, Y € 7~ TM. Here

R(X,Y)Z=RY(BX,BY)Z, T(X,Y)=T"(BX,BY).
Also RY is the curvature tensor field of V and TV is defined by
TV(X, ) = Va LY — VyLX — LX)

for any tangent vector fields X,) on T(M). As the Tanaka-Webster

connection has torsion, | is never integrable.

7.6.3. The First Variation Formula
Let us consider the functional E : C*°(M, T(M)) — R given by

1
E(¢p) = 3 / tracec, (TH¢*So) W

M
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where my¢*Sp denotes the restriction of the bilinear form ¢*Sy to
H(M) ® H(M). We shall show that

Theorem 7.43 Let M be a compact strictly pseudoconvex CR manifold and 0 a
contact form with Gy positive definite. Let X be a smooth vector field on M. Then

E(X) = nVol(M,8) + B (X), (7.52)

where Vol(M,0) = f?\/[ W. Consequently 1) E(X) > nVol(M, 0) with equality if
and only Q(VHX =0. Also i) X : (M,0) — (T (M), Sp) is a pseudoharmonic
map if and only if VX = 0. Let us assume additionally that X € U(M,0) and
let X : M x (—=38,6) = U(M,0) be a smooth 1-parameter variation of X through
unit vector fields (X (x,0) = X(x), x € M) and let us set V' = (0X;/08)s=0
where X(x) = X (x,1), x € M, |t] < 8. Then iii) go(V,X) =0 and

d
B <0 = / @V, X)W, 7.53)
M

Consequently iv) a C°° unit vector field X on M is a subelliptic harmonic vector
feld if and only if X is a C™ solution to (7.48).

Statement (ii) extends a result by T. Ishihara, [176], and O. Nouhaud,
[223], to the subelliptic case.

Proof of Theorem 7.43. Letx € M and {E, : 1 < a < 2n} be alocal orthonor-
mal (with respect to Gg) frame of H(M), defined on an open neighborhood
of x. If E; = A,3/3%/ then

(dX) Eqe = () {8 + [(V;X') 0 7101}y
where §; are given by (7.50) and VJ'X{ =0X'/0x/ + ijXk. Then

2n
(tracec;g JTHX*SQ)x = Z(X*SQ)(E(J’ Ea)x

a=1

= Z S@,X(x) ((dxX)Ea,m (dxX)Ea,x)

a

=Y 2 @A (S5(8. 8) + (VXD (VX Sp(Br. 39} x o

= {90 (Ea E) + A A (VX (VX)) gk
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Let T=T13/0x. As Y2 Ar] =g — TV it follows that

a=1

tracec, (T X*Sp) = 2n+ | VX|* — |V X|?

where |VX|? = ¢/(ViX*)(ViX ) gee. As {E;: 0 <j<2n} (with Eg=T)
is a local gg-orthonormal frame of T(M) one also has IVX|? =
Zizﬁogg (Vi X, VE;X) hence (7.52). Clearly (7.52) yields statement (i) in
Theorem 7.43.

Let us prove (ii). If VX = 0 then X is a pseudoharmonic map and an
absolute minimum for E in I'°(M, T'(M)). Vice versa, let us assume X is
a pseudoharmonic map of M into the Riemannian manifold (T'(M), Sp).
Thus {dE(X;)/dt};=0 = 0 for any smooth 1-parameter variation X;: M —
T(M) of X (Xp=X). In particular for the variation X;(x) = (1 — )Xy,
x €M, |t| <€ (by (7.52))

dE(X
o JEX)
dt

d
= - {nVol(M.0) + B (X0} =0
=0

d | (—02
= ( 2> /IIVHXIIZ‘IJ =—/||VHX||2w.
M t=0 M

Let X e U(M,0). To prove the first variation formula (7.53), we need
some preparation. Let N = M X (—4,6) and let p: N — M be the projec-
tion. Let p~ ! TM — N be the pullback of the tangent bundle T(M) — M
by p. Then X may be thought of as a C* section in p~!TM — N. If
Y is a tangent vector field on M we set Y = Y op. The Webster metric

gp induces a bundle metric g in p~!' TM — N uniquely determined by
§9(1A/, 7) =gy(Y,Z)op. Also let D be the connection in p~!TM — N
induced by the Tanaka-Webster connection V. Precisely let Y be the
tangent vector field on T'(M) given by

Yo = (dui) Y, x€M, |t <8,
where i; : M — N, i;(x) = (x,f). Then D is determined by
DyZ=VyZ DyaZ=0, Y.ZeT(M).
Moreover a simple calculation shows that Dgg = 0 and

(D3 X) vy = (Vy Xy, (x,1) € N.
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Then
1 2n
B (X;) = 3 / Z§9 (Ve X, VE X)W (x)
M 021
1 A
e / D& (D, X, D X)W ()
M ¢
hence

d .
d_tBH(Xt) = /de(Da/athaX, Dg X)(x,n ¥ (x)
M
=/Z§9(DEQD3/3:X, Dg X))V (%)
M a

as RP(8/91, E,))X =0 and [8/d1, E,] = 0. Moreover (by Dgyg = 0)

d ~ .

EBH(Xt) =fZ{Ea(ge(Da/atX, D X))
M
— 30 (Dya:X, Dg D )} W (x).

For each fixed || < § we define Y; € H(M) by setting
Go(Yi, Y)x = g9 (Dy 51X, D X) (1)
forany Y € H(M) and any x € M. Then (by Vgg = 0)

Eo(30(Do3:X, Dp, X)) = Ea(go (Ys, Ed))
=46 (vEﬂ Yﬁ Ed) +g9 (Yt’ anEa)~
As VW = 0 the divergence operator (see Section 2) is also given by
2n

div(Y) = trace{Z > VzY} =Y (V5 Y, E).
=0



400 Chapter 7 Harmonic Vector Fields in CR Geometry

Finally (by Green’s lemma)

d .
E{E(Xt)}tzo = —/ge (DyyasX, Z{DEdDEHX - D@EX})(&O)‘I’(@
M a

= /ge(V, ApX) W (x)
M

and (7.53) is proved. If X is a critical point i.e., {dE(X;)/dt};=0=0
then (7.53) together with the constraint gg(17,X) =0 (obtained by dif-
ferentiating go(X;, X;) = 1 at t = 0) imply that Ay X = —AX for some A €
C®(M) and taking the inner product with X shows that A = gy (A, X, X) =
IVHX|?. Theorem 7.43 is proved.

See also B. Franchi & E. Serra, [120], who studied subelliptic harmonic
vector fields on domains in R?. Precisely [120] considers the Dirichlet prob-
lem —HU = |XU]?U in , |[U|=1 in , and U= U, on 9%, where
Q C R? is a bounded open set whose boundary 9§ is a smooth simple
closed regular curve, H = Xl2 +X22 is the Hormander operator (sum of
squares of vector fields) associated to the Hormander system X = {Xj, Xo}
given by Xj = 8/9x", Xo =x'9/8x%, and Uy : 92 — S' is a smooth func-
tion. The authors establish uniqueness and smoothness of the solution U
to the above problem (by a lifting argument relying essentially on their
assumption deg(Uy, 9€2) = 0). |

7.6.4. Unboundedness of the Energy Functional

Under the assumptions of Theorem 7.43, we may prove the following

Corollary 7.44 The characteristic direction T of d6 is a subelliptic harmonic vector

field and an absolute minimum of the energy functional E : U(M,0) — [0,400).
Moreover, for any nonempty open subset 2 € M and any unit vector field X on
M such that X € H(M) there is a sequence {Y, }y>1 of unit vector fields such that
each Yy coincides with X outside Q2 and E(Y,)) — 00 for v — 00. In particula,
the energy functional E is unbounded from above.

Proof. The first statement in Corollary 7.44 follows from VT = 0 (and then
E(T) = infxeym,0) E(X) = nVol(M,0)). To prove the second statement
let h=(x',...,x™) : U — R™ be a local coordinate system on M such that
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UCQ, h(U) D [—2m,27]" and X = 3/dx" on U (cf. the proof of the clas-
sical Frobenius theorem, e.g., [235], p. 91-92). Moreover, let ¢ € C{°(M)
be a test function such that i) 0 < ¢@(x) <1 forany x€ M, ii)) ¢ =1 1in a
neighborhood 1 of the compact set K = h~'([—m,]™) such that ' C U,
and iii) ¢ = 0 outside h_l([—2ﬂ’,27‘[]m). Foreachv € Z,v > 1, let f, be the
C™ extension to M of the function sin(vx') (thought of as defined on the
closed set 17) and let us set &, = @f,. Next let us consider the C* vector
field

Y, = (cosay) X + (sinay,) T, v >1.

Then Y, is a unit vector field coinciding with X outside 2. As we may
complete X to a local frame of H(M) (and VT =0, 8(VxX) =0)

IVIY, 117 = g6 (Vx Yo, Vi Vi) = X(@)® + (cos” @) | Vx X[|* = X(@y)?.
On the other hand X(a) = X(¢)f, + @v(cos vx!) on U so that X(,) =
veosvx! on IV O K. Hence

2E(Y,) > f IVEY, |2 W > /X(av)z\lf = vZ/cos2(vx1)\I’.
K K K

If dvol(gp) =/ G(x) dx' A -+ Adx™ is the Riemannian volume form of
(M, g9) (with G(x) = det[g;i(x)]) there is a constant ¢, > O such that W =
¢y dvol(gp) (and ¢, =2"n!, cf. [293]). Let us set a = infyeg 4/ G(x). Then
a> 0 and

/cosz(vxl)\ll > ac, / cos> (i) dt! - df" = 2" Tl (27)".

K [—m,m]™

Hence E(Y,) > a2"2n! (27)"v — 00 for v — 00. [ |

S) 7.7. THE SECOND VARIATION FORMULA

Let X e UU(M,60) and let us consider a smooth 2-parameter varia-
tion of X

V:MxI— TM), Is=(=87), §>0,
Xs=Yoir, tsels, Xoo=X.

Here we set N =M X 152 and i;s: M — N, iy (x) = (x,t,5) for any x € M.
We shall prove the following
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Theorem 7.45 Let V = (0X;/08)¢=s=0 and W = (0X;:/0$);=s=0. Let
us assume that X;; € U(M,0) for any t,se ls. If X e U(M,0) is a smooth
subelliptic harmonic vector field then

82

B} = / (V. AV — [VIXPW)W.  (7.54)
M

In particular for any smooth 1-parameter variation of X

d2
5 (Bu(X0) =y = Va2 = IvEX 2 V)12 w. (7.55)
M

The identity (7.54) is the second variation formula (of the pseudohermi-
tian biegung). To prove Theorem 7.45, let p: N — M be the projection
and p~!'TM — N the pullback of T(M) by p. Then ) is a C* section in
7' TM — N. Let g and D be respectively the Riemannian bundle metric
induced by gy and the connection induced by the Tanaka-Webster connec-
tion V in 7' TM — N. Similar to the conventions adopted in the proof
of Theorem 7.43 we set

i/v(x,t,s) = (dxit,s) Y.X'7 xeM, t,s € Ig.
For simplicity we set T =9/dt and S = 9/3s (T,S € X*°(N)). Then (by
D§9 = O)

9 > A
o, Br (i) = / > &(DrDg Y, Dy )W = f Y & (Dg DrY. D V)
M =1 M

due to
[T, E,]=0, RP(T,E)Y=o.

Then
azB(X)—/ZaA(D~DJ}D~y)\IJ
gsar T | gt RS TR

M

=/Z{§9(DSDEHDTJ), Dy V) +g(Dg, D1, DSDan)}‘IJ
M a

(7.56)
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(as [S, E,] = 0 and RP(S, E,)Y = 0)
= fz {é@(DgﬂDSDﬂry, Dg Y) + g (Dg, DrY, DgaDsy)} v
M a
= [ S {E@(DsDrY. DY) - 0(DeDrY. Dy DY)
M a
+Ey(40(DrY, Dy, DsI)) = 0 (DrY, Dy, Dy, DY) | w.
For each fixed (t,5) € 152 we define Y;; € H(M) by
Go(Yis, Z)x =20(DsD1Y, D)) (xr5), £ € H(M).
Then

Y Ei((DsD1Y. Dp V) =Y Eu(g0(Yess E)) o p

= Z {g@ (VEa Yt,s: Ea) +g@(Yr,57 VE,,Ea)} op

a

=div(Y, ) op+2s (DSDW ’ ZDﬁy ) '

Similarly, given Z;; € H(M) determined by

Go(Zss, Z)x = 39(D1Y, D5 DsY) (x.15)

one has

> E, ( 2 (DTJ), DEaDsy»

a

=div(Z,) op+3s (quy, > Dmbgy).
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Going back to (7.56) one has (by Green’s lemma)

2

ad
@ {BH(Xt,S) }[:3:0

= / {§9 (DsDTy, > Doy - D;EaD,;ay}>
M ¢

+ % (quy, > {DgDsY — Df;aDj;aDsy}> } v

t=s=0

= /{g@(U, ApX) +g9(V, Ay} W
M

where we have set U = (82X[,5/3t83)t2320. Moreover (by differentiating

Y, Y)=1)

20U, X)x =20(DsD1Y, V) (x,0,0)
={S( g (D1Y,Y)) — 8 (D1Y, DsI)}(x,0,0) = —go(V, W),

and (as X 1s subelliptic harmonic i.e., a smooth solution to (7.48))

82
e {Bu(Xi)},_._o= /{”VHX”ng(U,X)+g9(V,AbW)}‘IJ
M

_ /ge(V, AW — VX)W

M

and (7.54) is proved. Finally given an arbitrary smooth 1-parameter varia-
tion X : M x Is = T (M) of X through unit vector fields the identity (7.55)
follows from (7.54) for the particular 2-parameter variation ) : M X I5j» —
T(M) given by V(x,t,5) = X(x,t+5) for any x € M and any t,s € I5)>.
Indeed

d2
7 {Bu(Xo}i=o = /ge(V, AV = [VEX[P1T)W. (7.57)

M
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On the other hand, for any smooth vector field IV on M
2n
— MlVIP =D HEENVIP = (VEEDI VI
a=1

=2 {Ego(VE,V. V) — g9 (Vy5, V. 1)}

a
=2 {e(VE,VE V. V) + g (VEV. VEV) — g6 (Vyg,r, V. V)
a

hence
Al VI =2{go (A V, V) — [IVE V2. (7.58)

The identity (7.58) is an obvious pseudohermitian ananlog to (2.23) in
Lemma 2.15 (cf. Chapter 2 of this monograph). Now (7.55) follows from
(7.57)—(7.58) and Green’s lemma.
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This chapter is devoted to the study of harmonic vector fields on semi-
Riemannian manifolds with an emphasis on the Lorentzian case. There
are quite a few books on semi-Riemannian geometry. We follow mainly
the conventions and notations in B. O’Neill, [229], and J.K. Beem & PE.
Ehrlich, [31]. For the general relativity notions one may consult R. Adler
et al., [10], M. Gockeler & T. Schiicker, [136], and Chapter IV in S. Ianus,
[174]. See also E. Barletta et al., [24], p. 37—43, for a foliation theoretic
approach. The results we report on are mainly due to O. Gil-Medrano &
A. Hurtado, [130].

S) 8.1. AFEW NOTIONS OF LORENTZ GEOMETRY

Let (M,g) be an n-dimensional semi-Riemannian manifold of index
1 <v<n—1. A tangent vector v € Tx(M) \ {0} is timelike (respectively
nonspacelike, null, or spacelike) if g.(v,v) <O (respectively if g.(v,v) <O,
gx(v,v) =0, or g.(v,v) > 0). A continuous vector field X on M is timelike if
(X, X)) <0 for any x € M.

Let (M, g) be a Lorentzian manifold i.e., a semi-Riemannian manifold of
index v = 1. In general (M, ¢) may fail to admit a globally defined timelike
vector field. If (M,g) does admit a (globally defined) timelike vector field
X then (M,g) is said to be time oriented by X. A time-oriented Lorentzian
manifold is a space-time. In the spirit of semi-Riemannian geometry and
in order to develop a theory suitable for applications in general relativity, a

Harmonic Vector Fields. DOI: 10.1016/B978-0-12-415826-9.00008-0
(© 2012 Elsevier Inc. All rights reserved. 407
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space-time M is customarily assumed to be 4-dimensional and noncompact.
In any case if M is compact then it cannot be simply connected. Indeed if
M were compact and w1 (M) = 0 then the first Betti number would van-
ish (H!'(M,R) = 0). By the Poincaré duality the third Betti number would
vanish as well (H>(M,R) = 0). Consequently the Euler-Poincaré charac-
teristic would be positive x (M) > 0 in contradiction with the fact that M
carries a nowhere zero globally defined vector field.

On a space-time (M,g, X) nonspacelike tangent vectors are divided
in two classes, as follows. Let v € T (M) be a nonspacelike vector i.e.,
v# 0 and g.(v,v) < 0. Then v is future directed (respectively past directed) if
9:(X,,v) < 0 (respectively if g.(Xy,v) > 0).

The space of all Lorentz metrics on M is denoted by Lor(M). It is well
known that the space of all Riemannian metrics on a compact manifold
(thought of as carrying the compact-open topology) is contractible, as is the
space of all Riemannian metrics of given total volume. Also (by the Gram-
Schmidt process) it may be shown that if the manifold is parallelizable,
then for any Riemannian metric there is a globally defined orthonormal
frame. The same properties translated into the Lorentzian realm decidedly
fail to hold. For instance on a compact manifold M the space Lor(M) has in
general many connected components C with 71(C) # 0 (cf. P. Mounoud,
[217]).

A smooth curve C: (a,b) = M in a semi-Riemannian manifold (M, ¢)
is timelike (respectively nonspacelike, null, or spacelike) if its tangent vector C(1)
is timelike (respectively nonspacelike, null, or spacelike) for any a < t < b.
Let V be the Levi-Civita connection of (M,g). Let C: (a,b) = M be a
geodesic of V. Then

d . . . .
P {gci(CO, C)} =2gc0) (VO e, C1) =0.

Consequently if C(fp) is timelike (respectively null or spacelike) for some
a <ty < b then C(f) is timelike (respectively null or spacelike) for any other
value of the parameter a < r < b.

Let (M, g, X) be a space-time and C: (a,b) = M a nonspacelike curve
(i.e., gc(t)(C(t),C(t)) <0 for any a <t <b). We say C is future-directed
(respectively past-directed) if the tangent vector C(f) is future-directed
(respectively past-directed) for any a < ¢ < b.

Definition 8.1 Let (M,g) be a space-time and x,y € M. We write x < y
if there is a smooth future-directed timelike curve joining x and y. Also we
write x < y if either x = y or there is a smooth future-directed nonspacelike



8.1. A Few Notions of Lorentz Geometry 409

curve from x to y. The chronological future and the chronological past of x are
respectively the sets

ITw={yeM:x<y}, I"'®)={yeM:y<Lx}.
The causal future and causal past of x are respectively the sets

]+(x)={y€M:x§y}, J )={yeM:y=<x}.

The relations << and < on M are transitive. Also
x<Lyand y<z=—=x <Kz,
x=<yad yKz=—=x<K3,

cf. e.g., [31], p. 22. If there is a future-directed timelike curve joining x
and y then there is an open neighborhood U € M of y such that any point
of U may be reached from x by a future-directed timelike curve (cf. [31],
p. 22). Consequently, for any point x € M the sets I (x) are open in M.
As it may be shown by examples, in general the sets J=(x) are neither open
nor closed.

When x € I'"(x) there is a timelike loop at x and the space-time (M, g)
is said to have a causality violation.

Example 8.2 If the cylinder M = S! x R is endowed with the Lorentzian
metric ¢ = —df ® df + dt ® dt then the circles t = constant are closed
timelike curves in (M, ¢) hence I (x) = M for any x € M.

Definition 8.3 Let (M, g) be a space-time. We say (M, g) is chronological if
there are no closed timelike curves in M i.e., x & I'"(x) for any x € M. Also
(M, g) is referred to as causal if it contains no closed nonspacelike curves. B

Example 8.4 Let M = S' x R carry the Lorentzian metric ¢ = df © dt =
%(d@ ®dt+ dt ® df). Then (M,g) is a chronological space-time which is
not causal.

