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PREFACE

The main object of study in this monograph are harmonic vector fields on
Riemannian manifolds. Let (M ,g) be a real n-dimensional Riemannian
manifold and Sn−1

→ S(M)→M its tangent sphere bundle. It is a classical
fact that S(M) may be endowed with a Riemannian metric G̃s (the Sasaki
metric) naturally associated to the Riemannian metric g on the base manifold
(cf. e.g., D.E. Blair, [42]). Therefore any smooth unit tangent vector field
X : M→ S(M) may be looked at as a smooth map among the Riemannian
manifolds (M ,g) and (S(M),G̃s) so that one may consider (by assuming
that M is compact and orientable) the ordinary Dirichlet energy

E(X)=
1
2

∫
M

‖dX‖2dvol(g) (P.1)

familiar in the theory of harmonic maps (cf. e.g., H. Urakawa, [292]). A har-
monic vector field is then a critical point X ∈ 0∞(S(M)) of E : 0∞(S(M))→
R i.e., for any smooth 1-parameter variation {Xt}|t|<ε of X (with X0 =

X) through unit tangent vector fields Xt ∈ 0
∞(S(M)), |t|< ε, one has

{dE(Xt)/dt}t=0 = 0. Any harmonic vector field is a smooth solution to the
nonlinear elliptic PDE system

1gX −‖∇X‖2X = 0. (P.2)

These are precisely the Euler-Lagrange equations associated to the con-
strained variational principle δE(X)= 0 and g(X ,X)= 1 ([309], [316]).
Here 1g is a second order elliptic operator acting on vector fields, e.g., if X
is a C2 vector field on M then locally

1gX =−
n∑

i=1

{
∇Ei∇EiX −∇∇Ei EiX

}
with respect to a local orthonormal frame {Ei : 1≤ i ≤ n} of T(M). One
may think of the covariant derivative ∇X as a section in the vector bundle
T∗(M)⊗T(M)→M hence consider the map ∇ : X(M)→�0(T∗(M)⊗
T(M)). If ∇∗ is the formal adjoint of ∇ i.e., (∇∗ϕ,X)= (ϕ,∇X) for
any ϕ ∈�0(T∗(M)⊗T(M)) and any X ∈ X∞0 (M), then 1g =∇

∗
∇ and

although (P.2) is nonlinear, an obvious notion of weak solution to (P.2) may
be introduced. Here we made use of the L2 inner products (X ,Y)=

∫
M

ix
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g(X ,Y)dvol(g) and (ϕ,ψ)=
∫

M g∗(ϕ,ψ)dvol(g). A systematic study of
weak solutions (e.g., existence and local properties) to (P.2) (the harmonic
vector field system) is missing from the current mathematical literature.
Indeed this book is mostly confined to the study of differential geomet-
ric properties of harmonic vector fields and of the geometric background
(mainly within contact Riemannian and pseudohermitian geometry) sup-
porting such vector fields. One notable exception is Theorem 2.53 in
Chapter 2 showing the existence of minimizers for the total bending func-
tional B :H1

g (S(M))→ R by a standard mix of functional analysis and
calculus of variations (e.g., the Eberlein-Smulian theorem on the char-
acterization of reflexive Banach spaces, Kondrakov’s compact embedding
theorem, and existence theorems for minimizers of lower semicontinuous
functionals). Here

H1
g (S(M))=

{
X ∈H1,2

g (T(M)) : g(X ,X)= 1 a.e. in M
}

and the Sobolev type spaces of vector fields Hk,p
g (T(M)) are described

in Section 2.11 of Chapter 2. Other important exceptions are Theo-
rem 3.43 (due to E. Boeckx & L. Vanhecke, [51]) and Theorem 3.44 (due
to G. Nunes & J. Ripoll, [224]). Both results furnish examples of weak solu-
tions to the harmonic vector fields system (cf. Definition 2.52 in Chapter 2)
within interesting geometric contexts [E. Boeckx & L. Vanhecke’s result is
that radial vector fields on harmonic manifolds are weakly harmonic while
G. Nunes & J. Ripoll’s result is that normal vector fields to the principal
orbits of a cohomogeneity one action (of a compact Lie group of isometries
of a compact orientable Riemannian manifold) are weakly harmonic].

Harmonic vector fields aren’t harmonic maps unless the additional
curvature condition

traceg {R(∇·X ,X)·} = 0 (P.3)

is satisfied. The resulting theory of harmonic vector fields is similar in many
respects to the more consolidated theory of harmonic maps yet presents
new and intriguing aspects captured in a rapidly growing specific liter-
ature cf. e.g., E. Boeckx & L. Vanhecke, [51]–[54], E. Boeckx & J.C.
Gonzales-Davila & L. Vanhecke, [56]–[57], V. Borrelli, [61], V. Borrelli
& F. Brito & O. Gil-Medrano, [62], V. Borrelli & O. Gil-Medrano, [63],
F. Brito, [71], F. Brito & P.G. Walczak, [72], G. Calvaruso & D. Per-
rone, [77], P.B. Chacon & A.M. Naveira & J.M. Westonn, [81], B-Y.
Choi & J.W. Yim, [89], O. Gil-Medrano, [126]–[127], O. Gil-Medrano
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& J.C. Gonzales-Davila & L. Vanhecke, [128], O. Gil-Medrano & A. Hur-
tado, [130], O. Gil-Medrano & E. Llinares-Fuster, [131]–[132], H. Gluck
& W. Ziller, [133], J.C. Gonzàles-Dàvila & L. Vanhecke, [144]–[146],
S.D. Han & J.W. Yim, [157], K. Hasegawa, [159], D. Perrone, [241]–
[243]. The first basic results (e.g., the first and second variation formulae
and applications) are due to C.M. Wood, [316] (cf. also [317]–[318]). A
slightly different approach was undertaken by G. Wiegmink, [309–310],
who introduced the functional B : 0∞(S(M))→ R given by

B(X)=
∫
M

‖∇X‖2dvol(g).

This is the total bending functional, a measure of the failure of X ∈
0∞(S(M)) to be parallel. A closer look at the properties of the Sasaki
metric Gs on S(M) shows however that the Dirichlet and total bending
functionals are related

E(X)=
n
2

Vol(M)+
1
2
B(X) (P.4)

so that the theories in [316] and [309] are identical. The relation (P.4) may
be used to show that the search for vector fields which are critical points of
E : 0∞(S(M))→ R, rather than critical points of E : C∞(M ,T(M))→
R or E : X(M)→ R, is the only appropriate choice. Indeed the only
smooth vector fields which are critical points of E : C∞(M ,T(M))→ R
(respectively of E : X(M)→ R) are the parallel vector fields.

The authors’ interest in the theory of harmonic vector fields arose in
relationship to the study of the geometry of contact Riemannian manifolds
(cf. [237]–[247]) and of nonlinear subelliptic systems of variational origin
appearing in the theory of Hörmander systems of vector fields (cf. e.g.,
J. Jost & C-J. Xu, [180]) and CR geometry (cf. e.g., E. Barletta et al., [25]).

The exposition of the material collected in this book is organized as
follows. Chapter 1 is devoted to the basic geometric properties of the tan-
gent bundle over a Riemannian manifold. A description of the tangent
sphere bundle S1

→ S(T2)→ T2 over a torus T2 and a classification of its
smooth sections (up to homotopy) complete Chapter 1 (and prepare several
instances where the general theory may be applied, cf. Sections 2.6 and 2.10
in Chapter 2 and Section 3.9 in Chapter 3 of this book).

Chapter 2 presents the basic theoretic material while the remaining
chapters deal mainly with applications and generalizations. From a technical
point of view, the main achievement of Chapter 2 is perhaps the explicit
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expression (2.21) of the tension field

τ(X)=
{(

tracegR(∇·X , X)·
)H
−
(
1gX

)V}
◦X (P.5)

of a C∞ vector field X : M→ T(M). Of course X is thought of as a
map of the Riemannian manifolds (M ,g) and (T(M),Gs) where Gs is
the Sasaki metric on T(M) (so that G̃s = ι

∗Gs is the first fundamental
form of ι : S(M) ↪→ T(M)). The proof of (P.5) is a rather involved cal-
culation exploiting the relationship among the Levi-Civita connections
of (T(M),Gs) and (M ,g) (related through the formalism of vertical and
horizontal lifting and including curvature calculations, cf. e.g., [42], p. 139–
141). A consequence of (P.5) (that is (2.27) in Theorem 2.19) may then be
used to characterize unit vector fields which are harmonic maps (as the
smooth unit vector fields satisfying (P.2)–(P.3)). Given a unit tangent vector
field X ∈ 0∞(S(M)) and a smooth 1-parameter variation Xt ∈ 0

∞(S(M))
of X , one derives (cf. (2.32) and (2.36) in Chapter 2) the first and second
variation formulae

dE(Xt)

dt
(0)=

∫
M

g(1gX ,V )dvol(g), (P.6)

d2E(Xt)

dt2
(0)=

1
2

∫
M

{‖∇V‖2−‖∇X‖2‖V‖2}dvol(g), (P.7)

where V = {dUt/dt}t=0. Related to (P.7) one discusses stability results for
critical points of E : 0∞(S(M))→ R. The Dirichlet problem

1gX −‖∇X‖2X = 0 in �, (P.8)

X = X0 on ∂�, (P.9)

is considered in Section 2.9. Here � is a smoothly bounded strictly pseu-
doconvex domain in Cn (with n≥ 2) endowed with the Bergman metric g.
We report on a recent result by E. Barletta, [22], dealing with C2 regularity
up to the boundary of solutions X ∈ X(M) to (P.8)–(P.9). The existence
problem is open so far.

Section 2.10 in Chapter 2 reports on a result by G. Wiegmink, [309],
on the behavior of the total bending functional under conformal changes
g̃ = e2ug of the metric on the base manifold. As argued in Section 2.10 the
study is confined to the 2-dimensional case (and if M is 2-dimensional,
compact, orientable and admits globally defined nowhere zero vector fields
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then M must be the torus T2) because the term (div(X)X −∇XX)u in the
identity

B̃(X̃)= B(X)+
∫
T2

{
‖∇u‖2g + 2(div(X)X −∇XX)u

}
dvol(g).

(cf. (2.110) in Chapter 2) may be calculated in terms of the Gaussian cur-
vature of M in dimension n= 2, a calculation which appears to admit
no obvious analog in higher dimension. The main result is G. Wieg-
mink’s (cf. op. cit.) Theorem 2.43 implying that infX∈E B(X) is achieved
in E = 0∞(S(T2)).

Chapter 2 ends up with the construction of Sobolev type spaces of
vector fields (appropriate for the study of weak solutions to (P.2)).

The harmonicity and stability of Hopf and Killing vector fields is dis-
cussed in Chapter 3. There we introduce (following F. Brito, [71]) the
functional

Ẽ(X)= E(X)+
(n− 1)(n− 3)

2

∫
M

‖HX‖
2dvol(g) (P.10)

where HX is the mean curvature vector of the distribution (RX)⊥. This
is referred to as Brito’s functional. Brito’s functional is an attempt to avoid
the difficulties arising from the fact that Hopf vector fields on a sphere
S2m+1 are (by a result of C.M. Wood, [316]) unstable critical points of E :
0∞(S(S2m+1))→ R yet they are absolute minima of Ẽ : 0∞(S(S2m+1))→

R. Section 3.8 furnishes a detailed proof of the result by G. Nunes &
J. Ripoll (cf. [224]) mentioned earlier in the preface. Section 3.9 of
Chapter 3 reports on a beautiful result by G. Wiegmink, [309], giving a
complete description of harmonic vector fields on a Riemannian torus.

Harmonicity and stability of special vector fields appearing on contact
Riemannian manifolds (such as the Reeb vector field underlying a contact
Riemannian structure) are studied in Chapter 4. One of the main notions
in Chapter 4 is that of an H-contact manifold (a contact metric manifold
whose Reeb vector is a harmonic vector field). In a long series of papers
one of the authors of this monograph has emphasized (cf. [237]–[247])
that H-contact metric manifolds possess special features and may be quite
explicitly described, especially in real dimension 3.

For each Riemannian manifold (M ,g), its Sasaki metric Gs belongs to
a large family of Riemannian metrics on T(M), the family of Riemannian
g-natural metrics, parametrized by elements of C∞(R+0 ,R6) (cf. [6]). In
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Chapter 5, we endow T(M) with an arbitrary Riemannian g-natural met-
ric G and study smooth vector fields V on M thought of as maps of (M ,g)
into (T(M),G) (cf. [2]) i.e., we look at harmonicity of V as a map of
(M ,g) into (S(M),G̃), where G̃ is the metric induced by G on S(M) (cf.
[3], [250]). One decomposes the tension field into vertical and horizon-
tal components and derives two equations describing the harmonicity of
V : (M ,g)→ (S(M),G̃). As it turns out, one of these equations does not
depend upon the choice of G̃. In particular the equation (P.2) is invari-
ant under a 4-parameter deformation of the Sasaki metric. The remaining
equation is a natural generalization of (P.3).

Many of the results in Chapters 2 to 4 admit versions holding for sections
in Riemannan vector bundles (cf. e.g., J.J. Konderak, [194]). The main
findings in this direction are presented in Chapter 6.

Chapter 7 is devoted to generalizations of the notion of a harmonic vec-
tor field within CR and pseudohermitian geometry (cf. e.g., G. Tomasini
et al., [110]). Sections 7.1 to 7.3 are an attempt (based on the results
in D. Perrone et al., [107]) to relate harmonicity of vector fields to the
geometry of the Fefferman metric (a Lorentz metric on the total space
of the canonical circle bundle over a strictly pseudoconvex CR manifold).
Sections 7.4 to 7.7 rely on results by Y. Kamishima et al., [103], and gener-
alize harmonic vector fields in the spirit of the work by J. Jost & C-J. Xu,
[180], and E. Barletta et al., [25] (dealing with generalizations of harmonic
maps within the theory of Hörmander systems of vector fields and CR
geometry). The treatment in Chapter 7 leads naturally to nonlinear subel-
liptic systems of variational origin and exhibits a nontrivial link among the
differential geometry of harmonic vector fields and the analysis of subelliptic
partial differential equations.

In Chapter 8 we discuss, within the framework of Lorentz geometry, a
version of the energy functional (the spacelike energy) due to O. Gil-Medrano
& A. Hurtado, [130], defined on reference frames (unit timelike vector
fields) and the corresponding critical points (the spatially harmonic vector
fields). These are ordinary harmonic vector fields when geodesic. The
treatment is tentative, as the study of harmonic vector fields on a Lorentz
manifold is still in its infancy. Nevertheless the subject looks promising,
especially in its potential applications to the general relativity theory.

The Authors,
Potenza-Lecce, June 9, 2011.
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CHAPTER ONE

Geometry of the Tangent Bundle
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The scope of this chapter is to briefly review the basic facts in the geometry
of the tangent bundle T(M) over a Riemannian manifold (M , g), such as
nonlinear connections, the Dombrowski map and the Sasaki metric Gs.
Remarkably T(M) also carries a natural almost complex structure J (arising
from g) compatible to Gs and such that (T(M), J ,Gs) is an almost Kähler
manifold. The almost complex structure J (discovered by P. Dombrowski,
[99]) is rarely integrable (in fact only when the base Riemannian mani-
fold is locally Euclidean) yet J appears to be but one of the many isotropic
almost complex structures Jδ,σ built by R.M. Aguilar, [11]. On the other
hand the existence of an integrable isotropic almost complex structure only
requires that (M , g) has constant sectional curvature and, if this is the case,
the family Jδ,σ contains a large subfamily of complex structures (among
which the invariant ones may be completely determined, cf. Theorem 1.20).
When an almost complex structure Jδ,σ is non integrable the geometry of
(T(M), Jδ,σ ) is related to the properties of the twisted Dolbeau complex
(a description of which is given in Appendix A of this book). Further
information on the geometry of T(M) (over a semi-Riemannian mani-
fold M) is furnished in Chapter 7. Chapter 1 also contains the calculation
(due to G. Wiegmink, [309]) of the Bruschlinsky group of a torus T2

endowed with an arbitrary Riemannian metric leading to the classification
up to homotopy of the unit tangent vector fields on T2. For the classical
aspects of the geometry of the tangent bundle over a Riemannian manifold

Harmonic Vector Fields. DOI: 10.1016/B978-0-12-415826-9.00001-8
c© 2012 Elsevier Inc. All rights reserved. 1

http://dx.doi.org/10.1016/B978-0-12-415826-9.00001-8
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(the Sasaki metric, the almost contact metric structure of the unit tangent
bundle, etc.) the reader may also consult the books by K. Yano & S. Ishihara,
[324], and D.E. Blair, [42].

1.1. THE TANGENT BUNDLE

Let M be a real n-dimensional C∞ manifold and π : T(M)→M its
tangent bundle. If (U , x̃1, . . . , x̃n) is a local coordinate system on M then let
(π−1(U),xi,yi) be the naturally induced local coordinates on T(M) i.e.,

xi(v)= x̃i(π(v)), v= yi(v)
∂

∂ x̃i

∣∣∣∣
π(v)
∈ π−1(U).

Hence T(M) is a real 2n-dimensional C∞ manifold. We set

∂i =
∂

∂xi , ∂̇i =
∂

∂yi , 1≤ i ≤ n,

for the sake of simplicity. For didactic reasons, and only through this section,
we distinguish notationally between the local coordinates x̃i (defined on U)
and xi (defined on π−1(U)). Let

σ0 : M→ T(M), σ0(x)= 0x ∈ Tx(M), x ∈M ,

be the zero section. Then σ0 : M→ T(M) is an embedding of M in the
(total space of its) tangent bundle. For each tangent vector v ∈ T(M) the
subspace Vv ≡ Ker(dvπ)⊂ Tv(T(M)) is the vertical space at v. A tangent
vector X ∈ Vv is a vertical vector. The assignment

V : v ∈ T(M) 7→ Vv ⊂ Tv(T(M))

is a C∞ distribution of rank n on T(M) and {∂̇i : 1≤ i ≤ n} is a local frame
of V defined on the open subset π−1(U).

Definition 1.1 V is called the vertical distribution on T(M). A vector field
X ∈ V (i.e., Xv ∈ Vv for any v ∈ T(M)) is a vertical vector field on T(M). �

The vertical distribution is involutive (as it may be easily seen by using
the local frame {∂̇i : 1≤ i ≤ n}). Therefore, by the classical Frobenius theo-
rem, V is completely integrable and its maximal integral manifold passing
through v ∈ T(M) is the tangent space Tx(M) where x= π(v) ∈M .
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Let π−1T(M)→ T(M) be the pullback by π of the tangent bundle
T(M)→M . Its total space π−1TM is a submanifold of the product mani-
fold T(M)×T(M). The fibre over v ∈ T(M) is(

π−1T(M)
)
v = {v}×Tπ(v)(M).

Alternatively π−1T(M) is the largest subset of T(M)×T(M) such that the
diagram

T(M)×T(M)⊃ π−1TM
π̃
−→ T(M)

p ↓ ↓ π

T(M)
π
−→ M

is commutative. Here π̃ and p are the (restrictions to π−1TM of the) first
and second canonical projections of the product manifold T(M)×T(M).

Definition 1.2 Let X : M→ T(M) be a tangent vector field on M . The
cross-section X̂ : T(M)→ π−1T(M) defined by X̂(v)= (v,Xπ(v)), for any
v ∈ T(M), is called the natural lift of X . �

Let Xi : π−1(U)→ π−1T(M) be the natural lift of the (local) tangent
vector field ∂/∂ x̃i : U→ T(M). Then {Xi : 1≤ i ≤ n} is a local frame of
the pullback bundle π−1T(M)→ T(M) defined on the open set π−1(U).

By a customary language abuse, one may identify the tangent bundle
T(M) and the vertical bundle. Of course T(M)→M and V→ T(M) both
have rank n yet different base manifolds and the precise statement is that
there is a natural vector bundle isomorphism π−1T(M)≈ V . Indeed for
any v ∈ T(M) and any X ∈ Tπ(v)(M) let C : (−ε,ε)→ T(M) be the curve
given by

C(t)= v+ tX , |t|< ε (ε > 0).

For each v ∈ T(M) let γv :
(
π−1T(M)

)
v→ Tv(T(M)) be the map given

by

γv(v,X)=
dC
dt
(0), (v,X) ∈

(
π−1T(M)

)
v .

Let (U , x̃i) be a local coordinate system on M such that x= π(v) ∈ U .
Then

γvXi(v)=
∂

∂yi

∣∣∣∣
v
∈ Vv, 1≤ i ≤ n.

In particular, γv is an R-linear isomorphism
(
π−1T(M)

)
v ≈ Vv.
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Definition 1.3 The vector bundle isomorphism γ : π−1T(M)→ V =
Ker(dπ) is called the vertical lift. �

For each section s : T(M)→ π−1T(M) the vertical vector field γ s is
the vertical lift of s. Note that in general s may fail to be the natural lift of
a vector field on M . The vertical lift XV : T(M)→ T(T(M)) of a tangent
vector field X : M→ T(M) is the vertical lift XV

≡ γ X̂ of the natural lift
X̂ of X .

1.2. CONNECTIONS AND HORIZONTAL VECTOR FIELDS

Let ∇ be a linear connection on M . For any local coordinate system
(U ,xi) on M let 0i

jk : U→ R be the local connection coefficients i.e.,

∇∂/∂x j
∂

∂xk = 0
i
jk
∂

∂xi , 1≤ j,k≤ n.

Any linear connection ∇ on M induces a connection ∇̂ in the vector bun-
dle π−1T(M)→ T(M). This is easiest to describe locally, as follows. Let
(U ,xi) be a local coordinate system on M and let (π−1(U),xi,yi) be the
induced local coordinates on T(M). We set by definition

∇̂∂jXk =

(
0i

jk ◦π
)

Xi, ∇̂∂̇j
Xk = 0. (1.1)

It may be easily checked that the definition doesn’t depend upon the choice
of local coordinates on M and that (1.1) gives rise to a (globally defined)
connection in the vector bundle π−1T(M)→ T(M).

Definition 1.4 A C∞ distribution H on T(M) is called a nonlinear connec-
tion on T(M) if

Tv(T(M))=Hv⊕Vv, v ∈ T(M), (1.2)

where V ≡ Ker(dπ) is the vertical distribution. �

A nonlinear connectionH on T(M) is also referred to as a horizontal dis-
tribution on T(M) while H→ T(M) is the corresponding horizontal bundle.
By (1.2) any horizontal distribution on T(M) has rank n.

Let us consider the bundle morphism L : T(T(M))→ π−1T(M) given
by

LvA= (v, (dvπ)A), A ∈ Tv(T(M)), v ∈ T(M).
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Locally

L(∂i)= Xi, L(∂̇i)= 0, 1≤ i ≤ n.

Moreover the following sequence of vector bundles and vector bundle
morphisms

0→ π−1T(M)
γ

−→ T(T(M))
L
−→ π−1T(M)→ 0

is exact. In particular given a nonlinear connection H on T(M) the restric-
tion of L to H gives a vector bundle isomorphism L :H→ π−1T(M)
whose inverse is denoted by β : π−1T(M)→H.

Definition 1.5 Let H be a nonlinear connection on T(M). The bundle
isomorphism β : π−1T(M)→H is called the horizontal lift (associated
to H). �

Let (U ,xi) be a local coordinate system on M and let H be a nonlinear
connection on T(M). Then

βXi =M j
i ∂j−N j

i ∂̇j

for some (uniquely defined) C∞ functions M j
i ,N j

i : π−1(U)→ R. Apply-

ing L to both sides of this identity gives M j
i = δ

j
i . Let us set δi = δ/δxi

=

βXi. Then {δi : 1≤ i ≤ n} is a local frame of H defined on the open set
π−1(U). The functions N i

j in δj = ∂j−N i
j ∂̇i are the local coefficients of the

nonlinear connection H.

Definition 1.6 The cross-section L : T(M)→ π−1T(M) in the vector
bundle π−1T(M)→ T(M) defined by

L(v)= (v,v) ∈
(
π−1T(M)

)
v , v ∈ T(M),

is called the Liouville vector. �

Let ∇̂ be a connection in the vector bundle π−1T(M)→ T(M) and let
us define H≡H

∇̂
by setting

Hv =

{
A ∈ Tv(T(M)) :

(
∇̂ÃL

)
v = 0

}
, v ∈ T(M),

where Ã is any smooth extension of A to T(M) i.e., Ã is a C∞ vector field
on T(M) such that Ãv = A. Clearly the definition of Hv doesn’t depend
upon the choice of smooth extension of A ∈ Tv(T(M)).

Definition 1.7 A connection ∇̂ in π−1T(M)→ V (M) is said to be
regular if H

∇̂
is a nonlinear connection on T(M). �
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Proposition 1.8 For any linear connection ∇ on M the induced connection ∇̂ in
π−1T(M)→ T(M) is regular.

Proof. Let A be a tangent vector field on T(M) locally described as A=
Ai∂i+Bi∂̇i. Then A ∈H

∇̂
if and only if

Bk
=−Aiy j

(
0k

ij ◦π
)

. (1.3)

Thus H
∇̂

is locally the span of{
∂i− y j0k

ij ∂̇k : 1≤ i ≤ n
}

(1.4)

so that H
∇̂

is a C∞ distribution of rank n on T(M). Therefore to check
(1.2) it suffices to show that the sum H

∇̂,v+Vv is direct for any v ∈ T(M).
Indeed let A ∈H

∇̂
∩V . As A ∈ V one has LA= 0 hence Ai

= 0 and then
(by (1.3)) Bk

= 0 as well. Thus H∩V = (0). �

An inspection of (1.4) also shows that

Corollary 1.9 The local coefficients of the nonlinear H
∇̂

connection on T(M)

determined by a linear connection ∇ on M are given by N i
j =

(
0i

jk ◦π
)

yk.

Let H be a nonlinear connection on T(M). A tangent vector A ∈Hv is
a horizontal vector. A tangent vector field A ∈H is a horizontal vector field on
T(M). For any section s in π−1T(M)→ T(M) the vector field βs is the
horizontal lift of s. Given a vector field X on M its horizontal lift is the vector
field XH

≡ βX̂ i.e., the horizontal lift of the natural lift X̂ of X .

1.3. THE DOMBROWSKI MAP AND THE SASAKI METRIC

Definition 1.10 Let H be a nonlinear connection on T(M). Bundle
morphism K : T(T(M))→ π−1TM defined by

KvA= γ−1
v QvA, A ∈ Tv(T(M)), v ∈ T(M),

is called the Dombrowski map associated to H. Here Q : T(T(M))→ V is
the natural projection associated to the decomposition T(T(M))=H⊕V .

�
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Let H be a nonlinear connection on T(M) and β : π−1TM→H and
K : T(T(M))→ π−1TM respectively the horizontal lift and the Dom-
bowski map associated to H. It is an easy consequence of definitions that
the sequence of vector bundles and vector bundle morphisms

0→ π−1TM
β

−→ T(T(M))
K
−→ π−1TM→ 0

is exact. Locally

K(δi)= 0, K(∂̇i)= Xi, 1≤ i ≤ n.

In particular K(∂i)=N j
i Xj.

Let g be a Riemannian metric on M . It induces a Riemannian bundle
metric ĝ in the vector bundle π−1TM→ T(M) as follows. Let v ∈ T(M)
and X ,Y ∈

(
π−1TM

)
v. Let (U ,xi) be a local coordinate system on M such

that π(v) ∈ U . Let Xi be the natural lift of ∂/∂xi. We set

ĝv(X ,Y)= gij(π(v))X iY j

where X = X iXi(v) and Y = Y iXi(v). The definition of ĝv(X ,Y) doesn’t
depend upon the choice of local coordinates at π(v) so that ĝ is a globally
defined Riemannian bundle metric in π−1TM . In particular ĝ(Xi,Xj)=

gij ◦π .

Definition 1.11 Let H be a nonlinear connection on T(M) and g
a Riemannian metric on M . The Riemannian metric Gs on T(M)
defined by

Gs(A,B)= ĝ(LA,LB)+ ĝ(KA,KB), A,B ∈ X(T(M)), (1.5)

is called the Sasaki metric on T(M) associated to the pair (H,g). �

Of course the Sasaki metric Gs may be thought of as induced by the
given Riemannian metric g on M while the given nonlinear connection H
is but the lifting tool (from M to T(M)).

Let H be a nonlinear connection on T(M). Let J : T(T(M))→
T(T(M)) be the (1,1)-tensor field on T(M) defined by

JβX = γX , JγX =−βX , X ∈ 0∞(π−1TM). (1.6)

It is then immediate that

Proposition 1.12 Let (M ,g) be a Riemannian manifold. For any nonlinear
connection H on T(M) the synthetic object (T(M), J ,Gs) is an almost Hermitian
manifold.
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Proof. One has J2
=−I as a consequence of (1.6), where I is the identical

transformation of T(T(M)), so that J is an almost complex structure on
T(M). Moreover (1.5)–(1.6) imply Gs( JA, JB)=Gs(A,B) for any A,B ∈
X(T(M)). �

It may be easily shown that

Proposition 1.13 (P. Dombrowski, [99]) J is integrable if and only if
(M ,g) is locally Euclidean.

Our convention for the sign of the curvature tensor field R of a
connection ∇ : 0∞(E)→ 0∞(T∗(M)⊗E) in a vector bundle E→M is

R(X ,Y)s=−∇X∇Y s+∇Y∇X s+∇[X ,Y ]s

for any X ,Y ∈ X(M) and any s ∈ 0∞(E).

Proposition 1.14 Let (M ,g) be a Riemannian manifold and ∇̂ a regular con-
nection in π−1TM→ T(M). LetH=H

∇̂
be the nonlinear connection on T(M)

associated to ∇̂ and β : π−1TM→H the corresponding horizontal lift. Let Gs be
the Sasaki metric associated to the pair (H,g). Then the Levi-Civita connection D
of (T(M),Gs) is expressed by

DβXβY = β∇̂βXY +
1
2
γ R̂(βX ,βY)L,

DβXγY = γ ∇̂βXY −
1
2
β R̂(βL,βY)X ,

DγXβY = β∇̂γXY −
1
2
β R̂(βL,βX)Y ,

DγXγY = γ ∇̂γXY ,

for any X ,Y ∈ 0∞(π−1TM), where R̂ is the curvature tensor field of the connec-
tion ∇̂.

For a proof of Proposition 1.14 one may see [42], p. 139–140.
The almost complex structure J = J1,0 given by (1.6) was introduced

by P. Dombrowski, [99]. It is but one of a larger family of isotropic
almost complex structures Jδ,σ due to R.M. Aguilar, [11]. Any isotropic
almost complex structure determines an almost Kähler metric whose Kähler
2-form is the pullback to T(M) via [ : T(M)→ T∗(M) of the canoni-
cal symplectic form on T∗(M). Moreover isotropic complex structures exist
precisely when M has constant sectional curvature (cf. Theorem 1 in [11],
p. 431). The remainder of this section is devoted to a brief presentation of
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the results in [11], which are believed (as we argue later on) to offer the
possibility of further development for the harmonic vector field theory.

1.3.1. Preliminaries on Local Calculations
Let (M ,g) be a Riemannian manifold and {Xi : 1≤ i ≤ n} be a local
orthonormal frame of T(M), defined on the open set U ⊆M . Let {θ i :
1≤ i ≤ n} be the dual coframe on U i.e., θ i(Xj)= δ

i
j for any 1≤ i, j ≤ n.

The metric may be locally written as g =
∑n

i=1 θ
i
⊗ θ i. Also {XH

i ,XV
i : 1≤

i ≤ n} is a local frame of T(T(M)) defined on the open set π−1(U) and
{π∗θ i, θ i

◦ p ◦K : 1≤ i ≤ n} is the corresponding dual coframe. We set

ηi
= π∗θ i, ξ i

= θ i
◦ p ◦K , 1≤ i ≤ n,

for the sake of simplicity. Let 2 ∈�1(T(M)) be the 1-form on T(M)
defined by

2v(A)= gπ(v)((dvπ)A,v), A ∈ Tv(T(M)), v ∈ T(M).

Then

2=

n∑
i=1

f iηi (1.7)

where the functions f i : π−1(U)→ R are given by

f i(v)= θ i
π(v)(v), v ∈ π−1(U), 1≤ i ≤ n.

It may be easily shown that

d2=
n∑

i=1

ξ i
∧ ηi. (1.8)

Let E : T(M)→ R be given by E(v)= 1
2gπ(v)(v,v) for any v ∈ T(M).

Then

dE =
n∑

i=1

f iξ i. (1.9)

Let ωi
j ∈�

1(U) be the connection 1-forms of ∇ (the Levi-Civita connec-
tion of (M ,g)) associated to the local frame {Xi : 1≤ i ≤ n} i.e., ∇Xj =

ωi
j⊗Xi and �i

j ∈�
2(U) the curvature 1-forms i.e.,

�i
j = dωi

j +ω
i
k ∧ω

k
j =

1
2

Ri
jk`θ

k
∧ θ`.
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Then (by the structure equations for ∇)

dηi
= ηk
∧π∗ωi

k, (1.10)

dξ i
= ξ k
∧π∗ωi

k+ f kπ∗�i
k. (1.11)

Next we establish the following

Lemma 1.15 (R.M. Aguilar, [11]) With the notations above

df i
= ξ i
− f kπ∗ωi

k (1.12)

on π−1(U) for any 1≤ i ≤ n.

Proof. Let us take the exterior derivative of (1.7)

d2=
∑

i

{
df i
∧ ηi
+ f i dηi}

and substitute from (1.8) to get∑
i

(
ξ i
− df i)

∧ ηi
=

∑
i

f i dηi.

Next we substitute dηi from (1.10)∑
i

(
ξ i
− df i)

∧ ηi
=

∑
i

f i ηk
∧π∗ωi

k

and profit from ωi
j =−ω

j
i to write∑

i

(
df i
− ξ i
+ f kπ∗ωi

k

)
∧ ηi
= 0

so that, by Cartan’s lemma

df i
= ξ i
− f kπ∗ωi

k+Ci
jη

j (1.13)

for some Ci
j ∈ C∞(π−1(U)) such that Ci

j = C j
i . On the other hand we

may differentiate (1.9)

0=
∑

i

(
df i
∧ ξ i
+ f i dξ i)

and substitute df i from (1.13)∑
i

{
−f kπ∗ωi

k ∧ ξ
i
+Ci

j η
j
∧ ξ i
+ f i dξ i

}
= 0.
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In the last identity we replace dξ i from (1.11)∑
i

{
Ci

j η
j
∧ ξ i
+ f if kπ∗�i

k

}
= 0

and observe that
∑

i f
if jπ∗�i

j = 0 because of �i
j =−�

j
i . It remains that∑

i C
i
j η

j
∧ ξ i
= 0 hence Ci

j = 0 and (1.13) implies (1.12) as desired. �

1.3.2. Isotropic Almost Complex Structures
We adopt the following

Definition 1.16 Let A⊆ T(M) be an open subset. An almost complex
structure J onA is said to be isotropic with respect to the Riemannian metric
on M if there are smooth functions α,δ,σ :A→ R such that αδ− σ 2

= 1
and

JXH
= αXV

+ σXH , JXV
=−σXV

− δXH , (1.14)

for any X ∈ X(A). �

Given an isotropic almost complex structure J on A defined by (1.14)
we write J = Jδ,σ to capture the dependence of J on the parameters
δ,σ ∈ C∞(A). For α = δ = 1 and σ = 0 one obtains the almost complex
structure J1,0 due to P. Dombrowski (cf. op. cit.).

Theorem 1.17 (R.M. Aguilar, [11]) Let (M ,g) be a Riemannian manifold.
There is an integrable isotropic almost complex structure Jδ,σ on some open subset
A⊆ T(M) if and only if π(A) has constant sectional curvature.

Remark 1.18
i. If M is real analytic there is a unique germ M of complex manifold,

of complex dimension n, such that M is embedded in M as a totally
real submanifold. Then we may argue, together with R.M. Aguilar,
[11], that the result in Theorem 1.17 is about putting such complex
structure into “isotropic” form (similar to the classical Beltrami theorem
on geodesic maps onto the Euclidean space).

ii. Let Jδ,σ be an isotropic almost complex structure defined on some open
subset A⊆ T(M). Then

gδ,σ (A,B)= (d2)( Jδ,σA,B), A,B ∈ X(A),

is a Riemannian metric on A provided that α > 0. It should be
observed that g1,0 is the Sasaki metric Gs and σ ∗0 gδ,σ = α g (where
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σ0 : π(A)→A is the zero section). Also ( Jδ,σ,gδ,σ) is an almost Kähler
structure on A. It is an open problem to study harmonic (unit) vector
fields X ∈ 0∞(S(M ,gδ,σ )) as in Section 2.6 of this book (by replac-
ing the Sasaki metric Gs with one of the metrics gδ,σ associated to a
given isotropic almost complex structure). Are gδ,σ among the g-natural
metrics in Section 4.4 of this book?

iii. As Jδ,σ are in general non-integrable almost complex structures
(�0,•(T(M)),∂) is in general only a pseudocomplex (in the sense of
[297]). The Dolbeau cohomology of (T(M), Jδ,σ) is then the cohomology
of the complex

D :�0,q(T(M))× ∂
2
�0,q−1(T(M))→�0,q+1(T(M))

×∂
2
�0,q(T(M)),

D(λ,µ)=
(
∂λ−µ, ∂

(
∂λ−µ

))
,

λ ∈�0,q(T(M)), µ ∈ ∂
2
�0,q−1(T(M)).

The Dolbeau cohomology groups of (T(M), Jδ,σ) turn out to be
isomorphic to the cohomology groups of the pseudocomplex
(�0,•(T(M)),∂). The calculation of the Dolbeau cohomology is an
open problem even in the simplest instances (cf. Appendix A of this
book for a preliminary discussion of (T(M), J1,0) together with a brief
recollection of the needed notions of homological algebra). �

Let M and N be two manifolds and f : M→N a smooth map. We
define f∗ : T(M)→ T(N) by setting f∗(v)= (dπ(v)f )v for any v ∈ T(M).
In particular f∗∗ : T(T(M))→ T(T(N)) is given by

f∗∗(V )= (d5(V ) f∗)V , V ∈ T(T(M)),

where 5 : T(T(M))→ T(M) is the projection.