By a well-known result (cf. e.g., Proposition 2.6 in [31], p. 23), com-
pact space-times do contain closed timelike curves and hence fail to be
chronological.

Definition 8.5 Let (M,g) be a space-time. We say (M,g) is distinguishing
if given x,y € M

T =1 or T () =1 () = x=y.



410 Chapter 8 Lorentz Geometry and Harmonic Vector Fields

Therefore in a distinguishing space-time, distinct points have distinct
chronological futures and distinct chronological pasts.

S 8.2. ENERGY FUNCTIONALS AND TENSION FIELDS

We follow the exposition by O. Gil-Medrano & A. Hurtado, [130].
Let (M,g) and (N, h) be two semi-Riemannian manifolds and ¢ : M — N
a smooth map. Let Ly € I'**(T*(M) ® T(M)) be determined by

Ly X, Y) = (") (X,Y), X,Y € X(M).

Let then e(¢) € C°°(M) be defined by e(¢) = (1/2) trace(Ly). If {E;:<
i < n} is a local g-orthonormal frame defined on an open set U € M then

1 .
e(¢) = Ege’ (") (E;, E)

on U where €; = g(E;, E;) € {£1}. Let us assume that M is oriented. Given
a relatively compact domain 2 C M we define the energy functional

Eq(¢) = / e(¢)dvol(g).

Q

For a local coordinate system (U,x") on M one of course has dvol(g) =
JTaldx" A+ A dx" on U where a = det[g;;]. The Euler-Lagrange equations
corresponding to the variational principle § Eq(¢) = 0 are T,(¢) = 0 where
T,(¢) € QU@ 'TIN) is locally given by

n

T,(p) = Zéi {(¢_1 V") ¢« E; — ¢*VE,E'}

i=1

on U. Here V and V" are respectively the Levi-Civita connections of
the semi-Riemannian manifolds (M,g) and (N,h) while ¢_1Vh is the
connection induced by V" in the pullback bundle ¢ ' TN — M.

As in Section 7.1 of this monograph we may consider the Sasaki metric
G; on T(M) associated to the semi-Riemannian metric g. Then G; is a
semi-Riemannian metric of index 2v. This is usually referred to as the
canonical metric (in [107]) or the Kaluza-Klein metric (in [130]) on T(M). Let
IV: M — T(M) be a smooth tangent vector field, thought of as a map of
the semi-Riemannian manifolds (M,g¢) and (T'(M), G;). It may be shown
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(by following the arguments in the positive definite case, cf. Proposition 2.3
in this monograph) that

(M GHX,Y) =X, Y) +g(VxV,Vy 1), X,Y € X(M).
Consequently
Ly=1+(VI)'o(VY)

where the transpose is meant with respect to the pointwise inner product g
(similar to (2.5) in Chapter 2). It follows that

Eq(V) = ngl(sz) +%/g*(v V,VV)vol(g).
Q

See also Section 7.3 of this book. By a result in [130] the tension field of 17
may be locally written

n

w) =Y le®REsv. ME)" = (a0) o 6
i=1

on U where A, is the rough Laplacian i.e., locally

n n
AgV = — Zéi (VEI-V V) E =— Z Ei{inVE{ V— VinEi V}
i=1 i=1

on U. Cf. again Section 6.3. Also, if X € X(M) then X", X" € X(T(M))
are the horizontal and vertical lifts of X. The proof of (8.1) is formally
similar to that of (2.21) in Proposition 2.12 and the reader will encounter
no difficulty in supplying the details. As in Chapter 2, the identity (8.1) may
be used to show that for a critical point IV € X (M) of the energy functional
Eq : C®°(M, T(M)) — R one must have

/g*(V V,V17)dvol(g) = 0.
Q
As g is not positive definite, one may not conclude at this point that I/

is parallel (and a case by case discussion based on causal characters will be
necessary).
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S 8.3. THE SPACELIKE ENERGY

Let (M,g) be an n-dimensional space-time and Z € I'*°(S_1(M,g))
a reference frame (i.e., a unit timelike vector field on M). We set

Az =-VZ, Pz(X)=X+4+9X,2)Z, XeX(M).
Also let us set A’Z = A o Py for further use.

Definition 8.6 The function
~ 1
b(Z) = Eg*(z‘l/ LAY € C(M)

is called the spacelike energy density of Z while for each relatively compact
domain Q C M

Bo(2) = / b(Z)dvol(g)
Q
is referred to as the spacelike energy of Z. If M is compact and £ = M, we
write simply By (Z) = B(Z). |

Let (RZ)L c T(M) be the orthogonal complement of RZ. As Z
is timelike, the distribution RZ is nondegenerate, hence T(M) =RZ &
(RZ)+ and the restriction of g to (R2)* is positive definite. Let {E, :
1<a<n—1} be a local g-orthonormal frame of (RZ)L defined on
the open set U C M. Then {E;: 1 <i<un}={E,...,E,—1,Z} is a local
orthonormal frame of T'(M). As

A E; = Vg Z —g(E, Z)V 2 Z

the spacelike energy density of Z is locally given by

n—1

~ 1
WZ) =5 8(VE, 2 VE,7) (8.2)

a=1
on U. As €, =¢(Z,Z) = —1 it follows that
O = EO[ (g(Z9 Z)) = Zg(VEa 27 Z)
hence Vg, Z € (R2)+L. Using (8.2) and the fact that g’(RZ)i is positive
definite it follows that

Proposition 8.7 Let (M,g) be a space-time. For any reference frame Z €
['°(S-1(M,g)) one has b(Z) > 0. Also Bo(Z) = 0 for any relatively compact
domain @ C M and Bo(Z) = 0 if and only if A’ = 0 on Q.
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A simple formula relates the ordinary energy and spacelike energy
functionals

1 1 n
«(2) = race g +g(VZ,V Z)] = 5 + 5 > €ig(VE 2, Vi, Z)
i=1
(byeg =---=€,-1 =1=—€, and (8.2))
» 1
— g +0(2) = 58(V2ZV 22)
hence
< 1
Eq(Z) = gVol(Q) +Ba(2) -5 / WAy Z, Az Z)dvol(g). (8.3)

Q

Our next task is to derive the first variation formula for the spacelike energy
functional Bg. We follow the presentation in [130].

Lemma 8.8 For any referencefmme Z eI (S1(M,g9)

h(Z) = {trace (A 0Az)+4(V22Z,V,2)}. (8.4)
Proof Let {Ei:1<i<n}={Ey:1<a=<n—1}U{Z} be a local ortho-
normal frame of T'(M). Then

trace ZoAZ Ze,g((A 0Ay)E;, E))

_ %g((z‘ltz 0 Az) Eu,Fy) = ¢((A% 0 Az) 2. Z)

a=1

= Zg(an Z, VEQ Z) —g(VZZ, sz)

o

(by (8.2))
=20(2) —g(V 1 Z,N 1 7).
|

Let Z: M x (—6,8) = S—1(M,g) be a smooth 1-parameter variation of
Z such that Z(x,0) = Z(x) for any x € M. Let us set Z(x) = Z(x,s) for
any x € M and any [s| < 8. Locally

. 0
Z(x)=f'"(x,5) —| , xeM.
dx!

X
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If X ={dZ/ds},—_ then

X :a—fl(x O)—

X

We also adopt the notation Z, = (dZ;/ds) (s) so that Z) = X.

Lemma 8.9 Let Z be a reference frame on (M, g). Then

di {trace (AtZY o AZS)} = 2trace (AtZV o AZ?)
B 2 g :

for any |s| < 6.

Proof. Let {E;:1 <i<n} be alocal orthonormal frame of T(M). Let us
set

\% 9 =rk 9
E’ax’_ i ok

so that
, ; 0
Vi Zo={ B+ Tt .

g(vE‘ZS k) VEZ)

= E(f)E (f )g]k—I—ZE(fJ)f F © it +ff F ,kgpq’
hence (by [0/0s, Ej] = 0)

d d <
= {trace (ATZS OAZS)} = = Z;éig(vEx'Zs » VEZs)

—226,{ 1( )E(f )g]k’,+ ff Fy ik P‘]

k
(i)
=2 €g(VEZ, Vi Z) = 22%((/1 0 Az)E:, E)
and Lemma 8.9 is proved. [ ]

Lemma 8.10 Let Z € I'(S_1(M,g)) be a reference frame. Then

' V2.7

s 780

d
= {e(V2.2,, V2, 2)} =2¢(VyZ;+Vy Z
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for any |s| < 6.
Proof. Let us set 9 =09/ 9/ for simplicity. One has

V2.2,V 2,2 = fif* o(Vo Zs, Vi, Z)

hence

d
a {g(VZS Zs, VZS Zs)}

oLtk og. f f
=2 ff g(vdes7v3kZS)+ an g(Va,Zs, dezs)

=2{e(V2Z V2 7) + eV 2 2, V 2,7} .

Using Lemmas 8.8 to 8.10
d [+ t /
= {b(Zs)} = trace (A 0 Ay) +9(Vy Z4 V2.2,V 7, Z,)
B s s

for any |s| < §. Therefore we obtain the following first variation formula
Proposition 8.11 (O. Gil-Medrano & A. Hurtado, [130]) Let (M,g)
be a space-time and Z a reference frame on M. Let {Z} <5 be a smooth

1-parameter variation of Z such that Zo =7 and let us set X = Z)=
{dZ/ds}—y. Then
d

“|Bazo}

ds s=0

= / {trace (A% 0 Ax) +9(VxZ+ VX,V Z)}dvol(g)  (8.5)
Q

provided that supp(X) C 2.

Let us consider a local orthonormal frame {Ey:1<a <n—1} of
(RZ)*. Then

trace (A'Z o AX)

n—1
=Y ¢((Al 0 Ax)Eq. Ey) — g((A 0 AX) Z, Z)
a=1
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=Y ¢(AxEq, AzEy) — g(AxZ, A7 2)
o

=Y o(VE,X,VE, Z) — g(V2X,V22)

o

hence the integrand in (8.5) may be locally written as

> Ve, X, Vi, 2) + g(Vx 2.V 2 Z).

o

To proceed further we need a few conventions of tensor calculus. Given a
manifold M there is a unique C%(M)-linear map C:I'*®(T"1(M)) —
C*®(M) such that C(X® w) = w(X) for any X € X(M) and any w €
QY (M). Moreover, if 1 <i<r and 1 <j<s we define a C*°(M)-linear
map

G- DT (M) — T(T~ 1)
as follows. Let A € I'*°(7"*(M)). We set
(C;-'A)(w],...,w“],Xl,...,Xs_l)
= C(Aw',...,0" !, -,a)i,...,a)'_l,Xl,...,Xj_1, XL X))
for any ol,... 0™ e QY (M) and any Xi,...,X—1 € X(M).
Lemma 8.12 Let K € T°(T "1 (M)). Then
(CIVK) X = —trace(K 0 VX) — Sat (8.6)

where o € Q1 (M) is given by a(Y) = ¢(K(X),Y) forany Y € X(M) and doe =
—div(a®).

Here # denotes raising of indices by g i.e., g(aﬁ, Y) =a(Y). To prove
Lemma 8.12 we consider a local orthonormal frame {Ej,...,E,} C X(U)
and set 0'(Y) =g¢(E;,Y) for any Y € X(U). Then VK e I'®(72(M))
may be locally written

VK = (VK E® o’ ® o
for some (VK)}k € C*®(U). It follows that
(VE)(, X) = e X (VE)E @ o
hence

(CIVK)X = C((VK)(-,, X)) = € X (VK. 8.7)
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If X =X'E; for some X' € C®(U) then w/(X) = sin (no summation).
Next

trace(K o VX) = Ze,‘g(K(VX)Eh L))

1

= e(ViX)eK! g(Ep. E))

1

so that
trace(K o VX) = ¥ _(ViX)Kle;. (8-8)
Moreover |
s = —div(@") = — Y €g(VEo, E)

—_ Z el E(a(E)) —a (Vi E)}

= Z el Ei(9(K(X), E)) — g(K(X), V5, E;)}

=—) €g(V5KX,E)

=_ Z €i{¢(VEK)X,E) +9(KVE X, E)}
that is |

S = —trace(K o VX) = Y " €ig(VEK) X, E). (8.9)

1

We wish to compute the last term in (8.9). We have
(VEK)X = €i6;X’ (VK){;.Ek
hence (by (8.7))
Y € g(VEK)X,E) = €, X/ (VK)}; = (C]VK) X

1

and then (6.9) implies (8.6).
We wish to establish the following

Theorem 8.13 (O. Gil-Medrano & A. Hurtado, [130]) For any refer-
ence frame Z € T'°°(S_1(M,g)) and any smooth 1-parameter variation {Z}|s|<¢
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of Z such that Z; € I'(S_1(M, g)) for any |s| < € and Zy = Z, the following first
variation formula for the spacelike energy holds

d )
= {BQ(ZS)}S:O — / (X)dvol(g) (8.10)

Q
provided that { Z}|s<¢ is supported in Q i.e., Supp(X) C Q where X = Z =
{dZ]ds}—o and
bz=—CIVK+(KV,2), K=((VZ)oPy). 8.11)

Consequently, a reference frame Z is a critical point OfBQ if and only if @7 vanishes
on (R2)*.

Cf. also Corollary 3.3 and Proposition 3.4 in [130], p. 88. Here b denotes
lowering of indices by g i.e., for each VV € X(M) the 1-form 1’ e QY (M)
is given by 1P (Y) =g(Y, V) forany Y € X(M).

Proof of Theorem 8.13. We start from the first variation formula (8.5) in
Proposition 8.11. First we compute the term trace (AtZoAX). Let {E, :
1 <a < n— 1} be an orthonormal frame of (RZ)®. Then

n—1

trace (AtZ o AX) = Zg(AtZAXEa, Ey) —g(AtZAXZ, Z)

a=1

=> ¢(VE,X.VE,Z) —g(V2X, V1 2).
o

On the other hand

Y 9(VE,X,VE,Z) = Y ¢((VZ)' o (VX)Eq, Fa)

as Py : T(M) — (RZ)1 is the natural projection associated to the decom-
position T(M) = (RZ) ® (R2)* (i.e., PzEy = Eq and P, Z = 0)

=Y e(V2)' 0 (VX)Eq, PzEq) = »_€:0((V2)' (VX)E;, P£E)

o i=1

(where E, = Zand €y = —€,=1,1 <a <n—1)

=Y €g(PL(V2) (VX)E;, E) = trace[K o (VX))

1
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where K is given by the second formula in (8.11). Hence (by (8.5))

di {Bazo] _ = / {trace (R 0 VX) +¢(Vx Z, V2 2) }dvol(g). (8.12)
) s=
Q
Next (by (8.12) and Lemma 8.12)
d (5 )
“{Ba)}_ = / [(—(CIVR)X = 8a + ¢(Vx 2,V 2 2))

s=

Q
where
a(Y) =g(KX,Y) = g(VZ) 0 P2)'X,Y)
= ¢(X,(VZ)PZy) = g(X,Vp,y Z)
=g9(X,Vy2)+9(Y,2)¢(X,V22)
hence

o = g(X,VZ) + o(X,V22) Z. (8.13)

Let us set V :g(X,VZ)j:I e X(M). Let xe€ Supp(aﬁ) so that x=
lim,,_, o0 %y, for some sequence x, € M such that au(xv) # 0 forany v > 1.
Let (U, x") be a local coordinate neighborhood in M such that x € U. Thus
xy € U for any v > vy and some vy > 1. Let us assume that X(x,,) =0 for
some [ > vg. Then (by (8.13))

y 0
0% o (xp) = Vxp) = g7 (x)e(X, Vo, Z)s, 57| =0
X

a contradiction. Therefore X(x,) # 0 for any v > vy so that x € Supp(X).
We have shown that Supp(a®) € Supp(X) C © hence (by Green’s lemma)
fQ da dvol(g) = 0 and the first variation formula becomes

d - -
HBa(Z)) = [((CIVRX +gUx 2. V220l 19
Q

We ought to compute the term ¢(VxZ,V2). As ¢(Z;, Z;) = —1 one has
(by taking the derivative with respect to s at s = 0) ¢g(X, Z) = 0. Thus

(VxZ,V27Z) =g9(X,(V2)'V 1 2)
=g¢(PzX,(V2)'V2Z) = g(X,P,(VZ)'V 1 2Z)

= (X, ((VZ2) 0 P2)'V,2) = o(X, KV, 2) = (KV,2)’ X
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and (8.14) yields (8.10). As a consequence of (8.10) Z € Crit(Bg) if and
only if

f&Z(X)dvol(g) =0 (8.15)
Q

for any X € ' (R2)1). We may decompose @z as cbﬁz =AZ+Y for
some A € C®(M) and Y € I®((RZ)1). Then (8.15) may be written as
ng(X, Y)dvol(¢) = 0. In particular for X =Y, we obtain (as (RZ)"* is
space-like) Y = 0 and Theorem 8.13 is completely proved. |

Definition 8.14 A reference frame Z € I'*°(S_1(M,g)) is said to be spa-
tially harmonic if for any relatively compact domain £ CC M the restriction
of Z to  is a critical point of Bg. ]

Let us consider the second order elliptic operator D given by
DX = AgX — VxVxX —div(X)Vx X + ((VX) o Px)' VxX
for any X € X(M). We may state the following

Corollary 8.15 Let Z € I'°(S_1(M,g)) be a reference frame. Then Z is
spatially harmonic if and only if DZ is collinear to Z.

Proof. By the very definition of @z
@z(X) = —(C{VK)X + ¢(X,KVZ)
= trace(f( o VX) — div(aﬁ) + 9(X, KV, 2)
for any X € X(M). We shall compute separately each term in the expression
of w7(X). Let {E;: 1 <i < n} be alocal orthonormal frame of T'(M) where

{Eq :1 <a <n—1} is a local orthonormal frame of (RZ)" and E, = Z.
First

n
trace (Ko VX) = > €ig(K(VX)E;, E))
i=1
= Zéig(VE,X, (VZ)PzE)

1.e.,

trace (K o VX) = Z (Vg X, VE, 7). (8.16)

a=1
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Second

div(e") =Y €eig(Vea" E) =Y elE(a(E)) —a(VEE))

=Y el Ei(e(X, VE2) + Ei (¢(Ei, 2)¢(X, V2 2))

1

— (X, Vv, 5 Z) —¢(VEE;, Z)¢(X, V2 Z)}

=Y €lg(VEX,VEZ) +4(X, VEVE Z)) + Z(g(X, V2 2))

1

— > el g(X, Vv, 5 2) +¢(VEEi, 2)9(X, V2 Z))

1

=Y €g(X, V5 VEZ = Vv, 1,2) + Z((X,V22))

1

+ Y el e(VEX, VEZ) — (Vi Ei, 2)g(X, V2 2)}.

1

On the other hand

> €g(VeELZ) =Y el Ei(g(Ei 2)) — g(E;, VE Z)} = —div(2)

hence
div(a®) = — g(X, A 2) + Z(¢(X, V7 Z))

+) €g(VEX, Vi Z) + (X, V2 Z)div(Z). (8.17)

1

Therefore (by (8.16)—(8.17))

trace(K o VX) — diV(O{n) =49(A,Z,X)
—9(X,VzVz2Z)—9(X,Vz2Z)div(Z) (8.18)

for any X € X(M). Finally
(1)2(X) = g(AgZ, X) —g(X, V2VZZ)
—4(X, V2 2)div(Z) +¢(X,KV 2 2)
so that d)uz € X(M) is given by

@, =Dz (8.19)
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An equivalent formulation of Theorem 8.13 is that Z is spatially harmonic

it and only if J)ﬁz is collinear to Z, hence (8.19) yields the conclusion in
Corollary 8.15. [ |

Corollary 8.16 Let Z be a reference frame. If Z is geodesic (i.e., VzZ = 0)
then Z € Crit(Bg) if and only if Z € Crit(Eg).

IfV,Z=0then DZ = A7 and Corollary 8.16 holds true.

A class of spatially harmonic vector fields Z € '*°(S_1(M,g)) are of
course those for which the spacelike energy vanishes i.e., Bo(Z2) =0 for
any relatively compact domain 2 CC M. We wish to give an elementary
physical interpretation of this situation. Let Z be a reference frame and let
Ssymm and Sgkew be the symmetric and skew-symmetric parts of —A’Z ie.,

1
g(ssymmXa Y) = _E{g(A/ZXa Y) +g(X’A/ZY)}’

1
Sen X, Y) = =S {2(AZX V) = o(X, AV,
for any X,Y € X(M). In particular

/
—A Z = Ssymm + Sekew-

We also set
®
0= trace(ssymm), o= Ssymm - m Pz,

so that trace(o) = 0. Summing up, one has the decomposition

_A/Z = Stkew +0 +

0
Pz (8.20)

n—

We adopt the following

Definition 8.17 Symm and Sgew are respectively called the deformation and
rotation of the reference frame Z. Also ® and o are said to be the expansion
and shear ot Z, respectively. If Sgymm = 0 then Z is rigid. If Seww = 0 then
Z 1s irrotational. [ ]

Let {E;: 1 <i < n} be a local orthonormal frame of T'(M) defined on
the open subset U € M such that {Ey : 1 <« <n— 1} is a local orthonor-
mal frame of (RZ)J‘ on U and E,, = Z. One has —A/ZEO, = AQE,- for some
Al € C®°(U). Then

1
AZ = _g(VEaZ9 Z) = _EEOl(g(ZJ Z)) = O
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hence A’, maps (R2)7 into itself. It is fairly easy to check that so do Sgymm,
Sskew> 0 and Pz. Summing up, we shall work with the bundle morphisms

A/Z, Ssymmy Sskew> 0, Pz : (RZ)J_ g (RZ)J_
and the restriction of ¢ to (RZ)1 is positive definite. If we set
SsylnmEot = SgEﬁ, SskewEBa = QgE/fL

then Sg = Sg and Qg = —Q%. Consequently
Zg(sskeWEota SsymmEot) =0.
o

Also

Zg(UEonEoz) = trace(0) = 0.

o

In the end

Ba(2) = / b(Z)dvol(g)

Q

1 2 2 1 2
== | {[ISskewll” + lo[|” + —— O~ }dvol(g).
2 n—1
Q

Consequently, Ba(Z2) =0 for any & CC M if and only if the reference
frame Z is both rigid and irrotational.

Example 8.18 (Continuation of Example 8.2) Let S' x R carry the
Lorentz metric ¢ = —df ® d0 + dt @ dt. We set Ey = 0/0t and E» = 0/00
so that {Ej, E»} is a local orthonormal frame of T(S' x R) defined on the
open set U= (0,27) x R. A reference frame Z € I'®(S_1(S! x R, ¢)) is
locally given by Z = LE1 + wE> hence

B2 = < Ve 2P = - 812_<3_M>2
b(Z) = S IVE Z| _2{<8t> 5 ) [

Therefore d/96 is a rigid irrotational spatially harmonic reference frame on
U. As 9/06 is geodesic it is also a harmonic vector field. As ¢(Z,2) = —1
one has u? — A2 = 1 hence

22 A

~ 1
h(2) = =

20241°
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so that Bq(Z) =0 for any relatively compact domain £ CC U if and only
if A, = 0. Consequently the rigid irrotational reference frames are precisely
the spherically symmetric ones. The relationship (if any) among the theory
of harmonic vector fields on M = (S' x R,¢) and the fact that M has a
causality violation is unclear.

Example 8.19 (Continuation of Example 8.4) Let S' x R be endowed

with the Lorentz metric ¢ = df © dt. We set
E 0 n 0 B — a 0
T A TR TR

so that {Ej,E»} is a local orthonormal frame of T(S'xR) on U=
(0,2m) x R. Let

3 B}
Z=A—+u— eI, S_1(S! xR,g))

ot 00
be an arbitrary reference frame i.e., At +1 =0 on U. Then
o L Out )
(Z2)= ————
2 2 A2

hence b(Z) = 0 (and then Zis a spatially harmonic vector field) if and only
it Ay +Ag = 0. In particular

o 1 d
Ce"(‘*@)& - Ee*"(‘*@)%, CeR\{0}, aeR,

1s a family of rigid irrotational spatially harmonic reference frames on (U, g).

Moreover
div(Z) = A + A, (8.21)
VzZ=(h—21"?hg) P (8.22)
' a T 00)’ '

on U. The identity (8.21) implies the following global statement: a refer-
ence frame on (S' x R,g) is rigid and irrotational if and only if it is divergence
free. Also (as a consequence of (8.22)) Z=10/0t+pnad/06, Au+1=0,
satisfies both I;(Z) =0 and VzZ =0 if and only if A;=X1g =0 on U.
Therefore

p 219 A e R\ {0}
at A a0’ ’

are all the rigid irrotational geodesic (and then harmonic) reference frames
on U. It is an open problem to relate the behavior of (spatially) harmonic
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vector fields on M = (S! x R, d6 © df) to the facts that M is chronological
yet not causal.

Example 8.20 (Projective vector fields) Let (M,¢) be a Lorentz mani-
fold. We recall that a vector field Z € X(M) is said to be projective if there is
a differential 1-form w € Q1(M) such that

LzV)(X,Y)=0o(X)Y +o(Y)X,

for any X,Y € X(M). An affine vector field is a projective vector field Z
with @ = 0. Let Z be a projective vector field. The identities

(LZV)(X,Y) =[Z,VxY] = V|zxY = Vx[Z,Y],
VxVzY =—-R(X,2)Y +VVxY+V|x 1Y,
lead to
(LZzV)(X,Y)=VxVyZ—-Vy,yZ+R(X,2)Y.
Therefore 7 is a projective vector field if and only if
VxVyZ -Vy.vZ=0o(X)Y+o(Y)X—-R(X,2)Y (8.23)

for some w € Q'(M) and any X,Y € X(M). Let Z e I'*(S_1(M,g)) and
let us assume that Z is projective. We set X = Y = Z in (8.23) to obtain

(V2 2,V,7Z) =20 (Z). (8.24)
Similarly let us replace (X, Y) by (Z, X) where X € (RZ)+. We derive
w(X)=9¢(VxZ,V;27). (8.25)

A curvature calculation based on (8.24)—(8.25) shows that (8.19) may be

written as
@z(X) =—Ric(Z,X)
—9(X,Vy,z2) —w(X) — ¢(X,Vz2)div(Z) (8.26)
for any X € (RZ)*. Consequently

Proposition 8.21 (O. Gil-Medrano & A. Hurtado, [130]) Let (M,g)
be a compact Lorentz manifold. Let Z be a projective reference frame. Then 1) Z is
spatially harmonic if and only if

9(X, Vv, 272) +Ric(Z, X) + o(X) + (X, V2Z)div(Z) = 0
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forany X € (RZ)*. 1i) If Z is affine then Z is a critical point of the ordinary energy
functional (and then Z is spatially harmonic) if and only if Ric(X, Z) = 0 for any
X e R2)L. Let us additionally assume that (M,g) is an Einstein manifold i.e.,
Ric = Ag for some A < 0. Let Z be an affine reference frame on M. Then iii) Z
is a critical point of the ordinary energy functional. Also, Z is geodesic, hence it is
spatially harmonic.

The proof of (8.26) is rather involved yet a mere adaptation of calcula-
tions in Chapters 2 and 3 to the Lorentzian case. See [130], p. 91, for details.
It is well known that when (M, ¢) is an Einstein manifold with A > O there
are no unit timelike projective vector fields on M.

Example 8.22 (A rigid irrotational reference frame on a Fefferman
space) Let (M, T1o(M)) be a strictly pseudoconvex CR manifold, of CR
dimension n. Let 0 be a contact form on M such that the Levi form Gy
is positive definite. Let T be the characteristic direction of df. Let S! —
C(M) — M be the canonical circle bundle and let Fy be the Fefferman
metric on C(M) corresponding to the chosen contact form 6. Cf. [110]
or Chapter 6 of this book. The Lorentzian manifold (C(M), Fyg) is referred
to as a Fefferman space. Let S = [(n+2)/2]9/dy where y is a local fibre
coordinate on C(M). Let o be the connection form on C(M) given by

1 i 3 P
= dy + 1% [iw® — —g"Pdg 5 — ———0|}.
? n—I—Z{ v [lw"‘ 2% B T Y ) }}
Then o (S) = 1/2 so that Fo(TT =S, TT —8) = —1 i.e,, TT — S is time-
like. Hence T1 — S is a time orientation and C(M) is a space-time. If M is

compact then C(M) is compact as well, and therefore non-chronological.
Let {E,: 1 <a<2n} be a local orthonormal (Gg(E,, Ey) =8, 1 <a,b <
2n) frame of the Levi distribution H(M) such that JE, = Ey4, for any
1 <o <n. Then {EJ, T'+S:1<a< 2n} is a local orthonormal frame of
(T(C(M)), Fg). We shall establish the following

Proposition 8.23 Let us assume that 6 is a pseudo-Einstein contact form.
Then Z = T" — S is a rigid irrotational reference frame on the Fefferman space
(C(M), Fy) if and only if p is constant and

P p*

ntl 16n(n+1)2’

pr<p<p2, llTlI*=—2n+

where p12 =4n(n+1)2=x ﬁ) and p, T are respectively the pseudohermitian
scalar curvature and torsion of (M, 0).
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To prove Proposition 8.23 we shall compute

2n

~ 1 CM) 2 CM) 2
b(Z) = > E 1 IIVEJ 217+ 1V 5 2l
a=

where VEOM) ig the Levi-Civita connection of (C(M), Fy). By a result of
E. Barletta et al. (cf. Lemma 2 in [26], p. 27) for any X, Y € H(M)
VoYt =it — o) (x, v) 1! (8.27)
~[AX, V) + (do)(xT, Y1,

Ve T = (eX +9X)T, (8.28)

VM XT = (ViXeX) +2(do) (X", T1)s, (8.29)
virs=vi™xt = (ot (8.30)

ver Tt =t viMs=virt =vEiMs=0,  8.31)

where ¢: HM) - H(M) and 1V € H(M) are respectively given by
Go(@X,Y) = (do)(XT,Y") and Gy(V,Y)=2(do)(TT,Y"). By (8.31)
one obtains

c) o, ot
vTT+SZ =V
hence
Fo (Dy14sZ, DyiysZ) = Go(V, V) = | V], (8.32)

Similarly (by (8.28) and (8.30))

C(M
Vo Z = (tE+ oE, — JE)
hence

Cc(M C(M
R (VO Z VM 2) = B+ B —JEIP. (539)

a

Finally (by (8.32)—(8.33))

E(Z) = trace(rz) + 2trace(t¢) — 2trace(t]) + 2trace( Jo)

2n
+2n+ Y Gy(¢En$E) + Go (V. V).

a=1
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Let {IW,:1 <a <n} be a local orthonormal (i.e., Gg(Wy, WE) = 8qp)
frame of T1,0(M). Then

2(Wy) :Agf(W@ zAgA%Wy

so that
B av
2 AO,AE 0
' B a7
0 AzAg
hence (as the trace of an endomorphism of a real linear space coincides with
the trace of its extension by C-linearity)

—2
trace(t?) =2 |45 = % (8.34)
a’ﬁ
Next
1o Wa = ¢oT(Wp) = g’ A5
so that
(0 et
TP : B4y
l0%s AE 0
and then
trace(t¢) = 0. (8.35)
Similarly
B ib. B
0 A i 0
TJ: 8 1Ay , J¢ . < o ’ '3> ,
—iAy; 0 0 —itg
so that
trace(t]) =0, (8.36)
trace(Jo) = i(qbo,“ . ¢O—F) . (8.37)

By a result in [206], p. 28, if ¢ W = o W + o W5 then

WB_qg 48— __ L |pas___ P ap
¢ =09 _2(n+2)[R 2t 1% ]
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where ¢%f = g‘ﬁdwﬂ , etc. This may be also written as

fo R P s B _
i _2<n+2)[ 2(n+1)5“]’ ¢a” =0. (838
Then (by (3.37)—(8.38))
o __ l,O r _ p
b = L TN = T (8.39)

Let us compute the term 22” l#E.|%. To this end, we consider the local
frame {E, : 1 < a < 2n} given by

Ey = %(Wa + Wa), Eopn= ﬁ(Wa — Wa),
forany 1 <« < n. Then
2n
Z Go(@EnpE) =2 |9a”[. (8.40)
a,B

Summing up the information in (8.34)—(8.36) and (6.46)—(6.48), we may
conclude that

ZF( Ve 7, VC(M)Z> ZHV;(M)ZHZ
=z|? ——+2n+2|¢a5\ (8.41)

Finally we ought to compute V. To this end we differentiate o

T N Py _
(n+2)do =m |:1da)a —5 lg /\dgaﬂ 4( +1) d(p0 )]
and observe that
dgaﬂ/\dga*—o
Let X € H(M). Then

(n+2)(do ) (T, X1 = i(dwe*) (T, X) —

1
Tt 1)d(09)(T,X)

and on one hand

1
d(pO)(T,X) = (dp A0+ pdd)(T,X) = —EX(P)
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as T'| d6 = 0. On the other hand
dog® = Rigi 6% N0 + (We,0" — W™ ) A6
(cf. e.g., (5.20) in [110], p. 295) hence

! T i
i(deoa™) (T, Tg) = =5 (Wes0" = We6" ) (Tp) = == W

Finally
1
_ ot e
(n+2)Go(V, Tp) =2(n+2)(do)(T", Ty) = —i a,3+—4(n+1),0ﬂ
where pg = Tg(p). Therefore IV =W + W where
we—@f| L7 | (8.42)
n+2 4n+1)"P 7B | % '

Let us assume from now on that 8 is a pseudo-Einstein contact form on M
Le, Ryg= (p/n)gaﬁ. Throughout 2B = dqp. For an up-to-date presen-
tation of the main results on pseudo-Einstein structures on CR manifolds
the reader may see Chapter 5 in [110]. As a consequence of the pseudo-
Einstein condition, the functions Wgﬂ may be determined. Indeed (cf.
[110], p. 298)

i

3,3:_510/8-
Consequently
1 _
Ve (0" Tu + 07 T),
4n(n+ 1) P logT 0 1y

. 2
p___ P s pP___ P
Pa dnn+1) ¢’ %‘% | 16n(n+1)2°

Then b(Z) = 0 if and only if W = 0 and

o p*

n+1  16n(n+1)2

I7l?=—2n+

By the first condition p is a real valued CR function. Yet on a nondegenerate
CR manifold, the only real valued CR functions are the constants.
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E 8.4. THE SECOND VARIATION OF THE SPACELIKE
ENERGY

The purpose of this section is to establish the following

Theorem 8.24 (O. Gil-Medrano & A. Hurtado, [130]) Let (M,g) be
an n-dimensional Lorentzian manifold. Let Z € I'°°(S_1(M,g)) be a spatially
harmonic reference frame M. Then

42 .
E{BQ(ZS)}S:(): / {trace ((VX)' 0 (VX))

Q
—+ Zg(VXX, sz) +g(VXZ + VX, VxZ+ VzX)
+1X11*[¢(V22,V 22) — (C{VK) Z]}dvol(g) (8.43)

for any smooth 1-parameter variation { Z}|s < C I'°(S=1(M,9)) of Z such that
Zo=/2 and X = Z(/) = (dZ;/ds) =0 is supported in 2.

Proof. We recall that

d (~
= {b(ZS)} = trace (Al 0 Ay) +¢(Vy Ze+ V2,7,V 1, Z)
S 'S s S S ‘S

where as customary Z = dZ;/ds. We wish to compute the second deriva-
tive of b(Z;) at s = 0. First

di {trace (AtZC o AZS/) }‘__0 = trace (Afx OAX) + trace(A[Z o AZ()/)
B : 5=

where Zg = (dZZS/dSZ)SZ(). Second and last

d
= eV 2+ V22,V 2.2} _,
=g(V Z+2VxX+ V22, V22)
+9(VxZ+VzX,VxZ+VzX).

It follows that

d2 T t t
=2 {b(ZS)}S:0 = trace (AX oAx+ A, oAZ{/{)

+e(Vy Z+2VxX+ V22, V7 Z)
+9(VxZ+ VX, VxZ+VX). (8.44)
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Next
trace <AtZ o AZ({) —{—g(VZZg ,V22)

= Zéig(Angi ,AZE) +¢(V 22,V 72)

1

=Y Ve, 7). VE,2)

o

(as PzZ =0 and PzE, = Ey)

= Zei e(VZ)E;, (VZ)P£E)

= Ze,‘g(f((VZg)Ei , E;) = trace (I~< o VZ(/)/)
i
=—(C{VK)Z] — B
where B € Q' (M) is given by
B(Y)=g(KZ],Y), YeXM).
Therefore (8.44) becomes
# (-
=2 {b(ZS) }5:() = trace (AtX o AX)
+2¢(VxX,Vz22) + (V7 2,V 2 2)
+9(VxZ+ V72X, VxZ+VzX) — (C{VK) Z; - 8p. (8.45)

As 9/9s is a differential operator, it follows that Supp(Z)) € Supp(X) C Q.
On the other hand Supp(8%) C Supp(Z{]) hence we may integrate in (8.45)
over €2 and apply Green’s lemma to obtain

(5
2 {BQ(ZS)}S:O = / {trace ((VX)I o (VX))
Q
+2¢(VxX,Vz2) +¢(VxZ+ VzX,VxZ +VzX)
+ eV Z,V,2) — (CIVR) Zg} dvol(g). (8.46)

Since

97,7y = —¢(X,X)
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it follows that
PrZy = Z{ +9(Z), 2)Z = 7] — (X, X) Z
hence we obtain the decomposition
Z) =Pz Z) +1X|*Z. (8.47)

We may of course write | X||? instead of g(X,X)as X € (RZ)* and (RZ)i:
is a positive definite subspace of (Ty(M), g,) for any x € M. As Z is a critical
point of [;,Q the 1-form @ vanishes on (RZ)+ (cf. Theorem 8.13 above).
Then (as P is (RZ)" -valued) the decomposition (8.47) implies

@7(Z)) = | XI? d2(2). (8.48)
Finally (by (8.48))
sV Z,V22) = (CIVK) Z]
=o(V 2, V22) +&2(2Z)) — o2y , KV 22)
= (V2 Z,V22) + IXI02(2) = g(Zy . (VZ) 0 P2)' V2. 2)
=9V Z,V22) + IXI? [~ (CIVK) Z+ (2, KV 2 2)]
~e(Vp, 712, V22) = |XI*{e(V22,V22) - (C|VK) Z|

so that (8.46) may be written as
(s
t
e {BQ(ZS)}SZO = / {trace ((VX) o (VX))
Q

+20(VxX,Vz2) +¢(VxZ+ VX, VxZ + VzX)

+ IXI?[IIVZZII> — (C] VK) Z]}dvol(g). (8.49)
Here V,Z =—A,7 € (RZ)! and ¢ 1s positive definite on (RZ2)* so we

wrote ||VzZ||? instead of (V7 Z,VZ). The identity (8.49) is precisely
the announced second variation formula (8.43). [

Let (Hess BQ)Z(X, X) denote the right hand member of (8.49) for any
X e (R2)*.

Definition 8.25 A spatially harmonic reference frame Z on M is said to be
stable if (Hess BQ) Z(X, X) > 0 for any relatively compact domain Q2 CC M
and any X € (R2)*. [ |
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Hopf vector fields on Lorentzian Berger spheres are stable critical points
of the spacelike energy (cf. O. Gil-Medrano & A. Hurtado, [130]).

§ 8.5. CONFORMAL VECTOR FIELDS

We start with the following

Definition 8.26 Let (M,g) be a Lorentzian manifold. A tangent vector
field X € X(M) is said to be closed and conformal if there is ¢ € C°°(M) such
that Vy X = ¢ 1 for any IV € X(M). [ ]

Let (M,g) be a space-time carrying a timelike vector field X € X(M)
which is closed and conformal. O. Gil-Medrano & A. Hurtado, [130],
looked at the harmonicity of the reference frame

1

- X
Vv —8(X, X)

Their approach relies on the following result of S. Montiel, [215]

YV =

Theorem 8.27 Let (M,g) be an n-dimensional (n > 2) Lorentzian manifold
carrying a timelike vector field X € X(M) which is closed and conformal. Then
i) the distribution (RX)™L is integrable. ii) If F is the foliation tangent to (RX)*
then the functions ¢(X,X), div(X) and X(¢) are constant along the leaves of F.
iii) The reference frame v = [—g(X, X)]| ™2 X satisfies

¢
Yy
V _g(ny)

Vyv=0, Vyv= (8.50)

forany Y € X(M) such that g(Y,v) = 0.