Definition 1.19 An isotropic almost complex structure J = Jδ,σ on A⊆
T(M) is said to be invariant if for any isometry F ∈ Isom(M ,g)

JF∗(v)F∗∗Av = F∗∗( JA)v

for any A ∈ X(A) and any v ∈A. �

Theorem 1.20 (R.M. Aguilar, [11]) Let Mn(κ)= (M ,g) be a real space
form of sectional curvature κ ∈ R. Let us consider the set

I =
{(

1
√

2κE+ b
, 0
)

: b ∈ R
}
∪
{(
δ, aκδ2) : a ∈ R \ {0}, b ∈ R

}
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where δ−2
=

1
2

[
2κE+ b+

√
(2κE+ b)2+ 4a2κ2

]
. Then

{ Jδ,σ : (δ,σ) ∈ I}

is the set of all invariant isotropic complex structures on some open subset of T(M).

Let us prove Theorem 1.17. Let Jδ,σ be an isotropic almost complex
structure on some open set A⊆ T(M). The holomorphic tangent bundle
T1,0(A)= {X − iJδ,σX : X ∈ T(A)} is locally the span of

Zj = (σ + i)
δ

δx j +α
∂

∂y j , 1≤ j ≤ n.

The dual complex 1-forms ω j are determined by

ω j(Zk)= δ
j
k , ω j(Zk)= 0,

hence

ω j
=−

i
2

dx j
+ f δy j, f =

1+ iσ
2α

δy j.

Then

dx j
= (σ + i)ω j

+ (σ − i)ω j, δy j
= α

(
ω j
+ω j

)
,

where ω j
= ω j. Consequently

dx j
∧ dxk

= (σ + i)2ω j
∧ωk
+αδ

(
ω j
∧ωk

+ ω j
∧ωk

)
+ (σ − i)2ω j

∧ωk,

1
α

dx j
∧ δyk

= (σ + i)
[
ω j
∧ωk
+ω j
∧ωk

]
+ (σ − i)

[
ω j
∧ωk
+ω j
∧ωk

]
,

δy j
∧ δyk

= α2
(
ω j
∧ωk
+ω j
∧ωk
+ω j
∧ωk
+ω j
∧ωk

)
.

Let us compute dωk. Using

dω j
= df ∧ δyk

+ f dδyk,

df =
δf
δxi dxi

+
∂ f
∂yi δy

i,
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one finds

dωk
= ∂ωk

+ ∂ωk
+Nωk,

∂ωk
=

[
α(Zj f )δk

` +
f
2

Rk
j`

]
ω j
∧ω`,

∂ωk
=

[
α(Zj f )δk

` −α(Z`f )δk
j − f

(
Rk

j`+ 2i0k
j`

)]
ω j
∧ω`,

Nωk
=

[
αδk
`Z j f +

f
2

Rk
j`

]
ω j
∧ω`.

Here one exploited

d�1,0(T(M))⊂�2(T(M)),

�2(T(M))=�2,0(T(M))⊕�1,1(T(M))⊕�0,2(T(M)),

where �p,q(T(M)) is the bundle of complex forms of type (p,q) on T(M)
i.e., locally sums of monomials of the form

ωi1 ∧ ·· · ∧ωip ∧ω j1 ∧ ·· · ∧ω
jq

with complex C∞(A∩π−1(U))-coefficients. See also (A.6) in Appendix
A to this book. By a result in [297], p. 363, the almost complex structure
Jδ,σ is integrable if and only if N = 0 i.e.,

f Rk
j` = α

(
δk

j Z`f − δk
`Z j f

)
. (1.15)

Let Rij = Rk
jki be the Ricci tensor of (M ,g). Contraction of k and j in (1.15)

and Rk
j` = Rk

ji`Y
i furnishes

Z j f =
f

(n− 1)α
Rjkyk. (1.16)

Substitution from (1.16) into (1.15) leads to

Rk
j`r =

1
n− 1

(
δk
`δ

s
j − δ

k
j δ

s
`

)
Rsr . (1.17)

Let x ∈M and let Y ∈ Tx(M) be a unit tangent vector. Let p⊂ Tx(M)
be a 2-plane tangent to M at x such that Y ∈ p. Let us complete Y to an
orthonormal basis {X ,Y} of p. Then the sectional curvature k(p) is given by

k(p)= Rx(Y ,X ,Y ,X)= 〈Rx(Y ,X)Y ,X〉

= Y iY jXkX`g(R(∂i, ∂k)∂j, ∂`)x
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where 〈, 〉 = gx. Yet (by (1.17))

g(R(∂i,∂k)∂j,∂`)= Rs
ikjg`s =

1
n− 1

(
gk`Rij− g`iRkj

)
so that

k(p)=
1

n− 1

[
‖X‖2Ricx(Y ,Y)−〈X ,Y〉Ricx(X ,Y)

]
or

k(p)=
1

n− 1
Ricx(Y ,Y). (1.18)

Let now p,q be two 2-planes tangent to M at x. If p∩ q 6= (0) then we may
choose Y ∈ p∩ q such that ‖Y‖ = 1 so that (by (1.18)) k(p)= k(q). When
p∩ q= (0) we may consider orthonormal basis {X ,Y} ⊂ p and {A,B} ⊂ q.
Let then r ⊂ Tx(M) be the 2-plane spanned by {Y ,A}. As p∩ r 6= (0) and
r ∩ q 6= (0) we may conclude that k(p)= k(r)= k(q) that is k is constant on
G2(M)x (the fibre over x in the Grassmann bundle G2(Rn)→G2(M)−→
M of all 2-planes tangent to M). That is to say there is a smooth func-
tion κ : M→ R such that k= κ ◦5, where5 : G2(M)→M is the natural
projection. Then

R(X ,Y)Z = κ{g(X ,Z)Y − g(Y ,Z)X}, X ,Y ,Z ∈ X(M), (1.19)

and by the classical Schur theorem κ is a constant provided that n≥ 3.
To include the case n= 2 we need a more detailed analysis. However we
impose no restriction on the dimension. Let {Xi : 1≤ i ≤ n} be a local
orthonormal frame of T(M) and let us adopt the notations and conventions
in Section 1.3.1. Then

Wj = (σ + i)XH
j +αXV

j , 1≤ j ≤ n,

is a local frame of T1,0(A). Consequently the local complex 1-forms

u j
= (1− iσ)η j

+ iδξ j, 1≤ j ≤ n, (1.20)

are of type (1,0). We may take the exterior derivative of (1.20) and use the
structure equations (1.10)–(1.11) to obtain

du j
= uk
∧ π∗ωi

k+ iδf kπ∗�i
k+ i

(
dδ∧ ξ j

− dσ ∧ η j). (1.21)

Let us substitute from

η j
=

1
2

(
u j
+ u j

)
, ξ j

=
1
2δ

[
(σ − i)u j

+ (σ + i)u j
]
,
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into (1.21) to get

du j
= uk
∧π∗ωi

k+ iδf kπ∗�
j
k (1.22)

+
1
2

(
1+ iσ
δ

dδ− idσ
)
∧ u j
−

1
2

(
1− iσ
δ

dδ+ idσ
)
∧ u j.

Let us assume that Jδ,σ is integrable. Then the identity (1.19) holds good. It
may be easily rewritten as

�i
j = κ θ

i
∧ θ j,

where for the time being κ ∈ C∞(M). Then (by (1.7))

f kπ∗�
j
k =

κ ◦π

2

(
u j
∧ u j

)
∧2

and one may substitute into (1.22)

du j
= uk
∧

[
π∗ω

j
k +

δ i κ ◦π
2

δ
j
k2+

(
i
2

dσ −
1+ iσ

2δ
dδ
)
δ

j
k

]
(1.23)

+ u j
∧

(
δ i κ ◦π

2
2+

i
2

dσ +
1− iσ

2δ
dδ
)

.

As Jδ,σ is assumed to be integrable the (0,2) component of the 2-form du j

must vanish i.e.,

iδ(κ ◦π)20,1
+ i∂σ +

1− iσ
δ

∂δ = 0. (1.24)

Here 20,1 is the (0,1) component of

2=
∑

j

f jη j
=

1
2

∑
j

f j
(
u j
+ u j

)
i.e.,

20,1
=

1
2

∑
j

f ju j. (1.25)

Let us prove (1.24). As a consequence of

u j(Wk)= 2(σ + i)δ j
k

for each smooth function f : π−1(U)→ R

df = fju j
+ fju

j,

fj =
1

2(σ + i)
Wj( f ), fj = fj, 1≤ j ≤ n.



“Dragomir Chapters” — 2011/10/1 — page 17 — #17

1.3. The Dombrowski Map and the Sasaki Metric 17

Therefore

iδ(κ ◦π)2+ i dσ +
1− iσ
δ

dδ = λk uk
+µk uk,

λk =
iδ (κ ◦π)

2
f k
+ iσk+

1− iσ
δ

δk,

µk =
iδ (κ ◦π)

2
f k
+ iσk+

1− iσ
δ

δk.

Then the (0,2)-component of du j is N u j
= u j
∧µku

k. As argued above
this must vanish

µk u j
∧ uk
= 0

and then (by applying the last identity to the pair (Wr ,Ws))

µk

(
δ j

r δ
k
s − δ

j
s δ

k
r

)
= 0.

Then we may contract the indices j and r to yield (n− 1)µs = 0 which is
equivalent to (1.24). We need the following

Lemma 1.21 ∂21,0
= 0.

Proof. The identity (1.9) may be written

dE =
1
2δ

∑
j

f j
[
(σ − i)u j

+ (σ + i)u j
]

hence

∂E =
σ + i
2δ

∑
j

f ju j.

Then (by taking into account (1.25))

20,1
=

δ

σ + i
∂E.

Next

∂20,1
=

[
∂δ

σ + i
−

δ ∂σ

(σ + i)2

]
∧ ∂E. (1.26)

Let us express ∂σ from (1.24)

∂σ =−δ(κ ◦π)20,1
+ (σ + i)∂ log |δ|
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to compute

(σ + i)∂δ− δ ∂σ = δ(κ ◦π)20,1
=
δ2 (κ ◦π)

σ + i
∂E

and then (1.26) yields ∂20,1
= 0. Lemma 1.21 is proved. �

Let us go back to the proof of Theorem 1.17. To this end we apply ∂ to
(1.24) and use Lemma 1.21

(κ ◦π)∂δ∧20,1
+ δ ∂(κ ◦π)∧20,1

− ∂σ ∧ ∂ log |δ| = 0.

Once again we replace ∂σ from (1.24) and obtain

∂(κ ◦π)∧20,1
= 0. (1.27)

Then

Wj(κ ◦π)f
`
−W`(κ ◦π)f

j
= 0 (1.28)

is a local version of (1.27) (got by applying (1.27) to the pair (Wj,W`)). On
the other hand

Wj(κ ◦π)= (σ − i)Xj(σ ) ◦π ,

and

f j(v)= θ j
π(v)(v)= v j, v= v jXj(π(v)).

In particular f j
=

(
Y j

k ◦π
)

yk where
[
Y j

k

]
=

[
X j

k

]−1
and the smooth

function
[
X j

k

]
: π−1(U)→ GL(n,R) is given by

Xk = X j
k
∂

∂x j , 1≤ k≤ n.

Then (1.28) may be written

(Xj(κ) ◦π)
(
Y `k ◦π

)
yk
− (X`(κ) ◦π)

(
Y j

k ◦π
)

yk
= 0

or (by differentiating with respect to yk)

Xj(κ)Y `k −X`(κ)Y
j

k = 0.

Let us contract with Xk
s and then contract the indices ` and s to obtain

(n− 1)Xj(κ)= 0. As M is tacitly assumed to be connected it follows that
κ is a constant.
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Vice versa, let us assume that M is a real space form Mn(κ) of (constant)
sectional curvature κ and let us look for smooth functions α,σ ,δ :A→ R,
defined on some open subset A⊆ T(M), such that αδ− σ 2

= 1 and the
corresponding isotropic almost complex structure Jδ,σ is integrable. By the
considerations above such Jδ,σ is integrable if and only if the functions δ
and σ satisfy (1.24) i.e.,

∂σ + δκ21,0
− δ−1(σ + i)∂δ = 0. (1.29)

Therefore it suffices to determine particular solutions δ,σ to (1.29). Let us
look for solutions with spherical symmetry i.e.,

σ = f ◦E, δ = g ◦E,

for some C∞ functions f (t) and g(t) with t ∈ I for some open interval
I ⊆ R. Then

∂σ = ( f ′ ◦E)∂E, ∂δ = (g′ ◦E)∂E,

and (by taking into account (1.29) and the previously established identity
20,1
= [δ/(σ + i)]∂E) it suffices to solve the first order ODE system

f ′(t)+
κg(t)2

f (t)+ i
−

f (t)+ i
g(t)

g′(t)= 0

or

f ′(t)− 2f (t)g(t)−1g′(t)= 0, (1.30)

f (t)f ′(t)+ κg(t)2− ( f (t)2− 1)g(t)−1g′(t)= 0. (1.31)

At this point the ODE system (1.30)–(1.31) may be solved to yield the
existence of an isotropic complex structure Jδ,σ as desired. The solutions
δ,σ are in general defined only on some open subset of T(M). The proof
of Theorem 1.17 is complete.

If f = 0 then (1.31) becomes g′+ κg3
= 0 hence g−1

=
√

2κ t+ b where
b ∈ R is a constant of integration.

Let us look for a solution ( f ,g) with f 6= 0 on some open interval I ⊆ R.
The equation (1.30) may be written f ′/f = 2g′/g hence f = aκg2 where
a ∈ R \ {0} is a constant (the form of the constant is chosen to obtain a
simple expression of g−2). Then (1.31) becomes

1+ a2κ2g4

g3 g′+ κ = 0
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and we may integrate to obtain

−
1

2g2 + a2κ2 g2

2
+ κ +

b
2
= 0. (1.32)

Again the form of the constant of integration is chosen in such a way to get
an elegant form of g−2. Indeed we may solve for g−2 in (1.32) to obtain

g−2
=

1
2

[
2κ t+ b+

√
(2κ t)2+ 4a2κ2

]
.

Summarizing the information obtained so far we have obtained the
following spherically symmetric solutions to (1.29)

δ−1
=
√

2κE+ b, σ = 0, b ∈ R, (1.33)

δ−2
=

1
2

[
2κE+ b+

√
(2κE+ b)+ 4a2κ2

]
, (1.34)

σ = aκδ2, a ∈ R \ {0}, b ∈ R.

It is a beautiful result (cf. Theorem 1.20 above) of R.M. Aguilar, [11] that
the complex structures Jδ,σ corresponding to the functions δ,σ given by
(1.33)–(1.34) are precisely the invariant (in the sense of Definition 1.19
above) isotropic complex structures on (some open subset of) T(M).

1.3.3. Invariant Isotropic Complex Structures
Let f : M→M be a smooth map. Then

T(M)
f∗
−→ T(M)

π ↓ ↓ π

M
f
−→ M

T(T(M))
f∗∗
−→ T(T(M))

π∗ ↓ ↓ π∗

T(M)
f∗
−→ T(M)

are commutative diagrams for any smooth map f : M→M . Indeed let 5 :
T(T(M))→ T(M) be the projection and V ∈ T(T(M)). Then

5( f∗∗(V ))=5((d5(V )f∗)V )= f∗(5(V )),

π∗( f∗∗(V ))= (d5( f∗∗V )π)(d5(V )f∗)V = (df∗(5(V ))π)(d5(V )f∗)V

= (d5(V )(π ◦ f∗))V = (d5(V )( f ◦π))V = f∗(π∗(V )).
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Lemma 1.22 If f ∈ Isom(M ,g) then the diagram

T(T(M))
K
−→ π−1TM

p
−→ T(M)

f∗∗ ↓ ↓ f∗

T(T(M))
K
−→ π−1TM

p
−→ T(M)

is commutative i.e.,

f∗ ◦ p ◦K = p ◦K ◦ f∗∗ (1.35)

where K : T(T(M))→ π−1TM is the Dombrowski map and p : π−1TM→
T(M) is the restriction to π−1TM of the projection p : T(M)×T(M)→ T(M)
given by p(v,ξ)= ξ for any v,ξ ∈ T(M).

Proof. As f : M→M is an isometry of (M ,g), it preserves the Levi-Civita
connection i.e.,

∂2f i

∂x j∂xk −0
`
jm
∂ f m

∂xk

∂ f i

∂x`
+
(
0i
`m ◦ f

) ∂ f `

∂x j

∂ f m

∂xk = 0. (1.36)

At this point we may check (1.35). First

( f∗ ◦ p ◦K)δj,v = 0

hence f∗ ◦ p ◦K vanishes on Hv for any v ∈ T(M). Next

(p ◦K ◦ f∗∗)δj,v = pK
(
d5(δj,v) f∗

)
δj,v = pK(dvf∗)δj,v.

The map f∗ : T(M)→ T(M) has the local components

f i
∗ = f i

◦π , f i+n
∗ =

(
∂ f i

∂x j ◦π

)
y j,

so that

(dvf∗)δj,v =
δf i
∗

δx j (v)∂i

∣∣∣∣
v
+
δf i+n
∗

δx j (v)∂̇i

∣∣∣∣
v

=
∂ f i

∂x j (x)
(
δi+Nk

i ∂̇k

)
f∗(v)
+

[
∂2f i

∂x j∂xk (x)−Nk
j (v)

∂ f i

∂yk (x)∂̇k

]
∂̇i
∣∣
f∗(v)

where x= π(v) ∈M . As Kδj = 0 and K ∂̇j = Xj it follows that

K(dvf∗)δj,v =
(

∂2f i

∂x j∂xk (x)−0
`
jm(x)

∂ f m

∂xk (x)
∂ f i

∂x`
(x)

+
(
0i
`m( f (x))

) ∂ f `

∂x j (x)
∂ f m

∂xk (x)
)

vkδj,v = 0
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by N i
j = 0

i
jky

k and (1.36). Hence p ◦K ◦ f∗∗ vanishes on Hv as well.
Moreover

( f∗ ◦ p ◦K)∂̇j,v = ( f∗ ◦ p)Xj,v = f∗
∂

∂x j

∣∣∣∣
x
=
∂ f i

∂x j (x)
∂

∂xi

∣∣∣∣
f (x)

.

Similarly

(p ◦K ◦ f∗∗)∂̇j,v = pK (dvf∗)∂̇j,v=pK
(
∂ f i
∗

∂y j (v) ∂i|f∗(v) +
∂ f i+n
∗

∂y j (v) ∂̇i
∣∣
f∗(v)

)
= p

∂ f i

∂x j (x)Xi( f∗(v))=
∂ f i

∂x j (x)
∂

∂xi

∣∣∣∣
f (x)

.

Therefore f∗ ◦ p ◦K and p ◦K ◦ f∗∗ coincide on Vv for any v ∈ T(M).
Lemma 1.22 is proved. �

Lemma 1.23 Let f ∈ Isom(M ,g). For each X ∈ X(M)

f∗∗XH
v =

(
f∗X

)H
f∗v

, f∗∗XV
v =

(
f∗X

)V
f∗v

, (1.37)

for any v ∈ T(M).

Proof. Let v ∈ T(M) be an arbitrary tangent vector and x= π(v) ∈M . Let
y= f (x) ∈M . Note that

f∗∗XH
v =

(
d5(XH

v )
f∗
)

XH
v =

(
dvf∗

)
XH

v

hence 5
(

f∗∗XH
v
)
= f∗(v). Then f∗X ∈ X(M) is given by(

f∗X
)
y =

(
df −1(y)f

)
Xf −1(y) =

(
dπ(v)f

)
Xπ(v) = f∗Xπ(v)

= f∗ (dvπ)XH
v = f∗

(
d5(XH

v )
π
)

XH
v = f∗π∗XH

v = π∗f∗∗X
H
v

=

(
d5( f∗∗XH

v )
π
)

f∗∗XH
v =

(
df∗(v)π

)
f∗∗XH

v .

Consequently(
df∗(v)π

)
f∗∗XH

v =
(

f∗X
)
y =

(
df∗(v)π

)(
f∗X

)H
f∗(v)

and then

f∗∗XH
v −

(
f∗X

)H
f∗(v)
∈ Ker

(
df∗(v)π

)
= Vf∗(v).

Equivalently

f∗∗XH
v = ( f∗X)Hf∗(v)+V (1.38)
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for some V ∈ Vf∗(v). We ought to show that V = 0. Let us apply p ◦K to
both sides of (1.38). We get

pKf∗(v)V = pKf∗(v) f∗∗X
H
v = f∗ pKXH

v = 0

that is

Kf∗(v)V = ( f∗(v), 0)= 0

and then V = 0 as the restriction of Kf∗(v) to Vf∗(v) is a R-linear iso-
morphism Vf∗(v) ≈

(
π−1TM

)
f∗(v)

. Therefore (1.38) yields the first of the
identities (1.37). To prove the second identity in (1.37) we conduct the
following calculation

pKf∗∗XV
v = f∗pKXV

v = f∗(pX̂v)= f∗(Xπ(v))= (dxf )Xx

= (df −1(y)f )Xf −1(y) = ( f∗X)y.

Note that y= f (x)= f (π(v))= π( f∗(v)) so that

Kf∗(v)f∗∗X
V
v =

(
f∗(v), ( f∗X)y

)
=
(

f∗(v), ( f∗X)π( f∗(v))
)

= f̂∗X( f∗v)=
(
K γ f̂∗X

)
f∗(v)
= Kf∗(v)

(
f∗X

)V
f∗(v)

implying the second of the identities (1.37). Lemma 1.23 is proved. �

A piece of Theorem 1.20 follows from

Proposition 1.24 Let A⊆ T(M) be an open set and σ ,δ :A→ R two
smooth functions depending only on E i.e., σ = f ◦E and δ = g ◦E for some
smooth functions f (t), g(t), t ≥ 0. Let α :A→ R be determined by αδ− σ 2

=1.
Then the isotropic almost complex structure J = Jδ,σ is invariant.

Proof. Let F ∈ Isom(M ,g). Then

E(F∗v)= (1/2)gπ(F∗v)(F∗v,F∗v)= (1/2)gπ(v)(v,v)= E(v)

for any v ∈ T(M). Therefore σ(F∗v)= f (E(F∗v))= f (E(v))= σ(v) and
a similar property holds for the functions α,δ as well. Consequently (by
Lemma 1.23)

JF∗(v)F∗∗X
H
v = JF∗(v)(F∗X)

H
F∗(v)

= α(F∗v)(F∗X)VF∗(v)+ σ(F∗v)(F∗X)
H
F∗(v)

= α(v)F∗∗XV
v + σ(v)F∗∗X

H
v = F∗∗

(
αXV

+ σXH)
v
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i.e.,

JF∗(v)F∗∗X
H
v = F∗∗( JXH)v.

Of course the identity

JF∗(v)F∗∗X
V
v = F∗∗( JXV )v

may be proved in a similar manner. We may conclude that J is invariant.
Proposition 1.24 is proved. �

To complete the proof of Theorem 1.20, one should consider an invari-
ant isotropic complex structure Jδ,β defined on some open subset A⊆
T(M) and show that the functions δ,σ :A→ R are necessarily given by the
formulae (1.33)–(1.34). Let v ∈A and x= π(v) ∈M . Let (U ,x1, . . . ,xn) be
a normal coordinate neighborhood with origin at x and sx the local sym-
metry defined by (x1, . . . ,xn) 7→ (−x1, . . . ,−xn). Then (sx)∗X =−X for
any X ∈ X(U) and consequently

(sx)∗∗XH
v =−XH

−v, (sx)∗∗XV
v =−XV

−v,

for any X ∈ X(U) and any v ∈ π−1(U). Let us assume that Jδ,σ is an invari-
ant complex structure and apply the formula in Definition 1.19 for F = sx.
Then

α(v)= α(−v), σ(v)= σ(−v), δ(v)= δ(−v), (1.39)

for any v ∈ π−1(U). We claim that Jδ,−σ is integrable, as well. To prove the
claim we consider the (1,0)-forms

v j
= (1+ iσ)η j

+ iδξ j,

i.e., a local frame of T1,0(T(M), Jδ,−σ )∗. Let N−1 denote fibrewise multi-
plication by −1. A simple calculation shows that

(N−1)
∗η j
= η j, (N−1)

∗ξ j
=−ξ j. (1.40)

Next we consider the (0,1)-forms

u j
= u j = (1+ iσ)η j

− iδξ j

locally spanning T0,1(T(M), Jσ ,δ). Then (by (1.39)–(1.40))

(N−1)
∗u j
= v j, 1≤ j ≤ n.
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In particular N−1 is an anti-holomorphic map of (T(M), Jδ,σ) into (T(M),
Jδ,−σ). As shown earlier, the integrability of Jδ,σ is equivalent to du j

≡ 0,
mod uk hence

dv j
= d(N−1)

∗u j
= (N−1)

∗du j
≡ 0, mod (N−1)

∗uk,

i.e., dv j
≡ 0, mod vk, a fact implying the integrability of Jδ,−σ . Let ∂σ be

the ∂-operator associated to the complex structure Jδ,σ . Then (by replacing
σ with −σ in (1.24))

iδ(κ ◦π)50,1
−σ2− i∂−σσ +

1+ iσ
δ

∂−σ δ = 0, (1.41)

where, once again to distinguish among the complex structures Jδ,σ and
Jδ,−σ , we denote by 50,1

σ :�1(A, Jδ,σ )→�0,1(A, Jδ,σ) the natural projec-
tion. The formulae (1.24) and (1.41) may be thought of as a linear system
with the unknowns

XH
j (δ), XV

j (δ), XH
j (σ ), XV

j (σ ). (1.42)

By solving for the unknowns (1.42) in the equations (1.24) and (1.41) one
may easily see that δ and σ depend only on E (one also exploits the identity

50,1
σ 2=

δ

σ + i
∂E,

cf. the proof of Lemma 1.21 above).

Remark 1.25
i. Let σ0 : M→ T(M) be the zero section. Then (dxσ0)Xx = XH

0x
for

any X ∈ X(M) and any x ∈M . Consequently σ0(M) is a totally real
submanifold of (T(M), Jδ,σ) i.e.,(

Jδ,σT(σ0(M))
)
∩T(σ0(M))= (0).

Thus any isotropic complex structure is a “thickening” of σ0(M)≈M
(if defined there) and the resulting complex manifold is locally (i.e., in a
neighborhood of M) biholomorphic to any other standard thickening of
M .

ii. Let X be a complex manifold, M ⊂ X a smooth real submanifold with
dimR M = dimC X = n, and u a nonnegative bounded or unbounded
exhaustion function of X such that M = {z ∈ X : u(z)= 0}. Let us
assume that u2 is smooth and strictly plurisubharmonic and satisfies the
complex Monge-Ampère equation(

∂∂u
)n
= 0 on X \M . (1.43)
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The synthetic object (X ,M ,u) is commonly referred to as a Monge-
Ampère model (of bounded type when u is bounded). A program of
classifying Monge-Ampère models with a given center M was started by
L. Lempert & R. Szöke, [206]. One of their main results is

Theorem 1.26 (L. Lempert & R. Szöke, [206]) Let (X ,M ,u) and
(X ′,M ′,u′) be two Monge-Ampère models, not necessarily of bounded type. Let
g and g′ be the Riemannian metrics on M and M ′ associated respectively to u
and u′. Let us assume that (M ,g) and (M ′,g′) are isometric and supu= supu′.
Then there is a biholomorphism F : X→ X ′ such that u′ ◦F = u.

Theorem 1.26 generalizes a result by G. Patrizio & P-M. Wong,
[236], where the Monge-Ampère model (X ,M ,u) is constructed from a
compact symmetric space of rank 1 (cf. [236], p. 356). When Jδ,σ is one
of the invariant isotropic complex structures in Theorem 1.20 the equa-
tion (1.43) with u−1(0)= σ0(M) reduces to an ODE in one real variable.
Let Sn

= {x= (x1, . . . ,xn+1) ∈ Rn+1 :
∑n+1

j=1 x2
j = 1} and let Qn

= {z=

(z1, . . . ,zn+1) ∈ Cn+1 :
∑n+1

j=1 z2
j = 1} be the natural “thickening” of Sn

(cf. [236], p. 357–360). As for any invariant isotropic thickening of Sn

one has supu=∞, any of these is globally biholomorphic to Qn. If
Jδ,σ is singled by a= 0 and b= 1 then one obtains the biholomor-

phism T(Sn)≈Q expressed by (X ,Y) 7→
√

1+
∑n+1

j=1 y2
j X + iY ∈Qn

where zj = xj+ iyj. A deep circle of ideas relates the geometry of
the tangent bundle over a Riemannian manifold to the study of the
global solutions to the homogeneous complex Monge-Ampère equa-
tion (1.43). A brief introduction to the subject is given in Appendix C of
this book. �

1.4. THE TANGENT SPHERE BUNDLE

Let (M ,g) be a real n-dimensional Riemannian manifold and Sn−1
→

S(M)→M its tangent sphere bundle i.e., the fibre in S(M) over each x ∈M
is given by

S(M)x = {v ∈ Tx(M) : gx(v,v)= 1}.

The total space S(M) of the tangent sphere bundle over M is a real
hypersurface in T(M). If (U ,xi) is a local coordinate system on M and
(π−1(U),xi,yi) are the induced local coordinates on T(M) then S(M) is
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locally given by

S(M)∩π−1(U)= {v ∈ π−1(U) : gij(π(v))viv j
= 1}

where vi
= yi(v), 1≤ i ≤ n. Therefore the local equation of S(M) in T(M)

is gij(x)yiy j
= 1. Consequently a tangent vector field A ∈ X(T(M)) locally

represented as

A= Ai∂i+Ai+n∂̇i

is tangent to S(M)∩π−1(U) if and only if

Ai ∂gjk

∂xi y jyk
+ 2Ai+ngijy j

= 0 (1.44)

on π−1(U). Let H be the nonlinear connection associated to the Levi-
Civita connection of (M ,g) so that N i

j = 0
i
jky

k and

0i
jk = gi`0jk`, 0ijk =

1
2

(
∂gik

∂x j +
∂gjk

∂xi −
∂gij

∂xk

)
.

When A= δj for some 1≤ j ≤ n then Ai
= δi

j and Ai+n
=−N i

j hence

Ai ∂gk`

∂xi yky`+ 2Ai+ngikyk
=
∂gk`

∂x j yky`− 20i
j`y
`gikyk

= yky`
(
∂gk`

∂x j − 20j`k

)
= 0.

We proved the following result:

Proposition 1.27 Let (M ,g) be a Riemannian manifold and H=H
∇̂

the
nonlinear connection on T(M) associated to ∇̂, where ∇̂ is the connection in
π−1TM→M induced by the Levi-Civita connection ∇ of (M ,g). Then Hv ⊂

Tv(S(M)) for any v ∈ T(M) i.e., each horizontal vector is tangent to S(M).

Which vertical vectors are tangent to S(M)? To answer this question let
A= Ai+n∂̇i be a vertical vector field and

ρ : π−1(U)→ R, ρ(v)= gij(π(v))yi(v)y j(v)− 1, v ∈ π−1(U).

Then A(ρ)= 0 if and only if

Ai+ngijy j
= 0. (1.45)

Therefore we may state the following

Proposition 1.28 Let X ∈ 0∞(π−1TM). Then the vertical tangent vector
field γX is tangent to S(M) if and only if ĝ(X ,L)= 0 where ĝ = π−1g is
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the Riemannian bundle metric induced by g in π−1TM→ T(M) and L is the
Liouville vector field.

Let A= Ai∂i+Ai+n∂̇i be an arbitrary tangent vector field on S(M) i.e.,
the functions (Ai,Ai+n) satisfy (1.44). A vector field B= Bi∂i+Bi+n∂̇i is
orthogonal to S(M) if and only if

gijAiB j
+ gk`(Ak+n

+Nk
i Ai)(B`+n

+N`
j B j)= 0. (1.46)

We shall show that

Theorem 1.29 Let (M ,g) be a Riemannian manifold and S(M)→M its
tangent sphere bundle. Then ν = γ L is a unit normal vector field on S(M) and

T(S(M))=H⊕ γ Ker(ω) (1.47)

where ωx : (π−1TM)x→ R is defined by ωx(X)= ĝx(X ,Lx) for any X ∈
(π−1TM)x and any x ∈M.

Proof. The first statement in Theorem 1.29 follows from (1.46). Indeed if
B= γ L then Bi

= 0 and Bi+n
= yi hence

gijAiB j
+ gk`

(
Ak+n

+Nk
i Ai

)(
B`+n
+N`

j B j
)

= gk`

(
Ak+n

+Nk
i Ai

)
y` = 0

as a consequence of (1.44). The formula (1.47) follows from Propositions
1.27 and 1.28 by comparing dimensions. �

Let (M ,g) be a Riemannian manifold. Let J = J1,0 be the standard almost
complex structure on T(M). The geodesic flow is the horizontal vector field
ξ ′ on T(M) given by

ξ ′ =−Jν = βL= yi δ

δxi .

By Proposition 1.27 the vector field ξ ′ is tangent to S(M). Let G̃s be the
metric on S(M) induced by the Sasaki metric on T(M). Let η′ ∈�1(S(M))
be given by η′(V )= G̃s(V ,ξ ′) for any V ∈ X(S(M)). Also let φ′ be the
(1,1)-tensor field on S(M) given by

φ′V = JV − η′(V )ξ ′, V ∈ X(S(M)).

We set

φ = φ′, ξ = 2ξ ′, η =
1
2
η′, Gcs =

1
4

G̃s,
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so that (φ,ξ ,η,Gcs) turns out to be a contact metric structure (the standard
contact metric structure) on S(M). Let H(S(M))= Ker(η)⊂ T(S(M))
and let us set

T1,0(S(M))= {X − iJX : X ∈H(S(M))}
(
i=
√
−1
)
.

This is the standard almost CR structure on S(M). It is discussed in some
detail in Chapter 6 of this book. Cf. also [110], p. 321–329. By a result
of S. Tanno, [282], T1,0(S(M)) is integrable if and only if (M ,g) (with
n> 2) has constant sectional curvature. Similarly any isotropic almost com-
plex structure Jδ,σ , defined on an open subsetA⊆ T(M), induces an almost
CR structure T1,0(T(M))δ,σ on A∩ S(M). It is noteworthy that Jδ,σ with

δ =
1

√
κ(2E− 1)+ 1

, σ = 0,

induces the same almost CR structure as J1,0 yet (unlike J1,0) has the same
integrability condition as T1,0(S(M)).

1.5. THE TANGENT SPHERE BUNDLE OVER A TORUS

Let d1,d2 ∈ R2 be two linearly independent vectors and let 0 ⊂ R2

be the lattice given by

0 = {md1+ nd2 : m,n ∈ Z}.

Let T2
= R2/0 and let π : R2

→ T2 be the natural projection. Then R2

is the universal covering space of T2. We assume T2 is oriented such that
π : R2

→ T2 is orientation preserving. Let J be the almost complex struc-
ture on T2 induced by the fixed orientation. Next we assume that T2

is equipped with an arbitrary Riemannian metric g and let {S,W } be an
orthonormal frame of T(T2) such that W = JS. Let S1

→ S(T2,g)→ T2

be the tangent sphere bundle and let us set E = 0∞(S(T2,g)).

Definition 1.30 Let X ∈ E be a unit tangent vector field on T2. The
functions ϕ,ψ ∈ C∞(T2,R) given by

ϕ = g(X ,S), ψ = g(X ,W ),

are called the (S,W )-coordinates of X . �

If X ∈ E and ϕ,ψ ∈ C∞(T2,R) are its (S,W )-coordinates then

X = ϕ S+ψW , ϕ2
+ψ2

= 1.
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Also the map E→ C∞(T2,S1) given by X 7→ ϕ+
√
−1ψ is a bijection.

Definition 1.31 Let X ∈ E . A function α : R2
→ R is called a (S,W )-

angle function for X if

X ◦π = (cosα)S ◦π + (sinα)W ◦π (1.48)

everywhere on R2. �

Let X ∈ E and let α : R2
→ R be a (S,W )-angle function for X . Then

ϕ ◦π = cosα, ψ ◦π = sinα

i.e., the following diagram is commutative

R2 α
−−−→ R

1R2

y y(cos, sin)

R2
−−−−→
(ϕ,ψ)◦π

S1

that is α : R2
→ R is a lift of (ϕ+

√
−1ψ) ◦π : R2

→ S1 (and clearly such
a lift always exists).

If I ⊆ R is an open interval such that 0 ∈ I we set

EI = {(Xt)t∈I ∈ E I : (Xt)t∈I of class C∞}.

Here (Xt)t∈I is said to be of class C∞ if the map X : T2
× I→ R given by

X(p, t)= Xt(p), for any p ∈ T2 and any t ∈ I , is of class C∞.
Given (Xt)t∈I ∈ EI we set

ϕt(p)= g(Xt,S)p, ψt(p)= g(Xt,W )p,

so that ϕt,ψt ∈ C∞(T2,R) are the (S,W )-coordinates of Xt for each t ∈ I .
Let αt : R2

→ R be a (S,W )-angle function for Xt so that

cosαt(ξ)= ϕt(p), sinαt(ξ)= ψt(p), (1.49)

for any ξ ∈ R2 where p= π(ξ) ∈ T2. We shall need the following elemen-
tary fact

Lemma 1.32 There is a unique (m,n) ∈ Z2 such that

αt(ξ + d1)−αt(ξ)= 2mπ , αt(ξ + d2)−αt(ξ)= 2nπ , (1.50)

for any ξ ∈ R2 and any t ∈ I.
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Proof. As π(ξ + d1)= π(ξ) for any ξ ∈ R2 one may write

cosαt(ξ + d1)= ϕt(p), sinαt(ξ + d1)= ψt(p). (1.51)

Then (by comparing (1.49) and (1.51))

sin
αt(ξ + d1)+αt(ξ)

2
sin
αt(ξ + d1)−αt(ξ)

2
= 0, (1.52)

sin
αt(ξ + d1)−αt(ξ)

2
cos

αt(ξ + d1)+αt(ξ)

2
= 0, (1.53)

As a consequence of (1.52) we have I) αt(ξ + d1)−αt(ξ)= 2πm(ξ , t) for
some m(ξ , t) ∈ Z or II) αt(ξ + d1)+αt(ξ)= 2πk(ξ , t) for some k(ξ , t) ∈
Z. In the first case, the continuity of the function (ξ , t) 7→ αt(ξ) implies
that (ξ , t) 7→ m(ξ , t) is a continuous map of R2

× I into Z hence m(ξ , t)=
constant, thus proving the first identity in (1.50). In the second case we need
to exploit (1.53) so that to conclude that III) αt(ξ + d1)−αt(ξ)= 2π`(ξ , t)
for some `(ξ , t) ∈ Z or IV) αt(ξ + d1)+αt(ξ)= (2p(ξ , t)+ 1)π for some
p(ξ , t) ∈ Z. Yet case (II) rules out case (IV) hence case (III) must occur and
once again `(ξ , t) is the constant function by continuity. �

Definition 1.33 Let (m,n) ∈ Z2 and I ⊆ R an open interval containing
the origin. We set

PerI(m,n)= {α ∈ C∞(R2
× I) : α(ξ + d1, t)−α(ξ , t)= 2mπ ,

α(ξ + d2, t)−α(ξ , t)= 2nπ , ∀ξ ∈ R2, ∀ t ∈ I}.

An element α ∈ PerI(m,n) is referred to as a (m,n)-semiperiodic function. �

We also set for further use

WI =
⋃

(m,n)∈Z2

PerI(m,n).

We shall omit the index I when the elements α do not depend upon t.
That is Per(m1,m2) consists of all C∞ functions α : R2

→ R such that
α(ξ + di)−α(ξ)= 2πmi for all ξ ∈ R2 and W =

⋃
(m,n)∈Z2 Per(m,n). The

contents of Lemma 1.32 is that given X = (Xt)t∈I and a (S,W )-angle
function αt : R2

→ R for each Xt the function α : R2
× I→ R given by

α(ξ , t)= αt(ξ), for any ξ ∈ R2 and any t ∈ I , is (m,n)-semiperiodic for
some (m,n) ∈ Z2.

Lemma 1.34 Let {S,W } be a fixed orthonormal frame of (T(T2),g) and let
α ∈ C∞(R2

× I). Then the following statements are equivalent
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i. There is α ∈ C∞(T2
× I) such that α(ξ , t)= α(π(ξ), t) for any ξ ∈ R2 and

any t ∈ I.
ii. α ∈ PerI(0,0).

The proof of Lemma 1.34 is elementary. If such α exists then

α(ξ + di, t)−α(ξ , t)= α(π(ξ + di), t)−α(π(ξ), t)= 0.

Vice versa if α ∈ PerI(0,0) then we may set by definition

α(p, t)= α(ξ , t), ξ ∈ π−1(p), p ∈ T2, t ∈ I ,

and the definition of α(p, t) doesn’t depend upon the choice of ξ ∈ π−1(p)
precisely because α is (0,0)-semiperiodic.

Lemma 1.35 For each (m,n) ∈ Z2 the set PerI(m,n) is an affine subspace of
C∞(R2

× I) and PerI(0,0) is its associated vector space. In particular for any
α ∈ PerI(m,n) and any Y ∈ X(R2) one has

Y(α),
∂α

∂ t
∈ PerI(0,0).

Proof. Clearly PerI(0,0) is a real vector space (with the usual opera-
tions with functions α : R2

× I→ R). Moreover let us observe that for
any pair (α,β) of (m,n)-semiperiodic functions their difference β −α is
(0,0)-semiperiodic and consider the map

f : PerI(m,n)×PerI(m,n)→ PerI(0,0),

f (α,β)= β −α, (α,β) ∈ PerI(m,n)2.

Then a) f (α,β)+ f (β,γ )= f (α,γ ) for any α,β,γ ∈ PerI(m,n) and b) if
α0 ∈ PerI(m,n) is fixed then for any β ∈ PerI(0,0) there is α ∈ PerI(m,n)
such that f (α0,α)= β (indeed one may set by definition α = α0+β).
Therefore the synthetic object

A= (PerI(m,n), PerI(0,0), f )

is an affine space (whose associated vector space is PerI(0,0)). The proof
of the last statement in Lemma 1.35 is immediate (there Y acts in the
ξ-variable). �

Lemma 1.36 a) For each X ∈ EI there is an angle function α ∈WI . If X ∈ EI

is fixed then its angle functions differ solely by integer multiples of 2π and
lie in but one PerI(m,n) for some (m,n) ∈ Z2 depending on {S,W }. b) Let
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α ∈ C∞(R2
× I). Then α is an angle function for some X ∈ EI if and only if

α ∈WI .

As a consequence of Lemma 1.36 we may adopt

Definition 1.37 We define a function htp(S,W ) : E→ Z2 as follows. Let
X ∈ E be a unit vector field on the torus T2. According to Lemma 1.36
there is a unique (m,n) ∈ Z2 such that all angle functions of X belong to
Per(m,n). Then we set by definition htp(S,W )(X)= (m,n). �

The next lemma gives the homotopy classification of the unit vector
fields tangent to T2.

Lemma 1.38 Two unit vector fields X ,Y ∈ E are homotopic in E if and only if
htp(S,W )(X)= htp(S,W )(Y). Thus homotopy classes of elements of E are classified
by the elements of Z2. For each X ∈ E its homotopy class [X] ∈ π(T2;S(T2))

doesn’t depend upon the choice of {S,W } yet the index (m,n) does. Precisely if
{S̃,W̃ } is another orthonormal frame of (T(T2),g) such that JS̃ = W̃ then there
is a unique (k,`) ∈ Z2 such that

htp(S,W )(S̃)= htp(S,W )(W̃ )= (k,`),

and for any X ∈ E

htp(S,W )(X)= htp(S̃,W̃ )(X)+ (k,`).

Let E (S,W )
(m,n) ∈ π

(
T2;S(T2)

)
denote the homotopy class of X ∈ E where (m,n)=

htp(S,W )(X). Then the unit vector fields S,W lie in the homotopy class E (S,W )
(0,0) .

As to the notations in Lemma 1.38 we adopt the conventions in S-T.
Hu, [172].

Proof of Lemma 1.38. Let X ,Y ∈ E such that X ∼ Y i.e., X and Y are
homotopic. Then there is a path C : [0,1]→ E ⊂ S(T2)T

2
connecting X

and Y i.e., C(0)= X and C(1)= Y . Let H = (C(t))0≤t≤1 ∈ E[0,1] and
let α ∈W[0,1] be an angle function for H and αt(ξ)= α(ξ , t) for any
ξ ∈ R2 and any 0≤ t ≤ 1. Let (m,n) ∈ Z2 such that α ∈ Per[0,1](m,n). Then
α0,α1 ∈ Per(m,n) are angle functions for X and Y respectively so that

htp(S,W )(X)= (m,n)= htp(S,W )(Y).

Vice versa let us assume that htp(S,W )(X)= htp(S,W )(Y) and let us denote
their common value by (m,n) so that the angle functions of both X ,Y
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must lie in Per(m,n). Let α0,α1 ∈ Per(m,n) be angle functions for X and Y
respectively and let us consider

α : R2
× [0,1]→ R,

α(ξ , t)= (1− t)α0(ξ)+ tα1(ξ), ξ ∈ R2, 0≤ t ≤ 1.

Clearly α ∈ Per[0,1](m,n). Let us consider the path C : [0,1]→ E given by

C(t)p = (cosαt(ξ))Sp+ (sinαt(ξ))Wp ∈ Tp(T2),

ξ ∈ π−1(p), p ∈ T2, 0≤ t ≤ 1.

The definition of the unit tangent vector C(t)p doesn’t depend upon the
choice of ξ ∈ π−1(p) due to the general observation that composition of
elements in PerI(m,n) with the trigonometric functions cos and sin induces
natural maps

cos, sin : PerI(m,n)→ PerI(0,0).

Then C connects X and Y so that X ∼Y .
By the first part of Lemma 1.38 the map of

{[X] ∈ π(T2;S(T2)) : X ∈ E}

into Z2 given by [X] 7→ htp(S,W )(X) is a well defined bijection hence the
announced classification of the homotopy classes {[X] : X ∈ E}.

Let us look at the dependence on the frame {S,W }. If {S̃,W̃ } is another
orthonormal frame such that JS̃ = W̃ then

(S̃,W̃ )t = a(S,W )t

for some a ∈ O(2) (where vt is the transpose of v ∈ R2). If a= [aij] then
JS =W and JS̃ = W̃ imply a11 = a22 and a21 =−a12 hence given an angle
function θ ∈ Per(k,`) for S̃

S̃ ◦π = (cosθ)S ◦π + (sinθ)W ◦π

it follows that

W̃ ◦π = cos
(
θ +

π

2

)
S ◦π + sin

(
θ +

π

2

)
W ◦π

that is θ +π/2 is an angle function for W̃ belonging to Per(k,`). Thus

htp(S,W )(S̃)= (k,`), htp(S,W )(W̃ )= (k,`).
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Let α ∈ Per(m,n) be an angle function for X ∈ E . Since

S ◦π = (cosθ) S̃ ◦π − (sinθ) W̃ ◦π ,

W ◦π = (sinθ) S̃ ◦π + (cosθ) W̃ ◦π ,

it follows that

X ◦π = cos(α− θ) S̃ ◦π + sin(α− θ) W̃ ◦π

i.e., α− θ is an angle function for X with respect to the frame {S̃,W̃ }. Note
that

(α− θ)(ξ + d1)− (α− θ)(ξ)= 2π(m− k), ξ ∈ R2,

etc., hence α− θ ∈ Per(m− k,n− `) and we may conclude that

htp(S̃,W̃ )(X)= (m− k,n− `)= htp(S,W )(X)− (k,`). �

Given a topological space X its Bruschlinsky group is the abelian group
π1(X) of all homotopy classes of maps f : X→ S1 (the additive structure of
π1(X) is naturally induced by the additive structure of S1

⊂ C). Cf. [172],
p. 47. Let {S,W } be an orthonormal frame on T2 such that JS =W . If
X ∈ E is a given unit vector field on T2 and (m,n)= htp(S,W )(X) ∈ Z2

then let α ∈ Per(m,n) be an angle function for X . Next we consider the
function eiα : T2

→ S1 given by(
eiα)(p)= eiα(ξ), ξ ∈ π−1(p), p ∈ T2,

so that the map

E→ C∞
(
T2,S1) , X 7→ eiα, (1.54)

is a bijection. The bijection (1.54) induces a group isomorphism {[X] : X ∈
E} ≈ π1(T2). Therefore Lemma 1.38 (due to G. Wiegmink, cf. Lemma 3
in [309], p. 334–335) is nothing but the calculation of the Bruschlinsky
group of the torus i.e., π1(T2)= Z⊕Z.

The calculations in this section will be used in Section 2.6 (where we
compute the total bending functional on (T2,g) in terms of the angle
functions of a unit vector field on T2) and in Section 2.10 (where we
examine the behavior of the total bending functional on (T2,g) under
conformal transformations g̃ = e2ug of the metric). Conclusive and quite
complete results (due to G. Wiegmink, [309]) on harmonic vector fields on
Riemannian tori are presented in Section 3.8 of Chapter 3 in this book.
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In the present chapter we discuss fundamental matters such as the Dirichlet
energy and tension tensor of a unit tangent vector field X on a Riemann-
ian manifold (M ,g), first and second variation formulae and the harmonic
vector fields system, to be applied in the remaining chapters of this book.
Indeed one may look at a smooth vector field X : M→ T(M) as a map
of Riemannian manifolds (M ,g) and (T(M),Gs) where Gs is the Sasaki
metric (cf. Chapter 1) and apply the ordinary results in variational calculus
to the functional

E(X )=
1
2

∫
M

‖dX‖2dvol(g)

where ‖dX‖ is the Hilbert-Schmidt norm of dX , very much in the spirit of
the theory of harmonic maps (cf. e.g., J. Eells & J.H. Sampson, [113]). One
of the main references here is the work of C.M. Wood, [316]. The Dirichlet

Harmonic Vector Fields. DOI: 10.1016/B978-0-12-415826-9.00002-X
c© 2012 Elsevier Inc. All rights reserved. 37
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energy functional turns out to be related to the total bending functional

B(X )=
∫
M

‖∇X‖2dvol(g)

as introduced by G. Wiegmink, [309]. Precisely we find (cf. the iden-
tity (2.3) below) that E(X )= 1

2 [nVol(M)+B(X )]. The search for critical
points for E : C∞(M ,T(M))→ [0,+∞) or E : X(M)→ [0,+∞) shows
that both domains C∞(M ,T(M)) and X(M) are inappropriate. Indeed
these domains are too “large”: if a smooth vector field X : M→ T(M)
is a harmonic map or a critical point of E : X(M)→ [0,+∞) (that is to
say with respect to smooth 1-parameter variations of X within X(M))
then X must be parallel (cf. Corollary 2.14 and Theorem 2.17 below) and
E(X )= n

2 Vol(M). As it turns out, the appropriate functional to look at
is E : 0∞(S(M))→ [0,+∞) where S(M) is the total space of the tan-
gent sphere bundle over (M ,g). The search for critical points for this
functional leads to a new and appealing theory of harmonic vector fields on
M . These are smooth solutions to the PDE system 1gX −‖∇X‖2X = 0
(cf. Theorem 2.23 below) where 1g is a second order elliptic operator act-
ing on tangent vector fields (the rough Laplacian). A study of the weak
solutions to this system (existence and local properties) is missing from the
present day mathematical literature. As opposed to the fundamental mat-
ters discussed in this chapter, the remainder of this book is devoted to the
investigation of various instances where harmonic vector fields occur (espe-
cially in contact and CR geometry, cf. Chapter 4 and Sections 7.1 to 7.3 in
Chapter 7) and to generalizations (within subelliptic theory, cf. Sections 7.4
to 7.7 in Chapter 7).

2.1. VECTOR FIELDS AS ISOMETRIC IMMERSIONS

Let M be an n-dimensional C∞ manifold. Let X : M→ T(M) be a
tangent vector field on M . We may show that

Proposition 2.1 1) X : M→ T(M) is an immersion. 2) If g is a Riemann-
ian metric on M and H a nonlinear connection on T(M) then X : (M ,g)→
(T(M),Gs) is an isometric immersion if and only if(

∂λj

∂xi ◦π +N j
i

)
Xx

= 0, 1≤ i, j ≤ n, (2.1)
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for any local coordinate system (U ,xi) and any x ∈ U, where X = λi ∂/∂xi on
U with λi

∈ C∞(U). 3) Let ∇ be a linear connection on M and ∇̂ the induced
regular connection in π−1TM→ T(M) and H=H

∇̂
the associated nonlinear

connection. Then X is an isometric immersion of (M ,g) into (T(M),Gs) if and
only if X is parallel with respect to ∇.

Proof. Let us assume that (dxX )v= 0 ∈ TX(x)(M). Applying dX(x)π one has
(by the chain rule)

0= (dX(x)π) ◦ (dxX )v= dx(π ◦X )v= (dx1M)v

hence v= 0. Here 1M denotes the identical transformation of M . Conse-
quently Ker(dxX )= (0) i.e., X is an immersion as stated above. Let X∗Gs

be the pullback by X of the Sasaki metric Gs (associated to the nonlinear
connection H). Then for any x ∈M and any v,w ∈ Tx(M)

(X∗Gs)x(v,w)=GsX(x)((dxX )v, (dxX )w)

= ĝX(x)(LX(x)(dxX )v, LX(x)(dxX )w)

+ ĝX(x)(KX(x)(dxX )v, KX(x)(dxX )w).

On the other hand

LX(x)(dxX )v=
(
X(x), (dX(x)π)(dxX )v

)
= (X(x), dx(π ◦X)v)= (X(x),v)

hence locally LX(x)(dxX )v= viXi(Xx) where v= vi
(
∂/∂xi

)
x. Moreover, in

order to compute

KX(x)(dxX )v= γ−1
X(x)QX(x)(dxX )v

we need to calculate the differential of X at x i.e.,

(dxX )
∂

∂xi

∣∣∣∣
x
=
∂X j

∂xi (x)∂j

∣∣∣∣
X(x)
+
∂X j+n

∂xi (x)∂̇j

∣∣∣∣
X(x)

where X j and X j+n are the local components of X (with respect to the
local coordinate systems (U ,xi) and (π−1(U),xi,yi) on M and T(M)
respectively) that is

X j(x)= x j(x), X j+n(x)= λj(x), 1≤ j ≤ n,
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where X = λj ∂/∂x j on U . Thus

(dxX )
∂

∂xi

∣∣∣∣
x
=

[
∂i+

(
∂λj

∂xi ◦π

)
∂̇j

]
X(x)

=

{
δi+

[(
∂λj

∂xi +N j
i

)
◦π

]
∂̇j

}
X(x)

so that

KX(x)(dxX )v= vi
(
∂λj

∂xi (x)+N j
i (Xx)

)
Xj(Xx).

Consequently

ĝX(x)(LX(x)(dxX )v, LX(x)(dxX )w)= viwjgij(x)= gx(v,w),

ĝX(x)(KX(x)(dxX )v, KX(x)(dxX )w)

= viwkgj`(x)
(
∂λj

∂xi (x)+N j
i (Xx)

)(
∂λ`

∂xk (x)+N`
k (Xx)

)
,

hence (X∗Gs)x(v,w)= gx(v,w) if and only if

viwkgj`(x)
(
∂λj

∂xi (x)+N j
i (Xx)

)(
∂λ`

∂xk (x)+N`
k (Xx)

)
= 0

or (for v= ∂/∂xr and w = ∂/∂xs)

gj`(x)
(
∂λj

∂xr (x)+N j
r (Xx)

)(
∂λ`

∂xs (x)+N`
s (Xx)

)
= 0. (2.2)

We set

Vi =

(
∂λj

∂xi ◦π +N j
i

)
Xj ∈ 0

∞(π−1(U), π−1TM), 1≤ i ≤ n,

so that (2.2) becomes ĝ(Vi,Vj)Xx = 0 for any 1≤ i, j ≤ n. Hence X is an
isometry of (M ,g) into (T(M),Gs) if and only if Vi(Xx)= 0, 1≤ i ≤ n.
This proves the second statement in Proposition 2.1. To prove the last state-
ment, let ∇ be a linear connection on M . Then the local coefficients of the
nonlinear connection H

∇̂
are given by N i

j =
(
0i

jk ◦π
)
yk (cf. Corollary 1.9)

where 0i
jk are the connection coefficients. Thus N i

j (Xx)= 0
i
jk(x)λ

k(x).
Taking into account (2.1) it follows that X∗Gs = g if and only if

0=
∂λj

∂xi (x)+0
j
ik(x)λ

k(x)=
(
∇iλ

j)
x

i.e., if and only if ∇X = 0. �
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2.2. THE ENERGY OF A VECTOR FIELD

Let (M ,g) be an n-dimensional compact oriented Riemannian man-
ifold and X : M→ T(M) a tangent vector field on M . Let ∇ be the
Levi-Civita connection of (M ,g). Let ∇̂ be the regular connection in
π−1TM→ T(M) induced by ∇ andH

∇̂
the corresponding nonlinear con-

nection on T(M). Let Gs be the Sasaki metric on T(M) (associated to the
pair (g,H

∇̂
)).

Definition 2.2 The energy functional is the map E : X(M)= 0∞(M ,
T(M))→ [0,+∞) given by

E(X )=
∫
M

e(X )dvol(g), e(X )=
1
2
‖dX‖2,

for any X ∈ X(M). Here ‖dX‖ is the Hilbert-Schmitd norm of dX i.e.,

‖dX‖2 = traceg(X∗Gs)

and dvol(g) is the Riemannian volume form on M . �

Given a local g-orthonormal frame {V1, . . . ,Vn} of T(M) defined on
the open set U

‖dX‖2(x)=
n∑

j=1

(X∗Gs)(Vj,Vj)x

=

n∑
j=1

GsX(x)((dxX )Vj(x), (dxX)Vj(x))

for any x ∈ U .
For each Riemannian manifold (M ,g), a pointwise inner product on

0∞(M ,T∗(M)⊗T(M)) is defined as follows. Let x ∈M and {Vj : 1≤
j ≤ n} be a g-orthonormal local frame of T(M) defined on an open
set U ⊆M such that x ∈ U . For any S,R ∈ 0∞(M ,T∗(M)⊗T(M)) we
define g∗(S,R) : M→ [0,+∞) by setting

g∗(S,R)x =
n∑

j=1

g(SVj, RVj)x .

The definition of g∗(S,R)x doesn’t depend upon the choice of local
orthonormal frame at x. Moreover, when either M is compact or one of
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the tensor fields S,R has compact support, the L2 inner product of S and
R is defined by

(S,R)=
∫
M

g∗(S,R)dvol(g).

For any vector field X ∈ X(M) its covariant derivative ∇X is a cross-
section in the vector bundle T∗(M)⊗T(M)→M , hence its pointwise
norm ‖∇X‖ = g∗(∇X ,∇X )1/2 is well defined.

Proposition 2.3 Let (M ,g) be an n-dimensional compact oriented Riemannian
manifold. For any tangent vector field X ∈ X(M), its energy is given by

E(X )=
n
2

vol(M)+
1
2

∫
M

‖∇X‖2dvol(g) (2.3)

where vol(M)=
∫

M dvol(g) is the volume of M.

Proof. Let {Vi : 1≤ i ≤ n} be a g-orthonormal local frame of T(M). Then
(by taking into account the proof of Proposition 2.1)

LX(x)(dxX )Vi(x)= V j
i (x)Xj(Xx),

KX(x)(dxX )Vi(x)= V j
i (x)

(
∂λk

∂x j (x)+0
k
j`(x)λ

`(x)
)

Xk(Xx)

= V j
i (x)

(
∇jλ

k
)

x
Xk(Xx)= ∇̂ViX

∣∣∣
X(x)

where Vi = V j
i ∂/∂x j and a hat indicates as usual the natural lift of a vector

field (cf. Definition 1.2). Thus (using the identity ĝ(V̂ ,Ŵ )= g(V ,W ) ◦π

for any V ,W ∈ X(M))

2e(X )=
n∑

i=1

GsX(x)((dxX )Vi(x), (dxX)Vi(x))

=

n∑
i=1

{
g(Vi,Vi)x+ g(∇ViX , ∇ViX )x

}
= n+‖∇X‖2x

and Proposition 2.3 is proved. �

Remark 2.4 Under a homothetic transformation of the given metric
the energy of a vector field behaves as follows. Let c > 0 and g = cg.
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If X = (1/
√

c)X then

Eg(X)= cn/2−1
[

n(c− 1)
2

Vol(M ,g)+Eg(X )
]

(2.4)

where we adopt for a moment the more precise notation Eg(X ) for the
energy of X relative to the metric g. �

Remark 2.5 Let (∇X )t be the transpose of ∇X i.e.,

g((∇X )tV ,W )= g(V ,∇W X), V ,W ∈ X(M), (2.5)

and let us consider the endomorphism of the tangent bundle LX ∈

0∞(M ,T∗(M)⊗T(M)) defined by

LX = I + (∇X )t ◦ (∇X ) (2.6)

where I is the identical transformation. Then

trace(LX)=

n∑
i=1

g(LXVi,Vi)

= n+
n∑

i=1

g((∇X )t ◦ (∇X )Vi,Vi)= n+‖∇X‖2

so that the energy of X may also be written as

E(X )=
1
2

∫
M

trace(LX)dvol(g). (2.7)

�

Remark 2.6 The differential of a smooth map φ : M→N may be
thought of as a section in the vector bundle T∗(M)⊗φ−1T(N). In partic-
ular dX is a section in T∗(M)⊗X−1T(T(M)). Let E→M be the vector
bundle whose fibres are Ex = {X(x)}×Tx(M) for any x ∈M . We define
sections XV

∗ ,XH
∗ ∈ 0

∞(T∗(M)⊗E) by setting(
XV
∗

)
x : Tx(M)→

(
π−1TM

)
X(x) = {X(x)}×Tx(M)= Ex,(

XV
∗

)
x = KX(x) ◦ (dxX ), x ∈M ,(

XH
∗

)
x : Tx(M)→ Ex,

(
XH
∗

)
x = LX(x) ◦ (dxX ), x ∈M .

Let (U ,xi) be a local coordinate system on M and ei ∈ 0
∞(U ,E) defined by

ei(x)= (Xx, (∂/∂xi)x) for any x ∈ U . Thus {ei : 1≤ i ≤ n} is a local frame
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in E. Also E→M inherits the Riemannian bundle metric gE given by
gE
x ((Xx,v), (Xx,w))= gx(v,w) for any v,w ∈ Tx(M) and any x ∈M . An

inner product on T∗(M)⊗E is then defined by

(dxi
⊗ ek, dx j

⊗ e`)= gijgk` .

As XV
∗ and XH

∗ are sections in T∗(M)⊗E, it makes sense to consider their
norms ‖XV

∗ ‖ and ‖XH
∗ ‖. Note that ‖XH

∗ ‖
2
= n. Indeed if {Vi : 1≤ i ≤ n}

is a g-orthonormal local frame of T(M) on U , then for any x ∈ U(
XH
∗

)
x w = (X(x), w), w ∈ Tx(M),

‖XH
∗ ‖

2
x =

n∑
i=1

gE
x (
(
XH
∗

)
x Vi,x,

(
XH
∗

)
x Vi,x)=

n∑
i=1

gx(Vi,Vi)x = n.

On the other hand for any w ∈ Tx(M)

(dxX )w ∈ TX(x)(T(M))=HX(x)⊕VX(x)

=
(
β π−1TM

)
X(x)⊕

(
γ π−1TM

)
X(x)

hence (dxX )w = βX(x)V + γX(x)W for some V ,W ∈
(
π−1TM

)
X(x). By

applying KX(x), respectively LX(x), to the previous identity we obtain

V =
(
XH
∗

)
x w, W =

(
XV
∗

)
x w,

hence

dxX = βX(x) ◦
(
XH
∗

)
x+ γX(x) ◦

(
XV
∗

)
x . (2.8)

By the very definition of the Sasaki metric βv :
(
π−1TM

)
v→ Tv(T(M))

and γv :
(
π−1TM

)
→ Tv(T(M)) are linear isometries of the inner product

spaces ((π−1TM)v, ĝv) and Tv(T(M)), Gsv), for any v ∈ T(M). In partic-
ular it follows that the maps βX(x) : Ex→ TX(x)(T(M)) and γX(x) : Ex→

TX(x)(T(M)) are linear isometries of (Ex, gE
x ) into (TX(x)(T(M)) , GsX(x)),

for any x ∈M . Hence (by (2.8))

‖dX‖2x =
(
tracegX∗Gs

)
(x)=

n∑
i=1

GsX(x)
(
(dxX )Vi,x, (dxX )Vi,x

)
=

∑
i

{
‖
(
XH
∗

)
x Vi,x‖

2
+‖

(
XV
∗

)
x Vi,x‖

2}
= ‖XH

∗ ‖
2
x+‖X

V
∗ ‖

2
x
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from which

E(X )=
n
2

vol(M)+
1
2

∫
M

‖XV
∗ ‖

2dvol(g).

�

Our calculations through Remark 2.6 are in the spirit of C.M. Wood,
[316], where

∫
M ‖X

V
∗ ‖

2dvol(g) is referred to as the vertical energy of X . Of
course this is precisely the integral

∫
M ‖∇X‖2dvol(g).

Definition 2.7 (G. Wiegmink, [309]) Let (M ,g) be a compact orientable
Riemannian manifold and X ∈ X(M) a tangent vector field on M . The
number

B(X )=
∫
M

‖∇X‖2 dvol(g)

is called the total bending (or biegung) of X . �

Clearly the biegung of X is a measure of the failure of X to be parallel.

Corollary 2.8 Let M be a compact oriented Riemannian manifold. For any
tangent vector field X on M

E(X )≥
n
2

vol(M) (2.9)

with equality if and only if ∇X = 0.

Remark 2.9 By a result in [258] (cf. Proposition 5.10, p. 170)∫
M

‖∇X‖2dvol(g)=
∫
M

{
Ric(X ,X )+

1
2
‖LXg‖2− (divX)2

}
dvol(g).

Then on a compact n-dimensional Riemannian manifold (M ,g), the energy
of a unit Killing vector field X is given by

E(X )=
n
2

Vol(M)+
1
2

∫
M

Ric(X ,X )dvol(g).

If additionally (M ,g) is an Einstein manifold and n≥ 3, then all unit Killing
vector fields have the same energy (n2

+ ρ)Vol(M)/(2n) where ρ is the
scalar curvature. �
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2.3. VECTOR FIELDS WHICH ARE HARMONIC MAPS

Let (M ,g) be a compact oriented n-dimensional Riemannian man-
ifold and ∇ its Levi-Civita connection. Let H=H

∇̂
be the associated

nonlinear connection, with local coefficients N i
j (x,y)= 0i

jk(x)y
k, relative

to a local coordinate system (U ,xi) on M . Let Gs be the Sasaki metric
associated to the pair (H,g). Without further specifications, this will be our
choice of Sasaki metric on T(M) for the remainder of the present chapter.

Theorem 2.10 (T. Ishihara, [176], O. Nouhaud, [223]) Let X ∈X(M)
be a tangent vector field. The following statements are equivalent
i. X is a harmonic map of (M ,g) into (T(M),Gs).
ii. X is an absolute minimum of the energy functional

E : X(M)→ [0,+∞), E(X)=
1
2

∫
M

‖dX‖2 dvol(g), X ∈ X(M).

iii. X is parallel i.e., ∇X = 0.

See also J.J. Konderak, [194]. Proof of Theorem 2.10. (ii)⇐⇒ (iii)
as a consequence of Corollary 2.8. The smooth map X : M→ T(M) is
harmonic if and only if X is a critical point of E : C∞(M ,T(M))→
[0,+∞) i.e., {dE(Xt)/dt}t=0 = 0 for any smooth 1-parameter variation
X : M × (−ε,ε)→ T(M) of X by smooth maps. Here we set

Xt : M→ T(M), Xt(x)= X (x, t), x ∈M , |t|< ε,

and then X0 = X . In particular we may consider the variation

X (x, t)= (1− t)Xx, x ∈M , |t|< ε,

hence

0=
dE(Xt)

dt

∣∣∣∣
t=0
=

d
dt

n
2

vol(M)+
1
2

∫
M

‖∇Xt‖
2dvol(g)


t=0

=
d
dt

(1− t)2

2

∫
M

‖∇X‖2dvol(g)


t=0

=−

∫
M

‖∇X‖2dvol(g)

hence ∇X = 0.
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Vice versa, if ∇X = 0 then (by Proposition 2.1) X : M→ T(M) is an
isometric immersion. We shall show that X is totally geodesic (and in par-
ticular minimal i.e., X is harmonic). Let γ (t) be a geodesic of (M ,g) and
let us set γ̃ (t)= X(γ (t)) for any value of the parameter t. Then

dγ̃
dt
(t)= dt(X ◦ γ )

d
dt

∣∣∣∣
t
= (dγ (t)X ) ◦ (dtγ )

d
dt

∣∣∣∣
t
= (dγ (t)X )

dγ
dt
(t)

=
dγ i

dt
(t)
[
δi+

(
∂λj

∂xi ◦π +N j
i

)
∂̇j

]
X(γ (t))

.

The remainder of the proof requires the Levi-Civita connection D of
(T(M),Gs). It is locally given by

Dδiδj = 0
k
ijδk−

1
2

ykR`ijk∂̇`, (2.10)

Dδi ∂̇j =
1
2

ykR`kjiδ`+0
k
ij ∂̇k, (2.11)

D∂̇i
δj =

1
2

ykR`kijδ`, (2.12)

D∂̇i
∂̇j = 0, (2.13)

where Ri
jk` is the curvature tensor field of ∇. The formulae (2.10)–(2.13)

follow easily from Proposition 1.14. For simplicity we set

Zi = δi+

(
∂λj

∂xi +N j
i

)
∂̇j

so that (dγ̃ /dt)(t)= (dγ i/dt)(t)Zi,X(γ (t)). Using (2.10)–(2.13) we may
compute

DZiZj =Dδiδj+ δi

(
∂λ`

∂x j +N`
j

)
∂̇`+

(
∂λ`

∂x j +N`
j

)
Dδi ∂̇`

+

(
∂λk

∂xi +Nk
i

){
D∂̇k

δj

+ ∂̇k

(
∂λ`

∂x j +N`
j

)
∂̇`+

(
∂λ`

∂x j +N`
j

)
D∂̇k

∂̇`

}
=

{
0s

ij+
1
2

ykRs
k`i

(
∂λ`

∂x j +N`
j

)
+

1
2

y`Rs
`kj

(
∂λk

∂xi +Nk
i

)}
δs
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+

{
∂2λs

∂xi∂x j +
∂0s

jk

∂xi yk
−Nk

i 0
s
jk

+

(
∂λ`

∂x j +N`
j

)
0s

i`+

(
∂λk

∂xi +Nk
i

)
0s

jk

}
∂̇s

hence the identity (
∂λ`

∂x j +N`
j

)
X(γ (t))

=

(
∇jλ

`
)
γ (t)

yields(
DZiZj

)
X(γ (t)) =

{
0s

ij(γ (t))+
1
2
λk(γ (t))Rs

k`i(γ (t))
(
∇jλ

`
)
γ (t)

+
1
2
λ`(γ (t))Rs

`kj(γ (t))
(
∇iλ

k
)
γ (t)

}
δs

∣∣∣∣
X(γ (t))

+

{[
∂

∂xi

(
∇jλ

s
)
−0s

jk∇iλ
k
]
γ (t)

+

(
∇jλ

`
)
γ (t)

0s
i`(γ (t))+

(
∇iλ

k
)
γ (t)

0s
jk(γ (t))

}
∂̇s

∣∣∣∣
X(γ (t))

due to the identity

∂2λs

∂xi∂x j (γ (t))+
∂0s

jk

∂xi (γ (t))λ
k(γ (t))−0k

i`(γ (t))0
s
jk(γ (t))λ

`(γ (t))

=

[
∂

∂xi

(
∇jλ

s)
−0s

jk∇iλ
k
]
γ (t)

.

Therefore (as ∇iλ
j
= 0)(

DZiZj
)
X(γ (t)) = 0

s
ij(γ (t))δs

∣∣∣
X(γ (t))

. (2.14)

Finally (by (2.14) and by the fact that γ (t) is a geodesic of ∇)(
Ddγ̃ /dt

dγ̃
dt

)
γ̃ (t)
=

d2γ j

dt2
(t)Zj,X(γ (t))+

dγ i

dt
(t)

dγ j

dt
(t)
(
DZiZj

)
X(γ (t))

=

(
d2γ k

dt2
(t)+0k

ij(γ (t))
dγ i

dt
(t)

dγ j

dt
(t)
)
δk

∣∣∣∣
X(γ (t))

= 0.
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What we just proved is that the isometric immersion X : M→ T(M)
maps geodesics of the submanifold (M ,g) into geodesics of the ambient
space (T(M),Gs), hence X is totally geodesic. Theorem 2.10 is completely
proved.

2.4. THE TENSION OF A VECTOR FIELD

Let φ : M→N be a smooth map of Riemannian manifolds (M ,g)
and (N ,h) and φ−1TN→M the pullback of T(N)→N via φ. Let ∇ and
∇

N be the Levi-Civita connections of g and h, respectively. Let φ−1
∇

N

be the connection in φ−1TN→M induced by ∇N . This is most easily
described in local coordinates as follows. Let (U ,xi) and (V ,yα) be local
coordinate systems on M and N respectively such that φ(U)⊆ V . Let us
set φα = yα ◦φ for any 1≤ α ≤ ν = dim(N). Let Yα = (∂/∂yα)φ be the
natural lift of the local tangent vector field ∂/∂yα i.e.,

Yα(x)=
∂

∂yα

∣∣∣∣
φ(x)

, x ∈ U .

Let
(
0N
)α
βγ

be the Christoffel symbols of the second kind of hαβ . We set
by definition (

φ−1
∇

N)
∂/∂xi Yβ =

∂φα

∂xi

[(
0N)γ

αβ
◦φ
]

Yγ .

It is easily checked that the definition of φ−1
∇

N doesn’t depend on the
choices of local coordinates. Given a tangent vector field X on M we may
consider the cross-section φ∗X ∈ 0∞(φ−1TN) given by

(φ∗X)(x)= (dxφ)Xx, x ∈M .

The following formula is also useful in calculations(
φ−1
∇

N)
X φ∗Y = [X(Yφα) ◦φ]Yα + [X(φα)Y(φβ)Zαβ ] ◦φ, (2.15)

Zαβ ≡∇N
∂/∂Yα

∂

∂yβ
,

for any X ,Y ∈ X(M). The second fundamental form of φ is

βφ(X ,Y)=
(
φ−1
∇

N)
X φ∗Y −φ∗∇XY , X ,Y ∈ X(M).
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Then the tension tensor field τφ ∈ 0∞(φ−1TN) is given by

τ(φ)= tracegβφ .

Locally, with respect to a g-orthonormal local frame {Vi : 1≤ i ≤ n} of
T(M) defined on the open set U ⊆M

τ(φ)x =

n∑
i=1

βφ(Vi,Vi)x, x ∈ U .

Let us apply these notions to the case of a tangent vector field X : M→
T(M) and compute the tension field τ(X ) ∈ 0∞(X−1TT(M)).

Let X ∈ X(M) be locally written as X = λi ∂/∂xi. We need to work with
natural lifts relative to the pullback bundle X−1TT(M)→M i.e., given
a tangent vector field A : T(M)→ T(T(M)) its natural lift is the cross-
section A ◦X : M→ X−1TT(M). Then for any local coordinate system
(U ,xi) on M the natural lifts

{δi ◦X , ∂̇i ◦X : 1≤ i ≤ n}

of the local vector fields {δi, ∂̇i : 1≤ i ≤ n} form a local frame in
X−1TT(M)→M defined on the open set X−1(π−1(U))= U . Let us
endow N = T(M) with the Sasaki metric h=Gs associated to the pair
(g,H

∇̂
). Then for any V ∈ X(M) written locally as V = V i ∂/∂xi with

V i
∈ C∞(U)

(X∗V )x = V i(x)
{
δi+

(
∂λj

∂xi ◦π +N j
i

)
∂̇j

}
X(x)

(2.16)

for any x ∈ U . A coordinate-free reformulation of (2.16) is

X∗V =
{
V H
+ (∇V X)V

}
◦X . (2.17)

We wish to compute

βX(V ,V )=
(
X−1D

)
V X∗V −X∗∇V V .