Using (8.50) one may easily compute the rough Laplacian of v. Precisely
let {Ey : 1 <a <n— 1} be a local orthonormal frame of (Rv)l. Then

n—1
A== {VgVgy—Vy, 5}
a=1

n—1

2
____ ¢ Z (Ve Eo — Py Vi, Ey) ¢

_g(X’ X) Z = —g(X, X) ny.

Consequently
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Theorem 8.28 (O. Gil-Medrano & A. Hurtado, [130]) Let M be a
compact n-dimensional, n > 2, Lorentzian manifold carrying a timelike closed and
conformal vector field X € X(M). Then v = [—g(X, X)]~Y/?X is a critical point
of the ordinary energy function. Also v is geodesic hence it is spatially harmonic. If
additionally M has nonnegative Ricci curvature in the null directions, then v is an
absolute minimizer of the spacelike energy.

For details on the last statement in Theorem 8.28 one may see [130],
p- 93.

Example 8.29 A generalized Robertson-Walker space-time is a warped prod-
uct BxyF where BC R is an open interval equipped with the metric
—dt @ dt and (F,gr) is a Riemannian manifold. Also f : B— (0,+00) is
a smooth function. The vector field Z = 9/d¢ is referred to as a comoving
reference frame on B Xy F. Cf. L.J. Alias et al., [16]. When F is either the
unit sphere S"71(1), or R"~!, or the hyperbolic space H"~!(—1), the cor-
responding warped product is referred to as a Robertson-Walker space-time.
For an elementary introduction to warped products in semi-Riemannian
geometry, one may see B. O’Neill, [229], p. 204—207. The simplest mod-
els of neighborhoods of stars and black holes are warped products (cf.
Chapter 13 in [229]). By a result of S. Montiel, [215], any generalized
Robertson-Walker space-time is locally isometric to a Lorentzian warped
product one of whose factors is 1-dimensional and negative definite. As a
consequence of Theorem 8.28, the comoving reference frame d/df on a
generalized Robertson-Walker space-time M is spatially harmonic. Also, if
M is compact then d/0¢ is an absolute minimizer of the spacelike energy
functional. ]

Example 8.30 (Reference frames on the Goédel universe) For each
o > 0 let us consider the Lorentzian metric

1 200 o
g:dx1®dx1+dx2®dxz—§e Ldy @ dy — 2" dy © dt — dt @ dt

on R* with the coordinates (x1,x2,7,1). This is an exact solution of the
Einstein field equations where matter appears as a rotating pressure-free per-
fect fluid. Then the reference frame 9/9t is a harmonic vector field. Also,
d/dt is geodesic hence a spatially harmonic vector field, as well. More-
over, the reference frame Z = +/2¢7%*19 /9y is not spatially harmonic yet
Ba(Z) = Bq(d/d1) for any relatively compact domain  CC R*. It may
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be shown that 9/9¢ is unstable. For details on the relevant calculations one
may see [130], p. 94-97. [ |

A study of (timelike) harmonic vector fields on a Lorentzian torus is per-
formed by M. Soret et al., [108], in the spirit of the work by G. Wiegmink,
[309].



S APPENDIX A

Twisted Cohomologies

As previously seen (cf. Proposition 1.13 and Theorem 1.17 in Chapter 1)
the isotropic almost complex structures Js o on T'(M) are rarely integrable.
It is therefore natural to look at the twisted Dolbeau cohomology of the
almost complex manifold (T'(M), Js5 g), ct. e.g., I. Vaisman, [297]. Appendix
A is devoted to briefly reviewing a few notions and results on the fwisted
cohomology of a pseudocomplex of cochains, cf. e.g., S. Halperin & D.
Lehmann, [156], with an application to the Dolbeau pseudocomplex of
the almost complex manifold (T (M), J1,0). Let C be a sequence of Abelian
groups and group homomorphisms

p—1 7 P ¥ p-1
>0 -0 — P C) > -

where in general 8? 0 8?~1 £ 0. Then C is a pseudocomplex of cochains (the
terminology is due to I. Vaisman, [296]) and C is an ordinary cochain com-
plex when 87 0 8#~! = 0 for any p. One natural way to associate a concept of

cohomology to a pseudocomplex C is to set (cf. S. Halperin & D. Lehmann,
[155])

Ker(87)
Ker(8?) Nép—1Cr—1(C)’
There are however several chain complexes whose associated cohomology

groups are isomorphic to H?(C). For instance (cf. again [155]) let C be the
sequence

HP(C) =

ot 8
eeo > P! (Q) N CP(Q) — crtl (Q) — ...
n 1
CF (C) =Ker(8"T' 0 8) € CP(C), &' =¢"| Q)
If x € CP(C) then y = 8”(x) € CPT!(C) lies indeed in CPT1(C) as
(8PT2 08Ty = 8712 0 (8P 0 8)x =0

so that the restriction of 8¢ to CP(C) is CP*!(C)-valued. Moreover for any
x € CP(C)

(8" o8 )x = (8" 0 8P)x =0

Harmonic Vector Fields. DOT: 10.1016/B978-0-12-415826-9.00009-2
(© 2012 Elsevier Inc. All rights reserved. 437
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so that C is a cochain complex. Its cohomology

Zi©)
Br(C)

HP(C) =

coincides with the cohomology of the pseudocomplex C. Indeed
ZP(C) = Ker(8") = {x € CP(C) : §"'x =0}
= {x € Ker(8"T! 0 8" : 8”x = 0} = Ker(8"),
B(C) =8"1C'7H(C0) = 8" Ker(8" 08"
=Ker(8") N~ 710,

hence HP(C) = HP(C). Another option is the sequence C given by

_et _
s N0 — e’ C) — CTIC) - -
CP(C)
sp—1gp=2Cr=2(C)’

CP(C) = alx=altsPx, xe '),

where 77 : CP(C) — CP(C) is the canonical projection. First it should be
observed that mPx = wPx’ yields ' — x = 8P~ 18P~y for some y € CP~2(C).
Then

8Px' — 8Px = 8P8P 18772y e PsP T P!

hence P87 x = wP+18Py/ that is the definition of & 7Px doesn’t depend
upon the choice of representative. Moreover

<§‘n ng—l) gl = gptl (3P5P_1)x =0

for any x € CP~1(C) so that C is a cochain complex. Let us show that the
cohomology groups of C and C are isomorphic. Let us compute first the
cycles of C

ZP(C) = {nPx: 8'nPx =0} = {nlx: 8Px € 8787~ CP71(0)}
= {npx :3ye P 1(C) such that x— 5p_1y € Ker(Sp)} .
As to the boundaries of C

BC) =8""cr @) =5 "t () = ntst P (C).
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Next we consider the map ® : H?(C) — HP(C) given by
® : [nPx] = nPx+ BP(C)
> [x— 81yl = x— 8"y + Ker(8”) N8P~ CPL(0).
Ify e CP~1(C) is another element such that x — (Sp_ly € Ker(8?) then
Ker(d") 3 (x=8""1y) = (x=8""1y) =871/ = p) €871 C"71(0)

hence (x —8771y) — (x —8#71y) e Ker(8”) N8P~ CP~1(C) i.e. [x—68P7!
yl =[x —8""1y] € H’(C) so that the definition of ®([r’x]) doesn’t
depend upon the choice of ye CP~!(C). Also if [7Px] = [7Px] then
TP(x —x) € B'(C) = P8P~ 1 CP~1(C) i.e., mP (X' — x) = P8P~ 2 for some
z e CPI(C). Thus &’ — x — 8!~ 12 € §P7186P72CP~2(C) that is

X —x— 8 =818 2y (A.1)

for some w e CP~2(C). As both mPx and wPx" are cycles of C there exist
.Y € CP~1(C) such that

x— 81y, X/ — 8P~y e Ker(8P).
So on one hand (x' — 81’_])/) —(x— 8”_1)/) € Ker(8”). On the other hand
(by (A.1))
W =8Y) = =8y = =8 - y)
=8z 48"2w) — 871y —y) e P CPTL(0).

We may conclude that x— 8P~y and x' —8P~1y/ are equivalent mod-
ulo Ker(8?) N8P~1CP=1(C) so that [x — 8P~y =[x’ — 8P~y € H(C).
Therefore ® ([7Px]) 1s well defined.

To check that ® is a monomorphism let us assume that ®([r?x]) =0
ie., x— 8P_1y € Ker(8") N8P~ 'cr~1(C). In particular x — Sp_ly esr!
CP~1(C) hence x € 8"~ CP~1(C) from which

nPx e qPs?~ 1P~ (C) = B'(C)

i.e., [mPx] =0 € HP(C).
To check that @ is an epimorphism let [z] € HF(C) so that z € Ker(8?).
Let us choose just any y € CP~1(C) and set x = 8"~y + 2 € CP(C). Then

' rbx =P HlsPx = Pt (P8P~ 1y 4+ 8P2) = 0
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because 8P51’_1y € spsp—1 Cp:1 (C) = Ker(mPt) and 8Pz =0. We have
shown that 7/x is a cycle of C so that we may consider the corresponding
cohomology class [77x] € H?(C) and compute

D ([rfx]) = [x— 8" 1y] = [2].

Hence @ is an isomorphism H? (E) ~ HP(C).
The third and last (as far as Appendix A is concerned) alternative is to
consider the sequence

§r—1

co > NG — CP(0) i @) — .-
CP(C) = CP(C) x (8787~ P 1(0)),
8 (h, ) = (84 — p, 871 (872 — ),
for any A € CP(C) and any pu € 878P~' CP~1(C). Then
SPHISP(h, ) = 8PP (8PA — w, SPTL(8PA — ) =0

because Of~8p+1)\./ —uw' =0 where A =68Au a~nd W =8rt1(8PA — ).
Therefore C is a cochain complex. The cycles of C are

Z2(C) ={(hp) € C*(C) : 8" = i}
={(A, 8’8" o)1 e CP(C), o € CPTI(C), A—8"" "o € Ker(s")}
while the boundaries are
B'(C) =61 1(0)
={@ a— B, 8’ 'a—B)):a e CFIC), BesTIFTACIT3(O)}.
Let us build the group homomorphism
v z2'(C) — H'(C), W:( 88 o) [A—8"""o].
Then
Ker(W) = {(x,apaf’*la) e 22(C): . — 5"\ € Ker(s?) N P! cfH(C)}
={@""o —y, 8" o —y)):0 € O
y €Ker(8") N8~ cr~1(0)}

so that Ker(¥) C B*(C). It follows that W gives rise to a well-defined group
homomorphism

H(C) — HP(C), (A,8?8" o)+ BP(C) > [r—8" o). (A.2)
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It remains to be shown that (A.2) is a group isomorphism. To this end it
suffices to show that (A.2) is an epimorphism. To this end let [a] € H?(C)
so that o € Ker(8?). Let us consider an arbitrary element o € CP~!(C) and
set L =a + 8" 'o. Then A — 8’1o € Ker(8P) so that (1,88 o) € Z(é)
and the morphism (A.2) maps [(A,878""1o)] into [A — 87" lo]=[a]. m

The complex c (associated to the pseudocomplex C) is the piece of
homological algebra needed to build an analog to the Dolbeau cohomology
for the almost complex manifold (T'(M),Js o). We set

TYO(T(M), J5.0) = {X — 50X : X € T(T(M)} (i=+/—1).

Definition A.1 Let f € CHT(M)) be a complex valued function on
T(M). We say f is holomorphic if Z(f) =0 for any Z € Tl’O(T(M),](g,U).
|

We examine only the case of the almost complex structure | =i o dis-
covered by P. Dombrowski, [99]. Let (U,x) be a local coordinate system
on M and (7! (U),x',y") the induced local coordinates on T'(M) so that
{5, dii1<i< n} is a local frame of T(T(M)) on 7w~ (V) associated to a
fixed nonlinear connection H on T(M). Here 8§; = §/8x' = 9; — Nijf)j and
]\G? € C®(r~1(U)) are the local coefficients of the nonlinear connection.
Any Z = )J(Sj—l—ujéj e THO(T(M), J) is an eigenvector of J correspond-
ing to the eigenvalue i hence A/ =iw/ ie., {3;+id;j: 1 <j<n} is a local
frame for Tl’O(T(M),]) defined on the open set 7~ 1(U). Therefore
f € C'(T(M)) is holomorphic on T(M) if

=0 (A.3)

in 7~ 1(U) for any local coordinate system (U,x/) on M. If f = u+ iv are
the real and imaginary parts of f then (A.3) may also be written
du av 0 ou v

ox/ Ayl ay/ + ox/ A4

The equations (A.3) (or (A.4)) are referred to as the Cauchy-Riemann
equations on T'(M). In spite of the formal similarity to the ordinary Cauchy-
Riemann equations in C", few results in classical complex analysis carry
over to the case of solutions to the system (A.3) mainly due to the fact that
arguments based on power series are unavailable.

Moreover if Z; = (;3]- +id; then we may determine the dual local frame
{w) 1 <j<n}in THO(T(M))* i.e., for the complex 1-forms determined by

/(7)) =8, wi(Z)=0, (A.5)
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where Z; = Z;. To this end we define the local 1-forms 8y’ by setting
Syl =dy/ + Nldxk, 1<j<n,
so that
Sy =0, 8@ =8}, A =5, d (@) =0.
If w; =ﬁkdxk —{—g’lf’Syk then (A.5) yields
q+ifi =8 G- =0,
orfk{ = —éSi andgi, = %5{ hence
) 1 ) )
wjzi(éy]—idx]), 1<j<n.

The complex de Rham algebra of (T'(M),]) admits the well-known
decomposition

Q*(T(M) = E @ri(T ().

pq=1

A form n € QP4('T(M)) admits the local representation

—f - - j1.,1]},E1..,Eq
N=Fy iy @
where we set for simplicity

k

wltdkike — A N0 AR A A M,

00 : | J—
for some C*° functions ‘f]"1~~~jpk1~-~kq = (U) - C. Here w/ =w/. Let

d: QPIUT(M)) — QQLTIT(T(M)) be the ordinary exterior differentiation
operator. It admits the decomposition

d= 310+ 01 +Neo—1)+N12

where the subscripts (to be omitted in the sequel) indicate the type of the
operator. For instance 97 is the (p+1,q)-component of dn for any n €
QPI(T(M)). It is an easy exercise that the property d* = 0 implies

PHNI+IN =0, 9 +N+IN =0,
N2=0, N =o, (A.6)
300+ 30 + NN +NN =0, IN+NI=0N+N3J=0.



Appendix A Twisted Cohomologies 443

We need to compute the exterior differential of §y-/

dgyf =d (dyj + N,idxk) = dNZ A dx®

AN/ N}
k 4 k
bl + —kpt ) A d
(8x€ + y) X

IN/ aN’ IN/
:( le_Nl k)dxm/\dxk—{— 5 Zkéy@
4

dx™ "3yt
that is
syl = Z—Z;Z:dxe A do® + Z—Z:fay@ A dx®. (A.7)
Using
8y/ = a)j—i-a)], dx) = i(w’ —a)]),

we get

dx! A dx® = —a)fAwk+a)jAwE+a)jAa)k—ijwE,

8yl A dxk = i(a)j Ao* — o) Ao* + 0 Aok — o) /\a)g).

Let us assume from now on that (M,g) is a Riemannian manifold and

‘H is the nonlinear connection associated to the regular connection \Y

in n7'TM — T(M) (where V is the Levi-Civita connection of (M,g)).

Usmg (A.7) we shall compute dw! = —d(Syj in terms of the tensor field
;k = SkN 8 N/e Indeed

. 1 . ,
sy’ = _ER»,Qedxk Adx® + T, 89" A dx*

hence

4dw’! = Rj,da) AW —2(Rfd+21F )a) /\a) +nga) /\a)z

Consequently
40/ =Rlot o', 200) = —(R],+2i1,) o' na',  (A8)
Nl =0, 4Now/ = Riza)E Aot (A.9)

As a byproduct, one obtains a new proof of Proposition 1.13 in Chapter 1
of this book. Precisely, J is integrable if and only if N =0 (cf. also
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Proposition 4.1 in [297], p. 363, relating N to the Nijenhuis torsion of
the almost complex structure). Yet N/ = 0 is equivalent to le'k = 0. On the

other hand Rj’k = R}keye so that Rj’k =0 if and only if (M, g) is flat. [ |

A cohomology of (T'(M), J) similar to the Dolbeau cohomology of
a complex manifold is obtained by considering the pseudocomplex C =
(QY*(T(M)),d) and the associated complex C = (D*(T(M)), D) given by

DUT(M)) = QU(T(M)) x 5 Q%41 (T(M)),
DA, p) = (94 — 1, 9L — ),

for any A € QUI(T(M)) and any [ 65290"1_1(T(M)). By the previous
preparation of homological algebra the cohomology groups
Ker(D : DI(T(M)) — DITH(T(M)))

D D= (T(M))
are naturally isomorphic to the cohomology groups of the pseudocomplex
(Q"*(T(M)),d).

Definition A.2 The groups HI(T(M),]) = HI(D*(T(M)), D) are called
the Dolbeau cohomology groups of the almost complex manifold (T'(M), J). ®

HY(D*(T(M)),D) =

There are no known examples of explicit calculation of the Dolbeau
cohomology groups, even in simple instances such as HI(T(S?), J), q €
{1,2}. Little may be said with elementary techniques. For instance

Proposition A.3 Let (M,g) be a Riemannian manifold. Then H'(T(M),
J) =0 if and only if for any A € QU (T(M)) and any f € QUO(T(M)) such
that

2(Zghg — Zgp) + Ry (35+ Zif ) =0 (A.10)
for an arbitmry_local coordinate system (U, x') on M, there is g€ QU0 (T(M))
such that A = dg and
Ry Zi(f =9 =0 (A1)
for any local coordinate system (U, x") on M.
Note that

DI (T(M)) = %1 (T(M)) x 3 Q0 (T(M)),
D(.3°f) = @1~ f, 8@x— ),
re Ql(T(M)), fe QM (rw).
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Locally A = kjwj hence (by (A.8))
3= 200+ SR o n ol
=1 Z( DJFZ rehj (@ A @
hence
=7 =200 -7+ R (= z ) of Aaf
=1 %\"e 7 4 R\ T :
It follows that D(A, 3 f) = 0 if and only if
1 1
Zihy = Zphg + SRy = [Ze. Zg] £+ SRS (A.12)
On the other hand
(2, Zi] = i[0;,8¢] — i[Ok 8] + [8. 8]
AN »
= i (BN = BNE) e — Ride
hence [Zj,Zk] = _Rfkéﬁ' Consequently (A.12) is equivalent to (A.10) i.e.,
(A, 3°f) € Ker(D) if and only if (A.10) holds.

Proof of Proposition A.3. H' (T(M),]) =0 if and only if for any (k,ng) €
Ker(D) there is ¢ € Q"0(T(M)) such that A = d¢g and gz(f —¢) = 0. Using
(A.10) with A = g one shows easily that 52(f —g¢) =01if and only if (A.11)
holds good. |

We suggest several applications of twisted cohomologies to the geome-
try of almost complex and almost CR structures by quoting O. Muskarov,
[218]-[220], J. Davidov & O. Muskarov, [93], P. De Bartolomeis, [95],
R. Holubowicz & W. Mozgawa, [169], H. Hashimoto & K. Mashimo,
[160], and H. Hashimoto & K. Mashimo & K. Sekigawa, [161].
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APPENDIX B

The Stokes Theorem on Complete
Manifolds

Let (M,g) be an n-dimensional orientable complete Riemannian manifold
and *x : Q*(M) — Q"7*(M) the Hodge operator. For each w € Q*(M) we
set

lo| = v *(w* w)

(the pointwise norm of w). Let LP(2°(M)) be the space of all differential
forms w € *(M) such that |w|? € L' (M) i.e.,

/|w|p *1 < o0.
M

The following special form of the Stokes theorem is by now classical.

Theorem B.1 (M.P. Gaftney, [121]) Let M be an orientable complete
Riemannian manifold whose metric tensor is of class C>. Let @ be a (n—1)-
form of class C' such that @ € LY(Q""Y(M)) and dw € L'(Q"(M)). Then
[y dow=0.