We start by establishing the following

Lemma 2.11 For any tangent vector fields X ,V ∈ X(M)

DV H V H
= V i ∂V j

∂xi δj (2.18)

+V iV j

{
D∂i∂j−N`

j D∂i ∂̇`−Nk
i D∂̇k

∂j+

(
Nk

i 0
`
jk− yk

∂0`jk

∂xi

)
∂̇`

}
,
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DV H (∇V X)V = V i ∂

∂xi (∇V X) j ∂̇j+V i (∇V X) j D∂i ∂̇j, (2.19)

D(∇V X)V V H
= (∇V X)i V j

{
D∂̇i
∂j−0

k
ji ∂̇k

}
. (2.20)

Throughout V H
= βV̂ and V V

= γ V̂ where natural lifting is rela-
tive to the pullback bundle π−1TM→M . The proof of Lemma 2.11 is
a straightforward calculation. For instance if V = V i∂/∂xi then

DV H V H
= V iDδi

(
V jδj

)
= V i

{
∂V j

∂xi δj+V iV jDδiδj

}
= V i ∂V j

∂xi δj+V iV jD∂i−Nk
i ∂̇k

(
∂j−N`

j ∂̇`

)
= V i ∂V j

∂xi δj

+V iV j

{
D∂i∂j−

∂N`
j

∂xi ∂̇`−N`
j D∂i ∂̇`−Nk

i

(
D∂̇k

∂j−
∂N`

j

∂yk ∂̇`

)}
yielding (2.18). Similarly

DV H (∇V X)V = V iDδi (∇V X) j ∂̇j

= V i
{
∂

∂xi (∇V X) j ∂̇j+ (∇V X) j Dδi ∂̇j

}
yields (2.19) while (2.20) is a consequence of

D(∇V X)V V H
= (∇V X)i D∂̇i

(
V jδj

)
= (∇V X)i V j

{
D∂̇i
∂j−

∂Nk
j

∂yi ∂̇k

}
.

Our main purpose in this section is to establish the following

Proposition 2.12 Let (M ,g) be a Riemannian manifold, not necessarily com-
pact, and X ∈ X(M) a tangent vector field on M. Then the tension field τ(X ) ∈
0∞(M ,X−1T T(M)) is given by

τ(X )=
{(

tracegR(∇·X , X )·
)H
−
(
1gX

)V}
◦X . (2.21)

Therefore X : (M ,g)→ (T(M),Gs) is a harmonic map if and only if
traceg {R(∇·X , X )·} = 0 and 1gX = 0.

Our convention for the sign in the definition of the curvature tensor
field of a Riemannian manifold (M ,g) is

R(X ,Y)Z =−∇X∇Y Z+∇Y∇XZ+∇[X ,Y ]Z, X ,Y ,Z ∈ X(M).
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The differential operator 1g appearing in Proposition 2.12 is defined as
follows. Let x ∈M and let {Vi : 1≤ i ≤ n} be a local orthonormal field on
T(M) defined on an open neighborhood U ⊆M of x. Then we set by
definition (

1gX
)
(x)=−

n∑
i=1

{
∇Vi∇ViX −∇∇ViViX

}
x
. (2.22)

The reader will check easily that the right hand side of (2.22) is invariant
under a transformation

V ′i = aj
iVj, 1≤ i ≤ n,

for any C∞ map [aj
i] : U ∩U ′→O(n), hence the definition of (1gX )(x)

doesn’t depend upon the choice of local orthonormal frame at x. The
choice of sign in the definition (2.22) makes 1g into a positive operator
i.e., (1gX ,X )≥ 0 for any X ∈ X(M). The L2 inner product on X(M) is
given by (X ,Y)=

∫
M g(X ,Y)dvol(g), for any X ,Y ∈ X(M), at least one of

compact support.

Definition 2.13 Let (M ,g) be a Riemannian manifold. The differential
operator 1g : X(M)→ X(M) is referred to as the (rough) Laplacian on
vector fields. �

Let us compute the symbol of 1g. We adopt the notations and conven-
tions in [308], p. 114–115. Let T ′(M)= T∗(M) \ (0) and let π : T ′(M)→
M be the projection. The symbol σ2(1g) is a bundle endomorphism
σ2(1g) : π−1T(M)→ π−1T(M). Let ω ∈ T ′(M) and let x= π(ω) ∈M .
To recall the definition of

σ2(1g)ω : Tx(M)→ Tx(M)

let v ∈ Tx(M) and let us choose f ∈ C∞(M) and X ∈ X(M) such that
(df )x = ω and Xx = v. Then

σ2(1g)ω(v)=1g

(
i2

2!
( f − f (x))2X

)
(x) ∈ Tx(M)

(with i=
√
−1). Using the relations

1g(uX )= u1gX + (1u)X − 2∇∇uX ,

1(u2)= 2u1u− 2‖du‖2,
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one has

1g
[
( f − f (x))2X

]
(x)=

{
1[( f − f (x))2] X

}
x =−2‖ω‖2v

that is σ2(1g)ω(v)= ‖ω‖2v. In particular σ2(1g)ω is a linear isomorphism
of Tx(M) into itself hence 1g is an elliptic operator.

As a corollary of Proposition 2.12

Theorem 2.14 Let (M ,g) be an oriented Riemannian manifold and X ∈
X(M). If X is parallel then X is a harmonic map of (M ,g) into (T(M),Gs).
Vice versa if τ(X )= 0 and either i) M is compact or ii) M is complete and
∗X[
∈ L1(�n−1(M)), d ∗X[

∈ L1(�n(M)), then ∇X = 0.

Here X[
∈�1(M) is given by g(X ,Y)= X[(Y), for any Y ∈ X(M),

and ∗ :�1(M)→�n−1(M) is the Hodge operator. Also L1(�r(M)) is
the space of differential forms of degree r whose pointwise norm |ω|
is integrable i.e., if ω ∈ L1(�r(M)) then

∫
M |ω| ∗ 1<∞. The proof of

Theorem 2.14 requires the following

Lemma 2.15 For any tangent vector field X on M

g(1gX , X )=
1
2
1(‖X‖2)+‖∇X‖2 (2.23)

where 1 is the ordinary Laplace-Beltrami operator on functions.

Proof. Let {Vi : 1≤ i ≤ n} be a local orthonormal frame in T(M). Then
(due to ∇g = 0)

g(1gX ,X )=−
∑

i

{g(∇Vi∇ViX ,X )− g(∇∇Vi ViX ,X )}

= −

∑
i

{Vi(g(∇ViX ,X ))−‖∇ViX‖
2
−

1
2
(∇ViVi)(‖X‖2)}

= −

∑
i

{
1
2

V 2
i (‖X‖

2)−‖∇ViX‖
2
−

1
2
(∇ViVi)(‖X‖2)}

=
1
2
1(‖X‖2)+‖∇X‖2.

Here we made use of the local expression (with respect to the local
orthonormal frame {Vi : 1≤ i ≤ n}) of the ordinary Laplacian on func-
tions i.e.,

1u=−
n∑

i=1

{Vi(Viu)− (∇ViVi)u}, u ∈ C2(M).
�
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Proof of Theorem 2.14. If ∇X = 0 then (by (2.21)–(2.22)) τ(X )= 0. Vice
versa, let us assume that X is a harmonic map. Then τ(X )= 0 yields
1gX=0 (by Proposition 2.12). Then (by Lemma 2.15)

0=
∫
M

g(1gX ,X )dvol(g)=
∫
M

‖∇X‖2dvol(g)

as
∫

M div(X )dvol(g)= 0 either by Green’s lemma (under hypothesis (i) i.e.,
when M is is compact) or by the Stokes formula on a complete Riemann-
ian manifold (cf. M.P. Gaffney, [121], p. 141, or Appendix B of this book).
Hence ∇X = 0.

Let us give now a proof of Proposition 2.12. For any V ∈ X(M) locally
written as V = V i∂/∂xi we may use the identity

X∗V = V i
(
∂i+

∂λj

∂xi ∂̇j

)
◦X

to perform the following (rather involved) calculation

(
X−1D

)
V X∗V = V (V i)

(
∂i+

∂λj

∂xi ∂̇j

)
◦X

+ V iV j (X−1D
)
∂/∂x j

(
∂i+

∂λk

∂xi ∂̇k

)
◦X

= V (V i)

{
δi+

(
∂λj

∂xi +N j
i

)
∂̇j

}
◦X

+ V iV j
{

D∂j∂i +
∂λk

∂x j D∂̇k
∂i

+
∂2λk

∂xi∂x j ∂̇k+
∂λk

∂xi

(
X−1D

)
∂/∂x j ∂̇k

}
◦X

=

[
V i ∂V j

∂xi δj+V k ∂V i

∂xk

(
∂λj

∂xi +N j
i

)
∂̇j+V iV j ∂

2λk

∂xi∂x j ∂̇k

+V iV j
(

D∂j∂i+
∂λk

∂x j D∂̇k
∂i+

∂λk

∂xi D∂j ∂̇k

)]
◦X

(replacing partials by covariant derivatives with respect to ∇)

=

[
V (V j)δj+V k ∂V i

∂xk

(
∇iλ

j) ∂̇j
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+ V iV j ∂

∂x j

(
∂λk

∂xi +Nk
i

)
∂̇k−V iV j ∂

∂x j

(
0k

i`λ
`
)
∂̇k

+ V iV j
(
D∂i∂j+

(
∇jλ

k
)

D∂̇k
∂i−Nk

j D∂̇k
∂i

+

(
∇iλ

k
)

D∂j ∂̇k−Nk
i D∂j ∂̇k

)]
◦X

=

[
V (V j)δj+V iV j

{
D∂i∂j−N`

j D∂i ∂̇`−Nk
i D∂̇k

∂j

}
−V iV j ∂0

k
i`

∂x j λ
`∂̇k+V iV j0k

i`N
`
j ∂̇k

+V j ∂V i

∂x j

(
∇iλ

k
)
∂̇k+V iV j ∂

∂x j

(
∇iλ

k
)
∂̇k−V iV j0k

i`

(
∇jλ

`
)
∂̇k

+V iV j
{(
∇jλ

k
)

D∂̇k
∂i+

(
∇iλ

k
)

D∂j ∂̇k

}]
◦X

(replacing the first two rows from (2.18))

=

[
DV H V H

+V j ∂

∂x j

(
V i
∇iλ

k
)
∂̇k+V iV j

(
∇iλ

k
)

D∂j ∂̇k

− V iV j0k
i`

(
∇jλ

`
)
∂̇k+V iV j

(
∇jλ

k
)

D∂̇k
∂i

]
◦X

(replacing the second row from (2.19))

=
[
DV H V H

+DV H (∇V X)V

− V i (∇V X)`0k
i`∂̇k+V i (∇V X)k D∂̇k

∂i

]
◦X

or (replacing the last row from (2.20))(
X−1D

)
V X∗V

=

(
DV H V H

+DV H (∇V X)V +D(∇V X)V V H
)
◦X . (2.24)

On the other hand (by Proposition 1.14 in Chapter 1)

DV H V H
= (∇V V )H ,

DV H (∇V X)H = (∇V∇V X)V +
1
2
(R(∇V X ,X )V )H ,

D(∇V X)V V H
=

1
2
(R(∇V X ,X )V )H ,
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so that (2.24) becomes(
X−1D

)
V X∗V =

{
(∇V V +R(∇V X ,X )V )H + (∇V∇V X)V

}
◦X .

Taking into account that (by (2.17))

X∗∇V V =
{
(∇V V )H +

(
∇∇V V X

)V}
◦X

we may conclude that the second fundamental form of X is given by

βX(V ,V )=
(
X−1D

)
V X∗V −X∗∇V V

=

{
(R(∇V X ,X )V )H +

(
∇V∇V X −∇∇V V X

)V}
◦X .

We may now take traces to get the statement in Proposition 2.12. �

Remark 2.16 Let g and g be two Riemannian metrics on M and Gs the
Sasaki metric on T(M) associated to (M ,g). Let τ(X ) ∈ 0−1(X−1T T(M))
be the tension field of a tangent vector field X ∈ X(M) thought of as a map
of (M ,g) into (T(M),Gs). By a result of O. Gil-Medrano (cf. [126])

τ(X )=
(
tracegR(∇·X ,X ) · +τg(1M)

)H
+
(
−1gX + (∇X )τg(1M)

)V
along X . This clearly coincides with (2.21) in Proposition 2.12 when g = g.
Here τg(1M) denotes the tension field of the identical map 1M : M→M
thought of as a map between the map between the Riemannian manifolds
(M ,g) (the source) and (M ,g) (the target). �

2.5. VARIATIONS THROUGH VECTOR FIELDS

The results in the previous section show that there aren’t actually any
smooth vector fields X : M→ T(M) which are harmonic maps (as maps
between the Riemannian manifolds (M ,g) and (T(M),Gs)) except for par-
allel vector fields. Of course these are but trivial examples (the integrand
function in the total bending functional vanishes identically). The reason is
that the domain C∞(M ,T(M)) on which the energy functional is a priori
defined is too large. Nevertheless the same phenomenon occurs if critical
points of the energy functional are looked for in the smaller domain X(M).
Precisely

Theorem 2.17 (O. Gil-Medrano, [126]) Let M be a compact oriented
Riemannian manifold. Let X ∈ X(M) be a tangent vector field on M. Then X
is a critical point of the functional E : X(M)→ [0,+∞) if and only if ∇X = 0.
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As we shall shortly see, nontrivial (i.e., not necessarily parallel) examples
of critical points occur when the energy functional is restricted to the space
of all unit vector fields.

Proof of Theorem 2.17. Let X ∈ X(M) be a critical point of E|X(M). Then
{dE(Xt)/dt}t=0 = 0 for any smooth 1-parameter variation {Xt}|t|<ε of X
through vector fields. Now the first part of the proof of Theorem 2.10 applies
to conclude that ∇X = 0 (as the 1-parameter variation Xt = (1− t)X used
there is already a variation through vector fields). Vice versa, if ∇X = 0 then
(by Theorem 2.10) X is a critical point of E thus {dE(φt)/dt}t=0 = 0 for any
smooth 1-parameter variation {φt}|t|<ε of X hence for smooth variations
through vector fields, as well.

Theorem 2.18 Let (M ,g) be a compact oriented Riemannian manifold and E :
X(M)→ [0,+∞) the energy functional restricted to the space of all vector fields.
Then

d
dt
{E(Xt)}

∣∣∣∣
t=0
=

∫
M

g(1gX , V )dvol(g) (2.25)

for any smooth 1-parameter variation X : M × (−ε,ε)→ T(M) of X through
vector fields i.e., Xt ∈ X(M) for any |t|< ε. Here Xt(x)= X(x, t) for any x ∈M
and |t|< ε. Also V : M→ T(M) is the tangent vector field on M given by1

V (x)= lim
t→0

1
t
{Xt(x)−X(x)} =

dXx

dt
(0), x ∈M ,

where Xx(t)= Xt(x), (x, t) ∈M × (−ε,ε).

Proof. Let X : M × (−ε,ε)→ T(M) be a smooth 1-parameter variation of
X (i.e., X(x,0)= X(x) for any x ∈M) such that Xt(x)= X(x, t) ∈ Tx(M)
for any x ∈M and any |t|< ε. Let us set

E(t)= E(Xt)=
1
2

∫
M

‖dXt‖
2, |t|< ε.

Then, as well known from the theory of harmonic maps (cf. e.g., Theorem
11.1 in [109], p. 104)

E ′(0)=−
∫
M

Gs
X(V ,τ(X ))dvol(g)

1 The limit is taken in (Tx(M),gx) (a finite dimensional Banach space).
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where X−1Gs =Gs
X is the Riemannian bundle metric induced by Gs in

X−1T T(M)→M and V ∈ 0∞(X−1T T(M)) is the infinitesimal variation
induced by X i.e.,

V(x)= (d(x,0)X)
∂

∂ t

∣∣∣∣
(x,0)

, x ∈M .

Let us set

X i(x, t)= xi(X (x, t)), X i+n(x, t)= yi(X (x, t)), 1≤ i ≤ n.

Then, on one hand X i(x, t)= x̃i(x) hence

∂X i

∂ t
(x,0)= 0, 1≤ i ≤ n.

On the other hand if V = V i ∂/∂ x̃i then

∂X i+n

∂ t
(x,0)= lim

t→0

1
t

{
X i+n(x, t)−X i(x,0)

}
= V i(x)

hence

Vx =
∂X i

∂ t
(x,0)∂i,X(x)+

∂X i+n

∂ t
(x,0)∂̇i,X(x)

= V i(x)∂̇i,X(x) = (γ V̂ )X(x) = V V
X(x)

and we may conclude that

V = V V
◦X . (2.26)

Finally, by taking into account (2.21) and (2.26)

E ′(0)=−
∫
M

Gs(V V , (tracegR(∇·X ,X )·)H − (1gX )V )dvol(g)

=

∫
M

g(V ,1gX )dvol(g).

Theorem 2.18 is proved. �

2.6. UNIT VECTOR FIELDS

Let (M ,g) be an n-dimensional compact orientable Riemannian
manifold and Sn−1

→ S(M)→M the tangent sphere bundle over M i.e.,

S(M)x = {v ∈ Tx(M) : gx(v,v)= 1}, x ∈M .
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Any smooth cross-section U in the tangent sphere bundle S(M)→M is a
unit vector field on M i.e., U ∈ X(M) and g(U ,U)= 1 everywhere on M . As
is well known, the existence of global nowhere vanishing smooth sections in
S(M)→M is actually tied to the topological restriction χ(M)= 0 (where
χ(M) is the Euler-Poincaré characteristic of M).

Let U be a unit vector field thought of as a map of (M ,g) into
(S(M),Gs) where Gs is the Riemannian metric induced on S(M) (a
smooth real hypersurface in T(M)) by the Sasaki metric. Then

Theorem 2.19 (S.D. Han & J.W. Yim, [157]) Let τ1(U) be the tension
field (a smooth section in U−1T(S(M))→M) of U as a map among the Rie-
mannian manifolds (M ,g) and (S(M),Gs). Then

τ1(U)=
{(

traceg {R(∇·U ,U)· }
)H
− tan

(
1gU

)V}
◦U (2.27)

where tanv : Tv(T(M))→ Tv(S(M)) is the natural projection associated to the
direct sum decomposition Tv(T(M))= Tv(S(M))⊕Rνv for any v ∈ S(M). Also
ν = γ L. Consequently U is a harmonic map of (M ,g) into (S(M),Gs) if and
only if

1gU −‖∇U‖2U = 0, (2.28)

traceg {R(∇·U ,U)·} = 0. (2.29)

Proof. Let τ(U) be the tension field of U as a map of (M ,g) into (T(M),Gs)

(a smooth section in U−1T T(M)→M) and τ1(U) the tension field of U
as a map of (M ,g) into (U(M),Gs) (a smooth section in U−1TS(M)→M).
The symbol Gs denotes both the Sasaki metric on T(M) and the induced
metric i∗Gs on S(M), where i : S(M) ↪→ T(M) is the canonical inclusion.
It is a well-known fact in the theory of harmonic maps that τ1(U) is the
orthogonal projection of τ(U) on T(S(M)) i.e.,

τ1(U)= tanτ(U).

By (2.21)

τ(U)=
{(

traceg R(∇·U ,U)·
)H
−
(
1gU

)V}
◦U .

On the other hand (by Theorem 1.29)

τ(U)x ∈ TU(x)(T(M))= TU(x)(S(M))⊕RνU(x), x ∈M .

By Proposition 1.27, the horizontal component
(
traceg R(∇·U ,U)·

)H
U(x)

of τ(U)x is tangent to S(M). It remains that we compute the tangential
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component of
(
1gU

)V
U(x). As ν = γ L is a unit normal on S(M)

nor
(
1gU

)V
=Gs(

(
1gU

)V , ν)ν

where norv : Tv(T(M))→ Rνv is the natural projection, v ∈ S(M). Note
that L ◦U = Û ◦U hence

Gs((1gU)V ,ν) ◦U = ĝ(1̂gU ,L) ◦U = g(1gU ,U)= ‖∇U‖2

as a consequence of (2.23) for X = U (as ‖U‖ = 1). Here {Ej : 1≤ j ≤ n}
is a local g-orthonormal frame of T(M). Note that this is the contents of
the proof of Lemma 2.15 (the same result follows from (2.23) for X = U).
Finally

νU(x) = (γ L)U(x) = γU(x)ÛU(x) = (γ Û)U(x) = UV
U(x)

hence

tan
(
1gU

)V
U(x) =

(
1gU

)V
U(x)− norU(x)

(
1gU

)V
U(x)

=
(
1gU

)V
U(x)−

(
‖∇U‖2U

)
x =

(
1gU −‖∇U‖2U

)V
U(x)

for any x ∈M . The identity (2.27) may be explicitly written as

τ1(U)=
{(

traceg R(∇·U ,U)·
)H
−
(
1gU −‖∇U‖2U

)V}
◦U (2.30)

and we may conclude that τ1(U)= 0 if and only if (2.28)–(2.29) hold.
Theorem 2.19 is proved. �

Next we shall give a geometric interpretation of the condition (2.29) in
Theorem 2.19.

Proposition 2.20 Let (M ,g) be a real space-form of (constant) sectional curva-
ture c 6= 0. Let U be a unit vector field on M. Then traceg {R(∇·U ,U)·} = 0 if
and only if U is geodesic (i.e., ∇UU = 0) and the distribution (RU)⊥ is minimal.

Proof. The curvature tensor field R of a Riemannian manifold (M ,g) of
constant sectional curvature c is given by

R(X ,Y)Z = c{g(X ,Z)Y − g(Y ,Z)X}
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for any X ,Y ,Z ∈ X(M). Then

traceg {R(∇·U ,U)·} =
n∑

j=1

R(∇EjU ,U)Ej

= c
n∑

j=1

{g(∇EjU ,Ej)U − g(U ,Ej)∇EjU}

= c{div(U)U −∇∑
j g(U ,Ej)EjU} = c{div(U)U −∇UU}

hence traceg{R(∇·U ,U)·} = 0 if and only if

∇UU − div(U)U = 0. (2.31)

Yet g(∇UU ,U)= 1
2U(‖U‖2)= 0 i.e., ∇UU and U are orthogonal and then

linearly independent at each point of M . Therefore (2.31) is equivalent
to ∇UU = 0 and div(U)= 0. It remains to be shown that div(U)= 0 is
equivalent to the minimality of the distribution (RU)⊥ (the orthogonal
complement of RU in (T(M),g)).

Let D be a smooth distribution of rank m on M and D⊥ its orthogo-
nal complement in T(M) with respect to g. Let π⊥ : T(M)→D⊥ be the
natural projection with respect to the decomposition T(M)=D⊕D⊥. Let
us consider the bilinear form

BD(X ,Y)= π⊥∇XY , X ,Y ∈D.

Let us set

HD =
1
m

traceg BD.

If {Xa : 1≤ a≤ m} is a local g-orthonormal (g(Xa,Xb)= δab) frame of D
defined on the open set U ⊆M then

HD =
1
m

m∑
a=1

BD(Xa,Xa).

Clearly, if D is completely integrable then the (pointwise) restriction of HD
to a leaf of D is the mean curvature vector of the leaf (as a submanifold of
(M ,g)). It is customary to call HD the mean curvature vector of D. Also if
HD = 0 then D is said to be minimal. Let us apply these concepts to the
distribution D = (RU)⊥. If this is the case then D⊥ = RU hence

π⊥X = g(X ,U)U , X ∈ T(M).
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Let {Ea : 1≤ a≤ n− 1} be a local g-orthonormal frame of D = (RU)⊥

(i.e., g(Ea,Eb)= δab and g(Ea,U)= 0). Let En = U (so that {Ej : 1≤ j ≤ n}
is a local g-orthonormal frame of T(M)). Then

(n− 1)HD =
n−1∑
a=1

BD(Ea,Ea)=

n−1∑
a=1

π⊥∇EaEa

=

n−1∑
a=1

g(∇EaEa,U)U =
n−1∑
a=1

{Ea(g(Ea,U))− g(Ea,∇EaU)}U

=−

n−1∑
a=1

g(Ea,∇EaU)U =−
n∑

j=1

g(Ej,∇EjU)U

because of ∇UU = 0. Finally

(n− 1)HD =−div(U)U

and Proposition 2.20 is proved. �

The following concept is central to the present monograph.

Definition 2.21 Let M be an n-dimensional compact orientable Riemann-
ianmanifold.AunitvectorfieldU ∈ 0∞(S(M)) is calledaharmonic vectorfield if
U is a critical point of the energy functional

E : 0∞(S(M))→ [0,+∞)

given by

E(X )=
n
2

Vol(M)+
1
2

∫
M

‖∇X‖2dvol(g)

for any X ∈ 0∞(S(M)). �

Here E is the usual Dirichlet energy functional yet its domain consists
solely of the unit vector fields (and 1-parameter variations of U are through
unit vector fields alone). Obviously any unit vector field that is a harmonic
map is also a harmonic vector field. As we shall shortly see the converse is
false in general.

Proposition 2.22 Let M be a compact orientable Riemannian manifold. Let U
be a unit vector field. Let U : M × (−δ,δ)→ S(M) be a smooth 1-parameter
variation of U through unit vector fields i.e., Ut ∈ 0

∞(S(M)) for any |t|< δ
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where Ut(x)= U(x, t), x ∈M, |t|< δ. Let E(t)= E(Ut). Then g(U ,V )= 0
and

E ′(0)=
∫
M

g(1gU ,V )dvol(g) (2.32)

where Vx =
d
dt {t 7→ Ut(x)}t=0 ∈ Tx(M) for any x ∈M.

Proof. For any smooth 1-parameter variation {Ut}|t|<δ of U as in Proposi-
tion 2.22 one has

g(Ut,Ut)= 1, |t|< δ,

hence

0=
d
dt
{t 7→ g(Ut,Ut)x}t=0 =

d
dt
{t 7→ U i

t (x)U
j
t (x)gij(x)}t=0

=
d
dt

{
U i(x, ·)U j(x, ·)gij(x)

}
t=0 = 2

∂U i

∂ t
(x,0)U j(x,0)gij(x)

= 2V i(x)U j(x)gij(x)= g(V ,U)x = 0.

Moreover (2.32) is an immediate consequence of Theorem 2.18. Proposi-
tion 2.22 is proved. �

The proof of Proposition 2.22 as given above relies on the explicit cal-
culation of the tension field τ(X ) as the trace of the second fundamental
form of X (cf. the identity (2.21) in Proposition 2.12) and the ordinary first
variation formula in the theory of harmonic maps. One may give a direct
proof of the first variation formula (2.32) as follows. Let N =M × (−δ,δ)
and let p : N→M be the projection. Let p−1TM→N be the pullback
of the tangent bundle T(M)→M by p. Then U may be thought of as
a C∞ section in p−1TM→N . If Y is a tangent vector field on M we
set Ŷ = Y ◦ p. The Riemannian metric g induces a bundle metric ĝ in
p−1TM→N uniquely determined by ĝ(Ŷ , Ẑ)= g(Y ,Z) ◦ p. Also let D
be the connection in p−1TM→N induced by the Levi-Civita connection
∇. Precisely let Ỹ be the tangent vector field on T(M) given by

Ỹ(x,t) = (dxit)Yx, x ∈M , |t|< δ,

where it : M→N , it(x)= (x, t). Then D is determined by

DỸ Ẑ = ∇̂Y Z, D∂/∂ tẐ = 0, Y ,Z ∈ T(M).
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Moreover a simple calculation shows that Dĝ = 0 and

(DỸX )(x,t) = (∇Y Xt)x, (x, t) ∈N .

Let {Ei : 1≤ i ≤ n} be a local orthonormal frame of T(M). Then

B(Ut)=
1
2

∫
M

n∑
i=1

ĝ(∇EiUt, ∇EiUt)x(dvol(g))x

=
1
2

∫
M

∑
i

ĝ(DẼi
U , DẼi

U)(x,t)(dvol(g))x

hence

d
dt
B(Ut)=

∫
M

∑
i

ĝ(D∂/∂ tDẼi
U , DẼi

U)(x,t)(dvol(g))x

=

∫
M

∑
i

ĝ(DẼi
D∂/∂ tU , DẼi

U)(x,t)(d, vol(g))x

as RD(∂/∂ t, Ẽi)U = 0 and [∂/∂ t, Ẽi]= 0. Moreover (by Dĝ = 0)

d
dt
B(Ut)=

∫
M

∑
i

{Ẽi(ĝ(D∂/∂ tU , DẼi
U))

− ĝ(D∂/∂ tU , DẼi
DẼi

U)}(x,t)(dvol(g))x.

For each fixed |t|< δ we define Yt ∈ T(M) by setting

g(Yt,Y)x = ĝ(D∂/∂ tU , DỸU)(x,t)

for any Y ∈ T(M) and any x ∈M . Then (by ∇g = 0)

Ẽi(ĝ(D∂/∂ tU , DẼi
U))= Ei(g(Yt,Ei))

= g(∇EiYt, Ei)+ g(Yt,∇EiEi).

As ∇dvol(g)= 0 the divergence operator is given by

div(Y)= trace{Z 7→ ∇ZY} =
n∑

j=1

g(∇EjY , Ej).
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Finally (by Green’s lemma)

d
dt
{E(Ut)}t=0 =−

∫
M

ĝ(D∂/∂ tU ,
∑

i

{DẼi
DẼi

U−D
∇̃Ei Ei

U})(x,0)(dvol(g))x

=

∫
M

g(V ,1gX )x(dvol(g))x

and (2.32) is proved.

Theorem 2.23 (G. Wiegmink, [309]) Let M be a compact orientable Rie-
mannian manifold and U a unit vector field on M. Then U is a harmonic vector
field if and only if 1gU −‖∇U‖2U = 0.

See also O. Gil-Medrano, [126], and C.M. Wood, [316].

Proof of Theorem 2.23. Let U be a harmonic vector field on M . Let us set
S = {V ∈ X(M) : g(U ,V )= 0}. As U is a harmonic vector field (2.32)
yields ∫

M

g(1gU ,V )dvol(g)= 0 (2.33)

for any V ∈ S. Indeed let V ∈ S be an arbitrary element of S and let us set

Wt = U + tV , Ut = ‖Wt‖
−1Wt, |t|< ε. (2.34)

Then {Ut}|t|<ε is a smooth 1-parameter variation of U through unit vector
fields. On the other hand if f (t)= ‖Wt‖ then f (0)= 1 and

f (t)2 = ‖Wt‖
2
= 1+ 2tg(U ,V )+ t2‖V‖2 = 1+O(t2),

2f (t)f ′(t)=O(t),

hence f ′(0)= 0. Consequently

dUt

dt

∣∣∣∣
t=0
=

(
−

f ′(t)
f (t)2

Wt+
1

f (t)
dWt

dt

)
t=0
= V .

As U is a harmonic vector field E ′(0)= 0 for any smooth 1-parameter
variation of U including the variation defined by (2.34). Then (2.32) yields
(2.33) for any V ∈ S as announced.

At this point we may take into account the decomposition

Tx(M)= (RUx)⊕ (RUx)
⊥ , x ∈M ,



“Dragomir Chapters” — 2011/10/1 — page 66 — #66

66 Chapter 2 Harmonic Vector Fields

to conclude that

1gU = λU +V

for some λ ∈ C∞(M) and some V ∈ S. Let us take the (pointwise) inner
product with V to get

‖V‖2 = g(1gU ,V ).

Let us integrate over M and use (2.33) so that∫
M

‖V‖2dvol(g)=
∫
M

g(1gU ,V )dvol(g)= 0

hence V = 0 i.e., 1gU = λU . Finally we may take the (pointwise) inner
product with U so that

λ= g(1gU ,U)= ‖∇U‖2

i.e., 1gU = ‖∇U‖2U .
Vice versa if 1gU is proportional to U then (by (2.32)) E ′(0)= 0 for

any smooth 1-parameter variation U of U through unit vector fields (indeed
for such variations g(U ,V )= 0 hence the integrand in the right hand side
of (2.32) vanishes identically) so that U is a harmonic vector field. Theorem
2.23 is proved. �

A reformulation of Theorem 2.19 is then

Corollary 2.24 Let M be a compact orientable Riemannian manifold and U a
unit vector field on M. Then U is a harmonic map of (M ,g) into (S(M),Gs) if
and only if i) U is a harmonic vector field and ii) traceg {R(∇·U ,U)·} = 0.

Remark 2.25
i. Let M be a compact orientable Riemannian manifold and f : M→ Sm

a smooth map into the standard sphere Sm
⊂ Rm+1. Let us set 9 = i ◦ f

where i : Sm
→ Rm+1 is the inclusion. It may be shown (cf. J. Eells

& A. Ratto, [114]) that f is a harmonic map if and only if 19 =
‖d9‖29 where 1 is the Laplace-Beltrami operator of M on func-
tions (if 9 = (91, . . . ,9m+1) then 19 = (191, . . . ,19m+1)). The
reader should observe the formal analogy to the harmonic vector fields
(equation 2.28). See also Theorem 10.2 in [109], p. 86.

ii. The Hodge-de Rham operator 11 = dd∗+ d∗d on differential 1-forms
�1(M) may be thought of as acting on smooth vector fields, up to
the musical isomorphism ] :�1(M)→ X(M) i.e., g(ω],X )= ω(X )
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for any X ∈ X(M). It may be shown that 11 is related to the rough
Laplacian 1g : X(M)→ X(M) by 11 =1g+Q where Q is the Ricci
operator i.e., g(QX ,Y)=Ric(X ,Y) for any X ,Y ∈ X(M). Hence in
general a harmonic vector field, i.e., U ∈ 0∞(S(M)) with 1gU −
‖∇U‖2U = 0, isn’t necessarily Hodge-de Rham harmonic. Neverthe-
less one may prove that whenever M is an Einstein manifold and U is a
unit vector field tangent to M such that 11U = 0 then U is a harmonic
vector field. See S.I. Goldberg, [138], p. 86–88.

iii. A harmonic morphism is a smooth mapping φ : M→N among two Rie-
mannian manifolds such that the pullback via φ of any local harmonic
function on N is a (local) harmonic function on M . By a well-known
characterization (cf. e.g., Proposition 4.3.10 in [19], p. 113) a smooth
mapping φ : M→N is a harmonic morphism if and only if φ∗ω is a
harmonic 1-form on M for any harmonic 1-form ω on N . In par-
ticular the induced map on de Rham cohomology φ∗ : H1(N ,R)→
H1(M ,R) is injective (cf. Proposition 4.3.11 in [19], p. 113). This sug-
gests the following notion and (open) problem. Let φ : M→N be a
smooth mapping of Riemannian manifolds which is a morphism in
the following sense. Let Y ∈ X(N) be a harmonic vector field on N
and ω = Y [ the corresponding 1-form i.e., ω(V )= h(V ,Y) for any
V ∈ X(N), where h denotes the Riemannian metric on N . We request
that the vector field X = (φ∗ω)] ∈ X(M) be harmonic. The properties
of such morphisms φ are unknown. For instance is φ a harmonic map?

iv. Let (M , J ,g) be a Hermitian manifold of complex dimension n, where J
is the complex structure and g the Hermitian metric. Let ∇̃ be a holo-
morphic torsion-free connection on M i.e., ∇̃J = 0 and T

∇̃
= 0. Let us

consider the second order differential operator

1̃u=−traceg

(
∇̃du

)
, u ∈ C2(M). (2.35)

Here the Hessian ∇̃du is defined by(
∇̃du

)
(X ,Y)= X(Yu)−

(
∇̃XY

)
u, X ,Y ∈ X(M).

As ∇̃ is torsion free, the Hessian ∇̃du is symmetric i.e.,(
∇̃du

)
(X ,Y)=

(
∇̃du

)
(Y ,X ), X ,Y ∈ X(M).

Let {Zα : 1≤ α ≤ n} be a local frame of the holomorphic tangent bundle
T1,0(M), defined on some open subset U ⊆M , such that g(Zα,Zβ)= δαβ .
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Let us set

Eα =
1
√

2

(
Zα +Zα

)
, Eα+n =

i
√

2

(
Zα −Zα

)
,

so that {Ea : 1≤ a≤ 2n} = {Eα,Eα+n : 1≤ α ≤ n} is a local orthonormal
(i.e., g(Ea,Eb)= δab) frame of T(M) defined on U . Then

1̃u=−
2n∑

a=1

(∇̃du)(Ea,Ea)

=−
1
2

n∑
α=1

{(∇̃du)(Zα,Zα)+ (∇̃du)(Zα,Zα)}

where Zα = Zα. Using also the symmetry of the Hessian we may express
1̃ as

1̃u=−
n∑

α=1

(∇̃du)(Zα,Zα) (2.36)

on U . Let (z1, . . . ,zn) be local complex coordinates on U . Then Zα =
Uβ
α ∂/∂zβ for some C∞ functions Uβ

α : U→ C such that
∑n
α=1 Uβ

αUγ

α =

gβγ . Here Uβ
α = Uβ

α . Also gαβ = g(∂/∂zα, ∂/∂zβ) and gαβgβγ = δγα . As an
elementary consequence (2.36) becomes

1̃u=−gαβ
(
∇̃du

)( ∂

∂zα
,
∂

∂zβ

)
=−gαβ

{
∂2u

∂zα∂zβ
−0A

αβ

∂u
∂zA

}
where

∇̃∂A∂B = 0
C
AB∂C, ∂A =

∂

∂zA ,

with the convention A,B,C, . . . ∈ {1, . . . ,n,1, . . . ,n} and zα = zα. On the
other hand, as ∇ parallelizes J and is torsion free, all connection coefficients
0A

BC vanish except eventually for 0αβγ (and of course 0α
β γ

as the complex

conjugates of 0αβγ ). We may end our local calculation of 1̃ by concluding
that

1̃u=−gαβ
∂2u

∂zα∂zβ
. (2.37)

J. Jost & S-T. Yau, [179], considered the system

−1̃φi
+ gαβ

(∣∣∣∣ i
jk

∣∣∣∣ ◦φ) ∂φj

∂zα
∂φk

∂zβ
= 0. (2.38)
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A smooth map φ : M→N into a Riemannian manifold (N ,h) is called

Hermitian harmonic if φ is a solution to (2.38). Here

∣∣∣∣ i
jk

∣∣∣∣ are the coefficients

of the Levi-Civita connection of h. It should be observed that (2.38) is a
nonlinear elliptic system possessing neither a divergence nor a variational
structure. See also L. Ni, [222]. Let us set

(
∇∂/∂zj J

) ∂

∂zk = JA
k,j
∂A,

for some C∞ functions JA
k,j

: U→ C. Exploiting

1u=−traceg (∇du)

it may be easily seen that the Laplace-Beltrami operator 1 of (M ,g) is
related to 1̃ by

1u= 1̃u+
i
2

gαβ
[
J`
k,j

∂u
∂z`
− J`

j,k

∂u

∂z`

]
. (2.39)

Here J`
j,k
= J`

j,k
. As a consequence of (2.39) when g is a Kählerian metric the

system (2.38) is nothing but the ordinary harmonic map system on M . It
is well known (cf. e.g., Theorem 13.1 in [109], p. 116) that a holomorphic
map of Kählerian manifolds is harmonic. This simple result fails in gen-
eral if the source manifold M is only Hermitian. For instance if Hn, n≥ 2,
is the complex Hopf manifold (cf. [189], Vol. II, p. 137) endowed with
the Boothby metric (a locally conformal Kähler metric on Hn, cf. [106],
p. 22) then by a result of J. Jost & S-T. Yau, [179], there is no nonconstant
Hermitian harmonic map φ : Hn

→ S1. Due to this obstruction, it has been
argued (cf. [179], p. 221–222) that the study of (2.38), rather than the har-
monic map system, is more appropriate on a Hermitian manifold and that
results about Hermitian harmonic maps could be useful in studying rigid-
ity of complete Hermitian manifolds (cf. [222], p. 232). Going back to the
mainstream of this book, one ought to mention that harmonic vector fields
on Hermitian manifolds haven’t been studied so far. A simple calculation
shows that the rough Laplacian 1g on a Hermitian manifold may be locally
expressed as

1gX =−gαβ
{
∇∂/∂zα∇∂/∂zβX −∇

∇∂/∂zα ∂/∂zβX
}
− i
(
3gR

)
X ,
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where the trace 3gR of the curvature tensor field R of ∇ is defined by

3gR =
i
2

n∑
α=1

R(Zα, Zα).