M

The scope of Appendix B is to give a rigorous proof of Theorem B.1.
One reason we include M.P. Gaffney’s theorem in these notes is to suggest
that many of the results we report on may be generalized to hold on com-
plete Riemannian manifolds (although at present this monograph is mostly
one of geometry and analysis on compact Riemannian manifolds). Another
reason is frankly didactic.! We recall (cfr. e.g., [138], p. 70~72) that

aAxf =B Axa, xda=(—1)%dyq.

1 Indeed it came to some surprise (to the authors of this book) that the original proof by M.P. Gaftney
of his Stokes type theorem on complete Riemannian manifolds (a result to be included in any
textbook on Riemannian geometry, in the opinion of the authors) lacked the details and accuracy
required for an exposition in front of a student public.

Harmonic Vector Fields. DOI: 10.1016/B978-0-12-415826-9.00010-9
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Let X be a vector field of class C! on M and w the dual 1-formi.e., 0 = X.
Then

div(X) ¥1 = —(8w) * 1 = —* (dw) = d(xw)

hence (by Theorem B.1)

/ div(X) dvol(g) = 0 (B.1)

M

provided that both @ = X” and dw are in L'. In this form, Theorem B.1
was applied to prove Theorem 2.14 in Chapter 2 of this book.

To prove Theorem B.1 we need some preparation. Let j(f) be a C*°
function which vanishes outside the interval [—1,1], is positive inside, and
satisfies fj—llj(t) dt = 1. We set

X1 Xy

jey =€ (Z) (), ¥=Germ) R €0

The function je(x) is the well-known Friedrichs mollifier. A fundamental
property of je (x) is stated as the following: Let h(x) be a continuous function
of compact support and let us set

(Jeh) (x) = (e x h)(x) = /je (x = p)h(y) dy.
Rn
Then Jehis a C* function and Jeh — h uniformly as € — 0. Moreover
|(Jem ()] < sup [h(y)] (B.2)
7€Qe (%)

where Q¢(x) C R" is the cube of width 2¢€ and center x. Cf. for instance
Lemma 2.18 in [9], p. 29-30. Of course one should not confuse the convo-
lution product * in the definition of J¢h with the Hodge operator. Another
ingredient we need is

| B < le| | B] (B.3)

for any «, B € QF(M). This is an immediate consequence of the fact that
lo +t8]> > 0 for any ¢ € R.

Let r: M — [0,400) be the distance from a fixed point xg € M i.e.,
r(x) = d(xo,x) for any x € M. The function r is clearly Lipschitz

lr(x) —r(p| = d(x,y), x,y€M. (B.4)
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In particular, r is continuous yet it is not differentiable, in general. The main
idea in the proof of Theorem B.1 is to approximate r on a large compact set
by a C! function re and then use (B.4) to prove that |dre| is bounded. The
approximation is accomplished by using the Friedrichs mollifier.

We set Sy ={x € M :r(x) >t} for each t > 0. Also let C(S;) =M\ S;
be the complement of S;. Note that fC(Sk) || %1 — 0 as k— oo, for any
o e Q°(M).

Let f(f) be a C! function such that f(®) =0 for r<0, 0<f() <1
for 0<t<1, and f(f) =1 for t>1. Let us set B:supte]Rf/(t). Let
w e Q" Y(M) be a (n—1)-form as in Theorem B.1. Then for any € > 0
there is kc > 1 such that

€ €
/ ldo| x1 < —, / lo| x1 < —,
2 4B

C(Sk-1) C(Sk-1)
for any k > ke.

By the assumption of completeness, every closed bounded subset of
M is compact. This is of course a consequence of the well-known Hopf-
Rinow theorem (ct. e.g. Theorem 4.1 in [189], Vol. I, p. 172). Let k>
ke. Then Spy4 is a compact set. Let O be an orientation of M such that
@(U) =R" for any (U,¢) € O. We choose a finite smooth partition of
unity {(U;,¢;) : 1 <i<p} on Spt4 subordinated to an open covering of
Sk+4 with coordinate neighborhoods in O so that

1

Ki=supp(¢) C Ui, 1<i<p.

Of course

P P
Sere C YU dieC®), 0<¢i<1, Y ¢i=1.

i=1 i=1

Given € > 0 we deﬁne]é (¢ir) : M — R by setting

J@noe @, ifxeu,

Ji(¢in (x) = { _
0, if x € M\ Ui,

for any x € M. To show that ]é (¢pir) € C°°(M), it suffices to check that
supp[]é (¢ir)] C U;. To this end let us recall (cf. [9], p. 30) that for any
domain © CR" one has Jeu € Cj°(2) provided that supp(u) CC R and
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€ < dist(supp(u), 9L2). As supp(¢;r) C K; it follows that Je(u;) € Ci°(R")
where we set u; = (¢ir) ocpl._1 :R" — [0,400) for simplicity. Finally if
Ke i = supp[ Je (4;)] then the set supp[ J! (¢;r)] = (pi_1 (Ke i) 1s both compact
and contained in U;.

It is an elementary fact of metric geometry that there is €y > 0 such that
for each 0 < € < €; one has

Je€ = m@in (g ()) =0
for 901'_1 (n) near dU;. Precisely let us set
Q) ={neR": |y <e, 1<i<n)
and note that
1N € Qe(0) == je(m) = 0.
By changing variables
Je(@in(x) = /je(n)wi@ —ndn, xeUj (B.5)
R

where & = ¢;(x). Let x; = goi_l(O) € U;. There is p; > 0 such that B(x;,
2p;) C U;. We set p=min{p;: 1 <i<p}> 0. As the sets {Q(0) : € > 0}
form a fundamental system of open neighborhoods of the origin we may
choose €; > 0 such that

Qe (0) € @i(B(xi, p)).
We set €g = min{e; : 1 <i < p} > 0. We claim that
dise (07 (Qe(0)), 0U;) = p (B.6)

forany 1 <i<pandany 0 <€ < €. The proof is by contradiction. If

p > dist (7 (Qe(0)), 3U;) = inf {dise(,0U) : x € ¢ (Qe(0) ]
for some i € {1,...,p} and some 0 < € < € then

p > dist(x,dU;) = inf{d(x,y) : y € dU}}

for some x € ¢, ' (Q(€)) that is p > d(x, y) for some y € JU;. Then

@i(x) € Qe(0) S Qe (0) C ¢i(B(xi, p))
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implies that x € B(x;,p) so that d(x,x;) < p. Finally, by the triangle
inequality

d(xi,y) < d(xj,x) +d(x,y) <2p

that is y € B(x;,2p) which of course means that B(x;,20) N o U; # @, a con-
tradiction. Inequality (B.6) is proved. Now inequality (B.6) may be indeed
interpreted as announced i.e., the integrand in the right hand side of (B.5)

Jiy) =je(@iy)ui§ —i(y), ye U,

vanishes near d U;. For instance f; vanishes on the one-sided neighborhood
of the boundary {y € U; : dist(y, 0 U;) < p/2}.
Let 0 < € < ¢y with €y > 0 built as above. Let us consider the function

te : M — [0,+00),

p
S TGN @), x € Sips,
re(x) = i—1

k+3, x € C(Sk+3),

for any x € M. Let x € Sp43. As

Jipin(x) = (i (x), € — 0,

it follows that

P
re(x) > Y gi)r(x) = r(x), €— 0.

i=1
Consequently there is 0 < €1 < € such that for any 0 < € < €1 one has
1
Ire(@) —r(@)[ < 2, ¥ € Seys. (B.7)

Let us set fp(f) = f(t — k) so that fp(re(x)) = 1 for any x € C(Sp42) and any
0 < € < €. Indeed if x € C(Sp+2) then r(x) > k+ 2 hence

1 3
re(x) > r(x)—E > k+§ = r(x)—k>1.
Let 0 < € <€ and k > k.. We may write dw as

do = d[ fi(re)o] +d[ (1 — fu(re)) @]
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where f(re) =f ore. Then

| J do = A[ A fulrw] + / 4[(1 = fur0)) ]

M
— / d[filre) ] + f d[(1 = f(re)) @]
(sp) Stz

where Sf = {x € M : re(x) <t} for each t > 0. Indeed fi.(r¢) is zero on SZ
and 1 — fp(re) 1s zero on C(Sk42). We claim that (1 — fi(rc))w is supported
in the interior of Sy, hence

/ 4[(1 — fu(r)) 0] = 0
Sk+2

by the ordinary Stokes theorem (for forms with compact support). Indeed
if x € Spyo 1s such that 1 — fi(re(x)) # O then re(x) < k41 yet (by (B.7))
—1/2 4 r(x) < re(x) so that r(x) < k+ 3/2 that is

{x € Sey2 1 1 — fr(re(x)) # 0} C St3)2

and by passing to closures

supp [1 — fe(re)] C Set3/2 C Int(Sp42).
It remains that

/ do> = / dLfilr)o]

M C(S)

= /fk/(rg)dre/\a)-l- fﬁe(re)dw

C(s%) C(sy)
= / fkf(;fg)dre/\a)—{— / Sre(re) dow
S\ c(sp)

as fk/(re) is zero outside SEH by the very construction of fi. We wish to
estimate the integral

/ fkf(re) dre Nw.

Ser1\Sk

To this end we need the following
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Proposition B.2 There is a constant C > 0 and 0 < € < €1 such that |dre| <
C on Sp42 forany 0 < € < €. [ |

The proof of Proposition B.2 will be given later on. We claim that
Ses1 C Se+3. Indeed if x € ) then re(x) <k+1 hence x must lie in
Sk+3 (by the very definition of re we know that r. = k43 > k+ 1 outside
Sk+3)- In particular inequality (B.7) must hold on §j, w1\ S}, We claim that

Z—H \ S; C C(Sp—1). (B.8)
Indeed if x€ Sj;\S], then x€ C(S}) C C(Se-1). The last inclusion
follows from SZ D Sk—1 which may be seen as follows. Let y € Sp—1. Then
1
re(y) — o r(y) <k—1

hence y € Sp_1/2 C Sj,. Next (by (B.8) and Proposition B.2)

ff,g(radwws / 10| ldrel o] %1

Ser1\Sk Ser1\St
€
<2B / o] *1 < >
C(Sk-1)

Using again C(SZ) C C(Sk—1) we may also estimate (as 0 < fi(1) < 1)

/ Je(re) do| < / AGILZES!
C(sp) C(sp)
€
< ldw| 1 < —.
2
C(Sk—1)

Summarizing the information obtained so far, it remains that

[ao|=5+5
w| < -+-=¢€
202

M

for arbitrary € > O that is fM dw = 0 as claimed. Theorem B.1 is proved. Let
us prove Proposition B.2. Let x € Spy2 and 0 <€ < €. Then (as Sp42 C
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Int (Sk43))

o 0, .
e - J(‘“)()—Z J(”)< )

i=1 i=1

where d/0e¢j denotes the directional derivative in the direction ¢; (here
{e1,...,e,} C R"is the canonical linear basis). Let us set & = ¢;(x). Then

dre &
S =) lim {Jewl)@ +16) —Je (1) (§)}

1 P
=lim — /J'e (& + tej — mui(n) dn — fje (& —mui(n)dn

i=1 Rn R"

Let us change variables " =1 — f¢j in the first integral and then drop the
accents. We obtain

e o=t [ (0 + te))d j (n)d

T(X)—;:tg%;{/Je(g—ﬂ)“z(ﬂ‘i‘w]) n—/Je(S—n)u,(n) n}
1

=) lim- { / Je(®& =) (0 + 1) [r(1 + te) — r(m)] dny

+ / je& =) [8,0n+ 1) - g(n)]z(n)dn}

where d) piop. ! and r= rogo_ We need to show that there exist
th =0 and a constant C; > 0 such that for any 0 <t <ty

p(n,n + te;) - G B.9)

t 2
for any n € R" such that dist(goi_l(n), aU;) > p/2. Here p > 0 is the num-
ber appearing in (B.6) and p(n,n + te;) is short for d(gai_1 (17),(pi_1 (n + tej)).
We may assume without loss of generality that {(U;,¢;) : 1 <i<p} con-
sists of normal coordinate neighborhoods. As ¢ is sufficiently small we may
also assume that both goi_l(n) and goi_l(é + te;) lie in a simple and convex
open set £2; contained in U;. Let v : [0,£(f)] — €2; be the unique minimiz-
ing geodesic, parametrized by arc length, joining (pi_l (n) and ‘/)i_l (n + tey),
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where £(1) = p(n,n + te;). As ;= (x!,...,x") are normal coordinates the
components y¥ = x* oy of y are given by

ken ok Lok
y () =n +w)6]s, 0<k=n,

for any 0 < s < £(f). Therefore for any ¢ > 0 sufficiently small

£ 172
d]/k dyﬁ /
P(U,n+f€j)=/[gu(y(5))—d (S)—(S)} ds
s ds
0

0
t 12 G
0] fgjj(V(S)) S= 5
0

where

C;=2sup |gjj(x)|1/2, L= {x € U : dist(x,dU;) > g}

xe€L;

Statement (B.9) is proved.

As the directional derivative (dre /dx7)(x) exists for any x € U; one may
use a particular sequence ¢ — 0 with ¢ > 0 in the above calculations. Using
(B.9) we may estimate the integral

1
10 = [[iee = 0,00+ ) [0 + 1) — )]

as follows

r(n+te) —r(n) | p(n,n+ tey)
p(n,n+ tej) t

L)) = /fe & —me,(n+te) dn

(by (B.9) and the Lipschitz property of r)

S méio! . S boo! +
< 5 Je(& —mile; (0 +tej)) dn — 2]e(¢1090, )(E), t—>07.

The reason one may use (B.9) is that the integrand in [;(f) vanishes outside
the compact set L;. Moreover

p p
DI (#oeT)® > g =1, e—o.
i=1 i=1
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Hence there is 0 < €} < € such that for any 0 < € <€

p

2,

i=1

LG (B.10)
=5 .

Iim I;(t
g 10

[t remains that we estimate the integral

50 = [ie = 8,0+ 1)~ .00 | sonan

We have

¢(n+t1)—¢(n) 3¢,

| Ji(n] < fje@ n)‘ P — ()

r(n)dn

. ?i 891 +
+/Je(§ —n)—a (mr(n) dn — Je (z )(S), t—0".
6]' aej

On the other hand

ZJE (r —)(&) — Zr(x)—(x) €0,

hence there is 0 < €5 < €1 such that for any 0 < € <€

p

Z lim ],(t)

—1 t—0t

<C B.11
7. B.11)

Let us set €2 = min{e}, €5}. Then (by (B.10)—=(B.11)) for any 0 < € < &>

Ore

—(x) <G

for any x € Sp42 and any i € {1,...,p} such that x € U;. Finally let x € Sp4»
and let i € {1,...,p} such that x € U;. Then

|dre](x) = f’@(x)—(x) <x><ccka'

alk = max[ sup ‘g-’k(y)} 1< ifp],
YESk4+2NU;

and Proposition B.2 is proved.
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C.1. INTRODUCTION

Complex Monge-Ampere equations are nonlinear partial differen-
tial equations involving the complex Hessian u 7 = 32u/0279Z*. These are
related to the theory of functions in several complex variables and to com-
plex geometry, in particular foliation theoretic aspects. On an arbitrary
complex manifold 1/, of complex dimension n, one uses the first order
differential operators d and 9, whose definition is independent of the local
complex coordinates one may adopt, and considers equations of the form

(@auyt =0, (C.1)
A duA (0u) =0, (C.2)
duA (ddu)f =0, (C.3)

where, to start with, the functions u: IV — C are of class C2 on V. Of

course qu isa (1L1)—form onV and the exponents denote exterior powers
e.g., (0u)’ = (ddu) A--- A(30u) (p terms).

Definition C.1 The equation
(99u)" =0 (C4)
is called the (homogeneous) complex Monge-Ampére equation. [

Harmonic Vector Fields. DOI: 10.1016/B978-0-12-415826-9.00011-0
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With respect to a local system of complex coordinates (U, z',...,2") on IV
the complex Monge-Ampere equation (C.4) may be written

9%u
det PYSF— =0. (C.5)

Complex Monge-Ampére equations first appeared in the work of
H. Bremmermann, [70]. When n=1 the equation (C.5) is the Laplace
equation Au = 0 and, as argued in [206], (C.4) is the most natural extension

of the Laplace equation to higher dimensional complex manifolds. Several
properties of the forms in the left-hand side of the equations (C.1)—(C.13)
were discussed by S.S. Chern & H. Levine & L. Nirenberg, [87], when uis a
bounded, real, plurisubharmonic function. When restricted to a local coor-
dinate neighborhood (U, 27 the (1,1)-form 99u may be identified to Ujg S0
that the equations (C.1)—(C.3) are easily seen to be (locally) equivalent to

rank I:ujg] <bp, (C.6)
0 MT DY uﬁ
()1 wg - W
rank | . . .| =p (C.7)
(E) n unT e Unn
MT ... uﬁ
ulT ... Mlﬁ
rank | . | =Zp (C.8)
g o0 Mum

respectively. The substitutions u = exp(Bv) and u=logw in (C.1) lead
respectively to the equations

(@) A (@dv+ (p+1)BAv A dv) =0, (C.9)
(@0w)’ A (wddw + (p+ 1)dw A dw) =0, (C.10)
which are locally equivalent to
1
5 Ui
rank

Vi V| <y, (C.11)

Voo VT ottt Vum



C.1. Introduction 459

w WT DR Wﬁ
w1 W1T .. w]ﬁ

rank | . . . <p. (C.12)
Wy W, o W

The form embraced by the equations (C.11)—(C.12) allows one to parallel
the formal similarities among complex and real Monge-Ampére equations
(the real Monge-Ampére equations being well known to involve determi-
nants of the real Hessian). It is the proper place to make the following
remark (following the exposition in [30], p. 544-545): Given a nonpara-
metric real hypersurface x"1 = u(x!,...,x") in R"! such that the (real)
Hessian of u has constant rank

9%u
rank [m] =p

the graph of u is developable by real (1 — p)-dimensional hyperplanes (and
actually if p =1 and n =2 the hypersurface is locally a cylinder). The key
ingredient in the proof of this result is the (geometric) interpretation of
the Hessian [Bzu/ 0/ axk] as the Jacobi matrix of the normal vector field
(tyy s+ -+ thx,, —1). See for instance P. Hartman & L. Nirenberg, [158].

Let us look at a complex analog to this situation. To this end, let us
consider a domain D C C" and a smooth function u#: D — R. The Levi
form (cf. e.g., [110], p. 5-6) of the real hypersurtace

M = {(2/,2144-1) € (C”-‘rl :10g|zn+1| +1/l(2’/) =0, o €D, Zﬂ—l—l # O}

has at least n — p zero eigenvalues if and only if u satisfies (C.6). If the Levi
form of M has exactly n — p zero eigenvalues then by a result of E Sommer,
[272] (ct. also [24], p. 47—48, and p. 134-137) M is foliated by complex
manifolds of complex dimension n—p. On the other hand, a result by
K. Abe, [1], shows that the requirements ensuring that M is locally a cylin-
der should be much stronger than the condition (C.1) alone. The lack of an
appropriate geometric interpretation of (C.1) is responsible for the further
development of the theory (cf. E. Bedford & M. Kalka, [30], D. Burns, [73],
P-M. Wong, [313; 314], T. Duchamp & M. Kalka, [111]) pursuing the
foliation in Sommer’s result (cf. op. cit.) rather than the “locally a cylinder”
aspect.
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S C.2. STRICTLY PARABOLIC MANIFOLDS

Let I be a connected complex n-dimensional manifold and v : V' —
[0,4+00) a C* function with § = sup /T < 0.

Definition C.2 We call 7 : IV — [0,4-00) a strictly parabolic exhaustion of
7 if i) for any r € R with 0 <r < § the set

Vin={zeV:t(z) <’}

is compact, ii) T <82 on V, iii) dd't >0 on V, and iv) the relations
ddlogT > 0. (ddlogt)"™" # 0 and

(ddlogT)" =0 (C.13)

hold on V, = '\ V[0], where d° = (1/(47‘[))(5 — ). A pair (I, T) consist-
ing of a complex manifold IV and a strictly parabolic exhaustion 7 : V' —
[0,400) is called a strictly parabolic manifold. Also & is the maximal radius of
the exhaustion 7. L

The equation (C.13) is the complex Monge-Ampere equation and the
relations dd“logt > 0 and (ddclog ‘E)n_l # 0 are nondegeneracy conditions
meaning that the (1,1)-form 8dlogT has exactly n—1 strictly positive
eigenvalues on V.