Let us consider the first order differential operator L given by

(LX )abc = 2

∣∣∣∣ a
bd

∣∣∣∣ ∂Xd

∂xc +

(
∂

∂xc

∣∣∣∣ a
bd

∣∣∣∣+ ∣∣∣∣ e
bd

∣∣∣∣ ∣∣∣∣ a
ce

∣∣∣∣− ∣∣∣∣ e
bc

∣∣∣∣ ∣∣∣∣ a
ed

∣∣∣∣)Xd

for any X ∈ X(M) locally written as X = Xa ∂/∂xa. Here

∣∣∣∣ a
bc

∣∣∣∣ are the

Christoffel symbols of the second kind of g and the range of the indices is
a,b, c, . . . ∈ {1, . . . ,2n}. A calculation shows that(

1gX
)a
=1Xa

−Gbc(LX )abc

where GabGbc
= δc

a and Gab = g(∂/∂xa, ∂/∂xb). Consequently the har-
monic vector fields system may be locally written

1Xa
=Gab(LX )abc +‖∇X‖2Xa, 1≤ a≤ 2n. (2.40)

Then the system

1̃Xa
=Gab(LX )abc +‖∇X‖2Xa (2.41)

is a Hermitian analog to (2.40) and coincides with (2.40) when the metric
g is Kählerian. The study of (2.41) is an open problem. �

We end this section by computing the total bending of a unit vector
field on a torus M = T2 endowed with an arbitrary Riemannian metric
g (see Section 1.5 in Chapter 1). Let {S,W } be an orthonormal frame
of (T(T2),g) such that JS =W . Let us consider the 1-forms 2S,2W ∈

�1(T2) given by

2S = g(S, ·), 2W = g(W , ·).

Let us consider the volume form ωT =2S ∧2W ∈�
2(T2). Also we shall

need the 1-form ωSW ∈�
1(T2) given by

ωSW = g(∇S, W ).

Moreover let a,b ∈ C∞(T2) be given by

ωSW = a2S+ b2W .
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If Z ∈ X(T2) is given by Z = aS+ bW then ωSW = g(Z, ·). Let ∇ be the
Levi-Civita connection of (T2,g). A straightforward calculation shows that

∇SS = aW , ∇SW =−aS, ∇W S = bW , ∇W W =−bS,

div(Z)= S(a)+W (b).

Now given X ∈ E = 0∞(S(T2)) and ϕ,ψ : T2
→ R are the (S,W )-

coordinates of X (cf. Definition 1.30) then

B(X )=
∫
T2

‖∇X‖2 dvol(g)=
∫
T2

{
(Sϕ− aψ)2+ (Sψ + aϕ)2

+(Wϕ− bψ)2+ (Wψ + bϕ)2
}

dvol(g).

If π : R2
→ T2 is the projection we set ĝ = π∗g. Also let Ŝ, Ŵ , Ẑ ∈ X(R2)

be π-related to S, W , Z ∈ X(T2). For instance (dξπ)Ŝξ = Sπ(ξ) for any
ξ ∈ R2. Let

Q= {sd1+ td2 ∈ R2 : (s, t) ∈ [0,1]2}.

Then π(Q)= T2 and π : Q \ ∂Q→ T2 is injective, where ∂Q= {sd1+

td2 : (s, t) ∈ ∂[0,1]2}. Let (U ,xi) be a local coordinate system on T2. We
set

∂

∂xi = λiS+µiW , i ∈ {1,2},

and assume that the coordinates have been chosen such that λ1µ2−

µ1λ2 > 0. Moreover if we set

dxi
= λi2S+µ

i2W

then λiλj+µ
iµj = δ

i
j . If G = g11g22− g2

12 then
√

G = λ1µ2−µ1λ2 hence

dvol(g)=
√

Gdx1
∧ dx2

= (λ1µ2−µ1λ2)(λ
1µ2
−µ1λ2)2S ∧2W

so that dvol(g)= 2ωT . Next

(Sϕ− aψ)π(ξ) = Sπ(ξ)(ϕ)− a(π(ξ))ψ(π(ξ))

=

(
Ŝ(ϕ ◦π)− (a ◦π)(ψ ◦π)

)
ξ

for any ξ ∈ R2. Consequently if α ∈W is an angle function for X so that
cosα = ϕ ◦π and sinα = ψ ◦π then

(Sϕ− aψ) ◦π = Ŝ(cosα)− (a ◦π) sinα =−
{
Ŝ(α)+ a ◦π

}
sinα.
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Similar calculations furnish the expressions of (Sψ + aϕ) ◦π , (Wϕ− bψ) ◦
π and (Wψ + bϕ) ◦π in terms of the angle function α and its derivatives.
In the end

π∗
{[
(Sϕ−aψ)2+(Sψ+aϕ)2+(Wϕ−bψ)2+(Wψ + bϕ)2

]
dvol(g)

}
= 2

{(
Ŝ(α)+ a ◦π

)2
+

(
Ŵ (α)+ b ◦π

)2
}
π∗ωT .

With a change of variables under the integral sign we have

B(X )= 2
∫
Q

{(
Ŝ(α)+ a ◦π

)2
+

(
Ŵ (α)+ b ◦π

)2
}
π∗ωT . (2.42)

Let us denote the right hand side of (2.42) by B(α) to recast the total
bending as a functional B :W→ [0,+∞) defined on the setW of all angle
functions. On the other hand the identities

∇̂α = Ŝ(α) Ŝ+ Ŵ (α)Ŵ , Ẑ = (a ◦π)Ŝ+ (b ◦π)Ŵ ,

lead to

B(α)= 2
∫
Q

‖∇̂α+ Ẑ‖2ĝ π
∗ωT . (2.43)

We may conclude that

Theorem 2.26 (G. Wiegmink, [309]) There is an action of the additive reals
R on W leaving the total bending functional B invariant and preserving each
Per(m,n)⊂W, (m,n) ∈ Z2. Precisely

R×W→W , (r,α) 7→ α+ r,

is an action with the required properties. At the level of unit vector fields on T2 it
corresponds to the action

SO(2)× E→ E , (2.44)((
cos r − sin r
sin r cos r

)
, X
)
7→ (cos r)X + (sin r) JX ,

for any r ∈ R and any X ∈ E .

The proof of Theorem 2.26 follows easily from (2.43) (as the right
hand side of (2.43) depends only on the first order derivatives of α). Of
course Theorem 2.26 admits the following geometric interpretation: the
total bending of a unit vector field X on the torus T2 does not change
when X is rotated simultaneously in all tangent spaces by a common angle.
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2.7. THE SECOND VARIATION OF THE ENERGY
FUNCTION

The purpose of the present section is to establish the second variation
formula for E : 0∞(S(M))→ [0,+∞) in the neighborhood of a critical
point (i.e., a harmonic vector field).

Theorem 2.27 (G. Wiegmink, [309]) Let (M ,g) be a compact orientable
Riemannian manifold and U a tangent vector field on M. Let us consider a smooth
2-parameter variation of U

V : M × I2
δ → T(M), Iδ = (−δ,δ), δ > 0,

Ut,s = V ◦ it,s, t, s ∈ Iδ, U0,0 = U .

Here we set N =M × I2
δ and it,s : M→N, it,s(x)= (x, t, s) for any x ∈M

and any t, s ∈ Iδ. Let V = (∂Ut,s/∂ t)t= s=0 and W = (∂Ut,s/∂s)t= s=0. Let us
assume that Ut,s ∈ 0

∞(S(M)) for any t, s ∈ Iδ. If U ∈ 0∞(S(M)) is a harmonic
vector field then

∂2

∂ t∂s

{
B(Ut,s)

}
t= s=0 =

∫
M

g(V ,1gW −‖∇U‖2W )dvol(g). (2.45)

In particular for any smooth 1-parameter variation U of U through unit vector fields
Ut = U(·, t) ∈ 0∞(S(M)), |t|< δ

d2

dt2
{B(Ut)}t=0 =

∫
M

{‖∇V‖2−‖∇U‖2‖V‖2}dvol(g) (2.46)

where V = (dUt/dt)t=0.

The identity (2.46) is the second variation formula (of the biegung
functional). See also C.M. Wood, [316], and O. Gil-Medrano & E.
Llinares-Fuster, [132].

Proof of Theorem 2.27. Let p : N→M be the projection and p−1TM→N
the pullback of T(M) by p. Then V is a C∞ section in p−1TM→N .
Let h= p−1g and D= p−1

∇ be respectively the Riemannian bundle metric
induced by g and the connection induced by the Levi-Civita connection ∇
in p−1TM→N . We set

Ỹ(x,t,s) = (dxit,s)Yx, x ∈M , t, s ∈ Iδ.
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For simplicity we set T= ∂/∂ t and S= ∂/∂s (T,S ∈ X∞(N)). Then (as
p−1g is parallel with respect to D)

∂

∂ t
B(Ut,s)=

∫
M

n∑
i=1

h(DTDẼi
V , DẼi

V)dvol(g)

=

∫
M

∑
i

h(DẼi
DTV , DẼi

V)dvol(g)

due to

[T, Ẽi]= 0, RD(T, Ẽi)V = 0.

Then

∂2

∂s∂ t
B(Ut,s)=

∫
M

∑
i

∂

∂s
h(DẼi

DTV , DẼi
V)dvol(g) (2.47)

=

∫
M

∑
i

{h(DSDẼi
DTV , DẼi

V)+ h(DẼi
DTV , DSDẼi

V)}dvol(g)

(as [S, Ẽi]= 0 and RD(S , Ẽi)V = 0)

=

∫
M

∑
i

{h(DẼi
DSDTV , DẼi

V)+ h(DẼi
DTV , DẼi

DSV)}dvol(g)

=

∫
M

∑
i

{Ẽi(h(DSDTV , DẼi
V))− h(DSDTV , DẼi

DẼi
V)

+ Ẽi(h(DTV , DẼi
DSV))− h(DTV , DẼi

DẼi
DSV)}dvol(g).

For each fixed (t, s) ∈ I2
δ we define Yt,s ∈ T(M) by

g(Yt,s, Z)x = h(DSDTV , DZ̃V)(x,t,s), Z ∈ T(M).

Then∑
i

Ẽi(h(DSDTV , DẼi
V))=

∑
i

Ei(g(Yt,s, Ei)) ◦ p

=

∑
i

{g(∇EiYt,s, Ei)+ g(Yt,s, ∇EiEi)} ◦ p

= div(Yt,s) ◦ p+ h

(
DSDTV ,

∑
i

D
∇̃Ei Ei

V
)

.
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Similarly, given Zt,s ∈ T(M) determined by

g(Zt,s, Z)x = h(DTV , DZ̃DSV)(x,t,s)

one has ∑
i

Ẽi(h(DTV , DẼi
DSV))

= div(Zt,s) ◦ p+ h

(
DTV ,

∑
i

D
∇̃Ei Ei

DSV
)

.

Going back to (2.47) one has (by Green’s lemma)

∂2

∂s∂ t

{
B(Ut,s)

}
t= s=0

=

∫
M

{
h(DSDTV ,

∑
i

{D
∇̃Ei Ei

V −DẼi
DẼi

V})

+ h(DTV ,
∑

i

{D
∇̃Ei Ei

DSV −DẼi
DẼi

DSV})
}

t= s=0

dvol(g)

=

∫
M

{g(V ,1gU)+ g(V ,1gW )}dvol(g)

where we have set V = (∂2Ut,s/∂ t∂s)t= s=0. Moreover (by differentiating
h(V , V)= 1)

g(V ,U)x = h(DSDTV , V)(x,0,0)

= {S(h(DTV , V))− h(DTV , DSV)}(x,0,0) =−g(V ,W )x

and (as U is harmonic i.e., a smooth solution to (2.28))

∂2

∂ t∂s

{
B(Ut,s)

}
t= s=0 =

∫
M

{‖∇U‖2g(V ,U)+ g(V ,1gW )}dvol(g)

=

∫
M

g(V ,1gW −‖∇U‖2W )dvol(g)

and (2.45) is proved. Finally given an arbitrary smooth 1-parameter varia-
tion U : M × Iδ→ T(M) of X through unit vector fields the identity (2.46)
follows from (2.45) for the particular 2-parameter variation V : M × Iδ/2→
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T(M) given by V(x, t, s)= U(x, t+ s) for any x ∈M and any t, s ∈ Iδ/2.
Indeed

d2

dt2
{B(Ut)}t=0 =

∫
M

g(V ,1gV −‖∇U‖2V )dvol(g). (2.48)

On the other hand, for any smooth vector field V on M

1g‖V‖2 =−
n∑

i=1

{EiEi‖V‖2− (∇EiEi)‖V‖2}

= −2
∑

i

{Ei(g(∇EiV , V ))− g(∇∇Ei EiV , V )}

= −2
∑

i

{g(∇Ei∇EiV , V )+ g(∇EiV , ∇EiV )− g(∇∇Ei EiV , V )}

hence

1g‖V‖2 = 2{g(1gV , V )−‖∇V‖2}. (2.49)

Now (2.46) follows from (2.48)–(2.49) and Green’s lemma. �

Definition 2.28 Let U ∈ 0∞(S(M)) be a harmonic vector field. The
Jacobi operator JU : S→ S is given by

JUV = pS1gV −‖∇U‖2V , V ∈ S,

where S = {V ∈ X(M) : g(U ,V )= 0} and (pS)x : Tx(M)→ (RUx)
⊥ is

the natural projection associated to the direct sum decomposition Tx(M)=
RUx⊕ (RUx)

⊥ for any x ∈M . �

It may be shown that the Jacobi operator JU is a self-adjoint elliptic
second order differential operator.

Definition 2.29 A harmonic vector field U ∈ 0∞(S(M)) is said to be
stable if ∫

M

(
‖∇V‖2−‖V‖2‖∇U‖2

)
dvol(g)≥ 0

for any V ∈ S. �

Stability of U may be shown to be equivalent to the requirement that
the eigenvalues of the Jacobi operator JU be nonnegative.
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Definition 2.30 Let U be a harmonic vector field on M . Let (HessE)U
be the bilinear form on S = {V ∈ X(M) : g(U ,V )= 0} determined by

(HessE)U(V ,V )=
∫
M

(
‖∇V‖2−‖V‖2‖∇U‖2

)
dvol(g), V ∈ S,

(by polarization). The index and nullity of U are the index and nullity of
(HessE)U . �

Corollary 2.31 Let U be a stable harmonic vector field. Then E(U)≤ E(V )
for any V ∈ S ∩0∞(S(M)).

That is to say stable harmonic vector fields are absolute minima for the
energy functional E : S ∩0∞(S(M))→ [0,+∞) given by (2.3).

Proof of Corollary 2.31. Let V ∈ S. As previously shown, there is a smooth
1-parameter variation U : M × (−ε,ε)→ T(M) of U by unit vector fields
such that (dUt/dt)t=0 = V , where Ut(x)= U(x, t) for any x ∈M and any
|t|< ε. If V is also a unit vector field then another construction of U is to
set

Ut = (cos t)U + (sin t)V , |t|< ε.

Let E(t)= E(Ut) for any |t|< ε. Then (by stability and by the second
variation formula (2.46))

0≤ E ′′(0)=
∫
M

(
‖∇V‖2−‖∇U‖2

)
dvol(g)

hence B(U)≤ B(V ). Corollary 2.31 is proved. �

Proposition 2.32 Let M be an orientable 2-dimensional Riemannian manifold
and U a unit vector field tangent to M. Let {E1,E2} be a local orthonormal frame
of T(M) defined on the open set �⊆M such that E1 = U. Let us consider the
functions a,b ∈ C∞(�) given by

a= g(∇UU ,E2), b= g(∇E2E2,U).

Then
i. U is a harmonic vector field if and only if U(a)= E2(b) for any local orthonormal

frame as above.
ii. The following statements are equivalent 1) U is Killing, 2) U is parallel, and

3) U is geodesic and div(U)= 0. Moreover if statement (1) holds then g is flat
and U is a harmonic map.
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Proof. i. As ‖U‖ = 1 one has g(∇UU ,U)= g(∇E2U ,U)= 0 hence

∇UU = g(∇UU ,E2)E2 = aE2,

∇E2U = g(∇E2U ,E2)E2

= {E2(g(U ,E2))− g(U ,∇E2E2)}E2 =−bE2,

that is we were able to determine the covariant derivative of U . Sim-
ilarly we may calculate ∇E2. Indeed ‖E2‖ = 1 yields g(∇UE2,E2)=

g(∇E2E2,E2)= 0 hence

∇UE2 = g(∇UE2,U)U =−aU ,

∇E2E2 = g(∇E2E2,U)U = bU .

Gathering up the information obtained so far

∇E1U = aE2, ∇E2U =−bE2,

∇E1E2 =−aE1, ∇E2E2 = bE1,

or (by identifying the endomorphisms ∇U , ∇E2∈0
∞(T∗(M)⊗T(M))

with their matrices with respect to the frame {E1,E2})

∇U =
(

0 a
0 −b

)
, ∇E2 =

(
−a 0
b 0

)
.

On the other hand

‖∇U‖2 =
2∑

i=1

g(∇EiU ,∇EiU)= a2
+ b2.

Hence

1gU =−
2∑

j=1

{∇Ej∇EjU −∇∇Ej EjU}

= −∇E1∇E1U +∇∇E1E1U −∇E2∇E2U +∇∇E2E2U

=−∇E1(aE2)+∇aE2U −∇E2(−bE2)+∇bE1U

=−E1(a)E2+ a{∇E1E2+∇E2U}

+E2(b)E2+ b{∇E2E2+∇E1U}

= −U(a)E2+ a(aE1− bE2)+E2(b)E2+ b(bE1+ aE2)

= (a2
+ b2)E1− [U(a)−E2(b)]E2
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that is

1gU −‖∇U‖2U =−[U(a)−E2(b)]E2

and (i) in Proposition 2.32 is proved.
ii. Proof of (1)H⇒ (2). Let U be a unit Killing vector field on M i.e.,

U ∈ 0∞(S(M)) and LUg = 0. Then

0= (LUg)(X ,Y)= g(∇XU ,Y)+ g(∇Y U ,X )

for any X ,Y ∈ X(M), where L denotes the Lie derivative. Consequently
∇U ∈ 0∞(T∗(M)⊗T(M)) is a skew-symmetric endomorphism so that
g(∇XU ,X )= 0 for any X ∈ X(M). Let {E1,E2} be a local orthonormal
frame on T(M) such that E1 = U . Thus

∇UU = g(∇UU ,E2)E2 =−g(∇E2U ,U)= 0,

∇E2U = g(∇E2U ,E2)E2 = 0,

that is ∇U = 0. In particular U is harmonic.
The proof of (2)H⇒ (3) is easy (hence omitted).
Proof of (3)H⇒ (1). As 0=∇UU = aE2 it follows that a= 0.

Moreover 0= div(U)=−b yields b= 0. Hence U is parallel and in
particular Killing. Finally

R(U ,E2)U =−∇U∇E2U +∇E2∇UU +∇[U ,E2]U = 0,

g(R(U ,E2)E2,U)=−g(R(U ,E2)U ,E2)= 0,

g(R(U ,E2)E2,E2)= 0,

so that R = 0.
�

Remark 2.33 Let M be a compact orientable Riemannian manifold. As
already emphasized earlier in this chapter the existence of a globally defined
unit vector field on M is equivalent to χ(M)= 0. If additionally M is 2-
dimensional then (by the classification of compact connected real surfaces)
M is a torus. �

Proposition 2.34 Let M be a real 2-dimensional compact orientable Rieman-
nian manifold. Then any harmonic vector field U is stable. Moreover for each V ∈ S
one has (HessE)U(V ,V )= 0 if and only if ‖V‖ = constant.

Proof. Let U ∈ 0∞(S(M)) and V ∈ S where S = {V ∈ 0∞(M) :
g(U ,V )= 0}. For each x0 ∈M let E2 be a tangent vector field defined



“Dragomir Chapters” — 2011/10/1 — page 80 — #80

80 Chapter 2 Harmonic Vector Fields

on an open neighborhood �⊆M of x0 such that {U ,E2} is a (local)
orthonormal frame of T(M). As M is 2-dimensional, it follows that
dimR (RUx)

⊥
= 1 for any x ∈�. Yet Vx ∈ (RUx)

⊥ for any x ∈� hence
V = λE2 for some λ ∈ C∞(�). Next ‖V‖ = |λ|‖E2‖ = |λ| on �. Let us
compute ‖∇V‖. First, if E1 = U and (as in Proposition 2.32)

a= g(∇UU ,E2), b= g(∇E2E2,U),

then

∇UV =
2∑

i=1

g(∇UV ,Ei)Ei

=

∑
i

{U(λ)g(E2,Ei)+ λg(∇UE2,Ei)}Ei

= U(λ)‖E2‖
2E2+ λg(∇UE2,E1)E1 = U(λ)E2− λg(E2,∇UU)E1

or

∇UV = U(λ)E2− aλU . (2.50)

Similarly

∇E2V =
∑

i

g(∇E2V ,Ei)Ei

=

∑
i

{E2(λ)g(E2,Ei)+ λg(∇E2E2,Ei)}Ei

= E2(λ)‖E2‖
2E2+ λg(∇E2E2,E1)E1

or

∇E2V = E2(λ)E2+ bλU . (2.51)

Next (by taking into account (2.50)–(2.51))

‖∇V‖2 =
∑

i

g(∇EiV ,∇EiV )

= g(∇E1V ,∇E1V )+ g(∇E2V ,∇E2V )

= U(λ)2+ a2λ2
+E2(λ)

2
+ b2λ2

or

‖∇V‖2 = ‖dλ‖2+‖V‖2‖∇U‖2. (2.52)
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Finally (by (2.52))

(HessE)U(V ,V )=
∫
M

‖dλ‖2 dvol(g)≥ 0

with equality if and only if λ= constant on �. This amounts to saying that
(HessE)U(V ,V )= 0 if and only if ‖V‖ is locally constant (and M is tacitly
thought of as connected). �

2.8. UNBOUNDEDNESS OF THE ENERGY FUNCTIONAL

Under the assumptions of Proposition 2.22 we may prove the
following

Corollary 2.35 (G. Wiegmink, [309]) For any nonempty open subset
�⊆M and any unit vector field X on M there is a sequence {Yν}ν≥1 of unit
vector fields such that each Yν coincides with X outside � and E(Yν)→∞ for
ν→∞. In particular the energy functional E is unbounded from above.

Proof. Let h= (x1, . . . ,xm) : U→ Rm be a local coordinate system on M
such that U ⊆�, h(U)⊃ [−2π ,2π ]m and X = ∂/∂x1 on U (cf. the proof
of the classical Frobenius theorem, e.g., [235], p. 91–92). Moreover let ϕ ∈
C∞0 (M) be a test function such that i) 0≤ ϕ(x)≤ 1 for any x ∈M , ii) ϕ = 1
in a neighborhood V of the compact set K = h−1([−π ,π ]m) such that
V ⊂ U , and iii) ϕ = 0 outside h−1([−2π ,2π ]m). For each ν ∈ Z, ν ≥ 1,
let fν be the C∞ extension to M of the function sin(νx1) (thought of as
defined on the closed set V ) and let us set αν = ϕfν . Let us consider a
unit vector field F on U such that X and F are mutually orthogonal. Next
we set

Yν = (cosαν)X + (sinαν)F, ν ≥ 1.

Then Yν is a unit vector field coinciding with X outside �. As we may
complete X to a local frame of T(M)

|∇Yν |2 ≥ gθ (∇XYν ,∇XYν)

= X(αν)2+‖∇XX‖2 cos2αν +‖∇XF‖2 sin2αν

+ 2X(αν)g(∇XX ,F)+ g(∇XX ,∇XF) sin(2αν)
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because of g(X ,F)= 0, g(X ,∇XX)= 0 and g(F,∇XF)= 0. Next let us set

C1 = sup
K

∣∣g(∇XX ,F)
∣∣ , C2 = sup

K

∣∣g(∇XX ,∇XF)
∣∣ ,

so that

|∇Yν |2 ≥ X(αν)2− 2C1 |X(αν)| −C2 (2.53)

On the other hand X(αν)= X(ϕ)fν +ϕν(cosνx1) on U so that X(αν)=
ν cosνx1 on V ⊃ K and then |X(αν)| ≥ ν on K . Hence (by (2.53))

2E(Yν)≥
∫
K

|∇Yν |2 dvol(g)

≥

∫
K

{
X(αν)2− 2C1ν−C2

}
dvol(g)

= ν2
∫
K

cos2(νx1)dvol(g)− (2C1ν+C2)Vol(K).

If dvol(g)=
√

G(x)dx1
∧ ·· · ∧ dxm is the Riemannian volume form of

(M ,g) (with G(x)= det[gij(x)]) and we set a= infx∈K
√

G(x) then a> 0
and ∫

K

cos2(νx1)dvol(g)≥ a
∫

[−π ,π ]m

cos2(νt1)dt1 · · ·dtm = (2π)m
a
2

Hence

E(Yν)≥ (a/4)(2π)mν2
− (2C1ν+C2)Vol(K)→∞

for ν→∞. �

2.9. THE DIRICHLET PROBLEM

Let �⊂ Cn be a smoothly bounded strictly pseudoconvex domain
endowed with its Bergman metric g. Following E. Barletta, [22], we
consider the Dirichlet problem for the harmonic vector fields equation

1gX − |∇gX|2 X = 0 in �, (2.54)

X = X0 on ∂�, (2.55)



“Dragomir Chapters” — 2011/10/1 — page 83 — #83

2.9. The Dirichlet Problem 83

for some continuous vector field X0 tangent to ∂�. Moreover, if 1 is the
Bergman Laplacian then

(1gX )i =1X i
− 2g jk0i

j`
∂X`

∂xk − g jk

(
∂0i

j`

∂xk +0
s
j`0

i
ks−0

s
jk0

i
s`

)
X` (2.56)

where X = X i ∂/∂xi and 0i
jk are the Christoffel symbols of ∇g (the Levi-

Civita connection of (�,g)) with respect to the Cartesian coordinates (xi)

on R2n. Also gij = g(∂i, ∂j) with ∂i = ∂/∂xi and [gij]= [gij]−1. Hence (2.54)
is a nonlinear elliptic system similar to the harmonic map system (cf.
e.g., (11.16) in [109], p. 107). We study arbitrary C2 solutions to (2.54)
(not necessarily unit vector fields). It is well known that the ellipticity of
the Bergman Laplacian degenerates at the boundary e.g., the Bergman
Laplacian on the unit ball Bn

= {z ∈ Cn : |z|< 1} is given by

1u=−4(1− |z|2)
n∑

j,k=1

(δjk
− zjzk)

∂2u

∂zj∂zk

(here g is the Bergman metric on Bn). By a result of C.R. Graham, [148],
the Dirichlet problem 1u= 0 in Bn and u|S2n−1 = f may be solved for any
f ∈ C0(S2n−1). Nevertheless in order that the solution be C∞ up to the
boundary it is necessary that f be the boundary value of a pluriharmonic
function (see also [149]). On the same line of thought one may seek for
the necessary conditions satisfied by the boundary data (2.55) of a solution
X i
∈ C2(�) to (2.54). One may state

Theorem 2.36 (E. Barletta, [22]) Let �⊂ Cn be a bounded strictly pseu-
doconvex domain and g its Bergman metric. Let us assume that a solution
X i
∈ C2(�), with 1≤ i ≤ 2n, to the Dirichlet problem (2.54)–(2.55) exists.

If X = X i ∂/∂xi is tangent to the Levi distribution of each level hypersurface of
ϕ(z)=−K(z,z)−1/(n+1), z ∈�, then X i

= 0 everywhere on ∂�.

Here K(z,ζ ) is the Bergman kernel of �. The existence problem for
(2.54)–(2.55) is open (even when �= Bn). The methods one adopts are
similar to those in [21] i.e., one derives the equations induced by (2.54)
on a level set ϕ(z)=−ε of a defining function ϕ of � (in a small one-
sided neighborhood of ∂�) and then shows that in the boundary limit (i.e.,
when ε→ 0) these equations yield X = 0. The main technical ingredient
is the Graham-Lee connection (cf. Proposition 1.1 in [151], p. 701) allow-
ing us to express (2.54) in terms of functions (such as the transverse curvature
of the foliation by level sets of ϕ, and its derivatives) which stay bounded
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as z→ ∂�. Cf. also S. Dragomir & S. Nishikawa, [105], or Appendix A
in [26], for a new axiomatic description of the Graham-Lee connection.
The same approach was used in [26] to study the C∞ regularity up to the
boundary of Yang-Mills fields on (�,g). Similar to Theorem 2.36 (and with
the conventions there) we obtain

Theorem 2.37 Let u ∈ C2(�) be a function such that uT is a harmonic vector
field in �. Let ub = u|∂� be the boundary values of u. Then

u3
[
n− 1−

4
(1− rϕ)2

]
=O(ϕ), ϕ→ 0, (2.57)

hence ub = 0 provided that n 6= 5. Moreover if n= 5

2T(ub)−T(r)ub = 0, ∇Hub = 0 on ∂�, (2.58)

where T is the characteristic direction of i∂∂ϕ and r is the transverse curvature of
the foliation F by level sets of ϕ. Consequently ub(z)= c for some c ∈ R and any
z ∈ ∂�. Finally if T(r)z 6= 0 for some z ∈ ∂� then again ub = 0.

See the next section for the definition of the transverse curvature r of ϕ.
By a result of J.M. Lee & R. Melrose, [202], r is C∞ up to the boundary.
A similar result (to that in Theorem 2.37) is expected to hold for solutions
to (2.54) of the form uN with u ∈ C2(�), where N =−JT (and J is the
complex structure on Cn). This is claimed in [22] yet no proof is given.

2.9.1. The Graham-Lee Connection
Let �⊂ Cn be a bounded domain and K(z,ζ ) its Bergman kernel. We
endow � with the Bergman metric g given by

gjk =
∂2 logK(z,z)

∂zj∂zk , 1≤ j,k≤ n.

Let us assume from now on that � is strictly pseudoconvex i.e., its bound-
ary ∂� is a smooth real hypersurface in Cn whose induced CR structure
T1,0(∂�) is strictly pseudoconvex (cf. [110], Chapter 1, for the notions
of CR and pseudohermitian geometry needed through this section). Then
ϕ(z)=−K(z,z)−1/(n+1), z ∈�, is a defining function for � (as a conse-
quence of Fefferman’s asymptotic development of the Bergman kernel, cf.
[116]). For sufficiently small ε > 0 the level sets Mε = {z ∈� : ϕ(z)=−ε}
are strictly pseudoconvex CR manifolds and each Mε is a leaf of a foliation
F of an open neighborhood V of ∂� in �. Let us set θ = i

2(∂ − ∂)ϕ(z) so
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that the pullback of θ to Mε is a contact form on Mε and the corresponding
Levi form

Gθ (X ,Y)= (dθ)(X , JY), X ,Y ∈H(F),

is positive definite. Here H(F)→ V is the subbundle of T(F)→ V deter-
mined by H(F)|Mε

=H(Mε), ε>0, and H(Mε) is the Levi, or maximally
complex, distribution of Mε . By a result of J.M. Lee & R. Melrose,
[202], there is a unique complex vector field ξ on V , of type (1,0),
such that ∂ϕ(ξ)= 1 and ξ is orthogonal to T1,0(F) with respect to ∂∂ϕ
i.e., ∂∂ϕ(ξ ,Z)= 0, for any Z ∈ T1,0(F). Here T1,0(F)→ V is the com-
plex subbundle of T(F)⊗C→ V determined by T1,0(F)

∣∣
Mε
=T1,0(Mε),

ε>0, and T1,0(Mε) is the CR structure of Mε . Moreover, we consider
the function r = 2∂∂ϕ(ξ ,ξ). r is the transverse curvature of ϕ. It should be
observed that we work with the defining function ϕ(z)=−K(z,z)−1/(n+1)

(as in A. Korányi & H.M. Reimann, [195]) yet the same constructions can
be performed for any defining function ϕ(z) < 0 in � such that log(−1/ϕ)
is strictly plurisubharmonic near ∂� (and then i

2∂∂ log(−1/ϕ) is the Kähler
2-form associated to a Kähler metric g on V ). For instance, if �⊂ Cn is
the Siegel domain with ϕ(z)=

∑n−1
α=1 |zα|

2
− Im(zn) then the transverse

curvature is r = 0. Also if �= Bn then K(z,z)= Cn(1− |z|2)−(n+1) (with
Cn = n!/πn) and r(z)= 1/(an|z|2) (with an = C−1/(n+1)

n ) and the regular-
ity of r up to ∂� can be directly read off from this simple explicit formula.
In the general case of an arbitrary strictly pseudoconvex domain there is
no such formula and we need the result in [202] that r ∈ C∞(V ). Let
ξ = 1

2(N − iT) be the real and imaginary parts of ξ . Then

(dϕ)(N)= 2, (dϕ)(T)= 0,

θ(N)= 0, θ(T)= 1,

∂ϕ(N)= 1, ∂ϕ(T)= i.

In particular T is tangent to the leaves of F . F carries the tangential
Riemannian metric gθ defined by

gθ (X ,Y)=Gθ (X ,Y), gθ (X ,T)= 0, gθ (T ,T)= 1,

for any X ,Y ∈H(F). The pullback of gθ to each leaf Mε ofF is the Webster
metric of Mε (associated to the contact form j∗εθ , where jε : Mε ↪→V ).



“Dragomir Chapters” — 2011/10/1 — page 86 — #86

86 Chapter 2 Harmonic Vector Fields

By a result in [26]

g(X ,Y)=−
n+ 1
ϕ

gθ (X ,Y), X ,Y ∈H(F). (2.59)

g(X ,T)= 0, g(X ,N)= 0, X ∈H(F), (2.60)

g(T ,N)= 0, g(T ,T)= g(N ,N)=
n+ 1
ϕ

(
1
ϕ
− r
)

. (2.61)

In particular 1− rϕ > 0 everywhere in �. We shall need the following basic
result

Theorem 2.38 (C.R. Graham & J.M. Lee, [151]) There is a unique
linear connection ∇ on V such that
i. T1,0(F) is parallel with respect to ∇,
ii. ∇Gθ = 0, ∇T = 0, ∇N = 0, and
iii. the torsion T∇ of ∇ is pure i.e

T∇(Z,W )= 0, T∇(Z,W )= 2iLθ (Z,W )T , (2.62)

T∇(N ,W )= r W + iτ(W ), (2.63)

for any Z,W ∈ T1,0(F), and

τ(T1,0(F))⊆ T0,1(F), (2.64)

τ(N)=− J∇H r− 2r T . (2.65)

where τ(X )= T∇(T ,X ) for any X ∈ T(F). Also ∇H r is defined by ∇H r =
πH∇r and gθ (∇r,X )= X(r) for any X ∈ T(F), where πH : T(F)→
H(F) is the projection associated to the direct sum decomposition T(F)=
H(F)⊕RT.

The unique linear connection ∇ furnished by Theorem 2.38 is referred
to as the Graham-Lee connection of (V ,ϕ). While Theorem 2.38 belongs
to [151] its statement in the form above (together with a coordinate-free
proof) is given in Appendix A of [26]. ∇ has the remarkable property that its
pointwise restriction to each leaf Mε of F is precisely the Tanaka-Webster
connection of the leaf.

2.9.2. The Levi-Civita Connection of the Bergman Metric
Using (2.59)–(2.61) one may relate the Levi-Civita connection ∇g of (V ,g)
to the Graham-Lee connection ∇. Precisely (cf. [26])

Theorem 2.39 Let �⊂ Cn be a smoothly bounded strictly pseudoconvex
domain, K(z,ζ ) its Bergman kernel, and ϕ(z)=−K(z,z)−1/(n+1). Then the
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Levi-Civita connection of the Bergman metric and the Graham-Lee connection of
(�,ϕ) are related by

∇
g
XY =∇XY +

{
ϕ

1−ϕr
gθ (τX ,Y)+ gθ (X ,φY)

}
T

−

{
gθ (X ,Y)+

ϕ

1−ϕr
gθ (X ,φ τ Y)

}
N , (2.66)

∇
g
XT = τX −

(
1
ϕ
− r
)
φX −

ϕ

2(1− rϕ)
{X(r)T + (φX )(r)N}, (2.67)

∇
g
XN =−

(
1
ϕ
− r
)

X + τ φX +
ϕ

2(1− rϕ)
{(φX )(r)T −X(r)N},

(2.68)

∇
g
TX =∇TX −

(
1
ϕ
− r
)
φX −

ϕ

2(1− rϕ)
{X(r)T + (φX )(r)N}, (2.69)

∇
g
NX =∇NX −

1
ϕ

X +
ϕ

2(1− rϕ)
{(φX )(r)T −X(r)N}, (2.70)

∇
g
NT =−

1
2
φ∇H r−

ϕ

2(1− rϕ)

{(
N(r)+

4
ϕ2 −

2r
ϕ

)
T +T(r)N

}
,

(2.71)

∇
g
TN =

1
2
φ∇H r−

ϕ

2(1− rϕ)

{(
N(r)+

4
ϕ2 −

6r
ϕ
+ 4r2

)
T +T(r)N

}
,

(2.72)

∇
g
TT =−

1
2
∇

H r−
ϕ

2(1− rϕ)

{
T(r)T −

(
N(r)+

4
ϕ2 −

6r
ϕ
+ 4r2

)
N
}

,

(2.73)

∇
g
NN =−

1
2
∇

H r+
ϕ

2(1− rϕ)

{
T(r)T −

(
N(r)+

4
ϕ2 −

2r
ϕ

)
N
}

,

(2.74)

for any X ,Y ∈H(F). Here φ : T(F)→ T(F) is the bundle morphism given by
φ(X )= JX for any X ∈H(F) and φ(T)= 0.
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2.9.3. Proof of Theorem 2.36
Let {Wα : 1≤ α ≤ n− 1} be a local orthonormal frame of T1,0(F) i.e.,
Gθ (Wα,Wβ)= δαβ . Here Wβ =Wβ . Let us set f = ϕ/(1− rϕ) for sim-
plicity. Then

Eα =

√
−

ϕ

n+ 1
Wα, En =

√
2f ϕ
n+ 1

ξ ,

is a local orthonormal frame of T1,0(V ) i.e., g(Ej,Ek)= δjk. Then

1gX =−
n∑

j=1

{
∇

g
Ej
∇

g
Ej

X +∇g
Ej
∇

g
Ej

X −∇g
∇

g
Ej

Ej
X −∇g

∇
g
Ej

Ej
X

}

=
ϕ

n+ 1

n−1∑
α=1

{
∇

g
Wα
∇

g
Wα

X +∇g
Wα
∇

g
Wα

X −∇g
∇

g
Wα

Wα
X −∇g

∇
g
Wα

Wα
X
}

+
2f ϕ
n+ 1

{
∇

g
ξ∇

g
ξ
X +∇g

ξ
∇

g
ξX −∇

g
∇

g
ξ ξ

X −∇g
∇

g
ξ
ξ
X
}

.

Let us assume from now on that X ∈H(F). Then (by (2.66))

∇
g
Wα

X =∇WαX +{f gθ (τWα,X )− i gθ (Wα,X )}T

−{gθ (Wα,X )− if gθ (Wα,τX )}N .

Consequently (again by (2.66))

∇
g
Wα
∇

g
Wα

X =∇Wα
∇WαX

+{f gθ (τWα,X )− i gθ (Wα,X )}
{
τWα +

i
f

Wα

}
+{gθ (Wα,X )− if gθ (Wα,τX )}

{
1
f

Wα + iτWα

}
+{f Wα(gθ (τWα,X ))+ f gθ (τWα,∇WαX)

− iWα(gθ (Wα,X ))+ i gθ (Wα,∇WαX )

−
f
2

rα[f gθ (τWα,X )− i gθ (Wα,X )]

+
if
2

rα[gθ (Wα,X )− if gθ (Wα,τX )]}T

+{if Wα(gθ (Wα,τX )− if gθ (Wα,τ∇WαX)

−Wα(gθ (Wα,X ))− gθ (Wα,∇WαX )
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+
if
2

rα[f gθ (τWα,X )− i gθ (Wα,X )]

+
f
2

rα[gθ (Wα,X )− if gθ (Wα,τX )]}N (2.75)

where rα =Wα(r) and rα = rα. Moreover

∇
g
Wα

Wα =∇Wα
Wα + iT −N (2.76)

hence

∇
g
∇

g
Wα

Wα
X =∇∇Wα

WαX + i∇TX −
i
f
φX −∇NX +

1
ϕ

X (2.77)

+{f gθ (τ∇αWα,X )− i gθ (∇Wα
Wα,X )−

if
2

X(r)−
f
2
(φX )(r)}T

−{gθ (∇Wα
Wα,X )− if gθ (∇Wα

Wα,τX )+
if
2
(φX )(r)−

f
2

X(r)}N .

On the other hand (by (2.69)–(2.70))

∇
g
ξX =

1
2

{
∇NX −

1
ϕ

X − i∇TX +
i
f
φX

+
f
2

[(φX )(r)+ iX(r)](T + iN)
}

(2.78)

allowing one to compute ∇g
N∇

g
ξX . First let us observe that

N
(

1
ϕ

)
=−

2
ϕ2 , N

(
1
f

)
=−

2
ϕ2 −N(r),

N( f )=
2

(1−ϕr)2
+ f 2 N(r).

Moreover the following identities

∇
g
N∇NX =∇N∇NX −

1
ϕ
∇NX +

f
2
{(φ∇NX )(r)T − (∇NX )(r)N}

∇
g
N∇TX =∇N∇TX −

1
ϕ
∇TX +

f
2
{(φ∇TX )(r)T − (∇TX )(r)N}

∇
g
NφX =∇NφX −

1
ϕ
φX −

f
2
{X(r)T + (φX )(r)N}
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yield

2∇g
N∇

g
ξX =∇N∇NX −

2
ϕ
∇NX +

3
ϕ2 X − i∇N∇TX +

i
ϕ
∇TX

− i
(

N(r)+
2
ϕ2 +

1−ϕr
ϕ2

)
φX +

i
f
∇NφX

−
f
4

F φ∇H r−
if
4

F ∇H r

+

{
f
2
(φ∇NX)(r)−

1
2(1−ϕr)

(φX )(r)−
if
2
(φ∇TX)(r)

−
i
2

X(r)+
1
2

N( fF)−
f 2

4
FH +

if 2

4
F T(r)

}
T

+

{
−

f
2
(∇NX )(r)+

1
2(1−ϕr)

X(r)+
if
2
(∇TX )(r)

−
i
2
(φX )(r)+

i
2

N( fF)−
f 2

4
F T(r)−

if 2

4
FH

}
N (2.79)

where the functions F,G,H ∈ C∞(V ) are given by

F = (φX )(r)+ iX(r), G =N(r)+
4
ϕ2 −

6r
ϕ
+ 4r2, H =N(r)+

4
ϕ2 −

2r
ϕ

.

Similarly, using

T( f )= f 2T(r), T
(

1
f

)
=−T(r),

and the identities

∇
g
T∇NX =∇T∇NX −

1
f
φ∇NX −

f
2
{(∇NX )(r)T + (φ∇NX )(r)N},

∇
g
T∇TX =∇T∇TX −

1
f
φ∇TX −

f
2
{(∇TX)(r)T + (φ∇TX )(r)N}N ,

∇
g
TφX =∇TφX +

1
f

X −
f
2
{(φX )(r)T −X(r)N},

∇
g
TT =−

1
2
∇

H r−
f
2
{T(r)T −GN},

∇
g
TN =

1
2
φ∇H r−

f
2
{GT +T(r)N},
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we find

2∇g
T∇

g
ξX =∇T∇NX −

1
f
φ∇NX −

1
ϕ
∇TX +

1−ϕr
ϕ2 φX

− i∇T∇TX +
i
f
φ∇TX − iT(r)φX +

i
f
∇TφX +

i
f 2 X

−
f
4

F∇H r+
if
4

Fφ∇H r

+

{
−

f
2
(∇NX )(r)+

1
2(1−ϕr)

X(r)+
if
2
(∇TX)(r)

−
i
2
(φX )(r)+

1
2

T( fF)−
f 2

4
F T(r)−

if 2

4
FG
}

T

+

{
−

f
2
(φ∇NX )(r)+

1
2(1−ϕr)

(φX )(r)+
if
2
(φ∇TX )(r)

+
i
2

X(r)+
f 2

4
FG+

i
2

T( fF)−
if 2

4
FT(r)

}
N . (2.80)

The identities (2.79)–(2.80) yield

4∇g
ξ
∇

g
ξX =∇N∇NX −

2
ϕ
∇NX +

3
ϕ2 X − i∇N∇TX +

i
ϕ
∇TX

− i
(

N(r)+
3
ϕ2 −

r
ϕ

)
φX +

i
f
∇NφX −

f
4

Fφ∇H r−
if
4

F∇H r

+ i∇T∇NX −
i
f
φ∇NX −

i
ϕ
∇TX +

i(1−ϕr)
ϕ2 φX

+∇T∇TX −
1
f
φ∇TX +T(r)φX −

1
f
∇TφX

−
1
f 2 X −

if
4

F∇H r−
f
4

Fφ∇H r

+

{
f
2
(φ∇NX )(r)−

1
2(1−ϕr)

(φX )(r)−
if
2
(φ∇TX )(r)

−
i
2

X(r)+
1
2

N( fF)−
f 2

4
FH +

if 2

4
FT(r)

−
if
2
(∇NX )(r)+

i
2(1−ϕr)

X(r)−
f
2
(∇TX )(r)
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+
1
2
(φX )(r)+

i
2

T( fF)−
if 2

4
FT(r)+

f 2

4
FG
}

T

+

{
−

f
2
(∇NX )(r)+

1
2(1−ϕr)

X(r)+
if
2
(∇TX )(r)

−
i
2
(φX )(r)+

i
2

N( fF)−
f 2

4
FT(r)−

if 2

4
FH

−
if
2
(φ∇NX )(r)+

i
2(1−ϕr)

(φX )(r)−
f
2
(φ∇TX )(r)

−
1
2

X(r)+
if 2

4
FG−

1
2

T( fF)+
f 2

4
FT(r)

}
N . (2.81)

A calculation based on (2.75) and (2.77) leads to

n−1∑
α=1

{
∇

g
Wα
∇

g
Wα

X +∇g
Wα
∇

g
Wα

X −∇g
∇

g
Wα

Wα
X −∇g

∇
g
Wα

Wα
X
}

=−1bX + 2f τ 2X +
2
f

X + 2(n− 1)(∇NX −
1
ϕ

X)

+
{
2div(φX )+ 2f div(τX )

− f trace[Y 7→ (∇Yτ)X]+ (n− 2)f (φX )(r)
}

T

−
{
2div(X )+ 2f div(φτX )

+ (n− 2)f X(r)− f trace[Y 7→ φ(∇Yτ)X]
}

N (2.82)

where 1b is the second order differential operator defined (locally) by

1bX =−
n−1∑
α=1

{∇Wα∇Wα
X +∇Wα

∇WαX −∇∇WαWα
X −∇∇Wα

WαX}.

Also the divergence operator in (2.82) above is given by

div(X )= trace{Y ∈ T(F) 7→ ∇Y X}.

Moreover the identity

∇
g
ξ
ξ =−

1
4
∇

H r+
r
2
(iT −N),

yields

∇
g
∇

g
ξ
ξ
X =−

1
4
∇∇H rX −

r
2
(∇NX − i∇TX)+

r
2

(
1
ϕ

X −
i
f
φX

)
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−

{
f
4
(τX )(r)+

1+ r f
4

(φX )(r)−
ifr
4

X(r)
}

T

+

{
f
4
(φτX )(r)+

1+ r f
4

X(r)−
ifr
4
(φX )(r)

}
N

hence

∇
g
∇

g
ξ ξ

X +∇g
∇

g
ξ
ξ
X =−

1
2
∇∇H rX − r∇NX +

r
ϕ

X (2.83)

−

{
f
2
(τX )(r)+

1+ r f
2

(φX )(r)
}

T +
{

f
2
(φτX )(r)+

1+ r f
2

X(r)
}

N .

Using (2.81) and (2.83) and

N( f (F+F))= 2fN((φX )(r))+
[

4
(1−ϕr)2

+ 2f 2N(r)
]
(φX )(r),

iT( f (F−F))=−2fT(X(r)),

iN( f (F−F))=−2fN(X(r))−
[

4
(1−ϕr)2

+ 2f 2N(r)
]

X(r),

we derive

∇
g
ξ∇

g
ξ
X +∇g

ξ
∇

g
ξX −∇

g
∇

g
ξ ξ

X −∇g
∇

g
ξ
ξ
X =−

1
f
φ∇TX

+
1
2
(∇T∇TX +∇N∇NX)+

(
r−

1
ϕ

)
∇NX

+

(
3

2ϕ2 −
1

2f 2 −
r
ϕ

)
X +

1
2

T(r)φX

+
1
2
∇∇H rX +

f
4

X(r)∇H r−
f
4
(φX )(r)φ∇H r

+

{
−

f
4
(∇TX )(r)+

f
4
(φ∇NX )(r)−

f
4

T(X(r))+
f
2
(τX )(r)

+
f
4

N((φX )(r))+
[

1
2(1−ϕr)2

+
f 2

4
N(r)+

1− fr
4

]
(φX )(r)

}
T

+

{
−

f
4
(φ∇TX )(r)−

f
4
(∇NX )(r)−

f
4

T((φX )(r))−
f
4

N(X(r))

−
f
2
(φτX )(r)−

[
1

2(1−ϕr)2
+

f 2

4
N(r)+

2− fr
4

]
X(r)

}
N . (2.84)
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Next we compute

|∇
gX|2 = 2

n∑
j=1

g
(
∇

g
Ej

X ,∇g
Ej

X
)

=−
2ϕ

n+ 1

n−1∑
α=1

g
(
∇WαX ,∇g

Wα
X
)
+

4f ϕ
n+ 1

g
(
∇

g
ξ ,X ,∇g

ξ
X
)

and obtain (by (2.59)–(2.61))

|∇
gX|2 = |∇HX|2θ

−
2
f

[
f 2
|τX|2θ + |X|

2
θ

]
+

f 2

2

[
X(r)2+ (φX )(r)2

]
− f

[(
1
ϕ2 +

1
f 2

)
|X|2θ + |∇TX|2θ + |∇NX|2θ

−
2
f

gθ (∇TX ,φX )−
2
ϕ

gθ (∇NX ,X )
]

(2.85)

where |X|θ = gθ (X ,X )1/2. Finally we substitute from (2.82) and (2.84)–
(2.85) into (2.54) and use the uniqueness in the direct sum decomposition
T(V )=H(F)⊕RT ⊕RN . The H(F)-component of (2.54) reads

−1bX + 2f τ 2X +
2
f

X + 2(n− 1)
(
∇NX −

1
ϕ

X
)

− f
{
∇T∇TX +∇N∇NX −

2
f
φ∇TX +

2
f
∇NX

+

(
3
ϕ2 −

1
f 2 −

2r
ϕ

)
X +T(r)φX

+ ∇∇H rX +
f
2

X(r)∇H r−
f
2
(φX )(r)φ∇H r

}
−

n+ 1
ϕ

{
|∇

HX|2θ −
2
f

[
f 2
|τX|2θ + |X|

2
θ

]
+

f 2

2

[
X(r)2+ (φX )(r)2

]
− f

[(
1
ϕ2 +

1
f 2

)
|X|2θ + |∇TX|2θ + |∇NX|2θ

−
2
f

gθ (∇TX ,φX )−
2
ϕ

gθ (∇NX ,X )
]}

X = 0. (2.86)
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Note that f =O(ϕ) as ϕ→ 0. Multiplying (2.86) by ϕf gives(
3+

f 2

ϕ2

)
|X|2θ X =O(ϕ)

and then (by passing to the limit with z→ ∂�) it follows that X = 0 on
∂�. �

2.9.4. Proof of Theorem 2.37
With the notations in the previous section

1(uT)= (1gu)T + u1T − 2∇g
∇guT . (2.87)

Let us compute 1T . First (by (2.67))

∇
g
Wα

T = τWα −
i
f

Wα −
f
2

rα (T + iN).

Consequently (as Wα( f )= 0)

∇
g
Wα
∇

g
Wα

T =∇g
Wα
(τWα −

i
f
Wα)

−
f
2

Wα(rα)(T + iN)−
f
2

(
∇

g
Wα

T + i∇g
Wα

N
)

and the identities

∇
g
Wα
(τWα −

i
f
∇Wα

Wα)=∇Wα
τWα −

i
f
∇Wα

Wα

+

{
f gθ (τ 2Wα, Wα)+

1
f

}
T − i

{
f gθ (Wα, τ 2Wα)−

1
f

}
N ,

∇
g
Wα

N =−
1
f

Wα + iτWα +
f
2

rα(iT −N),

lead to∑
α

∇
g
Wα
∇

g
Wα

T =
∑
α

{
∇Wα

τWα −
i
f
∇Wα

Wα − f rα τWα

}

+

{
f
2

trace(τ 2)+
n− 1

f
−

f
2

∑
α

Wα(rα)

}
T

− i

{
f
2

trace(τ 2)−
n− 1

f
+

f
2

∑
α

Wα(rα)

}
N
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hence ∑
α

{∇
g
Wα
∇

g
Wα

T +∇g
Wα
∇

g
Wα

T} =
∑
α

{∇WατWα +∇Wα
τWα

+
i
f

(
∇WαWα −∇Wα

Wα

)
− f (rα τWα − rα τWα)}

+ {f trace(τ 2)+
2(n− 1)

f
−

f
2

∑
α

(Wαrα +Wαrα)}T

+
if
2

∑
α

(Wαrα −Wαrα)N . (2.88)

A similar calculation (the details of which we omit) shows that

∇
g
∇

g
Wα

Wα
T = τ∇Wα

Wα −
i
f
∇Wα

Wα +
1
2
φ∇H r−

i
2
∇

H r

−
f
2

{
(∇Wα

Wα)(r)− iT(r)−H
}

T

−
f
2

{
i(∇Wα

Wα)(r)− iG−T(r)
}

N . (2.89)

Note that∑
α

{
Wαrα −Wαrα − (∇WαWα)(r)+ (∇Wα

Wα)(r)
}
=−2iT(r).

Therefore (by (2.88)–(2.89))∑
α

{
∇

g
Wα
∇

g
Wα

T +∇g
Wα
∇

g
Wα
∇

g
Wα

T

−∇
g
∇

g
Wα

Wα
T −∇g

∇
g
Wα

Wα
T
}
=−(n− 2)fT(r)N

+ traceGθ (∇τ)− (n− 1)φ∇H r− f τ∇H r

+

{
f trace(τ 2)+

2(n− 1)
f
− f (n− 1)H −

f
2
1br

}
T . (2.90)

Next (by (2.71)–(2.73))

2∇g
ξT =−

1
2
φ∇H r+

i
2
∇

H r−
f
2
{H − iT(r)}T −

f
2
{T(r)+ iG}
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and we may compute ∇g
ξ
∇

g
ξT . Indeed the identities

(∇H r)(r)= |∇H r|2θ , (φ∇H r)(r)= 0,

∇
g
Nφ∇

H r = φ∇N∇
H r−

1
ϕ
φ∇H r−

f
2
|∇

H r|2θT ,

∇
g
N∇

H r =∇N∇
H r−

1
ϕ
∇

H r−
f
2
|∇

H r|2θN ,

−
f
2
(H − iT(r))∇g

NT −
f
2
(T(r)+ iG)∇g

NN

=
f
4
(H − iT(r))φ∇H r+

f
4
(T(r)+ iG)∇H r

+
f 2

4
{H(h− iT(r))−T(r)(T(r)+ iG)}T

+
f 2

4
{T(r)(H − iT(r))+H(T(r)+ iG)}N ,

imply that

2∇g
N∇

g
ξT =−

1
2
φ∇N∇

H r+
i
2
∇N∇

H r

+

[
1

2ϕ
+

f
4
(H−iT(r))

]
φ∇H r+

[
f
4
(T(r)+ iG)−

i
2ϕ

]
∇

H r

+

{
f
4
|∇

H r|2θ −N
(

f
2
{H − iT(r)}

)
+

f 2

4
[H(H − iT(r))−T(r)(T(r)+ iG)]

}
T

+

{
−

if
4
|∇

H r|2θ −N
(

f
2
{T(r)+ iG}

)
+

f 2

4
[T(r)(H − iT(r))+H(T(r)+ iG)]

}
N . (2.91)

Similarly the identities

∇
g
Tφ∇

H r =∇Tφ∇
H r+

1
f
∇

H r+
f
2
|∇

H r|2θN ,

−
if
2
(H − iT(r))∇g

TT −
if
2
(T(r)+ i)∇g

TN
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=
if
4
(H − iT(r))∇H r−

if
4
(T(r)+ iG)φ∇H r

+
if 2

4
[T(r)(H − iT(r))+G(T(r)+ iG)]T

−
if 2

4
[G(H − iT(r))−T(r)(T(r)+ iG)]N ,

imply

2i∇g
T∇

g
ξT =−

i
2
∇Tφ∇

H r−
1
2
∇T∇

H r

+

[
1
2f
−

if
4
(T(r)+ iG)

]
φ∇H r+

[
if
4
(H − iT(r))−

i
2f

]
∇

H r

+

{
f
4
|∇

H r|2θ − iT
(

f
2
{H − iT(r)}

)
+

if 2

4
[T(r)(H − iT(r))+G(T(r)+ iG)]

}
T

−

{
if
4
|∇

H r|2θ + iT
(

f
2
{T(r)+ iG}

)
+

if 2

4
[G(H − iT(r))−T(r)(T(r)+ iG)]

}
N . (2.92)

Then (2.91)–(2.84) yield

4
(
∇

g
ξ∇

g
ξ
T +∇g

ξ
∇

g
ξT
)

=−φ∇N∇
H r−∇T∇

H r+ f T(r)∇H r+
{

1
ϕ
+

f
2

H +
1
f
+

f
2

G
}
φ∇H r

+

{
f |∇H r|2θ +

f 2

2
(H2
−G2)−N( fH)−T( fT(r))

}
T

+
{
f 2HT(r)− f 2GT(r)−N( fT(r))+T( fG)

}
N . (2.93)

Similar calculations that we omit lead to

∇
g
∇

g
ξ ξ

T +∇g
∇

g
ξ
ξ
T =−

1
2
τ∇H r+

1
2

(
1
f
+ r
)
φ∇H r

+
f
2

{
1
2
|∇

H r|2θ + rH
}

T +
rf
2

T(r)N . (2.94)
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Summing up (by (2.90) and (2.93)–(2.94))

1T =
ϕ

n+ 1

{
traceGθ (∇τ)− (n− 1)φ∇H r− f τ∇H r

}
+

f ϕ
n+ 1

{
1
2
φ∇N∇

H r+
1
2
∇T∇

H r−
f
2

T(r)∇H r− τ∇H r
}

+
ϕ

n+ 1

{[
f trace(τ 2)+

2(n− 1)
f
− f (n− 1)H −

f
2
1br

]
+ f

[
f 2

4
(H2
−G2)−

1
2

N( fH)−
1
2

T( fT(r))− fr H
]}

T

+
ϕ

n+ 1

{
(n− 2)fT(r)− f

[
f 2

2
T(r)(H −G)

−
1
2

N( fT(r))+
1
2

T( fG)− r fT(r)
]}

N . (2.95)

Next the identities∑
α

g(∇g
Wα
(uT), ∇g

Wα
(uT))=

n+ 1
2ϕf

{
|∇

Hu|2θ

+ u2
[

f 2

2
|∇

H r|2θ − f trace(τ 2)− (n− 1)
2
f

]}
,

g(T , ∇g
ξT)=−

n+ 1
4ϕ

(H − iT(r)),

g(∇g
ξ (uT), ∇g

ξ
(uT))=

n+ 1
ϕf
|ξ(u)|2

−
n+ 1
4ϕ

u
[
ξ(u)(H + iT(r))− ξ(u)(H − iT(r))

]
+
(n+ 1)

8ϕ
u2
[

f
2

(
H2
+G2

+ 2T(r)2
)
− |∇

H r|2θ

]
,

furnish

|∇
g(uT)|2 =

1
f

{
|∇

Hu|2θ

+ u2
[

f 2

2
|∇

H r|2θ − f trace(τ 2)− (n− 1)
2
f

]}
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+ f
{

4(n+ 1)
f
|ξ(u)|2− u(HN(u)+T(r)T(u))

+ u2
[

f
4

(
H2
+G2

+ 2T(r)2
)
−

1
2
|∇

H r|2θ

]}
. (2.96)

Similar straightforward calculations show that

∇
g
∇guT =−

ϕ

n+ 1

{
τ∇Hu−

1
f
φ∇Hu

+
f
2

[
N(u)φ∇H r+T(u)∇H r

]}
+

ϕf
2(n+ 1)

{
(∇Hu)(r)− f [N(u)H +T(u)T(r)]

}
T

+
ϕf

2(n+ 1)

{
(φ∇Hu)(r)− f [N(u)T(r)−T(u)G]

}
N , (2.97)

1gu=
ϕ

n+ 1
{1bu+ 2(n− 1)N(u)}

−
ϕf

n+ 1

{
N2(u)+T2(u)+ (∇Hu)(r)+ 2rN(u)

}
. (2.98)

Finally we may use (2.87) and (2.95)–(2.98) to write the equation

1(uT)− |∇g(uT)|2uT = 0 (2.99)

as

u
{
traceGθ (∇τ)− (n− 1)φ∇H r− f τ∇H r (2.100)

+ f
[

1
2
φ∇N∇

H r+
1
2
∇T∇

H r−
f
2

T(r)∇H r− τ∇H r

−

(
1

2ϕ
+

f
4
(H +G)−

1
2f
− r
)
φ∇H r

]}
−

2ϕ
n+ 1

{
τ∇Hu−

1
f
φ∇Hu+

f
2

(
N(u)φ∇H r+T(u)∇H r

)}
= 0

(the H(F)-component of (2.99)) and

−1bu+ 2(n− 1)N(u)

− f
[
N2(u)+T2(u)+ (∇Hu)(r)+ 2rN(u)

]
+ u

{
f trace(τ 2)+

2(n− 1)
f
− f (n− 1)H
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+
f
2
1br−

f
8
(H2
−G2)+

1
4

T( fT(r))+
fr
2

H
}

− f
{
(∇Hu)(r)− f [N(u)H +T(u)T(r)]

}
+
(n+ 1)u

f ϕ

{
|∇

Hu|2θ + u2
[

f 2

2
|∇

H r|2θ + f trace(τ 2)−
2(n− 1)

f

]
− f 2

[
4(n+ 1)

f
|ξ(u)|2− u(HN(u)+T(r)T(u))

+ u2
(

f
4
(H2
+G2

+ 2T(r)2
)
−

1
2
|∇

H r|2θ

]}
= 0 (2.101)

(the T-component of (2.99)) and

u
{
(n− 2)fT(r)+

f 2

4
T(r)(H −G)

−
1
4

N( fT(r))+
1
4

T( fG)−
rf
2

T(r)
}

+ f
{
(φ∇Hu)(r)− f [N(u)T(r)−T(u)G]

}
= 0 (2.102)

(the N-component of (2.99)). An elementary asymptotic analysis of
(2.100)–(2.102) as ϕ→ 0 will now complete the proof of Theorem 2.37.
Indeed

T( fG)= f
[
T(N(r))−

6
ϕ

T(r)+ 8rT(r)
]

,

N( fT(r))= fN(T(r))+
[

2
(1−ϕr)2

+ f 2N(r)
]

T(r),

so that (2.102) (as ϕ→ 0) implies 2T(u)−T(r)u= 0 on ∂�, which is the
first statement in (2.58). Similarly, by taking into account that

ϕN( fH)=
8

1− rϕ

(
1

1− rϕ
− 2

)
1
ϕ
+O(ϕ),

ϕfH =
4

1− rϕ
+O(ϕ),

ϕf (H2
−G2)=

32r
1− rϕ

(
1
ϕ
− 2r

)
+O(ϕ),
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(2.101) may also be written as (2.57). Finally

f 2(H +G)=
8

(1− rϕ)2
+O(ϕ)

hence (2.100) becomes ∇Hu=O(ϕ) as ϕ→ 0. In particular the boundary
values ub of u is a real valued CR function (of class C2) on ∂� so that (as
∂� is nondegenerate) ub must be constant.

As to the last statement in Theorem 2.37, a remark is in order. While
in general T(r) 6= 0 at the boundary, there is a wealth of examples of
strictly pseudoconvex domains �⊂ Cn such that T(r)= 0 on ∂�. For
instance if �= Bn then T(r)= 0 and the phenomenon is related to the
spherical symmetry of the example. Indeed, in general let �= {z ∈ Cn :
φ(|z1|, . . . , |zn|) < 1} be the domain considered by L. Hörmander, [170]
(an example for which J (anK(z,z)−1/(n+1))= 1 on ∂�, where J is
the complex Monge-Ampère operator, cf. (A) in [116], p. 395). We can
show that

Proposition 2.40 (E. Barletta, [22]) Let φ(t1, . . . , tn) be a smooth func-
tion of (t1, . . . , tn) ∈ Rn such that i) φjk = 0 for any j 6= k and that ii)
|zj|φjj(|z1|, . . . , |zn|)+φn(|z1|, . . . , |zn|) is ≥ 0 for any 1≤ j ≤ n and 6= 0 for
some 1≤ j ≤ n. Then the transverse curvature of the foliation F by level sets of
ϕ(z)= φ(|z1|, . . . , |zn|)− 1 is

r =
1

f 0+ |φn| | f n|
(2.103)

where

f 0
=

n−1∑
α=1

|zα|φ2
α

|zα|φαα +φα
, f n

=
znφn

|zn|φnn+φn
,

and φj = ∂φ/∂ tj and φjk = ∂
2φ/∂ tj∂ tk. Moreover T(r)= 0.

Proof. One has (with zj
= zj)

4∂∂ϕ =
n∑

j,k=1

φjk
zj

|zj|

zk

|zk|
dzj
∧ dzk

+

n∑
k=1

1
|zk|

φk dzk
∧ dzk

so that (ii) in Proposition 2.40 implies strict pseudoconvexity. The CR
structure T1,0(Mε) is locally spanned by

Zα =
∂

∂zα
−
(zα/|zα|)φα
(zn/|zn|)φn

∂

∂zn , 1≤ α ≤ n− 1.
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Then ∂∂ϕ(ξ ,Zα)= 0 and ∂ϕ(ξ)= 1 imply

ξ =
2

f 0+ |φn|| f n|

(
f α

∂

∂zα
+ f n ∂

∂zn

)
where f j

= zjφj/
(
|zj|φjj+φj

)
(1≤ j ≤ n) thus yielding (2.103). Finally a

calculation shows that T(r)= 0. �

2.9.5. Final Comments
Let M be a (2n− 1)-dimensional (n≥ 2) compact strictly pseudoconvex
CR manifold, of CR dimension n− 1, with the CR structure T1,0(M)⊂
T(M)⊗C. Let θ be a contact form on M such that the Levi form

Gθ (X ,Y)= (dθ)(X , JY), X ,Y ∈H(M),

is positive definite. Here H(M)=Re{T1,0(M)⊕T0,1(M)} and J(Z+
Z)= i(Z− z), Z ∈ T1,0(M), is the complex structure in H(M). Let 9 =
θ ∧ (dθ)n−1 be the corresponding volume form. A C∞ map φ : M→N ,
where N is a given ν-dimensional Riemannian manifold, is a subelliptic
harmonic map (cf. [25]) if it is a critical point of the energy functional

E(φ)=
1
2

∫
M

traceGθ (πHφ
∗h) 9 (2.104)

where πHφ
∗h is the restriction of φ∗h to H(M) and h is the Riemannian

metric on N . The Euler-Lagrange equations of the variational principle
δE(X )= 0 are

1bφ
A
+

2(n−1)∑
a=1

(0A
BC ◦φ)Xa(φ

B)Xa(φ
C)= 0, 1≤ A≤ ν, (2.105)

where 1b (the sublaplacian) is the formally self-adjoint second order
differential operator given by

1bu= div(∇Hu), u ∈ C2(M).

The divergence operator is meant with respect to the volume form 9

i.e., LX9 = div(X )9 where LX is the Lie derivative. Also 0A
BC are the

Christoffel symbols of the second kind of the Riemannian manifold (N ,h)
while {Xa : 1≤ a≤ 2(n− 1)} is a local Gθ -orthonormal frame of H(M).
Let X∗a be the formal adjoint of Xa (with respect to the L2-inner prod-
uct (u,v)=

∫
M uv9). As {Xa : 1≤ a≤ 2(n− 1)} is a Hörmander system

and locally 1bu=
∑2(n−1)

a=1 X∗a Xau (the Hörmander operator) the notion of
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a subelliptic harmonic map admits a local reformulation in terms of an
arbitrary Hörmander system of vector fields (on an open subset U ⊆ Rm),
which do not necessarily arise from a CR structure (and perhaps aren’t even
linearly independent at all points of U). This is the context in [180], where
the notion of a subelliptic harmonic map was first introduced (there the
adjoints of the Xa’s are meant with respect to the Lebesgue measure on U).
As shown by Y. Kamishima et al., [103], the boundary values of harmonic
maps 8 : (�,g)→N (where g is the Bergman metric on �) are subelliptic
harmonic maps, provided that the boundary values have vanishing normal
derivatives (cf. Theorem 1 in [103]). In other words if 8 :�→N is a C∞

solution to the Dirichlet problem

1g8
A
+ gij (0A

BC ◦8
) ∂8B

∂xi

∂8C

∂x j = 0 in �, 1≤ A≤ ν, (2.106)

8= φ on ∂�, (2.107)

with φ ∈ C∞(∂�) then the boundary data φ must satisfy the compatibility
relations (2.105) provided that N(φA)= 0. A first attempt of generalizing
the notion of a subeliptic harmonic map to the context of unit vector fields
X : M→ U(M) [thought of as smooth maps from a strictly pseudoconvex
CR manifold M to the unit tangent bundle, endowed with the Sasaki met-
ric associated to the Webster metric (cf. [110], Chapter 1)] was made by S.
Dragomir & D. Perrone, [107] [there one requests that X ∈H(M) and that
the horizontal lift X↑ to the total space of the canonical circle bundle be
harmonic in the usual sense (cf. [316]) with respect to the Fefferman metric
(cf. [110], Chapter 2)]. Another generalization is proposed in [103]. There
one first produces an analog to Dombrowski’s horizontal lifting technique
[by replacing the Levi-Civita connection with the Tanaka-Webster connec-
tion ∇ of the base manifold] and then requests that X be a critical point for
(2.104), though only with respect to smooth 1-parameter variations of X
through unit vector fields. As shown in [103] such X (a subelliptic harmonic
vector field, according to the terminology adopted in [103]) is a solution to

1bX − |∇HX|2θ X = 0 (2.108)

where 1b is the sublaplacian on vector fields i.e., locally

1bX =−
2n∑

a=1

{∇Xa∇XaX −∇∇XaXaX}
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and ∇HX is the bundle morphism Y ∈H(M)→∇Y X ∈ T(M). Based on
the knowledge on the boundary behavior of a solution to the Dirichlet
problem (2.106)–(2.107) one may expect that that the boundary values of
harmonic vector fields on (�,g) (which are C∞ up to the boundary) be
solutions to (2.108). The contents of Theorem 2.36 is that a different phe-
nomenon occurs and the boundary values should rather be X = 0. The
perhaps surprising result in Theorem 2.36 may be anticipated by looking at
the particular case of parallel vector fields X (clearly such X satisfies (2.54)
provided it is C2 in �) which are C1 up to the boundary. If for instance
X ∈H(F) and ∇gX = 0 then ∇g

NX = 0 and (2.70) imply

ϕ∇NX = X −
ϕf
2
{(φX )(r)T −X(r)N}

hence X =O(ϕ) as ϕ→ 0, and then X = 0 on ∂�. In general

Proposition 2.41 Let X be a tangent vector field on � which is C1 up to the
boundary. If X is parallel (with respect to the Bergman metric) in � then X = 0 on
∂�.

Proof. X decomposes as X = Y + θ(X )T + 1
2X(ϕ)N where Y = πHX ∈

H(F). Let us assume that ∇gX = 0. Then

∇
g
TY +T(θ(X ))T + θ(X )∇g

TT +
1
2

T(X(ϕ))N +
1
2

X(ϕ)∇g
TN = 0

resulting (by (2.69) and (2.72)–(2.73)) in three equations: the H(F)-
component is

∇TY −
1
f
φY −

1
2
θ(X )∇H r+

1
4

X(ϕ)φ∇H r = 0

or φY =O(ϕ) so that Y = 0 on ∂�. Moreover the T-component is

ϕf
2
(φY)(r)+ϕT(θ(X ))−

ϕf
2
θ(X )T(r)

−
1
4
{f ϕN(r)+

4f
ϕ
− 6fr+ 4f ϕr2} = 0

yielding X(ϕ)=O(ϕ) so that X(ϕ)= 0 on ∂�. A similar asymptotic
analysis of the N-component furnishes θ(X )=O(ϕ) as ϕ→ 0. �

The moral conclusion of Theorems 2.36 and 2.37 is that given a har-
monic vector field X on a bounded strictly pseudoconvex domain �⊂ Cn

such that X is C2 up to the boundary, X must vanish at ∂�. It is a nat-
ural question whether solutions to (2.54) satisfy some sort of maximum
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modulus principle (and then � together with the Bergman metric would
carry no nonzero harmonic vector fields smooth up to ∂�). The difficulties
arise mainly from the fact that the Bergman metric g doesn’t extend to the
boundary. If in turn g were the Euclidean metric then

Proposition 2.42 Let �⊂ RN be a smoothly bounded domain on which
Green’s lemma holds. Let X be a solution to the Dirichlet problem 10X +
|∇

0X|2X = 0 in � and X = 0 on ∂�, such that X is C2 up to ∂�, where
the Laplacian 10X and the covariant derivative ∇0X are defined in terms of the
Euclidean metric g0 on RN . Assume that ‖X‖∞ < 1. Then for any x ∈� one
has (∇0X )x = 0 or Xx = 0.