Example C.3 Let V=C" and 1 : C" — [0, 4 00) be given by 75(2) = |2/
for any z € C". Given 0 < r < 400 the set C"(r) = {z € C" : 1p(2) < 1*} is
the open ball of radius r centered at 0. Then (C"(r), 7p) is a strictly parabolic
manifold of maximal radius r.

It is a by now classical result of W. Stoll, [275], that up to isomorphism
the balls (C"(r), 70) if 0 < r < 00 and (C", 1p) if r = 00 are the only strictly
parabolic manifolds. Precisely

Theorem C.4 (W. Stoll, [275]) Let (V,t) be a strictly parabolic manifold
of complex dimension n and maximal radius §. There is a biholomorphism F :
C"(8) — V such that T o F = 1.

Therefore the biholomorphism F furnished by Theorem C.4 preserves
the exhaustions (i.e., T o F = 1p) and F is an isometry of Kaehler metrics
e, F*(dd‘t) = dd'tg. Alternative proofs of Theorem C.4 were given by
D. Burns, [73]. A local study of this context was performed (by dropping
the assumption that 7 be an exhaustion function) by P-M. Wong, [313].
Cf. also Theorem A in [314], p. 226.
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S) C.3. FOLIATIONS AND MONGE-AMPERE EQUATIONS

Let M be a real 2n-dimensional manifold. For any ideal J in the de
Rham algebra Q°®(M) we define a distribution Ann(J) on M by setting

Am()),={XeT.(M): X|w,=0, weJ}, xeM.

If F is a foliation of M each of whose leaves is a complex manifold, a
function f on M is said to be holomorphic (respectively pluriharmonic) on JF
if the restriction f|L of f to each leaf L € M/F is holomorphic (respec-
tively pluriharmonic) on L. Let T%'(F) — M be the complex vector
bundle whose portion over each L € M/F is the anti-holomorphic bun-
dle T (L) — L. We consider the first order differential operator AF
C'(M,C) — I'U(T" (F)*) given by (3£) Z = Z(f) for any C' function
f:M— C and any Z € I'®(TY(F)). Here THO(F) = TO1(F). Then
f e CY(M,C) is holomorphic on F if 3 £f = 0. The space of all functions
holomorphic on F is denoted by Oz (M).

As the aspects we discuss in the sequel are of local nature we restrict

ourselves to a domain D C C". We follow essentially the exposition in [30].
One may easily check

Lemma C.5 Let {w1,...,wr} be a set of differential g-forms on D and
J C Q%(D) the ideal generated by {w1,...,w¢}. If dT S J then Ann(J) is

involutive.

Let (z!,...,2") be the natural complex coordinates on C". Let w =
(i/Z)ijdzj Adz* be a (1,1)-form on D with W € C*®(D,C). Then w is
real (i.e., w = ) if and only ifa)jE =w; e, [a)jg] is a Hermitian symmetric
matrix. Therefore if @ is real and A = [a)jE] then there is a C*° map U :
D — U(n) such that

UAU ™! = diag(r1, ..., Ay)
for some A; € C°(D,R), 1 <j <n. Letus set U= [UkJ] and
ol =UldF e (D), 1<j<n

Then

i . T - e
w= E)Ljozf/\af, o =al.
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Next we set f; = |)\j|1/2 a; so that

W= 10BN

where €(4)(2) is the sign of the real number A;(2) for any z € D. Let
B/ = b/ — i[*b/ be the real and imaginary parts of 8/ as a (1,0)-form on D.
Here J* is given by

J'e)(X)=—a(JX), aeQ'(D), XeX(D).
Janp)y= T ) AP,
and J is the complex structure on D. Then
= —€(A) b ATb. (C.14)
As a consequence of (C.14)

Lemma C.6 Let J C Q*(D) be the ideal generated by the real (1,1)-forms
{w1,...,0p} on D. Then Ann(J) is J-invariant.

Next we shall establish

Proposition C.7 Let w = (i/2)a)iEdzfAd§k be a real (1,1)-form on D.
Then the distribution Ann(w) = {X € T(D) : X | @ = 0} has rank 2(n— p),
i.e., dimrAnn(w), = 2(n — p) for any z € D, if and only if

o' #£0, o't =0, (C.15)
everywhere in D.
Proof Let Z = 7Z73/9d2/ be a vector field of type (1,0) on D. Then
Zlw= i'sz]@dz’e. (C.16)
Let us set
Ann()'"’ ={Ze TD): Z]w =0}, Ann(w)"" = Ann(w)'0.

As a consequence of (C.16) and the fact that [a)j;] is Hermitian symmetric
it follows that

Ann(w) @ C = Ann(a))1’0 ® Ann(a))m.

Hence X =Z+Z e Ann(w) with Ze T (D) if and only if Ze€
Ann(w)' i.e., if and only if Zfa)]% = 0. It follows that

dimg Ann(w), = 2dim¢ Ann(a))i’0 = n — rank[w ;'E(Z)]'
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Finally it may be seen from
O =2 @ e d2 A A dz I AT A A AT
JIR1 JpRp
that rank[a)jE] = p if and only if w satisfies (C.15). [

The main purpose of this section is to establish the following

Theorem C.8 (E. Bedford & M. Kalka, [30]) Let D C C" be a domain
and let f € C3(D) satisfy (ddff)p+1 =0 and (dd°f)P # O everywhere in D. Let
f =u+iv be the real and imaginary parts of f. If v is plurisubharmonic then there
exists a_foliation J, of D by complex submanifolds of complex codimension p such
that 1) u,v are pluriharmonic on F, and ii) u/dz’, dv/dz) e O, (D) for any
1<j<n.

Proof. Let J be the ideal in Q2°(D) spanned by dd‘u and dd‘v. Then the
distribution Ann(J) C T(D) is integrable. Indeed Ann(J) is involutive
(by Lemma C.5) and has constant rank

dimpAnn(J), =2(n—p), z€D,

as a consequence of

Lemma C.9 Let wq and wy be real (1,1)~forms on D such that w2(Z, Z) > 0
forany Z € TY(D). Let )»Jf’, b,{ € C*(D), a € {1,2} as in the proof of Lemma
(C.6) i.e.,
n
wi=—Y € (xj) bl AJ*bI, ae{1,2).

=1

Let J be the ideal in Q® (D) spanned by {bﬁ,]*bf, 1 <j<n, ae{1,2}}. Then
dimp Ann(J ). = 2(n— p) for any z € D if and only if (w1 + iwp)?T' =0 and
(w1 + iw2)? # O everywhere in D.

For a proof of Lemma C.9 the reader may see [30], p. 548-549. By
Lemma C.6 the distribution Ann(7) is J-invariant hence each leaf of the
corresponding foliation F, (such that T'(F,) = Ann(J)) is a complex sub-
manifold of D. Let L € D/F, be a leat of F, and let ¢: L — D be the
inclusion. Let 3 and 31 be the 8 and @ operators relative to L (as a complex
manifold). Let ¢*u = u|; be the restriction of u to L. As Ann(dd‘u) D T'(L)
it follows that

3107 (ulp) =080 u=130u=0
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hence u|; is pluriharmonic. A similar proof shows that v is also plurihar-
monic along the leaves of F,. To end the proof of Theorem C.8 let us
check for instance that u; = du/ 92/ is holomorphic along the leaves of Fp.
Let L be aleafand Z = Z73/32/ € T"°(L) a complex vector field of type
(1,0) on L. As

T(L) € Ann(dd‘u), JT(L) C Ann(dd‘u),
it follows that
0=2Z]dd'u=2Zlugdz"
hence

Z(uj) = Zuy, = 0.

§ C.4. ADAPTED COMPLEX STRUCTURES

By a result of H. Grauert, [152], any real analytic manifold M
may be embedded in a complex manifold as a maximal totally real sub-
manifold. This may be seen by complexifying the transition functions
defining M. Grauert’s complexification is however not unique. The works
by V. Guillemin & M. Stenzel, [154], and L. Lempert & R. Szdke, [206],
represent an effort of formulating additional conditions on the ambient
complex structure to make the complexification canonical for any given
C® Riemannian manifold M. More precisely, in [154] and [206] one builds
a complex structure on some open subset A* € T*(M) which is compat-
ible with the canonical symplectic structure on T*(M). Equivalently there
is a unique complex structure | on some open subset A € T(M) (referred
to as an adapted complex structure) such that the leaves of the Riemann
foliation of T'(M) are holomorphic curves. The set T"(M) = {X € T(M) :
| Xy < r} equipped with J is a Grauert tube. As the adapted complex struc-
ture is derived from the given metric ¢ on M in a canonical way, it turns
out that dF is an automorphism of (T"(M),]) for any F € Isom(M,g). If all
automorphisms of T"(M) are obtained this way, the Grauert tube T"(M)
is said to be rigid. Rigidity of Grauert tubes was investigated by D. Burns,
[74], and D. Burns & R. Hind, [75], when M is compact, and by S-J. Kan,
[181], for (not necessarily compact) C* homogeneous Riemannian spaces.
Adapted complex structures and the corresponding compatible metrics on
the tangent bundle are the reason to be of Appendix C, based on the belief
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that a better understanding of the rich geometric structure of the tangent
bundle of a Riemannian manifold will lead to a further development of the
analysis of harmonic vector fields and their generalizations.

Let (M, g¢) be a Riemannian manifold. As seen in Chapter 1 of this book,
the decomposition T,(T(M)) =H, & V,, v € T(M), arising from ¢ already
produces an almost complex structure J1 o on T (M), discovered in [99], yet
integrable if and only if ¢ is flat. On the other hand if X = X'9/dx' is a unit
vector field on an open subset U € R" then X is a harmonic vector field if
and only if the map

p:U— S ¢=(X'(),...,X"(), xeU,

is harmonic. Loosely speaking, there is nothing new about the theory of
harmonic vector fields on a locally Euclidean manifold.

Another example is due to A. Morimoto & T. Nagano, [216], who
built a canonical complex structure on the tangent bundle over a compact,
simply connected, Riemannian symmetric space of rank 1. If for instance
M = S" C R"! then we may identify T(S") with

{G,r) e R xR x| =1, (x,0) =0}.
Next let Q, C C"*! be given by

n+1
Q,=1G ..., 2"THecrt!. Xz(z'j)2 =1

J=1

={&+in: .6 =1 (EmnN=0 EneR™}
Let us consider the map f : T(S") — Q,, defined by

sinh({|v[)) 0
flx,v) = cosh(||v||)x+twv, (x,v) € T(S").
Then f is an SO(n+ 1)-equivariant diffeomorphism.! A complex struc-
ture on T'(S") is obtained by pulling back via f the complex structure of
the hyperquadric Q,. G. Patrizio & P-M. Wong, [236], investigated the
relationship among the complex structures discovered by A. Morimoto &

1 Given (x,v) € T(S") let us consider £ =f(x,v) € Q,. Then [[v]| = log [@ WVIZP+1+V1212=1)].
Consequently the image of the tube T¢(S") under the diffeomorphism f : T(S") — Q, is
F(T€(S") = Q, N B(x/cosh(2€)) where B(r) = {z € C"t! : |2 < 1}. Also f(3 T¢(S")) =
QN §2ntl (v/cosh(2€)) where S2t1 () = 9 B(r).
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T. Nagano (cf. op. cit.) and the global solutions to the homogeneous
complex Monge-Ampere equation.

Yet another example of complex structure was built by L. Lempert,
[204], on a tube around the zero section in the tangent bundle over a com-
pact hyperbolic manifold (i.e., a compact quotient of the unit ball in R"
endowed with the Cayley-Klein metric).

The three examples mentioned above are particular instances of adapted
complex structures (according to the terminology adopted in [206] and [277]).
The remainder of this section is devoted to briefly discussing the construc-
tion of adapted complex structures in a sufficiently small neighborhood
of op(M) C T(M) for any C® Riemannian manifold M. Moreover we
state (following [277]) necessary and sufficient conditions under which an
adapted complex structure is defined on the whole of T'(M). This happens,
for instance, when M is a compact symmetric space. It should be mentioned
that the canonical complex structures (on the total space of the cotangent
bundle) built by V. Guillemin & M. Stenzel, [154], are actually equivalent
to those of R. Szoke, [277].

Let (M,¢) be a Riemannian manifold. As in Chapter 1 let E: T'(M) —
[0,+00) be given by E(v) = %gn(y) (v,v) for any v € T(M). We set

T'(M) = {ve T(M):2E(v) <*}, r=0.

Let N, : T(M) — T(M) denote fibrewise multiplication by y € R. From
now on we assume that (M,g) is complete, so that each geodesic of (M, g)
can be continued to the whole R. Let y : R — M be a geodesic and let us
consider the immersion V¥, : C — T(M) defined by

d
Yy (x+iy) = NY%(X)’ x+iyeC.

Let G(R, M) be the set of all maximal geodesics in M. Then
{Yy (C\R):y € GR, M)}
are the leaves of a smooth foliation by real surfaces of T'(M) \ o¢(M).

Definition C.10 The foliation F of T(M) \ oo(M) defined by [T (M) \
oo(M)]/F ={¥,(C\R) : y € G(R,M)} is called the Riemann foliation of
T(M) \ oo(M). [ |

Each leaf ¥, (C\ R) of the Riemann foliation carries the natural com-
plex structure got by pushing forward via ¥, the complex structure on C.
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Definition C.11 Let (M,g) be a complete Riemannian manifold and
0 <r<o00. A complex structure J on T'(M) is said to be adapted if any
leaf of the Riemann foliation is a complex submanifold of (T"(M),]). =

By a result of [206], if an adapted complex structure on T"(M) exists
then it is unique. As to the existence question one may state the following

Theorem C.12 (R. Szdke, [277]) Let M be a compact real analytic manifold
endowed with a real analytic Riemannian metric g. Then there is € > O such that
T (M) carries an adapted complex structure.

Given a C* complete Riemannian manifold (M,g), it may be shown
that whenever T"(M) admits an adapted complex structure both the mani-
fold M and the metric g are C®. Hence the conditions in Theorem C.12 are
both necessary and sufficient (for the existence and uniqueness of adapted
complex structures on tubes T'(M)). Cf. e.g., Theorem 1.5 in [205],
p. 237.

Let x € M and let y : R — M be a geodesic issuing at x (i.e., ¥ (0) = x)
parametrized by arc length. Let {v1,...,v,—1} C Tx(M) be tangent vectors
such that {y(0),v1,...,v,—1} is an orthonormal basis of (Tx(M),g,). Let
{(X1,..., X—1,Y1,...,Y,—1} CJ, be the Jacobi fields determined by the

initial conditions
Xix) =vi, (VyX)(x) =0,
Yi(x) =0, (VyYi)(x)=uv,

for any 1 <i<n—1. Cf. [189], Vol. II, p. 63 for the relevant mate-
rial (on Jacobi fields along a geodesic in a Riemannian manifold). Then
{Xi,...,X,—1} are pointwise linearly independent on y(R\S) where
S CR is a discrete subset such that y(S) is precisely the set of points
on y which are conjugate to x. On the other hand, the vector fields
{Xi,Y;:1 <i<n—1} are orthogonal to y. Hence there exist functions

@ik - R\ S — R such that

n—1

Y]‘O)/:Z%‘kaO)/, 1<j<n-—1.
k=1

The following result gives a precise description of the size of the tube
T"(M) on which an adapted complex structure may be defined.
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Theorem C.13 (R. Szoke, [277]) Let (M, g) be a complete C* Riemannian
manifold and let 0 < r < 00. The following statements are equivalent:
1. There is an adapted complex structure on T"(M).
2. For any x € M and any geodesic 'y issuing at x there is a matrix [fir] of
meromorphic functions defined on D" = {x+iy € C: |y| < r} such that
i. all poles of f. lie on the real line R,
ii. fiolp =@, 1 <jk<n—1,and
iii. the matrix [Im(fi)] is pointwise invertible on D" \ R.

Theorem C.13 implies the existence of globally defined adapted com-
plex structures on the tangent bundle over an arbitrary compact symmetric
space (not only for the rank one spaces).

Theorem C.14 (R. Szdke, [277]) Let (M, g) be a complete locally symmetric

space.
a. If M has nonnegative sectional curvature (in particular if M is a compact symmetric

space) then there is an adapted complex structure defined on the whole of T'(M).
b. If the sectional curvature of M is > A for some & < O then there is an adapted

complex structure on T™ /CV=1) (M).

By Theorem 4.3 in [206], p. 697, if M is compact then part (b) in
Theorem C.14 above is sharp and the complex structure on T/ (V=) (M)
cannot be extended any further. Precisely

Theorem C.15 (L. Lempert & R. Szoke, [206]) Let M be a compact
Riemannian manifold such that there is an adapted complex structure on T"(M) for
some 0 < r < 00. Then the sectional curvature of M is > —71'2/(41’2).

S C.5. CRSUBMANIFOLDS OF GRAUERT TUBES

Let (M,g) be a compact connected C” Riemannian manifold and
T"(M) a Grauert tube. Let us consider the map p : T"(M) — R given by
p(v) =2E() =g(v,v) for any v € T'(M). As previously seen (cf. [154],
[206]) i) p is strictly plurisubharmonic, i) M = p~'(0), iii) the Kihlerian
metric h whose Kihler form is iddp is compatible to g i.e., ojh=g
where 0g: M — T (M) is the zero section, and iv) (85\/5)'1 =0 on
T'(M) \ 00(M). Let us set Qe = {ve T"(M) : p(v) < €} and M, = Q..
Then M is a strictly pseudoconvex CR manifold, whose CR structure is
naturally induced by the adapted complex structure on T"(M). The rela-
tionship among the Riemannian geometry of (M,g) and the CR geometry
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of M is insufficiently explored as yet. By a result of S-J. Kan, [182], if
€1 7# €3 then M, and M, are inequivalent CR manifolds, provided that
dim(M) = 2. Also S-J. Kan computed (cf. again [182]) the Burns-Epstein
invariant (cf. [85] for the relevant notions) of M.

C.5.1. The Szego Kernel

Let us assume that dim(M) = 2. If (¢ : M — T"(M) is the inclusion then
O =¥ (—idp) is a contact form on M. Let S¢ be the Szegd kernel with
respect to the volume form 6¢ A dfc. Cf. e.g., R. Ponge, [257], K. Hirachi,
[167]. See also [91], [84]. By adapting the results of L. Boutet de Monvel &
J. Sjostrand, [65], and C. Fefferman, [116], to the domains €2, one may
show that the Szego kernel of (M, 6¢) admits the development

Se(2,2) = 9(2)pe (2) 72 + ¥ (2) log pe (2)

for some @,y € C* (€2) and some defining function pe of ¢ with pe > 0
in 2¢. We may quote

Theorem C.16 (E. Koizumi, [190]) The boundary value of the logarithmic
term coefficient Yo = Y|y has the asymptotic expansion

1 o0
Yo ~ WZFZ%%, €— 0T, (C.17)
=0

where Fg/” (A\2g) = )»72674Fe %(g) for any A > 0. Moreover

1 2
F = — 5 20— (€T20)l, (C.18)

where p and A are the scalar curvature and Laplace-Beltrami operator of (M, g)
while T is the characteristic direction of df.

One may regard (6 2 TE2 ,0) |€:0 as a function (which is not S'-invariant)
on the total space of a circle bundle over M (cf. Lemma 4.5 in [190]).
It may also be shown that ¥ is a constant multiple of the Q-curvature
(ct. [117], [147] and [168]). This may turn useful in understanding the role

of Q-curvature in CR geometry.