Here ‖X‖∞ = supx∈�|X|x. To prove Proposition 2.42 note first that

g0(10X ,X)=
∑

j

{
g0

(
∇

0
Xj
∇

0
Xj

,X
)
− g0

(
∇

0
∇

0
Xj

Xj
X ,X

)}

=

∑
j

{
Xj

(
g0

(
∇

0
Xj

X ,X
))
− g0

(
∇

0
Xj

X ,∇0
Xj

X
)
−

1
2

(
∇

0
Xj

Xj

)
|X|2

}

=
1
2

∑
j

{
X2

j |X|
2
− (∇0

Xj
Xj)|X|2

}
−

∑
j

|∇
0
Xj

X|2

=
1
2
1
(
|X|2

)
− |∇

0X|2,

where 1 is the ordinary Laplacian on functions. Taking the inner product of (2.54)
with X (and using the previous identity)

1
(
|X|2

)
+ 2|∇0X|2(|X|2− 1)= 0.

Let us multiply by |X|2 and integrate over �. Then (by Green’s lemma)∫
∂�

|X|2g0(∇
0
|X|2, ν)−

∫
�

|∇
0 (
|X|2

)
|
2
+ 2

∫
�

|∇
0X|2|X|2(|X|2− 1)= 0

where ν is the outward unit normal on ∂�, hence |∇0X|2|X|2 = 0 in �.

2.10. CONFORMAL CHANGE OF METRIC ON THE TORUS

Let (M ,g) be a compact orientable manifold and u ∈ C∞(M).
Let g̃ = e2ug be another Riemannian metric on M , conformal to g. If
X ∈ 0∞(S(M ,g)) then X̃ = e−uX ∈ 0∞(S(M , g̃)). We wish to compute
‖∇̃X̃‖g̃. Let {Ei : 1≤ i ≤ n} be a local orthonormal frame of (T(M),g). If
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Ẽi = e−uEi then {Ẽi : 1≤ i ≤ n} is a local orthonormal frame of (T(M), g̃).
The Levi-Civita connections ∇ and ∇̃ of (M ,g) and (M , g̃) are related by

∇̃Y Z =∇Y Z+Y(u)Z+Z(u)Y − g(Y ,Z)(du)]

for any Y ,Z ∈ X(M). Therefore

∇̃Ẽi
X̃ = e−2u {

∇EiX +X(u)Ei− g(X ,Ei)(du)]
}

and then

e2u
‖∇̃Ẽi

X̃‖2g̃ = ‖∇EiX‖
2
g +X(u)2+ g(X ,Ei)

2
‖du‖2g

+ 2
{
X(u)g(∇EiX ,Ei)− g(X ,Ei)(∇EiX )(u)−X(u)g(X ,Ei)Ei(u)

}
.

Taking the sum over i ∈ {1, . . . ,n} one obtains

‖∇̃X̃‖2g̃ = e−2u
{
‖∇X‖2g +‖∇u‖2g + (n− 2)X(u)2

+ 2(div(X )X −∇XX)u} (2.109)

for any X ∈ 0∞(S(M ,g)). Also it is immediate that

dvol(g̃)= enu dvol(g).

Let n= 2 and let us use (2.109) to compute
∫

T2 ‖∇̃X̃‖2g̃ dvol(g̃). As

dvol(g̃)= e2u dvol(g) we obtain

B̃(X̃)= B(X )

+

∫
T2

{
‖∇u‖2g + 2(div(X )X −∇XX)u

}
dvol(g). (2.110)

As a consequence of (2.110) we obtain the following

Theorem 2.43 (G. Wiegmink, [309]) Let T2 be a torus, g an arbitrary
Riemannian metric on T2, and Kg the Gaussian curvature of (T2,g). Let
u ∈ C∞(T2) and g̃ = e2ug. Given X ∈ E let X̃ = e−uX ∈ Ẽ = 0∞(S(T2, g̃)).
Let B : E→ [0,+∞) and B̃ : Ẽ→ [0,+∞) be respectively the total bending
functionals of (T2,g) and (T2, g̃). Then

B̃(X̃)= B(X )+
∫
T2

{
‖∇u‖2g − 2uKg

}
dvol(g) (2.111)

hence the difference B̃(X̃)−B(X ) is a constant depending only on the two metrics
g and g̃. Moreover infX∈E B(X ) is achieved in E .
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Proof. It may be shown (cf. [309], p. 337) that for any U ∈ E

div((divU)U −∇UU)= Kg .

Then (2.111) follows from (2.110) and Green’s lemma. In particular if
infX∈E B(X ) is achieved in E then infY∈Ẽ B̃(Y) is achieved in Ẽ for any
metric g̃ conformal to g. On the other hand, by a result of J.L. Kazdan
& F.W. Warner, [185], there is u ∈ C∞(T2) such that g̃ = e2ug is flat.
Let H2

= {z ∈ C : Im(z) > 0} be the upper half plane and SL(2,Z)={(
a b
c d

)
: a,b, c,d ∈ Z, ac− bd = 1

}
the modular group. There is a

natural action of the modular group on the upper half plane given by(
a b
c d

)
· z=

az+ b
cz+ d

, z ∈H2,
(

a b
c d

)
∈ SL(2,Z).

By the well-known Proposition 2.5.11 in [311], p. 79, the isometry classes
of flat tori are parametrized by pairs (a,φ) where a is a positive real num-
ber and φ ∈H2/SL(2,Z). Precisely there are a ∈ (0,+∞) and z ∈H2 such
that (T2, g̃) belongs to the isometry class of the flat torus R2/{mr+ nrz :
(m,n) ∈ Z2

} where r =
√

a (and φ = SL(2,Z) · z). Therefore on (T2, g̃)
there exist globally defined parallel unit vector fields so that the total
bending functional achieves its greatest lower bound infY∈Ẽ B̃(Y)= 0. �

2.11. SOBOLEV SPACES OF VECTOR FIELDS

As indicated in Section 2.2 of this monograph, for each C∞ vector
field X on M one may think of ∇X as a smooth section in the vector bun-
dle T∗(M)⊗T(M)→M . This gives a map ∇ : X(M)→ 0∞(T∗(M)⊗
T(M)). Let ∇∗ be the formal adjoint of ∇ i.e.,

(∇∗ϕ, X )= (ϕ, ∇X) (2.112)

for any ϕ ∈ 0∞0 (T
∗(M)⊗T(M)). As customary we denote by 0∞0 (E) the

space of all C∞ sections of compact support in the vector bundle E→M .
For instance 0∞0 (T 1,0(M))= X∞0 (M) (the space of all C∞ vector fields
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with compact support). The L2 inner products in (2.112) are given by

(X ,Y)=
∫
M

g(X ,Y)dvol(g),

(ϕ,ψ)=
∫
M

g∗(ϕ,ψ)dvol(g).

Of course the integrals are convergent when M is compact or at least
one of the vector fields X ,Y ∈ X(M) (respectively at least one of the
endomorphisms ϕ,ψ ∈ 0∞(T∗(M)⊗T(M))) has compact support.

Let {Ei : 1≤ i ≤ n} be a local orthonormal frame of T(M). Let ϕ be a
C1 section in T(M)∗⊗T(M). For any Y ∈ X∞0 (M)

(∇∗ϕ,Y)=
∫
M

g(ϕ,∇Y)dvol(g)

=

∫
M

n∑
i=1

g(ϕEi, ∇EiY)dvol(g)

=

∫
M

∑
i

{Ei(g(ϕEi, Y))− g(∇EiϕEi, Y)}dvol(g).

Let Xϕ ∈ T(M) be uniquely determined by

g(Xϕ ,Z)= g(ϕZ,Y), Z ∈ T(M).

Then (by ∇g = 0 and Green’s lemma)

(∇∗ϕ,Y)=
∫
M

∑
i

{g(∇EiXϕ ,Ei)+ g(Xϕ ,∇EiEi)− g(∇EiϕEi,Y)}dvol(g)

=−

∫
M

g(Y ,∇EiϕEi−ϕ∇EiEi)dvol(g)

hence

∇
∗ϕ =−

n∑
i=1

(∇Eiϕ)Ei . (2.113)

Consequently

1gX =∇∗ ∇ X (2.114)
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for any C2 vector field X on M . The equation (2.114) suggests the natural
notion of weak solution to the nonlinear system 1gX = ‖∇X‖2X (to be
introduced shortly in this section).

As M is a Riemannian manifold, the vector bundle T r,s(M)→M of
all tangent (r, s)-tensors is a Riemannian bundle in a natural way hence
the pointwise norm ‖ϕ‖ = g∗(ϕ,ϕ)1/2 : M→ [0,+∞) of each measurable
(r, s)-tensor field ϕ on M is well defined. Let L1(M) be the space of all
integrable functions on M , with respect to the Riemannian measure. We set

(ϕ,ψ)=
∫
M

g∗(ϕ,ψ)dvol(g)

for any measurable sections ϕ, ψ in T r,s(M)→M such that g∗(ϕ,ψ) ∈
L1(M). For any smooth section ϕ in T r,s(M)→M we denote by ∇ϕ its
covariant derivative hence we have an operator

∇ : 0∞(T r,s(M))→ 0∞(T r,s+1(M)).

The formal adjoint of ∇ is

∇
∗ : 0∞0 (T r,s+1(M))→ 0∞0 (T r,s(M)),

(∇∗h,ϕ)= (h,∇ϕ), h ∈ 0∞0 (T r,s+1(M)), ϕ ∈ 0∞0 (T r,s(M)).

Let p≥ 1 and let Lp(T r,s(M)) consist of all measurable (r, s)-tensor fields ϕ
on M such that

∫
M ‖ϕ‖

pdvol(g) <∞. We set as usual

‖ϕ‖Lp = ‖ϕ‖Lp(T r,s(M)) =

∫
M

‖ϕ‖pdvol(g)

1/p

for any ϕ ∈ Lp(T r,s(M)). Then Lp
loc(T

r,s(M)) consists of all measurable
sections in T r,s(M)→M such that χAϕ ∈ Lp(T r,s(M)) for any relatively
compact subset A⊂⊂M (here χA is the characteristic function of A).

Definition 2.44 A locally integrable section ϕ ∈ L1
loc (T

r,s(M)) is said to
be weakly differentiable if there is ψ ∈ L1

loc(T
r,s+1(M)) such that

(ψ ,h)= (ϕ,∇∗h), h ∈ 0∞0 (T r,s+1(M)).

The section ψ (which is of course uniquely determined up to a set of mea-
sure zero) is denoted by ∇ϕ and referred to as the (weak) covariant derivative
of ϕ. �
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In particular a measurable function f on M is weakly differentiable
if there is ω ∈ L1

loc(T
∗(M)) such that (ω,α)= (f ,∇∗α) for any α ∈

0∞0 (T
∗(M)) and the (weak) covariant derivative of f is the locally inte-

grable 1-form ∇ f = ω. This is of course equivalent to the definition in
[224], p. 1089. Indeed we have

Proposition 2.45 Let M be an oriented Riemannian manifold and f a locally
integrable function on M. If f is weakly differentiable then for each X ∈ X∞(M)=
0∞(T 1,0(M)) there is h ∈ L1

loc(M) such that

(h,φ)=−
∫
M

f [X(φ)+φ div(X )]dvol(g), φ ∈ C∞0 (M). (2.115)

In particular h= (∇ f )(X ) almost everywhere in M for each X ∈ X(M).

Following the terminology in [224], if (2.115) holds for some h ∈
L1

loc(M) then f has a weak derivative with respect to X . Of course h in
(2.115) is uniquely determined up to a set of measure zero and one adopts
the customary notation h= X( f ).

Let us prove Proposition 2.45. If ω =∇ f is the (weak) covariant deriva-
tive of f and X ∈ X(M) an arbitrary smooth vector field then the candidate
for X( f ) is h= (∇ f )(X ). For any test function φ ∈ C∞0 (M)

(h,φ)=
∫
M

hφdvol(g)=
∫
M

ω(X )φdvol(g).

Let (U ,xi) be a local coordinate system on M so that ω(X )φ = ωiφX i

on U . Thus we may consider the ( globally defined) differential 1-form
α ∈ 0∞0 (T

∗(M)) given by

α|U = φgijX j dxi (2.116)

on U . Therefore ω(X )φ = ωiαjgij on U so that

(h,φ)=
∫
M

g∗(ω,α)dvol(g)= (ω,α)= ( f ,∇∗α).

On the other hand for any u ∈ C∞0 (M)

(∇∗α,u)= (α,∇u)=
∫
M

g∗(α,∇u)dvol(g)
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and (by (2.116))

g∗(α,∇u)
∣∣
U = αi(∇u)jgij

= αi
∂u
∂x j g

ij

= φgikXk ∂u
∂x j g

ij
= φX j ∂u

∂x j = (φX(u))|U

so that (by Green’s lemma)

(∇∗α,u)=
∫
M

φX(u)dvol(g)=−
∫
M

u {X(φ)+φ div(X )}dvol(g).

Consequently ∇∗α =−X(φ)−φ div(X ) and (2.115) is proved.
Note that (2.115) may be written (h,φ)= ( f ,X∗(φ)) for any φ ∈

C∞0 (M) where X∗ is the formal adjoint of X . The converse of Proposi-
tion 2.45 is a bit more involved. We show that

Proposition 2.46 Let M be an oriented Riemannian manifold and f ∈
L1

loc(M). If f has a weak derivative with respect to any X ∈ X∞(M) then f is
weakly differentiable. Moreover, under the same assumption, for every local coordi-
nate system (U ,xi) on M the function f

∣∣
U has a weak derivative with respect to

∂/∂xi for any i ∈ {1, . . . ,n} and(
∇ f
)∣∣

U =
∂

∂xi

(
f
∣∣
U

)
dxi (2.117)

a.e. in U.

We need

Lemma 2.47 Let ψ ∈ C∞(M) and assume that f ∈ L1
loc(M) has a weak

derivative with respect to X ∈ X∞(M). Then ψ f ∈ L1
loc(M) and ψ f has a weak

derivative with respect to X. In particular

X(ψ f )= X(ψ)f +ψX( f ). (2.118)

Proof. For each A⊂⊂M∫
A

|ψ f |dvol(g)≤ sup
A
|ψ |‖f ‖L1(A) <∞

so that ψ f is locally integrable. On the other hand, for any φ ∈ C∞0 (M)

−

∫
M

ψ f {X(φ)+φ div(X )}dvol(g)
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=−

∫
M

f {X(φψ)−φX(ψ)+φψ div(X )}dvol(g)

=

∫
M

X( f )φψdvol(g)+
∫
M

fX(ψ)φdvol(g)

=

∫
M

{X( f )ψ + fX(ψ)}dvol(g)

so that ψ f is weakly derivable with respect to X and the weak derivative is
given by (2.118). �

Proof of Proposition 2.46. Let f ∈ L1
loc(M) admit weak derivatives with

respect to each X ∈ X∞(M). We claim that for any open set U ⊂M and
any Y ∈ X∞(U), the restriction f

∣∣
U admits a weak derivative with respect

to Y . To prove the claim let X ∈ X∞(M) be a smooth extension of Y to the
whole of M and let φ ∈ C∞0 (M) be a test function such that supp(φ)⊂ U .
Then (by (2.115))

∫
U

X( f )

∣∣∣∣∣∣
U

φdvol(g)=−
∫
U

f
∣∣
U {X(φ)+φ div(X )}|U dvol(g)

=−

∫
U

f
∣∣
U {Y(φ)+φ div(Y)}dvol(g).

All test functions in C∞0 (U) are restrictions to U of such φ hence f
∣∣
U

admits a weak derivative with respect to Y and Y( f )= X( f )
∣∣
U . In particu-

lar
(
∂/∂xi

)(
f
∣∣
U

)
are well-defined elements of L1

loc(U) ( for each 1≤ i ≤ n).
Let α ∈ 0∞0 (T

∗(M)) be locally given by

α|U = αi dxi .

Then (by Green’s lemma)

(
∇
∗α
)∣∣

U =−
∂αi

∂xi −α
i div

(
∂/∂xi) , αi

= gijαj .

Let {ϕU : U ∈ U} be a smooth partition of unity subordinated to the locally
finite open covering U of M . We set K = supp(α)⊂M . We also assume
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that each U ∈ U is the domain of a local chart (U ,xi) on M . Then(
f ,∇∗α

)
=

∫
M

f ∇∗αdvol(g)=
∑
U∈U

∫
K

ϕU f ∇∗αdvol(g)

=−

∑
U∈U

∫
U∩K

ϕU f
∣∣
U

{
∂αi

∂xi +α
i div

(
∂

∂xi

)}
dvol(g).

By Lemma 2.47 and the first part of the proof of Proposition 2.46 one
has ϕU f

∣∣
U ∈ L1

loc(U) and ϕU f
∣∣
U is weakly derivable at the direction ∂/∂xi

hence (by (2.118))(
f ,∇∗α

)
=

∑
U

∫
U∩K

∂

∂xi

(
ϕU f

∣∣
U

)
αidvol(g)

=

∑
U

∫
U∩K

{
∂ϕU

∂xi f
∣∣
U +ϕU

∂

∂xi

(
f
∣∣
U

)}
αidvol(g)

=

∑
U

∫
M

α
(
grad(ϕU)

)
dvol(g)+

∑
U

∫
U∩K

ϕU
∂

∂xi

(
f
∣∣
U

)
αidvol(g)

and the first integral vanishes (because of
∑

U ϕU = 1). Next we claim that
there is ω ∈ L1

loc(T
∗(M)) such that ω|U = (∂/∂xi)

(
f
∣∣
U

)
dxi. If the claim

is true then (
f ,∇∗α

)
=

∑
U

∫
M

ϕUg∗(ω,α)dvol(g)= (ω,α)

for any α ∈ 0∞0 (T
∗(M)) so that f is weakly differentiable and ∇ f = ω.

This would prove the first statement in Proposition 2.46. To prove the
claim let us check first that the local 1-forms {(∂/∂xi)

(
f
∣∣
U

)
: U ∈ U} glue

up to a ( globally defined) 1-form ω on M . To this end let U ,U ′ ∈ U
such that U ∩U ′ 6= ∅ and let φ ∈ C∞0 (U ∩U ′) be an arbitrary test func-
tion on U ∩U ′. Let J i

j = ∂x′i/∂x j
∈ C∞(U ∩U ′) be the Jacobian matrix

of the local coordinate transformation x′i = x′i(x1, . . . ,xn). Then (again by
Lemma 2.47)∫

U∩U ′

∂

∂xi

(
f
∣∣
U

)
φdvol(g)

=−

∫
U∩U ′

f
∣∣
U

{
∂φ

∂xi +φ div
(
∂

∂xi

)}
dvol(g)
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=−

∫
U∩U ′

f
∣∣
U

{
J j
i
∂φ

∂x′j
+φ div

(
J j
i
∂

∂x′j

)}
dvol(g)

=−

∫
U∩U ′

f
∣∣
U ′ J

j
i

{
∂φ

∂x′j
+φ div

(
∂

∂x′j

)}
dvol(g)

−

∫
U∩U ′

f
∣∣
U φ

∂J j
i

∂x′j
dvol(g)

=

∫
U∩U ′

∂

∂x′j

(
f
∣∣
U ′ J

j
i

)
φdvol(g)−

∫
U∩U ′

f
∣∣
U ′ φ

∂J j
i

∂x′j
dvol(g)

=

∫
U∩U ′

J j
i
∂

∂x′j
(
f
∣∣
U ′
)
φdvol(g)

hence

∂

∂xi

(
f
∣∣
U

)
= J j

i
∂

∂x′j
(
f
∣∣
U ′
)

a.e. in U ∩U ′. Finally ω is locally integrable as∫
A

g∗(ω,ω)1/2dvol(g)=
∑
U∈U

∫
A

ϕUg∗(ω,ω)1/2dvol(g)

=

∑
U

∫
U∩A

ϕU

∣∣∣∣gij ∂

∂xi

(
f
∣∣
U

) ∂

∂x j

(
f
∣∣
U

)∣∣∣∣1/2 dvol(g)

≤

∑
U

√
CU

∫
U∩A

n∑
i=1

∣∣∣∣ ∂∂xi

(
f
∣∣
U

)∣∣∣∣dvol(g)

≤

∑
U ,i

√
CU

∥∥∥∥ ∂∂xi

(
f
∣∣
U

)∥∥∥∥
L1(U∩A)

<∞

for any A⊂⊂M i.e., g∗(ω,ω) ∈ L1
loc(M). Here

CU =max
{

sup
U∩A

∣∣gij
∣∣ : 1≤ i, j ≤ n

}
and we exploited the fact that (∂/∂xi)( f

∣∣
U) ∈ L1

loc(U) for any 1≤ i ≤ n. It
remains that we justify (2.117). This is rather obvious for we may consider
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a test form α ∈ 0∞0 (T
∗(M)) such that K = supp(α)⊂ U and then∫

U

g∗
((
∇ f
)∣∣

U , α
)
dvol(g)=

∫
M

g∗(∇ f ,α)dvol(g)

=

∫
K

f ∇∗α =−
∫
K

f
∣∣
U

{
∂αi

∂xi +α
i div(∂/∂xi)

}
dvol(g)

=

∫
K

∂

∂xi

(
f
∣∣
U

)
αidvol(g)=

∫
U

g∗
(
∂

∂xi

(
f
∣∣
U

)
dxi,α

)
dvol(g).

All test forms in 0∞0 (T
∗(U)) are restrictions to U of such α hence (2.117)

follows. �

Sobolev spaces of tangent tensor fields on a Riemannian manifold may
be introduced recursively as follows. We set

H0,p
g (T r,s(M))= Lp(T r,s(M))

and we denote byH1,p
g (T r,s−1(M)) the space of all weakly differentiable ϕ ∈

H0,p
g (T r,s−1(M)) such that ∇ϕ ∈ Lp(T r,s(M)). Recursively, for any k≥ 2

let Hk,p
g (T r,s−1(M)) consist of all ϕ ∈Hk−1,p

g (T r,s−1(M)) such that ∇ϕ ∈

Hk−1,p
g (T∗(M)⊗ T r,s(M)). ThenHk,p

g (T r,s(M)) is a Banach space with the
norm

‖ϕ‖Hk,p
g (T r,s(M))

=

 k∑
j=0

‖∇
jϕ‖

p
Lp(T 0,j(M)⊗T r,s(M))

1/p

.

It is customary to adopt the abbreviated notation Hk
g (T r,s(M))=

Hk,2
g (T r,s(M)) when p= 2. We wish to detail this construction in the case

of vector fields (i.e., r = 1 and s= 0).

Definition 2.48 We say a vector field X ∈ Lp(T(M)) is weakly differentiable
if there is a locally integrable section ϕX in T(M)∗⊗T(M) such that

(ϕX , ψ)= (X , ∇∗ψ), ψ ∈ 0∞0 (T(M)
∗
⊗T(M)).

Then ϕX is uniquely determined, except for a set of measure zero, and
denoted by ∇X . �
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Let H1,p
g (T(M)) consist of all weakly differentiable X ∈ Lp(T(M)) such

that ∇X ∈ Lp(T(M)∗⊗T(M)). We endow H1,p
g (T(M)) with the norm

‖X‖1,p = ‖X‖H1,p
g (T(M))

=

(
‖X‖pLp(T(M))+‖∇X‖pLp(T∗(M)⊗T(M))

)1/p
.

Theorem 2.49 H1,p
g (T(M)) is a Banach space for 1≤ p<∞ which is reflex-

ive2 for 1< p<∞ and separable3 for 1≤ p<∞. Also H1,2
g (T(M)) is a

separable Hilbert space.

Proof. Let {Xν}ν≥1 be a Cauchy sequence in H1,p
g (T(M)). It follows

that {Xν}ν≥1 and {∇Xν}ν≥1 are Cauchy sequences in Lp(T(M)) and
Lp(T(M)∗⊗T(M)), respectively. Thus there are a vector field X ∈
Lp(T(M)) and a bundle morphism ϕ ∈ Lp(T(M)∗⊗T(M)) such that
‖Xν −X‖Lp→ 0 and ‖∇Xν −ϕ‖Lp→ 0 for ν→∞. On the other hand∫

M

g(∇Xν , ψ)dvol(g)=
∫
M

g(Xν , ∇∗ψ)dvol(g) (2.119)

for any ψ ∈ 0∞0 (T(M)
∗
⊗T(M)). Then (2.119) for ν→∞ yields∫

M

g(ϕ,ψ)dvol(g)=
∫
M

g(X ,∇∗ψ)dvol(g)

so that X ∈H1,p
g (T(M)). Next we set

E = Lp(T(M))×Lp(T(M)∗⊗T(M))

and consider the map 8 :H1,p
g (T(M))→ E given by 8(X )= (X ,∇X ).

At this point the remainder of the proof of Theorem 2.49 is imitative of
that of Theorem 1 in [322], p. 149. �

Again to draw a parallel among our presentation (of weakly differentiable
functions and vector fields and the corresponding Sobolev type spaces) and
the approach in [224], p. 1090, we shall prove

2 Let X be a normed vector space. Let χ : X→X∗∗ =
(
X∗
)∗ be the map given by 〈χ(v),3〉 =3(v)

for any v ∈X and any 3 ∈X∗. Then χ is linear, continuous, injective and ‖v‖X = ‖χ(v)‖X∗∗ for
any v ∈X. The space X is reflexive if χ(X)=X∗∗.

3 A Banach space X is separable if X admits a countable dense subset.
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Proposition 2.50 Let M be a compact orientable Riemannian manifold. Let
H(M) consist of all f ∈ L1(M) such that f is weakly derivable at each direction
X ∈ X∞(M) and f 2,X( f )2 ∈ L1(M). Also let H(T(M)) consist of all measur-
able sections X : M→ T(M) such that g(X ,Z) ∈H(M) for any Z ∈ X∞(M).
Then

H(M)=H1,2
g (T 0,0(M)), H(T(M))=H1,2

g (T 1,0(M)). (2.120)

Proof. Let f ∈H(M). Then (by Proposition 2.45) f is weakly differentiable.
Moreover for any U ∈U the restriction f

∣∣
U has a weak derivative with

respect to each ∂/∂xi. The notations are those in the proof of Propo-
sition 2.46. Additionally we assume that U is a refinement of an open
covering V of M with local coordinate systems such that for any U ∈ U
there is V ∈ V with U ⊂⊂ V (and the local coordinates on U are the
restrictions to U of the local coordinates on V ). As M is compact, U may
be chosen to be finite to start with. Then

‖∇ f ‖2L2(T∗(M)) =

∫
M

‖∇ f ‖2dvol(g)=
∑
U∈U

∫
M

ϕU‖∇g‖2dvol(g)

=

∑
U

∫
U

ϕUgij ∂

∂xi

(
f
∣∣
U

) ∂

∂x j

(
f
∣∣
U

)
dvol(g)

≤

∑
U

∫
U

ϕU3
∑

i

[
∂

∂xi

(
f
∣∣
U

)]2

≤

∑
U ,i

CU

∥∥∥∥ ∂∂xi

(
f
∣∣
U

)∥∥∥∥2

L2(U)
<∞

where 3(x) is the maximum eigenvalue of gij(x) for any x ∈ V and
CU = sup{3(x) : x ∈ U}. We have shown that ∇ f ∈ L2(T∗(M)) hence
f ∈H1,2

g (T 0,0(M)).
Vice versa if f ∈H1,2

g (T 0,0(M)) then f ∈ L2(M) and f is weakly differ-
entiable. Then (by Proposition 2.46) f is weakly derivable at any direction
X ∈ X∞(M) and X( f )= (∇ f )(X ). Therefore

‖X( f )‖L2(M) =

∫
M

|X( f )|2dvol(g)=
∫
M

|(∇ f )(X )|2dvol(g)

≤

∫
M

‖∇X‖2‖X‖2dvol(g)≤ C‖∇X‖2L2(T∗(M)) <∞
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where C = supM ‖X‖
2. We have shown that X( f ) ∈ L2(M) and we may

conclude that f ∈H(M). �

To prove the second equality in (2.120) we need some preparation.

Lemma 2.51 The restriction map X 7→ X|U is a continuous map
H(T(M))→H(T(U)). Moreover let X ∈H(T(M)) be locally represented as
X|U = X i∂/∂xi a.e. in U. Then X i

∈H(U) for any 1≤ i ≤ n.

Proof. By the first statement in Lemma 2.51 if X ∈H(T(M)) then X|U ∈
H(T(U)) hence g(X|U , Z) ∈H(U) for any Z ∈ X∞(U). In particular for
Z = gij∂/∂x j one has

X i
= g

(
X|U , gij ∂

∂x j

)
∈H(U), 1≤ i ≤ n.

Lemma 2.51 is proved. �

As a first consequence of Lemma 2.51, one may define the covariant
derivative ∇X of each X ∈H(T(M)) by observing that the locally defined
(1,1)-tensor fields (∇X )U given by

(∇X)U =
[
∂

∂xi

(
X j)
+0

j
ikX

k
]

dxi
⊗

∂

∂x j (2.121)

glue up to a ( globally defined) (1,1)-tensor field ∇X on M such that
(∇X)|U = (∇X )U . Note that the expression in the right hand side of
(2.121) makes sense precisely because X i (as an element of H(U)) is weakly
derivable in the direction ∂/∂xi. Let us go back to the proof of (2.120). To
this end let ψ ∈ 0∞(T 1,1(M)). Then (by (2.113))(

X ,∇∗ψ
)
=

∫
M

g(X ,∇∗ψ)dvol(g)

=

∑
U∈U

∫
M

ϕU g(X ,∇∗ψ)dvol(g)=−
∑
U

{
IU − JU

}
where

IU =
∫
U

ϕUgijg
(

X ,∇∂/∂xi

(
ψ

∂

∂x j

))
dvol(g),

JU =
∫
U

ϕUgijg
(

X ,ψ∇∂/∂xi
∂

∂x j

)
.
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We may represent ψ locally as

ψ |U = ψ
j
i dxi
⊗

∂

∂x j

for some ψ j
i ∈ C∞(U). For the sake of simplicity we set ∂i = ∂/∂xi. We

start by computing IU i.e.,

IU =
∫
U

ϕUgijg
(
X , ∇∂i

(
ψk

j ∂k

))
dvol(g)= I ′U + I ′′U

where

I ′U =
∫
U

ϕUgij
∂ψk

j

∂xi g(X ,∂k)dvol(g),

I ′′U =
∫
U

ϕUgijψk
j 0

`
ik g(X ,∂`).

Here 0i
jk are the local coefficients of the Levi-Civita connection of (M ,g).

To compute I ′U we use Lemma 2.47 and obtain

I ′U =
∫
U

{
∂

∂xi

[
ϕUgijψk

j g(X ,∂k)
]
−ψk

j
∂

∂xi

[
ϕUgijg(X ,∂k)

]}
dvol(g)

(by the very definition of the weak derivative of ϕUgijψk
j g(X ,∂k) in the

direction ∂i and again by Lemma 2.47)

=−

∫
U

{
ϕUgijψk

j g(X ,∂k)div(∂i)

+ ψk
j

[
∂ϕU

∂xi gijg(X ,∂k)+ϕU(∂igij)g(X ,∂k)+ϕUgij∂i[g(X ,∂k)]
]}

(as div(∂i)= 0
`
i` and dgij

=−gi`ω
j
`−ω

i
`g
`j where ωi

j = 0
i
kjdxk are the

connection 1-forms)

=−

∫
U

{
ϕUgijψk

j g(X ,∂k)0
`
i`

+ψk
j

[
∂ϕU

∂xi gijg(X ,∂k)−ϕU

(
gi`0

j
i`+0

i
i`g
`j
)

g(X ,∂k)

+ ϕUgij∂i[g(X ,∂k)]
]}

dvol(g).
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Also

JU =
∫
U

ϕUgijψ`k0
k
ijg (X ,∂`)dvol(g).

Summing up (and observing the cancelation of the Christoffel symbols)(
X ,∇∗ψ

)
=

∑
U

{
JU − IU

}
=

∑
U

∫
U

ϕUgijψ`k0
k
ijg (X ,∂`)dvol(g)−

∑
U

{
I ′U + I ′′U

}
=

∑
U

∫
U

ϕUgij
(
ψ`k0

k
ij −ψ

k
j 0

`
ik

)
g(X ,∂`)dvol(g)−

∑
U

I ′U

=

∑
U

∫
U

ϕUgij
(
ψ`k0

k
ij −ψ

k
j 0

`
ik

)
g(X ,∂`)dvol(g)

+

∫
U

{
ϕUgijψk

j g(X ,∂k)0
`
i`

+ψk
j

[
∂ϕU

∂xi gijg(X ,∂k)−ϕU

(
gi`0

j
i`+0

i
i`g
`j
)

g(X ,∂k)

+ ϕUgij∂i[g(X ,∂k)]
]}

dvol(g)

=−

∑
U

∫
U

ϕUgijψk
j 0

`
ik g(X ,∂`)dvol(g)

+

∑
U

∫
M

g
(
X ,ψ(grad(ϕU))

)
dvol(g)

+

∑
U

∫
U

ϕUgijψk
j ∂i[g(X ,∂k)]dvol(g)

and
∑

U g
(
X ,ψ(grad(ϕU))

)
= 0 because of

∑
U ϕU = 1. On the other

hand (by Lemma 2.51)

∂i[g(X ,∂k)]= ∂i
(
Xmgmk

)
=
∂gmk

∂xi Xm
+ gmk∂i (Xm) .
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Let us differentiate in gmkgk`
= δ`m to get

∂gmk

∂xi =−g`kgmj
∂gj`

∂xi =−g`kgmj(dgj`)∂i

= g`kgmj

(
gjsω`s +ω

j
sg

s`
)
∂i = g`kgmj

(
gjs0`is+0

j
isg

s`
)

= g`k0`im+ gmj0
j
ik

from which

∂i[g(X ,∂k)]=
(
g`k0`im+ gmj0

j
ik

)
Xm
+ gmk∂i (Xm)

= g`k
[
∂i

(
X`
)
+0`imXm

]
+ gm`0

`
ikX

m.

Therefore(
X ,∇∗ψ

)
=−

∑
U

∫
U

ϕUgijψk
j 0

`
ik g(X ,∂`)dvol(g)

+

∑
U

∫
U

ϕUgijψk
j ∂i[g(X ,∂k)]dvol(g)

=−

∑
U

∫
U

ϕUgijψk
j 0

`
ik g(X ,∂`)dvol(g)

+

∑
U

∫
U

ϕUgijψk
j

(
g`k∇iX`

+ gm`0
`
ikX

m
)
dvol(g)

where we have set

∇iX`
= ∂i

(
X`
)
+0`imXm

so that (by (2.121))

(∇X)|U =
(
∇iX`

)
dxi
⊗

∂

∂x`

a.e. in U . Once again we observe the cancellation of the Christoffel symbols
and obtain(

X ,∇∗ψ
)
=

∑
U

∫
U

ϕUgijψk
j g`k ∇iX`dvol(g)

=

∑
U

∫
M

ϕU g∗(∇X , ψ)
∣∣
U dvol(g)= (∇X ,ψ)
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for any ψ ∈ 0∞(T 1,1(M)). Here we are under the assumptions of Propo-
sition 2.50 so M is compact. Also (by (2.121)) the local coefficients of
∇X are locally integrable so that ∇X ∈ L1

loc(T
1,1(M)). Since ψ is arbi-

trary it follows that X is weakly differentiable and its covariant derivative
is the (1,1)-tensor field ∇X (locally given by (2.121)). To show that
X ∈H1,2

g (T(M)), it remains to be checked that ∇X ∈ L2(T(M)). To this
end one observes first that X i, ∂i

(
X j
)
∈ L2(U) yields ∇iX j

∈ L2(U) and
then performs the estimates

‖∇X‖2L2(M) =
∑
U

∫
U

ϕUgij
∇iXk
∇jX`gk`dvol(g)

≤

∑
U

CU

∫
U

ϕU

∑
i,j

∇iX j

2

dvol(g)

≤ 2
∑
U ,i,j

CU
∥∥∇iX j

∥∥2
L2(U) <∞

(where C =max{supU

∣∣gijgk`
∣∣ : 1≤ i, j,k,`≤ n}) and we may conclude.

The opposite inclusion H1,2
g (T 1,0(M))⊆H(T(M)) is left as an exercise

to the reader.
We may adopt the following

Definition 2.52 We say X ∈H1
g (T(M)) is a weak solution to the harmonic

vector fields system (2.28) if∫
M

{g(∇X , ∇Y)−‖∇X‖2g(X ,Y)}dvol(g)= 0

for any Y ∈ X∞0 (M). A weak harmonic vector field is a unit vector field X ∈
H1

g (T(M)) which is a weak solution to (2.28). �

The study of weak harmonic vector fields (existence, local properties,
etc.) is an open problem. As well as for harmonic maps, one should not
expect smoothness for a weak harmonic vector field in general. Indeed if
n≥ 3 and

X =
xi

|x|
∂

∂xi , |x| =

(
n∑

i=1

x2
i

)1/2

,

then X ∈H1
g0
(T(Rn)) and X is a weak harmonic vector field on Rn

(endowed with the standard flat metric g0) yet X is not smooth. The fact
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that X is a weak solution to 1g0X −‖∇X‖2X = 0 may be easily checked,
as follows. First, it should be observed that given an open set �⊂ Rn and a
smooth vector field X ∈ 0∞(S(�)) written as

X = ui ∂

∂xi ,
n∑

i=1

u2
i = 1,

then X is a harmonic vector field if and only if u= (u1, . . . ,un) :�→ Sn−1

is a harmonic map. Let Y ∈ X∞0 (Rn) and ε > 0. As the map

u : Rn
\ {0} → Sn−1, u(x)= |x|−1x, x 6= 0,

is harmonic it follows that X is harmonic, and in particular weakly har-
monic, as a unit vector field on Rn

\Bε . Here Bε is the Euclidean ball
Bε = {x ∈ Rn : |x|< ε}. Hence∫

Rn

{g0(∇X , ∇Y)−‖∇X‖2 g0(X ,Y)}dvol(g0)

=

∫
Bε

{g0(∇X , ∇Y)−‖∇X‖2 g0(X ,Y)}dvol(g0).