C.5.2. Chains and the Characteristic Flow

The purpose of this section is to report on the results of M.B. Stenzel,
[274]. Let V' be a complex (n+ 1)-dimensional manifold and ¢ : V' — R a
smooth, positive, strictly plurisubharmonic function. Let / be the Kihlerian
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metric whose Kihler 2-form is 2i39¢ i.c., h = 2¢ 7 dz/ © dz* with respect
to a local system of complex coordinates (€2, 22" on V. Let
C — Ky — V be the canonical line bundle over V i.e., Kjy = A"10(1)
(the bundle of (14 1,0)-forms on V). We consider the inner product (-, -)
on Ky determined by

i”(ﬂ+1)(”+ DNvAr=(v,n (85(1))”'—1 ’

for any v,u € (Ky), and any z € V. We set |v| = (v,v)'/? for any v €
Ky. Let {Z;:1 <j<n+1} be a local frame of T1’0(V), defined on the
openset 2 C 1. Let {w/:1 <j<n+ 1} be the complex (1,0)-forms on
defined by

wl(Z)=68], w!(Zy)=0.

If39¢ = ag w! A ok for some C® functions ag: Q — C then
—1/2
|a)1 Avee /\w”"'l‘ = (det[ajg]) .

Here % = 6% for any 1 <k <n+1.
Let us define a complex vector field Z of type (1,0) on I by requiring
that

200 (Z, W) = |3¢|~% (3g) W), W e T (V). (C.19)

Here [3¢|> = h*(3¢,d¢) and h* is the bundle metric on T*(V) induced
by h. It should be observed that (9¢) (Z) = 1.

Lemma C.17 (M.B. Stenzel, [274]) The following statements are equi-

valent
1. (09/9)"" ' =0.
2.|0¢| = /2¢.

3.[2,Z)= Qo) (Z—-2).
4. Let & be the complex vector field on V' determined by
E1iddp = —Imadg.
Then B¢ = 2¢.
Cf. [274], p. 387-388, for a proof of Lemma C.17.
Let (M,g) be a real (n+1)-dimensional compact, connected, C¢

Te
Riemannian manifold and T"(M) a Grauert tube. Let S' — C(M,) —
Mec be the canonical circle bundle over M, = dT¢(M) (cf. e.g., [110],
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p- 119). Let 8 = —Im (5([)) Then 6. = (}6 is a contact form on M, where
te : Me = T'(M) is the inclusion. Let Fg, be the Fefterman metric on
C(My) i.e.,

Fy, Zﬂ:ége +2(7Te*9€)®06

where

1 i W5
oe=—— {dy o (iwg — Pz ﬁ@) } :

cf. e.g., (2.31) in [110], p. 129. Here y is a local fibre coordinate on C(M).
Also w% are the local 1-forms of the Tanaka-Webster connection V¢ of
(Me,6¢) (cf. Theorem 1.3 in [110], p. 25, for the existence and uniqueness
of V€) with respect to a local frame {T, : 1 <« < n} of T o(Me). Moreover
2B = Ly (T, Tg) and p is the pseudohermitian scalar curvature of (M, 6¢)
(cf. e.g., [110], p. 50). As well known (cf. Prposition 2.17 in [24], p. 28)
O¢ 1s a connection 1-form in the principal bundle S' - C(M,) — M, and
do¢ is projectable i.e., doe = Q¢ for some 2-form Q¢ on M. Let T, be
the characteristic direction of df¢ (cf. [110], p. 8). It may be shown that

Theorem C.18 (M.B. Stenzel, [274]) The integral curves of Te are chains
if and only if T¢ | Q¢ = 0. In particular if (M,g) is a harmonic manifold then the
integral curves of Te are chains on M.

Here by a chain one understands the projection on M of a non vertical
null geodesic of the Fefferman metric Fy,. The proof of Theorem C.18 is
to relate the Riemannian geometry of (M,g¢) to the Kihlerian geometry
of (T"(M),h) and to the properties of the solutions to the Monge-Ampere
equation (85\/5)”+1 = 0. An important role in the needed calculations
(cf. [274], p. 391-393) is played by the Graham-Lee connection (cf. Propo-
sition 1.1 in [151], p. 701) associated to the foliation by level sets of 2E
whose transverse curvature is (by Lemma C.17 above) r = (2¢) .
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§ APPENDIX D

Exceptional Orbits of Highest
Dimension

A smooth action of a Lie group G on a n-dimensional C* manifold M is a
C*® map o : M X G — M such that @(x, ¢) = x and o (x,ab) = a(a(x,a),b)
for any x € M and a,b € G. The orbit of a point x € M for the action «
is the subset G(x) = Oy(a) = {a(x,a) € M : a € G}. The isotropy group of
x € M is the subgroup G, = Gy(a) ={a € G: a(x,a) = x}. Clearly G, is
closed in G. The map jy: G— M given by j.(a) = a(x,a) = xa induces
the map]_'x : G/ Gy — M given by]_'x(ﬁ) = jy(a) where a = G, - a. Note that
a~'be G, if and only if xa = j,(a) = jy(b) = xb hence j\ is well defined
and one-to-one. It may be shown that G/G, has a natural structure of
a differentiable manifold and j, is an injective immersion whose image is
G(x). It 1s customary to call @ : M X G — M a foliated action if for any
x € M the orbit G(x) has fixed dimension r (cf. e.g., C. Camacho & A.L.
Neto, p. 29). Also « is locally free when dim(G) = r as well. If « is a foliated
action of G on M it may be easily shown that there is a codimension n —r
foliation F of M such that M/F = {G(x) : x € M} i.e., the leaves of F are
the orbits of the action (cf. Proposition 1 in [79], p. 29).

Let G be a compact Lie group acting on a n-dimensional topological
manifold M. Let x € M and let G be the connected component of the
identity in Gy. The order of each quotient group G,/G is finite. Let m(x)
be the order of G,/G. If p,q € Z with p > 0 and ¢ > 0 we set

My ={x€M:dimG(x) =p, m(x)=q},
M, = {x € M : dim G(x) = p}.
The following facts are rather well known.

Proposition D.1
i. For each point x € M, there is an open neighborhood U C M such that for
any y € UNM, its stability group G, is conjugate to an open subgroup of
Gy and then m(y) is a factor of m(x). In particular m: M, — 7 is upper
semi-continuous. Also for any r € Z with r > 0 the set U;:1 M, , is open
in M,.
P
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ii. If G is connected then every connected component of My, 4 is a fibre bundle whose
fibres are orbits.
iii. The set U;:O M, is closed for any s € Z with s > 0.

Statement (i) in Proposition D.1 follows from the fact that every point
x € M has a neighborhood U C M such that G, is conjugate to a subgroup
of Gy for any y € U (cf. S. Bochner, [49]). Statements (ii)—(iii) follow from
(1) and a result by A. Gleason, [135].

Let us assume that there is r € Z with 0 < r < n such that dim G(x) <r
for any x € M. An orbit G(x) is singular if dim G(x) < r. Let us set

r—1
F=| M,
p=0
1.e., F is the set of points on singular orbits. Then

Theorem D.2 (D. Montgomery & H. Samuelson & L. Zippin,
[212]) The points on orbits of highest dimension form a connected open set whose

complement has dimension at most n— 2 i.e., M\ F is a connected open set and
dim(F) <n—2.

Let us set

e}
k=inflm(x):xe M}, E= ] My,
q=k+1
As a corollary of (i) and (iii) in Proposition D.1
Proposition D.3 EUF is a closed set.

The main result in [213] is

Theorem D.4 (D. Montgomery & H. Samuelson & C.T. Yang,
[213]) Let M be a n-dimensional C°° manifold and let G be a compact con-
nected Lie group acting smoothly on M. If H,—1(M,Z>) = 0 then the closed set
EUF has dimension dim(EUF) <n—2 and M\ (EUF) is a fibre bundle
whose fibres are orbits.

Here H,_1(M,Z>) is the (n— 1) Cech homology group of M
(when M is compact) or of its one-point compactification (when M is
noncompact) with coefficients in Zj.

Let y € M and let us set

X:{xeM:GS;G;?}, G’={ge G:gG;):GSg}-
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Then X is closed in M,, hence it is locally compact. Also G’/ Gg acts on X
as a transformation group and there is a neighborhood W of the identity
in G’/Gg such that h(y) = ' (y) with h,// € W implies that h =h'. The
following result follows from arguments in [135].

Lemma D.5 There exist

1. a closed neighborhood N C X of y,

2. a closed subset C C N such that y € C,

3. a compact neighborhood W of the identity in G’/ Gg, such that every element of
N may be uniquely written as hz for some h € W and z € C. Also N may be
taken in any preassigned neighborhood of y.

Using Lemma D.5 one may show (cf. [213], p. 132—135)

Proposition D.6
i. dim(E) < n—1 (and hence dim(EUF) <n—1).
ii. E\ M, 2 doesn’t separate M locally i.e., each point of M has an arbitrarily
small neighborhood U C M such that U\ (E \ Mr,zk) is connected.
iii. The orbit space of M,y is connected. In particular if G is connected then M,y is
connected.

It should be mentioned that Lemma D.5 and Proposition D.6 do not
require the differentiability M (the results hold for any topological manifold
M). More refined results on the exceptional set E (cf. Theorem D.4 above)
are available only in the differentiable case and rely on Lemma 3.1 in [213],
p- 136 (the main technical tool there). Most arguments in [212] may be
significantly simplified when M is a smooth manifold and G acts smoothly
on M (cf. [213], p. 135—140).

One may produce examples showing that none of the two assumptions
(G is connected and H,_1(M,Z;) = 0) in Theorem D.4 may be dropped.
For instance let M = S" C R"t! be the unit sphere with n> 2 and let G
consist of the identical transformation of M and the reflection with respect
to the hyperplane x,+1 = 0. That is G = {1, a} where a(x) = (X', —x,+1)
for any x = (x,x,41) € S" (with X’ € R"). Then

G(x) = {x, (', —xu11)}, x€8",
so that dim G(x) = 0 and hence r = 0. Therefore

) S" itp=0

M, = ., PEZ, p=0,
"o itp=1 T P
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and then F = {J. On the other hand

{Tsn} ifxy417#0
GX - . 5
G le,H_l =0

1 ifx,q1 #0
2 ifx,y =0

m(x) = |G/ G| = {

k=inf{m(x) : x € My} =1,

so that

00
E= UMO"Z = Mpp = S"N {x e R Xpt1 = 0} =g"!
=2

ie, dm(EUF) =n—1. Here H,—1(S",Z») = 0 yet G isn’t connected.

Let M be a complete Riemannian manifold of dimension n, and let G
be a Lie group of isometries of M which is closed in the full isometry group
Isom(M,g) of M. We say that M is of cohomogeneity one under the action of
G if G has at least an orbit of codimension one. For the general theory
of cohomogeneity one manifolds the reader may see A.V. Alekseevsky &
D.V. Alekseevsky, [14; 15], G.E. Bredon, [70], E Podesta & A. Spiro, [256],
and R.S. Palais & C.L. Terng, [234]. We close this appendix by recalling
a few facts about cohomogeneity one manifolds. It is known that their
orbit space 2 = M/G is a Hausdorft space homeomorphic to one of the
following spaces

R, S', [0,400), [0,1].

Let w : M — 2 be the natural projection. If x € M the orbit G(x) is prin-
cipal (respectively singular) if the corresponding image in the orbit space €2
is an interior (respectively boundary) point. A point x € M whose orbit is
principal (respectively singular) is called a regular (respectively singular) point.
The subset of all regular points is an open and dense subset of M denoted
by Miee and the subset of all singular points is denoted by Mgiyg. If Q' cQ
is homeomorphic to an open interval in R and O is a principal orbit then
Q" x O is diffeomorphic to 7~ H(Q0). All principal orbits are diffeomor-
phic to each other and if M/G =R then M is diffeomorphic to R x O
where O is a principal orbit. Each singular orbit has dimension less than or
equal to n— 1. A singular orbit of dimension n— 1 is called an exceptional
orbit. No exceptional orbit is simply connected and if 71 (M) = 0 then no
exceptional orbit may exist. If M is orientable and all principal orbits are
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connected then any exceptional orbit is non-orientable. If O is the only
singular orbit of M (the case M/G = [0,+00)) then w1 (M) = m1(O). We
recall

Definition D.7 A geodesic ¥y : R — M on a Riemannian manifold of
cohomogeneity one is called a normal geodesic if it is orthogonal to each
orbit that it meets. u

A geodesic y is normal if and only if it is orthogonal to G(y () for at
least one 1. If M/G = S' or M/G = [0,1] then a normal geodesic ¥ : R —
M intersects each principal orbit O infinitely many times (i.e., y () € O
for infinitely many ¢ € R). It M/G = [0,400) then y : R — M intersects
each principal orbit in two distinct points. If M/G=R then y :R— M
intersects a principal orbit exactly once. Also, the following results are of
common use in this context.

Theorem D.8 (PJ. Ryan, [263]) Let M(c) be a space form of (constant)
curvature ¢ < 0 and let M be a real hypersurface in M(c) whose principal curvatures
are constant. Then at most two of the principal curvatures are distinct.

Theorem D.9 (PJ. Ryan, [264]) Let M be a real space form and M a hyper-
sutface in M. If the principal curvatures of M are constant and at most two of them
are distinct then M is congruent to an open set of one of the standard examples."

Theorem D.10 (R.S. Palais & C.L. Terng, [234]) Let M be a complete

Riemannian G-manifold that admits sections and let O be a principal orbit of M.

Then

i. exp [V(O)y] is a properly embedded totally geodesic submanifold of M for each

x € O. Here v(O) — O is the normal bundle of O in M.

ii. v(O) — O is flat and has trivial holonomy. If Ny, - -+, Ny, is a linear basis in
v(O)y then the G-invariant normal vector fields N; given by N,(gx) = (dx9)N;
Sform a globally defined parallel frame in v(Q) — O.

iii. The principal curvatures of O with respect to any parallel normal field are
constant.

Theorem D.11 Let M be a complete hypersurface in the Euclidean space R"*!
whose principal curvatures are constant. Then M is isometric to one of the following
spaces

1 When & = R"! the standard examples are hyperplanes, spheres, and cylinders over spheres (cf.
PJ. Ryan, [264], Section 1).
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Proof Theorem D.11 follows from Theorem D.8 and D.9 (because M is
complete). |

Theorem D.12 (J.A. Wolf, [311]) Let M be an n-dimensional connected

homogeneous Riemannian flat manifold. Then M is isometric to the product
R™ x T"™™ of the Euclidean space with a flat Riemannian torus.

Theorem D.13 Let M be a simply connected cohomogeneity one Riemannian
manifold of non-positive curvature. Then M has at most one singular orbit.

The proof of Theorem D.13 is similar to that of Proposition 3.3 in
[256]. Cf. also R. Mirzaie & S.M.B. Kashani, [211], p. 187. A complete
classification of cohomogeneity one Riemannian manifolds which are sim-
ply connected, compact, of positive curvature and of dimension < 6 is due
to C. Searle, [269]. Topological properties of cohomogeneity one nega-
tively curved Riemannian manifolds were studied by E Podesta & A. Spiro,
[256], while the flat case was investigated by R. Mirzaie & S.M.B. Kashani,
[211]. The reader may also see P. Ahmadi & S.M.B. Kashani, J. Berndt
& H. Tamaru, [27], [12], K. Grove et al., [153], A. Kollross, [192], and
L. Verhoczki, [301].



APPENDIX E

Reilly’s Formula

Let M and N be two oriented Riemannian manifolds of dimensions n and
n—1 respectively where M is allowed to have a boundary i.e., dM # 0.
Let {E4 : 1 < A < n} be a smooth local orthonormal frame on M defined
on the open set U C M. Let {wq:1 < A < n} be the corresponding dual
coframe i.e., w4(Eg) = 64p. Let V be the Levi-Civita connection of M and
R its curvature tensor field. Let a)‘é1 be the connection 1-forms associated
toVand {E4:1 <A <n}ie,

VEg=wj ®E4, 1<B<n.

Then (Cartan’s structure equations)

da)Aza)fl/\a)B, a)ﬁz—a)‘g, (E.1)
B C B B
1 n
QB = R
A== ABCDWC AN Wp,
C,D=1

Rapcp =¢(R(Ec, Ep)Ea, Ep).

Here ¢ denotes the Riemannian metric on M. Our convention' for
the Ricci tensor in this monograph is Ric(X, Y) = trace{Z — R(Z, Y) X}
hence R4p = Ric(E4, Ep) is given by

1

n
Rap = Z Rcagc.
Cc=1

If T is a tensor field of type (0,r) on M we set
Ta,..a,= T(Ea,,....Eq), Ta,..a, 8= (Ve,T)(Ea,,....Ea).

The components T4,...4, B of the covariant derivative of T satisfy

r n

n
A,
Z Ta,...A, BOB = dTA1~--A, + Z Z TAI"'Aj—lAAJ'+1"'Ar C()AJ . (E.3)
B=1 =1 A=1

1 The Ricci tensor is defined such that the Ricci tensor of the unit sphere S" is positive definite.
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Let T be a (0, r)-tensor field and S = VT its covariant derivative so that

SA1---AH_1 = S(A1, cee ,Ar-l-l) = (VEA1 T) (EA27 cee 7EA,+1)
ie.,

SA1-~~A,+1 = TA2~~-Ar+1,A1 .

‘We adopt the notation

Ta,.n,,8C = Spa,--a,,¢ = (VEcS) (E,Ea,s- .., Ea,) .

The following commutation formula is useful in the sequel

Ta,...a,,Bc — Ta,...4,,cB

r n

=YY TayaDAw1-4, RDacB- (E.4)
j=1 D=1

To help the reader get accustomed with the formalism in this appendix, we
give a proof of (E.4). Applying (E.3) to the (0,74 1)-tensor field S=VT,
one has

n r n
§ : Ap
ZSBAl“'AnC wc = dSBAl"'Ar—i_Z SAO"'AIe—lDAIH—l“'Ar wp (E.5)

where we set Ay = B. The differential of Spa,...4, = T4,...4,,B (appearing
in (E.5)) may be determined by taking the exterior differential of (E.3).
Indeed

n

Z {(dT4,..4,,B) NwB+ Ta,...4, B dop)
B=1

r n
A A;
_ § § il il
= {(dTA1"'Af71BA/+1"'Ar) Nwg + TA1"'A/71BA/‘+1“'Ar da)B } .
j=1B=1

(E.6)

From now on, to simplify writing we omit sums over repeated indices.
Moreover we adopt the temporary notation

(D1---Dy) = (A1 -~ Aj—1BAjy1 - Ay)

Aj .
and replace dwp and dwy' from Cartan’s structure equations (E.1)—(E.2).
Also, dTp,...p, may be expressed in terms of covariant derivatives by using
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once again (E.3). We obtain

r
D
(dSBA1...A,,) Awp+ SBA1~~-A, wg Nwp = E [ (TA1..-AJ»1BAJ'+1--~A,,DCUD
J=1

r
D, 4 E A oA
— Ty Dk—1ED 1D, ©OF ) Aog + Tp,..p, (0)3 Nog +Qp
k=1

hence (by applying both members to the pair (Eg, Es))

Er (SSA1---A,) —Eg (SRAl---A,) ~+ SBA;---A, (FﬁB - Flszg)

,
Aj Aj
_ ] R e A
=> :{FSBSRDl'“Dr FrpSspy-,
j=1

r
Dy 4 Dy, +4j
- <FREFSB_FSEFRB TDy- Dy D1 +D,
k=1

A Aj
+ (FlgBrsﬁ —T&leE+ RBA,-RS) TD1..‘D,} . (E.7)

Here Fﬁ(; = a)‘é(EB). On the other hand (by applying both members of
(E.5) to Ec)

r
Ap
SBA;--4,,c = Ec (SBA1---A,.) + E SAy-+Ap1 DA AL cp
k=0

r
B 4
= Ec(Spay.-a,) + Spay-a,Tep + E SBA; A1 DA AL cp
J=1

hence (by (E.7))

SSAy--A;,R — SRA; A, ,S

= ER (Ssaya,) = Es (Sray--a,) + (TRp = T5p) Spa; 4,

r
Z % 4
+ {FRDSS/h"'1‘1_;‘—1D1‘1_/+1"'Ar — FSDSR/h"'AJ'71D1‘1_/+1"'A»'}
=1

r
= E T4y A 1BAjy A RBARS — O
J=1
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_ Ap 4 A
0= <FREFSB - l—‘SEFRB TAl"'AIe71EAIe+1"'A/—lBAj+l"'Ar

_l’_

A Ay A
<FREFSB —TselRB ) Tar 451 BAj 1A 1 By A
j=1 k=j+1

A calculation shows that the terms of the last two double sums cancel in
pairs so that 0 = 0 and (E.4) is proved.
The divergence of T is the (0,r — 1)-tensor field div(7T) locally given by

div(T)(X1,.... X-1) = Y (Ve T)(Xi,....X,_1, Ep)
B=1

on U, for any Xj,...X,—1 € X(M). The local components of div(T) are
n
(div(T)) 4y, = div(T)(Eay....Ea_) = Y Tay..a,_,B.B.
B=1
For each smooth function f € C*(M) its Hessian Hess( f) is given by
Hess(f) = V df.
Locally we set
fap =Hess(A)(E4, Ep) = (Vg,df) Ep
= E4(Es(f)) — (Ve4Ep)(f) = Ea(Ep(f)) — w5 (Ea)Ec(f).

It is customary to set f4 = E4(f) so that df = Zgzlan)A. Hence f4p =
Ea(fp) —fcw§(Ea) ie.,

fapwe = dfs — fewf . (E.8)
Using the fact that V is torsion free and (E.4) one obtains
faB=fBa, faBc—fa,cB=fpRpacs. (E.9)

Occasionally we look at the Hessian of f as a field of symmetric linear
transformations

(Hf),: Te(M) — T(M), x €M,

by setting ¢(Hy X, Y) = Hessf (X, Y) for any X, Y € X(M).
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Let F: N — M be an isometric immersion. We set
* B * B B * B

From now on we assume that the local orthonormal frame {E4:1 <A <
n} was chosen in such a way that each E; is tangent to N i.e., there is a
local orthonormal frame {¢;: 1 <i<n—1} on N defined on an open set
IV C N such that F(IV) C U and (dyF)e;x = E; p(y) for any x € IV and any
1<i<n—1.Then

¢n(ei)x = (F*wn)x(ei,x) = Wy, F(x) ((dxF)etx) = Wy,F(x) (Ei,F(x)) =0

for any x € IV and any 1 <i < n— 1. Therefore ¢, = 0. Differentiation of
F*w, =0 and (E.1) give

0= F*dw, = F* (a)f/\a)B) =(pf/\(pB =<p,"1/\<p,f.
Hence
gh=Alpl, Al=A. (E.10)

On the other hand, E, is a unit normal field on N hence (the Weingarten
formula)

VyE, = —aX, XeX(N), (E.11)

where a is the Weingarten operator. Applying (E.11) for X = ¢; gives A;: =
—a} where a(e)) = a}ei for some a} € C*(V) (the local components of the
Weingarten operator). By Cartan’s equations on N

dpi =] g, 9] = -9, (E.12)

where (pl:’ are the connection 1-forms of the induced connection V on N
(the Levi-Civita connection of the induced metric § = F*g on N). Next
we need to recall the Gauss-Weingarten equations

R(X,Y)Z, W) =3(R(X,Y)Z, W)
—g(h(X, W), (Y, Z)) + g(h(Y, W), (X, Z)), (E.13)
R(X,Y)Z,E,) = (Vxh)(Y,Z) — (Vyh)(X, Z), (E.14)

for any X,Y,Z € X(N). Here R is the curvature tensor field of V while
is the second fundamental form of F: N — M i.e.,

o(h(X,Y),E,) =2(aX,Y), X,YeX(N).
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Then h(e;, ¢;) = hiE, and hjj = a} = _A} Let us apply the Gauss equation

(E.13) for X =¢, Y =¢¢, Z =¢; and W = ¢;. We obtain

A

Rijke = Rijue — AL Ay + AL A, (E.15)
Also let us set
(Veih) (ej’ ep) = _Ajle,iEn

for some (uniquely defined) smooth functions Aj; € C°°(V). Then the
Weingarten equation (E.14) for X =¢;, Y = ¢j and Z = ¢, gives

Rykij = Ajei — Aikyj - (E.16)

Of course, besides from (E.13)—(E.14), in arbitrary codimension the immer-
sion satisfies an additional system of PDEs, the Ricci equation. As N is a
real hypersurface V©E, = 0 (where V1 is the normal connection) hence,
as well known, the Ricci equation gives nothing new (it is equivalent to the
Weingarten equation).

Let I be a real m-dimensional inner product space and B: V' — 17 a
symmetric linear operator. For each r € Z with 0 <r < m we define the
number S,(B) € R implicitly by

det(I+AB) = Sp(B) + Si(B)A +---+ S, (B)A™.
Of course Sp(B) = 1.
Definition E.1 The linear operator T,(B) : I — 1/ given by
T(B) =) (—1YS,_ (BB
=0
is the Newton operator associated to B and r. [ |

Here B” = I (the identical transformation of 17). Newton operators are
due to K. Voss, [303]. The linear algebra relevant to Newton operators is
described in [260]. In [261] one is mainly interested in the cases where I)
m=n—1and V= "Te(N) and B= —a, with x € N, and II) m =n and
V="T,(M) and B= (I_If)x with f € C*®°(M) and x € M. We introduce
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the functions

K,, T,: N - R,
Ki(x) = 8§ (—ay), Ty(x)=T,(—a)), x€N,
S(f), T,(f) : M — R,
SN =8 ((H),), T =T,((H),), xeM.

Here we follow the presentation in [261], p. 461. Slightly different con-
ventions are adopted in [17], p. 116. Let o,:R"™! — R"~! be the rth
symmetric function i.e.,

O—I'(xla"'a‘xﬂf]): E xi1"'-xiy, 157/5”_1

1<it<---<i,<n

If a 1s the Weingarten, or shape, operator of the isometric immersion F :
N — M as above then we denote by

Spec (ay) = {k1(x),...,ku—1(x)}, x €N,

the principal curvatures of the hypersurface N in M and consider the n — 1
algebraic invariants

s N— R,
sr(x) = oK1 (%), ... ku—1(x)), x€N.
It follows easily that

n—1

det(tl —a) =Y (=1)'st""

r=0

(pointwise) where sp =1 by definition. It is then common to adopt the
following

Definition E.2 The function H, : N — R given by

—1
(nr >Hr:5r’ 0<r=n—1,

1s the rth mean curvature of the immersion F : N — M. [ ]
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To relate the approaches® in [261] and [17] one may use det(I — Aa) =
> S(—a)A” with A = 1/1 to obtain

Si(—a) = (—1)'s, = (—1)' (”j ! ) H,.

If f € C®(M) is a given function then

> " S{(HA = det (I + AHy)

r=0

= Z €(0) (S10(1) + Mio)) ** (8no(n) + Moo ()

o€oy,

= Z €(o) [510(1) cee 81/10’(11)

o€o,
+ (fie(1)8202)  *Suo(my + 810 (1) *** Su—t,0: (1= 12fror () A
+00H] =1+ (it + -+ +fu)k + OG?)

everywhere in U. Here o, is the group of permutations of order n! and
€(0) is the sign of the permutation o € o,. Hence

Si) =) faa= Y _{Ea(Ea(N) = (Ve,ED (D) = —Af.

A=1 A=1

We shall need the following

Lemma E.3 (E. Reilly, [260])
i. If f € C*°(M) then

: 1 44,4
(divT(H) , = = 85 55 faus - fa_ B Reppafo.  (EA7)
ii. If F: N — M is an isometric immersion with shape operator a and A = —a
then
: 1 i -
(div T = o5y 8 A AL R (E.18)

2 Note also that the ‘Weingarten operators in [261] and [17] differ by a sign.
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In (E.17)—(E.18) repeated indices indicate summation. Also

Ap-A A
8ppp =0, {A1,...,A, A} #{(Bi,..., B, B},
Ap--AA A - A A

5311 BB—€(U) G_(B1 B; B)GU"H‘

Let us assume from now on that M 1s a compact oriented Riemannian
manifold with boundary N = M. Let Q = dvol(g) and ¥ = dvol(Q) be the
Riemannian volume elements on M and N respectively and v the exterior
unit normal field on N.

Lemma E.4 (E. Reilly, [261]) Iff : M — R is a C*™ function then

/(r+1)sr+1(f) Q= fg(Tr(f)Vf, V)W

M N
1

T _1); ey /fthl “fa,-1B,-1 ReB,a, fofa Q. (E.19)

Lemma E.5 (E. Reilly, [261])
Let f€C®(M) and z=f|,=foFe C®(N). Also let u=09f/dv=
g(Vf,v): N — R. Then

/g(TrQ‘)Vf,v)W:f{S(z)u—( 1) z (uj—i—zk/lk])}\lf (E.20)
N N
where
1 11 1y
Si(2) = PR (ziji = udigj) -+ (205, — i),

1 i iy

(~r—1)l-j = m 5j1.,.j,_1j (Zim - ”Afljl) T (Zir—u}ﬂ - “Airfljrfl)'

The proof of Lemmas E.3, E.4 and E.5 is omitted (see [261], p. 461—
462). Combining Lemmas E.3 up to E.5 leads to the following
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Theorem E.6 Let M be a compact oriented Riemannian manifold with boundary
N = 0M and let v be the exterior unit normal field on N. Then

(Hﬂ/&HmQ=/k@m—(l)aw+%%ﬂw
M

N
1

=1 B1 BB /fA1B1 “fa,_1B_; Rca,Ba, fcfa2  (E.21)

for any f € C®°(M).
We shall need the identity (E.21) for r = 1. If this is the case then

2/52@52:/{51(2)”—(%) zl(uj+zkAk])}\I/

M N

—%E/&mmﬁﬁﬂ (E22)
M

and

n—1

S] ()= 8 21] uA Z (zii — uA;;)
= Z [Hess(2)(E;, E;) + u trace(a)] = —Az+uH

where A is the Laplace-Beltrami operator of the Riemannian manifold
(N,Q) and H = trace(a) is the (non-normalized) mean curvature of N =
oM in (M,g). Also

(To)ij zi(uj+ zpAg) = 5}%(%’ + 2 Aj) = zi(uj + 2 Ari)
=g (@z, @u) -9 (a Vz, @2)

where Vz and Vu are the gradients of z and u with respect to the induced
metric g. Finally we may compute the curvature term

S¢HRECDA fi fp = Z {848 REaBA fi f5+ 855 REBAA fr f)
AB

= (RgaBa — ReBAA) fEfB
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and Rggg4 = 0 while Rpapa = —Ragpa = —REgg hence

885 RecpA fi fs = —Rap fafs = —Ric(Vf, Vf).

Consequently (E.22) may be written

/ {285:(f) —Ric(Vf,VNH}
M

= / {(—Az—i— uH)u—é(@z,@u) +§(a@z,@z>} w.  (E.23)
aM
The identity (E.23) is referred to as Reilly’s formula. One may compare
(E.23) and the formula (14) in [261], p. 463 (the sign of Aj; in [261] is
opposite to that of the usual Weingarten operator). Let us compute S>( f).
We have

n

Y Sa(Hrt =det(I+2H) =1—(AHI+ Y €(@)sor” + (1)

A=0 o€coy,
where s5 is the function
Sio(1) o0 2)8363) ***Ono(n) T -+ -+ 810(1) - 0n—2,0 (1=2) fu—1,0(n—1) fno (n)-

Let I={1,...,n} and let i,j € I such that i <j. Next let us consider the
mutually disjoint subsets of o,

Aj=loco,:a(k)=k Vkel\lij).

Clearly
o €o,\ U Ajj = s =0.
1<i<j<n
Therefore
SUN=D €@se= Y. Y €@e=2_ Y €@ty fiop-
o€oy, 1§i<j§ﬂU€A[" i<j UGAU'

On the other hand A;; = {0y, 0j;} where 0y is the identical permutation
and oj; interchanges i and j so that €(0y;) = —1. Thus

(0= Y (fifi ~12)-

i<j
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Finally Af = =", fii and

IHess(NIP =) fi =) i +2) f;

iy=1 i<j
2
= (Zﬁf) =23 fifi 2 f7 = (AN —28(f)
i i<j i<j
so that
28,(f) = (Af)*> — |Hess( )] (E.24)

Using (E.24) Reilly’s formula (E.23) may be written as

f (A — [Hess(D) 2 — Ric(Vf. V)] @

M

= / {(—Az—l—uH)u—@(@z,@u) +(§(a@z, @z)} v, (E.25)
oM

Note that (E.25) and the formula in [224], p. 1090-1091, coincide
except for the different sign convention for the shape operator.
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(1,1)-form, 391

(S, W)-coordinates, 29

(k, 0, v)-contact metric manifold,
229

(k, p)-space, 210

(m, n)-semiperiodic function, 31

(p,0)-form, 377

+1-like, 366

3-Sasakian manifold, 338

GH-plane, 352

GH-sectional curvature, 352

H-contact manifold, 206, 211

IK-normal (complex contact metric
manifold), 354

K-contact manifold, 210

n-Einstein manifold, 160, 209

n-Einstein space, 256

H-conformal, 345

dp-pluriharmonic function, 391

¢-basis, 210

g-natural metric, 274, 280

r-th mean curvature, 485

A

action (of a Lie group), 473

adapted (local frame), 334

adapted complex structure, 464, 466
affine vector field, 425

almost contact 3-structure, 338
almost cosymplectic manifold, 216
almost CR structure, 368

angle function, 30

associated metric, 209, 352

B

biegung, 45, 394

bounded type (Monge-Ampére
model), 26

Brito’s energy functional, 130, 155

C

canonical bundle, 377
canonical circle bundle, 377

canonical metric, 361, 410

Cartan structure, 231

Cauchy-Riemann equations, 363,
441

causal future, 409

causal past, 409

causal space-time, 409

causality violation, 409

center (of a Monge-Ampére
model), 26

Chacon-Naveira energy, 346

characteristic direction, 208, 369

characteristic distribution, 352

Cheeger-Gromoll metric, 276

chronological future, 409

chronological past, 409

chronological space-time, 409

closed (tangent vector field), 434

Codazzi tensor, 263

coercive, 127

cohomogeneity one, 476

comoving reference frame, 435

compact operator, 128

compactly embedded, 128

complex contact manifold, 351

complex contact structure, 351

Conformal gradient vector field, 294

conformally flat, 266

contact circle, 231

contact form, 207

contact manifold, 208

contact metric manifold, 209

contact metric structure, 209

contact pseudogroup, 207

contact structure, 208

contact transformation, 206

cosymplectic manifold, 216, 376

CR dimension, 368

CR function, 370

CR map, 372

CR structure, 368

critical metric, 218

curvature (of a distribution), 348

cut point, 164
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Index

D

Decomposable unit subbundle, 334
deformation (of a reference frame), 422
Dolbeau cohomology, 12, 444
Dombrowski map, 6, 315, 396

E

embedded (normed vector space), 128
energy functional, 41

equivalent contact forms, 208
exceptional orbit, 476

expansion (of a reference frame), 422

F

Fefferman metric, 378
Fefferman space, 426

first order contact, 197
first variation formula, 381
foliated action, 473
formal adjoint, 111
Friedrichs mollifier, 448
future directed, 408

future-directed curve, 408

G
Godel universe, 435
generalized (k, (t)-space, 210

generalized Cheeger-Gromoll metric, 279
generalized Robertson-Walker space-time,

435
generalized Tanaka-Webster scalar
curvature, 161
geodesic ball, 164
geodesic flow, 28
geodesic sphere, 164
Graham-Lee connection, 87, 389
Grauert tube, 464

H

Hormander operator, 104

harmonic morphism, 68

harmonic section, 245, 329
Harmonic vector field, 289, 303
Heisenberg group, 390

Hermitian harmonic, 69
holomorphic function, 362, 441, 461

homogeneous complex Monge-Ampére
equation, 457

Hopf distribution, 338

Hopf hypersurface, 344

Hopf vector field, 132

horizontal vector field, 395

horizontal bundle, 4

horizontal curve, 310

horizontal distribution, 4, 313, 352

horizontal lift, 5, 320, 396

Horizontal lift of a curve, 311

Horizontal lift of a tangent vector, 311

Horizontal lift of a tangent vector field,
312

Horizontal space, 313

Horizontal tangent vector, 6, 310

hyperquadric, 365

hypersurface of contact type, 258

|

index, 78

integrable (almost CR structure), 368
irrotational (reference frame), 422
isotropic almost complex structure, 1, 8
isotropy group, 473

J
Jacobi operator, 77, 263
Jacobi vector, 215

K

Kaehler bundle, 246
Kaluza-Klein metric, 410
Kenmotsu manifold, 376

L

Legendrian submanifold, 330
Levi distribution, 368

Levi form, 369

lightlike, 366

Liouville vector, 5, 319
locally free action, 473

lower semi-continuous, 127

M

maximal radius, 460
mean curvature form, 173
mean curvature vector, 62, 346



Index

507

metric connection, 318
minimizing (sequence), 128
Monge-Ampere model, 26

N

natural lift, 3, 319, 360

nearly Kaehler manifold, 261

Newton operator, 484

nondegenerate (CR manifold), 369

nonlinear connection, 4

nonspacelike, 407

nonspacelike curve, 408

normal (complex contact metric manifold),
352

normal (contact metric structure), 210

normal geodesic, 477

normal neighborhood, 164

null, 366, 407

nullity, 78

(0]
orbit, 473

orthogonal complex structure, 132

P

Parallel section, 310

past directed, 408

past-directed curve, 408

pluriharmonic function, 461

precompact, 128

principal orbit, 179, 476

projective vector field, 425

pseudo-Einstein (real hypersurface),
256

pseudocomplex of cochains, 437

pseudoharmonic map, 357, 388, 390

pseudoharmonic vector field, 357

pseudohermitian Ricci curvature, 378

pseudohermitian scalar curvature, 378

pseudohermitian structure, 369

pure (torsion), 377

Q

quasi umbilical (real hypersurface), 256
quaternionic Hopf distribution, 344
quaternionic Kihler manifold, 343

quaternionic Kihler structure, 342
quaternionic space form, 343

R

radial geodesics, 164

Reeb distribution, 339

Reeb vector, 209

reference frame, 412

reflexive, 118

regular (nonlinear connection), 5
regular (vector field), 200

regular point, 476

Reilly’s formula, 489

Riemann foliation, 466

rigid (Grauert tube), 464

rigid (reference frame), 422
Robertson-Walker space-time, 435
rotation (of a reference frame), 422
rough Laplacian, 53

ruled (real hypersurface), 257

S

Sasaki metric, 7, 318, 396

Sasakian (contact metric structure), 210

Sasakian structure, 338

second fundamental form, 50, 391

second variation formula, 74, 402

semi-Euclidean space, 362

separable, 118

shear (of a reference frame), 422

sign (of a semi-Riemannian hypersurface),
366

singular orbit, 474, 476

singular point, 476

space-time, 407

spacelike, 366, 407

spacelike curve, 408

spacelike energy, 412

spacelike energy density, 412

spatially harmonic, 420

stable (harmonic vector field), 77

stable (Riemannian manifold), 151

stable (spatially harmonic reference frame),
433

standard Hopf vector, 131

strictly parabolic exhaustion, 460
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strictly parabolic manifold, 460

strictly pseudoconvex, 369

strongly normal (unit vector field), 241

subelliptic harmonic map, 104

subelliptic harmonic vector field, 105, 357,
394

subelliptic operator, 385

sublaplacian, 104, 385

sublaplacian (on vector fields), 358

T

Tanaka-Webster connection, 377

tangent sphere bundle, 26

tangential Cauchy-Riemann equations,
370

tangential lift, 262, 281

Tanno tensor, 372

taut contact circle, 231

tension tensor field, 51

time oriented, 407

timelike vector, 366, 407

timelike curve, 408

total bending, 45, 346, 394

total bending functional, 38

transverse curvature, 84, 86

twisted cohomology, 437

twisted Dolbeau complex, 1
two-point homogeneous space, 264

unit vector field, 58, 60
unstable (Riemannian manifold), 151

\'

variation through vector fields, 58
Vertical curve, 308

vertical distribution, 2, 352
vertical energy, 45, 288

vertical lift, 4, 308, 319, 396
vertical space, 2, 309

vertical vector, 2, 308

vertical vector field, 2, 308

w

warped product, 201

weak covariant derivative, 111

weak harmonic vector field, 124

weak solution, 124

weakly differentiable (tensor field), 111, 117
Webster metric, 369

Webster scalar curvature, 224
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