Moreover ∣∣∣∣∣∣∣
∫
Bε

{g0(∇X , ∇Y)−‖∇X‖2 g0(X ,Y)}dvol(g0)

∣∣∣∣∣∣∣
≤

∫
Bε

{
∣∣g0(∇X , ∇Y)

∣∣+‖∇X‖2
∣∣g0(X ,Y)

∣∣}dvol(g0)

(by the Cauchy-Schwartz inequality)

≤

∫
Bε

{‖∇X‖‖∇Y‖+‖∇X‖2 ‖Y‖}dvol(g0)

≤ C
∫
Bε

‖∇X‖(1+‖∇X‖)dvol(g0)

where

C =max
{

sup
x∈0
‖Y‖x, sup

x∈0
‖∇Y‖x

}
> 0, 0 = supp(Y).
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On the other hand

‖∇X‖x =

√
n− 1
|x|

, x ∈ Rn
\ {0},

hence ∫
Bε

‖∇X‖(1+‖∇X‖)dvol(g0)

=

ε∫
0

dρ
∫
|x|=ρ

‖∇X‖(1+‖∇X‖)dA

=
√

n− 1

ε∫
0

dρ
∫
|x|=ρ

1
ρ

(
1+

√
n− 1
ρ

)
dA

where dA is the Riemannian volume form on the sphere |x| = ρ. Let ωn

be the area of the unit (n− 1)-dimensional sphere in Rn. Finally∫
Bε

‖∇X‖(1+‖∇X‖)dvol(g0)

= ωn

(
ε

√
n− 1

+
n− 1
n− 2

)
εn−2
→ 0, ε→ 0.

Let (M ,g) be a compact orientable Riemannian manifold. The study
(e.g., existence of minimizers) of functionals (Dirichlet energy integrals
with variable exponent) of the form∫

M

‖∇X‖p(x)dvol(g)(x),

where p : M→ [1,+∞) is a given measurable function, is an open problem.
See P.A. Hästö, [162], for the scalar case. Let us look at the total bend-
ing functional B :H1

g (T(M))→ [0,+∞) (where p(x)= 2 for any x ∈M).
Clearly

B(tX + (1− t)Y)≤ tB(X )+ (1− t)B(Y),

for any t ∈ [0,1] and any X ,Y ∈H1
g (T(M)) i.e., B is convex. Moreover

let {Xν}ν≥1 be a sequence in H1
g (T(M)) such that Xν→ X as ν→∞ for
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some X ∈H1
g (T(M)). Then∣∣∣∣∣∣

∫
M

g(∇Xν −∇X , ∇X )dvol(g)

∣∣∣∣∣∣
≤

∫
M

‖∇Xν −∇X‖‖∇X‖dvol(g)

≤ ‖∇Xν −∇X‖L2(T(M)) B(X )1/2→ 0,

as ν→∞. That is

lim
ν→∞

∫
M

g(∇Xν −∇X , ∇X )dvol(g)= 0.

Also

B(Xν)=
∫
M

‖∇Xν‖2 dvol(g)= B(X )

+‖∇Xν −∇X‖2L2(T(M))+ 2
∫
M

g(∇Xν −∇X , ∇X )dvol(g)

so that B(Xν)→ B(X ) as ν→∞. In particular B is lower semi-
continuous.4 Existence of minima for B :H1

g (T(M))→ [0,+∞) would
then follow from general results5 in the calculus of variations provided that
B is also coercive.6

Let us set

H1
g (S(M))=

{
X ∈H1

g (T(M)) : g(X ,X )= 1 a.e. in M
}

.

As to the existence of minimizers to B :H1
g (S(M))→ R we may quote the

following

Theorem 2.53 (G. Nunes & J. Ripoll, [224]) Let (M ,g) be a compact
orientable n-dimensional Riemannian manifold with n≥ 3.

4 A functional I : X→ R defined on a Banach space X is lower semi-continuous if
I(u)≤ lim infi→∞I(ui) for any sequence ui ∈X converging in B to u ∈X as i→∞.

5 Let X be a reflexive Banach space. If I : X→ [0,+∞) is a convex, lower semi-continuous and
coercive functional, then there is an element in X which minimizes I (cf. e.g., Theorem 2.1 in
[188]). The problem of finding conditions (presumably some sort of Poincaré inequality) which
ensure coercivity of B is left open.

6 A functional I : X→ R defined on a Banach space X is coercive if I(ui)→+∞ whenever
‖ui‖X→+∞.
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i. There is a finite subset {x1, . . . ,xm} ⊂M and a unit vector field X ∈
H1

g (S(M)) defined on M \ {x1, . . . ,xm}. In particular H1
g (S(M)) is

nonempty.
ii. There is X0 ∈H1

g (S(M)) such that

B(X0)= inf
{
B(X ) : X ∈H1

g (S(M))
}

.

iii. If M is parallelizable then

inf
{
B(X ) : X ∈ 0∞(S(M))

}
= inf

{
B(X ) : X ∈H1

g (S(M))
}

.

We only prove (ii). For the proof of (i) and (iii), the reader may see
[224], p. 1096–1097. Let {Xν}ν≥1 be a minimizing sequence7 for B in
H1

g (S(M)). As

‖Xν‖L2(T(M)) = Vol(M), ν ≥ 1,

the sequence {Xν}ν≥1 is bounded in H1
g (T(M)). On the other hand

H1
g (T(M)) is a Hilbert space, hence it is reflexive. Therefore we may

apply a classical result in functional analysis (i.e., the Eberlein-Smulian
theorem8) to conclude that there is a subsequence {Xνk}k≥1 converging
weakly9 to some X0 ∈H1

g (T(M)). We set Yk = Xνk for simplicity. By
Kondrakov’s theorem10 for Riemannian manifolds H1

g (T(M)) is com-
pactly embedded11 in L2(T(M)). Hence there is a subsequence {Ykj}j≥1

7 Let X be a vector space and σ ⊂X a subset. Let f : X→ R be a function such that
d = infx∈σ f (x) >−∞. A sequence {xν }ν≥1 ⊂ σ is minimizing for f if f (xν )→ d as ν→∞.

8 A Banach space X is reflexive if and only if any bounded sequence in X admits a weakly convergent
subsequence (cf. e.g., Theorem A.27 in [97], p. 623).

9 That is limk→∞
(
Xνk ,X

)
H1

g (T(M))
= (X0,X)H1

g (T(M))
for any X ∈H1

g (T(M)).
10 Cf. e.g., Theorem 2.34 in [18], p. 55. Precisely if M is a compact n-dimensional Riemannian

manifold without boundary and 1≥ 1/p> 1/q− k/n> 0 then the embedding operator

Hk,q
g (M) ↪→ Lp(M) is compact. A slight modification of the proof (in [18], p. 55–56) shows that

H1,2
g (T(M)) ↪→ L2(T(M)) is compact as well.

11 Let X be a normed vector space. A subset A⊂X is compact if every sequence of points in A has a
subsequence converging in X to an element of A. Also A⊂X is precompact if its closure A (in the
norm topology) is compact. An operator f : X→Y of normed vector spaces is compact if f (A) is
precompact in Y for any bounded subset A⊂X. A normed vector space X is embedded in the
normed vector space Y if X is a vector subspace of Y and the identity operator I : X→Y,
I(x)= x, x ∈X, is continuous (equivalently there is a constant C > 0 such that ‖x‖Y ≤ C‖x‖X
for any x ∈X). Then X is compactly embedded in X if the embedding operator I : X→Y is
compact.
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of {Yk}k≥1 converging to X0 in the L2 norm. We set Zj = Ykj for simplic-
ity. As ‖Zj−X0‖L2(T(M))→ 0 for j→∞ there is a subsequence {Zjk}k≥1

of {Zj}j≥1 converging to X0 almost everywhere in M . Thus g(X0,X0)= 1
a.e. in M so that X0 ∈H1

g (S(M)). The lower semicontinuity of the total
bending functional B :H1

g (S(M))→ R then yields∫
M

g(X0,X0)dvol(g)= inf
X∈H1

g (S(M))
B(X ).



“Dragomir Chapters” — 2011/10/1 — page 129 — #129

CHAPTER THREE

Harmonicity and Stability

Contents

3.1. Hopf Vector Fields on Spheres 130
3.2. The Energy of Unit Killing Fields in Dimension 3 140
3.3. Instability of Hopf Vector Fields 146
3.4. Existence of Minima in Dimension> 3 151
3.5. Brito’s Functional 155
3.6. The Brito Energy of the Reeb Vector 158
3.7. Vector Fields with Singularities 164

3.7.1. Geodesic Distance 164
3.7.2. F. Brito & P.G. Walczak’s Theorem 165
3.7.3. Harmonic Radial Vector Fields 171

3.8. Normal Vector Fields on Principal Orbits 179
3.9. Riemannian Tori 188

3.9.1. Harmonic Vector Fields on Riemannian Tori 189
3.9.2. Stability 196
3.9.3. Examples and Open Problems 199

One of the purposes of this chapter is to discuss Hopf and unit Killing
vector fields in the context of the theory of harmonic vector fields on
Riemannian manifolds. The two classes of vector fields are related (cf.
Theorem 3.5). Also unit Killing vector fields on Einstein manifolds are
harmonic (cf. Proposition 3.7). More can be said on unit Killing vector
fields on real space forms Mn(c) of (constant) sectional curvature c ≥ 0.
Indeed these are harmonic maps (cf. Theorem 3.9) and are actually par-
allel when c = 0. Starting from the result by S.D. Han & J.W. Yim, [157]
(that the only harmonic vector fields on a sphere S3 are the Hopf vector
fields, cf. Theorem 3.10) we report on recent findings by D. Perrone (cf.
[244]) on unit Killing vector fields on 3-dimensional Riemannian manifolds
(cf. Theorem 3.14). Motivated by a result of Y.L. Xin, [321], in harmonic
map theory (cf. Theorem 3.17 in this chapter) one expects instability of
Hopf vector fields on spheres. The issue is addressed in Theorem 3.18 and
as it turns out, this is indeed the case for Hopf vector fields on S2m+1 for
m≥ 2. As we argue in this chapter, a possible way to circumvent this dif-
ficulty (resulting in a harmonious further development of the theory) is to

Harmonic Vector Fields. DOI: 10.1016/B978-0-12-415826-9.00003-1
c© 2012 Elsevier Inc. All rights reserved. 129

http://dx.doi.org/10.1016/B978-0-12-415826-9.00003-1


“Dragomir Chapters” — 2011/10/1 — page 130 — #130

130 Chapter 3 Harmonicity and Stability

replace the Dirichlet functional E by Brito’s functional

Ẽ(V )= E(V )+
(n− 1)(n− 3)

2

∫
M

‖HV‖
2dvol(g)

where HV is the mean curvature vector of the distribution (RV )⊥

(cf. Definition 3.29 below). Then Hopf vector fields on S2m+1 are abso-
lute minima of Ẽ : 0∞(S(S2m+1))→ [0,+∞) (cf. F. Brito, [71], and
Theorem 3.30). Section 3.6 of Chapter 3 is a report on vector fields
with singularities, related to the work by E. Boeckx & L. Vanhecke, [51],
and F. Brito & P.G. Walczak, [72]. Chapter 3 ends with the presenta-
tion of the results of G. Wiegmink, [309], on harmonic vector fields on
Riemannian tori.

3.1. HOPF VECTOR FIELDS ON SPHERES

Let (R2m+2,g0) be the Euclidean space carrying the standard complex
structure J0 : R2m+2

→ R2m+2 i.e.,

J0(x1,y1, . . . ,xm+1,ym+1)= (−y1,x1, . . . ,−ym+1,xm+1),

for any (x1,y1, . . . ,xm+1,ym+1) ∈ R2m+2. We identify as customary R2m+2

and Cm+1 by setting zj = xj+ iyj for any 1≤ j ≤ m+ 1, where i=
√
−1.

Then J0z= iz for any z ∈ Cm+1. The same symbol J0 denotes the natural
almost complex structure

J0 : T(Cm+1)→ T(Cm+1),

J0

(
∂

∂xj

)
=

∂

∂yj
, J0

(
∂

∂y j

)
=−

∂

∂xj
, 1≤ j ≤ m+ 1.

Then J2
0 =−I (where I denotes the identical transformation of T(Cm+1))

and J0 is compatible to g0 i.e., g0( J0X , J0Y)= g0(X ,Y) for any X ,Y ∈
X(Cm+1). Also ∇0J0 = 0 where ∇0 is the Levi-Civita connection of
(Cm+1,g0) i.e., the metric g0 is Kaehlerian. We define as usual

∂

∂zj
,
∂

∂zj
∈ 0∞(T(Cm+1)⊗C), 1≤ j ≤ m+ 1,

∂

∂zj
=

1
2

(
∂

∂x j − i
∂

∂y j

)
,

∂

∂zj
=

1
2

(
∂

∂xj
+ i

∂

∂yj

)
.
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Let us extend J0 to T(Cm+1) by C-linearity (and denote the extension
by the same symbol J0). Then

J0

(
∂

∂zj

)
= i

∂

∂zj
, J0

(
∂

∂z j

)
=−i

∂

∂zj
, 1≤ j ≤ m+ 1.

Let S2m+1
= {(z1, . . . ,zm+1) ∈ Cm+1 :

∑m+1
j=1 |zj|

2
= 1} be the standard unit

sphere in Cm+1 and let g be the induced Riemannian metric on S2m+1 i.e.,
g = ι∗g0 where ι : S2m+1

→ Cm+1 is the inclusion. Let ν be the unit normal
field on S2m+1 given by

ν(p)= Ep, p ∈ S2m+1.

Here for each p ∈ R2m+2 we set

Ep=
m+1∑
j=1

{
xj(p)

∂

∂xj

∣∣∣∣
p
+ yj(p)

∂

∂yj

∣∣∣∣
p

}
∈ Tp(R2m+2).

Let us consider ξ0 = J0ν. Then ξ0 is tangent to S2m+1 and ‖ξ0‖ = 1. The
fibres of the canonical map π : S2m+1

→ CPm are the leaves of a foliation
F of S2m+1 by great circles and ξ0 spans T(F). The tangent bundle to F is
the vertical bundle Ker(dπ).

Definition 3.1 The tangent vector field ξ0 is referred to as the (standard)
Hopf vector field on S2m+1. �

For each X ∈ X(S2m+1) we denote by −ϕX the tangential component
of J0X so that

J0X =−ϕX + g0( J0X ,ν)ν =−ϕX − g(X ,ξ0)ν. (3.1)

Then ϕ is an endomorphism of T(S2m+1) such that ϕ(ξ0)= 0 and ϕX =
−J0X for any X ∈ X(S2m+1) which is orthogonal to ξ0. Moreover

g(ϕX ,Y)=−g0( J0X ,Y)= g0(X , J0Y)=−g(X ,ϕY)

for any X ,Y ∈ T(S2m+1), hence ϕ is a skew-symmetric (1,1)-tensor field
on S2m+1.

Proposition 3.2 The standard Hopf vector field ξ0 ∈ T(S2m+1) is a unit,
vertical and Killing vector field.

Proof. We shall need the Gauss formula of S2m+1 ↪→ R2m+2

∇
0
XY =∇XY + g0(∇

0
XY ,ν)ν, X ,Y ∈ X(S2m+1),
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where ∇ is the Levi-Civita connection of (S2m+1,g). An elementary
calculation shows that

∇
0
Xν = X , X ∈ X(R2m+2), (3.2)

so that the Gauss formula may also be written as

∇
0
XY =∇XY − g(X ,Y)ν, X ,Y ∈ X(S2m+1).

In particular (for Y = ξ0)

∇
0
Xξ0 =∇Xξ0− g(X ,ξ0)ν. (3.3)

Let us use the identities (3.1)–(3.2) and (∇0
X J0)ν = 0 to compute

∇
0
Xξ0 =∇X J0ν = J0∇Xν = J0X =−ϕX − g(X ,ξ0)ν.

Together with (3.3) this yields

ϕX =−∇Xξ0, X ∈ X(S2m+1).

Yet, as previously observed, ϕ is skew-symmetric hence ξ0 is a Killing vector
field on S2m+1. We refer to [253], Chapter 9, for a study on Killing vector
fields. �

Definition 3.3 An orthogonal complex structure on R2m+2 is an orthogonal
matrix J ∈O(2m+ 2) such that J2

=−I2m+2. �

Here In denotes the n× n unit matrix. An orthogonal complex struc-
ture J on R2m+2 determines a (1,1)-tensor field on R2m+2, denoted by
the same symbol J , such that J2

=−I and g0( JX , JY)= g0(X ,Y) for any
X ,Y ∈ T(R2m+2). Indeed if J = [ JA

B ] we may set

J
∂

∂xA = JB
A
∂

∂xB ,

where (x1, . . . ,x2m+2) are the Cartesian coordinates on R2m+2 and the range
of indices is

1≤ A,B, · · · ≤ 2m+ 2.

Note that g0( JX , JY)= g0(X ,Y) may equivalently be written as J t
◦ J = I

where J t is determined by g0( J tX ,Y)= g0(X , JY) for any X ,Y ∈
T(R2m+2).

Definition 3.4 A tangent vector field ξ ∈ X(S2m+1) is said to be a Hopf
vector field on S2m+1 if ξ = Jν for some orthogonal complex structure J on
R2m+2. �
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Theorem 3.5 (G. Wiegmink, [310]) The Hopf vector fields on S2m+1 are
precisely the unit Killing vector fields.

Proof. Let ξ be a unit Killing vector field on S2m+1. Let us show ξ is also a
Hopf vector field. Let

8 : R× S2m+1
→ S2m+1, (t,p) 7→8(t,p),

be the global 1-parameter group of global transformations obtained by inte-
grating ξ. As ξ is a Killing vector field the transformations 8t : S2m+1

→

S2m+1 given by 8t(p)=8(t,p), for any p ∈ S2m+1, are isometries of
(S2m+1,g) for any t ∈ R. Consequently if {ej : 1≤ j ≤ 2m+ 2} is the canon-
ical basis in R2m+2 and 8t(ej)= ai

j(t)ei then [ai
j(t)] ∈O(2m+ 2) for any

t ∈ R. Therefore we may consider the smooth curve

γ : R→O(2m+ 2), γ (t)=
[
ai
j(t)
]

1≤i,j≤2m+2
, t ∈ R.

As 80 = 1S2m+1 it follows that γ (0)= [δi
j]= I2m+2 (the unit matrix). Then

γ̇ (0) ∈ TI2m+2(O(2m+ 2))= so(2m+ 2).

Here so(2m+ 2) is the Lie algebra of O(2m+ 2) (the skew-symmetric
(2m+ 2)× (2m+ 2) matrices). If p ∈ R2m+2 we define

Jp : Tp(R2m+2)→ Tp(R2m+2), Jp
∂

∂xj

∣∣∣∣
p
= Ai

j
∂

∂xi

∣∣∣∣
p
,

where the matrix [Ai
j] is given by

Ai
j =

dai
j

dt
(0), 1≤ i, j ≤ 2m+ 2.

Then

( Jν)p = JpEp= xj(p)Ai
j
∂

∂xi

∣∣∣∣
p
= ξp

because of

ξp =
dCp

dt
(0), Cp(t)=8t(p), p ∈ S2m+1, t ∈ R.

Finally J is an orthogonal transformation because

g0,p( JpEp, JpEp)= g0( Jν, Jν)p = g0(ξ ,ξ)p = 1= g0,p(Ep,Ep),

for any p ∈ S2m+1 hence g0,p( JpEp, JpEp)= g0,p(Ep,Ep) for any p ∈ R2m+2.
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Vice versa, let ξ ∈ X(S2m+1) be a Hopf vector field on S2m+1 i.e., there
is an orthogonal complex structure J on R2m+2 such that Jν = ξ . Then (as
J is an isometry of (R2m+2,g0))

g(ξ ,ξ)= g0( Jν, Jν)= g0(ν,ν)= 1

hence ξ is a unit vector field. Let us set

J
∂

∂x j = J i
j
∂

∂xi , [ J i
j ] ∈O(2m+ 2)∩ so(2m+ 2).

Then for any p ∈ S2m+1

ξp = JpEp= x j(p)J i
j
∂

∂xi

∣∣∣∣
p

i.e., ξ i
= x jJ i

j , 1≤ i ≤ 2m+ 2. Then for any X ∈ X(R2m+2)

X(ξ i)= X jJ i
j + x jX( J i

j )= X jJ i
j

hence

∇
0
Xξ = X(ξ i)

∂

∂xi = JX .

Therefore for each X ∈ X(S2m+1)

(∇0
X J)ν =∇0

X Jν− J∇0
Xν =∇

0
Xξ − JX = 0.

Now we may show that ξ is a Killing vector field along the lines of the
proof of Proposition 3.2. �

Remark 3.6
i. Let ξ = Jν be a Hopf vector field on S2m+1. For any X ∈ X(S2m+1) (by

the Gauss formula)

∇
0
Xξ =∇Xξ + g(∇0

Xξ ,ν)ν =∇Xξ + g( JX ,ν)ν

=∇Xξ − g(X , Jν)ν =∇Xξ − g(X ,ξ)ν

hence

∇Xξ = JX , X ∈ (Rξ)⊥ . (3.4)

ii. If ξ is a Hopf vector field on S2m+1 then it may be easily shown that
(ϕ,ξ ,η,g) is a Sasakian structure on S2m+1 where ϕ =−∇ξ and η =
g(ξ , ·).

iii. For a sphere S2m+1(r) of radius r the notions of standard Hopf vec-
tor field ξ0 and arbitrary Hopf vector field ξ may be defined as on



“Dragomir Chapters” — 2011/10/1 — page 135 — #135

3.1. Hopf Vector Fields on Spheres 135

a unit sphere. However in that case νp = (1/r)Ep for any p ∈ S2m+1(r).
Moreover Wiegmink’s result (cf. Theorem 3.5 above) that the Hopf
vector fields are precisely the unit Killing vector fields holds on S2m+1(r)
as well (the proof is a straightforward adaptation of the proof of
Theorem 3.5). �

Proposition 3.7 Let (M ,g) be a real n-dimensional Riemannian manifold. If
V is a Killing vector field on M then1gV =QV where1g is the rough Laplacian
and Q the Ricci operator. In particular if (M ,g) is an Einstein manifold then any
unit Killing vector field V on M is harmonic, ‖∇V‖2 = ρ/n, and if M is compact
then E(V )= 1

2(n+ ρ/n) where ρ is the scalar curvature of (M ,g).

Proof. For each p ∈M let {Ei : 1≤ i ≤ n} be a local orthonormal frame on
T(M) defined on the open neighborhood U ⊆M of p such that (∇Ei)p = 0
for any 1≤ i ≤ n. Next, for each v ∈ Tp(M) let X ∈ X(U) such that Xp = v
and (∇X)p = 0. Note that

[X ,Ei]p = (∇XEi)p− (∇EiX)p = 0.

Let us set ei = Ei(p) for simplicity. Then

gp((1gV )p,v)= g(1gV ,X)p =−
n∑

i=1

g(∇Ei∇EiV −∇∇Ei EiV ,X)p

(as
(
∇∇Ei EiV

)
p depends only on the value of ∇EiEi at p, which is zero)

=−

∑
i

g(∇Ei∇EiV ,X)p =−
∑

i

{
ei(g(∇EiV ,X))− g(∇EiV ,∇EiX)p

}
=−

∑
i

ei(g(∇EiV ,X)).

On the other hand

g(QV ,X)p =
n∑

i=1

R(V ,Ei,X ,Ei)p =
∑

i

g(R(X ,Ei)V ,Ei)p

=

∑
i

g(−∇X∇EiV +∇Ei∇XV +∇[X ,Ei]V , Ei)p
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(as [X ,Ei]p = 0 yields
(
∇[X ,Ei]V

)
p = 0)

=

∑
i

g(−∇X∇EiV +∇Ei∇XV , Ei)p

=−

∑
i

{
X(g(∇EiV ,Ei))− g(∇EiV ,∇XEi)

−Ei(g(∇XV ,Ei))+ g(∇XV ,∇EiEi)
}

p

(as (∇Ei)p = 0)

=−

∑
i

{X(g(∇EiV ,Ei))−Ei(g(∇XV ,Ei))}p

=−Xp(div(V ))+
∑

i

ei
(
(LV g)(X ,Ei)− g(∇EiV ,X)

)
hence

g(QV ,X)p = g(1gV ,X)p− v(div(V ))+
∑

i

ei((LV g)(X ,Ei)). (3.5)

As V is a Killing vector field one has LV g = 0 and div(V )= 0 hence (3.5)
yields 1gV =QV . �

Remark 3.8
i. When M is compact one may show (cf. [258], p. 171) that div(V )= 0

and 1gV =QV imply that V is a Killing vector field.
ii. Let hV be the (1,1)-tensor field determined by (LV g)(X ,Y)=

g(hV X ,Y) for any X ,Y ∈ X(M). Then

n∑
i=1

ei((LV g)(X ,Ei))=
∑

i

ei(g(hV X ,Ei))

=

∑
i

{
g(∇EihV X ,Ei)+ g(hV X ,∇EiEi)

}
p

(as (∇Ei)p = 0)

=

∑
i

g(∇EihV X ,Ei)p = div(hV X)p

hence the identity (3.5) becomes

g(1gV ,X)p = g(QV ,X)p+ g(∇div(V ),X)p− div(hV X)p. (3.6)
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In particular if V is an infinitesimal conformal transformation i.e.,
LV g = 2σ g for some σ ∈ C∞(M) then

div(V )= nσ , hV = 2σ I , div(hV X)= 2g(∇σ ,X)

hence

1gV =QV + (n− 2)∇σ . (3.7)

iii. Let V be a unit Killing vector field and X a unit vector field orthogonal
to V . Then ϕ =∇V is skew-symmetric and ϕV = 0. Consequently for
any p ∈M and any v ∈ Tp(M) \ {0} such that gp(Vp,v)= 0 the sectional
curvature of the 2-plane α ⊂ Tp(M) spanned by {Vp,v} is nonnegative.
Indeed let X ∈ X(M) such that Xp = v. Then

k(α)= R(V ,X ,V ,X)p = g(R(V ,X)V ,X)p

=−g(∇V∇XV −∇X∇V V −∇[V ,X]V ,X)p

(as (∇V g)(∇XV ,X)= 0)

=−Vp(g(∇XV ,X))+ g(∇XV ,∇V X)p

+ g(∇XϕV ,X)p+ g(ϕ[V ,X],X)p

(as ϕV = 0 and ϕ is skew)

= g(ϕX ,∇V X)p− g([V ,X],ϕX)p = ‖∇XV‖2p ≥ 0.

Therefore, if k(α) > 0 for any v ∈
(
RVp

)⊥ and any p ∈M then ϕp :(
RVp

)⊥
→
(
RVp

)⊥ is a linear isomorphism, hence M must be odd-
dimensional. Consequently if a real space form Mn(c) with c 6= 0 admits
a unit Killing vector field then n is odd and c > 0. �

Theorem 3.9 Let M =Mn(c) be an n-dimensional Riemmannian manifold of
constant sectional curvature c and V a unit Killing vector field on M. Then c ≥ 0
and V : (M ,g)→ (S(M),Gs) is a harmonic map. Moreover
a. If M is compact and orientable then

E(V )=
(

n
2
+

n− 1
2

c
)

Vol(M).

b. If c = 0 then V is parallel.
c. If c > 0 then n is odd.

Proof. As V is a Killing vector field we may apply Proposition 3.7 to con-
clude that V is a harmonic vector field (as any space of sectional curvature
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is in particular an Einstein manifold). Also, as M has constant sectional cur-
vature c, its scalar curvature is ρ = n(n− 1)c and ‖∇V‖2 = (n− 1)c. When
M is compact and orientable (again by Proposition 3.7)

E(V )=
(n

2
+
ρ

2n

)
Vol(M)=

(
n
2
+

n− 1
2

c
)

Vol(M)

and if c = 0 then ‖∇V‖ = 0 thus yielding (b) in Theorem 3.9. The
statement (c) follows part (iii) of Remark 3.8. Moreover div(V )= 0 and
∇V V = 0 (as V is a Killing vector field) yield traceg {R(∇·V ,V )·} = 0
hence (by Corollary 2.24) V is a harmonic map of (M ,g) into
(S(M),Gs). �

As Hopf vector fields on the sphere S2m+1 are Killing we obtain

Theorem 3.10 (S.D. Han & J.W. Yim, [157]) The Hopf vector fields ξ
on S2m+1 are harmonic maps (S2m+1,g)→ (S(S2m+1),Gs) where g = ι∗g0 is
the canonical Riemannian metric on S2m+1. Moreover

E(ξ)=
(

2m+
1
2

)
Vol(S2m+1).

The following result (providing the converse of Theorem 3.10 for
m= 1) is also due to S.D. Han & J.W. Yim, [157]

Theorem 3.11 Let ξ be a unit vector field tangent to S3. Then ξ : (S3,g)→
(S(S3),Gs) is a harmonic map if and only if ξ is a Hopf vector field on S3.

It is unknown whether on a sphere S2m+1, m> 1, there is any non-
Killing unit vector field which is a harmonic map.

Remark 3.12 By Theorem 3.9 it follows that the hyperbolic space
(Rn
+,ghyp) of constant sectional curvature −c2 < 0

Rn
+ = {y= (y1, . . . ,yn) ∈ Rn : yn > 0},

ghyp =
1

(cyn)2

n∑
i=1

dyi⊗ dyi,

admits no unit Killing vector fields. Nevertheless we may show that

V = cyn
∂

∂yn
∈ 0∞

(
S
(
Rn
+

))
is a harmonic vector field (which is not a harmonic map). Indeed

Ei = cyn
∂

∂yi
, En = V = cyn

∂

∂yn
, 1≤ i ≤ n− 1,



“Dragomir Chapters” — 2011/10/1 — page 139 — #139

3.1. Hopf Vector Fields on Spheres 139

is a (global) orthonormal frame of (T(Rn
+),ghyp) and

[V ,Ei]= cEi, [Ei,Ej]= 0, 1≤ i, j ≤ n− 1.

Let ∇ be the Levi-Civita connection of (Rn
+,ghyp). Since

2ghyp(∇XY ,Z)= ghyp([X ,Y ],Z)− ghyp([Y ,Z],X)+ ghyp([Z,X],Y)

it follows that

∇EiEj = cδijV , ∇EiV =−cEi, ∇V Ei = 0, ∇V V = 0

for any 1≤ i, j ≤ n− 1. In particular ‖∇V‖2 = (n− 1)c2. Then

1ghypV =−
n−1∑
i=1

{∇Ei∇EiV −∇∇Ei EiV }

= −

∑
i

{
∇Ei (−cEi)− c∇V V

}
= (n− 1)c2V = ‖∇V‖2V

and we may conclude that V is a harmonic vector field.
Since (Rn

+,ghyp) is a space form Mn(−c2), i.e., a Riemannian mani-
fold of constant sectional curvature −c2 < 0, and V is a harmonic vector
field which is also geodesic (i.e., ∇V V = 0) one may use Proposition 2.20
(or rather the identity (2.31) in its proof ) together with Corollary 2.24
to conclude that V is a harmonic map of Rn

+ into S(Rn
+) if and only if

div(V )= 0. Yet

div(V )=
n∑

i=1

ghyp(∇EiV ,Ei)=

n−1∑
i=1

ghyp((−cEi),Ei)=−(n− 1)c 6= 0

hence V is not a harmonic map. Note that the geodesic flow determined
by V consists of the half-lines in Rn

+ parallel to the axis yn. The vector fields
Ej (1≤ j ≤ n− 1) above are also harmonic. Indeed

1ghypEj =−

n∑
i=1

{
∇Ei∇EiEj−∇∇Ei EiEj

}

=−

n−1∑
i=1

{
∇Ei∇EiEj−∇∇Ei EiEj

}
=−

n−1∑
i=1

{
∇Ei cδijV − c∇V Ej

}
=−c∇EjV = c2Ej = ‖∇Ej‖

2Ej.

Moreover the vector fields Ej are not harmonic maps (although one has
div(Ej)= 0) because of ∇EjEj = cV . It is unknown whether the hyperbolic
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space (Rn
+,ghyp) admits unit vector fields which are harmonic maps of Rn

+

into S(Rn
+). �

3.2. THE ENERGY OF UNIT KILLING FIELDS IN
DIMENSION 3

Let M be a compact orientable n-dimensional Riemannian manifold.
The greatest lower bound of E : 0∞(S(M))→ [0,+∞) is n

2 Vol(M) and
this is achieved solely by the parallel unit tangent vector fields (when these
exist). The problem of minimizing E is therefore more interesting when
M admits no parallel unit vector fields, as for instance when M = S2m+1

or, more generally, when M is a compact Riemannian manifold of nonzero
constant sectional curvature.

Our previous Theorem 3.9 shows that unit Killing fields on a space from
M =Mn(c), c > 0, are in particular harmonic vector fields, hence critical
points of E : 0∞(S(M))→ [0,+∞). Hence the first candidates of mini-
mum points of E are the Killing fields which are critical points of the energy
functional. The scope of this section is to examine the issue in dimension 3.

G. Wiegmink, [310], has shown that the unit Killing vector fields
on S3, i.e., the Hopf vector fields on S3, are stable critical points for
E : 0∞(S(S3))→ [0,+∞). More recently F. Brito, [71], has shown that
these vector fields are the only vector fields to give absolute extrema of
E : 0∞(S(S3))→ [0,+∞). We shall need the following

Lemma 3.13 Let (M ,g) be an n-dimensional Riemannian manifold and X a
tangent vector field on M. Then

Ric(X ,X)=−traceg {(∇X) ◦ (∇X)}

+ (divX)2+ div(∇XX)− div((divX)X). (3.8)

Proof. For each point p ∈M let {E1, . . . ,En} be a local orthonormal frame of
T(M) defined on the open subset U ⊆M such that p ∈ U and (∇Ei)p = 0
for any 1≤ i ≤ n. Then (the calculation is carried out at the point p yet one
omits the point p for the simplicity of the notation)

Ric(X ,X)=
n∑

i=1

R(X ,Ei,X ,Ei)=
∑

i

g(R(X ,Ei)X ,Ei)

=−

∑
i

g(∇X∇EiX −∇Ei∇XX −∇[X ,Ei]X , Ei)
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=−

∑
i

{
X(g(∇EiX ,Ei))− g(∇EiX ,∇XEi)

}
+ div(∇XX)−

∑
i

g(∇∇Ei XX ,Ei)

=−X(div(X))+ div(∇XX)− traceg {(∇X) ◦ (∇X)}

yielding (3.8) due to the identity div( fX)= f div(X)+X( f ).
When M is compact Lemma 3.13 implies the identity (cf. also [258],

p. 170)∫
M

Ric(X ,X)dvol(g)=
∫
M

{
(divX)2− traceg (∇X) ◦ (∇X)

}
dvol(g).

(3.9)

Let us consider a unit vector field U on an n-dimensional Riemannian man-
ifold M with n≥ 3. Let HU and σ2(U) be respectively the mean curvature
vector and the second mean curvature of the distribution D = (RU)⊥ ⊂
T(M). These are respectively given by

HU =−
1

n− 1
(divU)U ,

σ2(U)=
1
2

{
(divU)2− traceg (∇U) ◦ (∇U)

}
.

With these notations the identity (3.8) in Lemma 3.13 may be written

Ric(U ,U)− 2σ2(U)= div(∇UU + (n− 1)HU) . (3.10)

Moreover, let us assume that M is compact and orientable and integrate
(3.10) over M . By Green’s lemma∫

M

Ric(U ,U)dvol(g)= 2
∫
M

σ2(U)dvol(g). (3.11)

We shall need the following local expression of the second mean curva-
ture σ2(U). Let {E1, . . . ,En} be a local orthonormal frame of T(M) with
En = U , defined on the open set �⊆M , and let us set

sij = g(∇EiU ,Ej), 1≤ i, j ≤ n.

A calculation then shows that

σ2(U)=
∑

1≤i<j≤n

(
siisjj− sijsji

)
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on �. In particular if dimRM = 3 then

σ2(U)= s11s22− s12s21

on �. When dimRM = 2 we adopt the convention σ2(U)= 0. We shall
prove the following �

Theorem 3.14 (D. Perrone, [244]) Let M be a real 3-dimensional com-
pact oriented Riemannian manifold and U a unit tangent vector field on M.
Let us assume that U is an eigenvector of the Ricci operator with the correspond-
ing eigenvalue λ ∈ C∞(M) (i.e., QU = λU). Then the following statements are
equivalent
a. λ is constant along the integral curves of U and

E(U)=
∫
M

(
3
2
+

1
2

Ric(U ,U)
)

dvol(g).

b. U is a Killing vector field.
Moreover, if this is the case (i.e., one of the equivalent statements (a)–(b)

holds) then λ = const.≥ 0 and i) U is parallel (equivalently M is locally isometric
to a Riemmanian product N ×R) and ii) (M ,g) is homothetic to a Sasakian
manifold i.e., if

c =
√
λ/2, g = c2g, ξ = (1/c)U , η = g(ξ , ·), ϕ =−∇ξ ,

then (ϕ,ξ ,η,g) is a Sasakian structure.

Proof. Let {E1,E2,E3} be a local orthonormal frame of T(M) with E3 = U .
We set as above sij = g(∇EiU ,Ej) for any 1≤ i, j ≤ 3. Note that si3 = 0 for
any i ∈ {1,2,3}. Then

‖∇U‖2 =
3∑

i=1

‖∇EiU‖
2
≥

2∑
i=1

‖∇EiU‖
2
= s211+ s212+ s221+ s222

= 2(s11s22− s12s21)+ (s11− s22)
2
+ (s12+ s21)

2

= 2σ2(U)+ (s11− s22)
2
+ (s12+ s21)

2
≥ 2σ2(U).

Yet (by (3.11)) 2
∫

M σ2(U)dvol(g)=
∫

M Ric(U ,U)dvol(g) hence∫
M

‖∇U‖2dvol(g)≥
∫
M

Ric(U ,U)dvol(g). (3.12)
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The inequality (3.12) is due to F. Brito, [71]. Next (by (3.12))

E(U)=
3
2

Vol(M)+
1
2

∫
M

‖∇U‖2dvol(g)

≥

∫
M

(
3
2
+

1
2

Ric(U ,U)
)

dvol(g)

with equality if and only if

∇UU = 0, s11− s22 = 0, s12+ s21 = 0. (3.13)

Indeed equality in the inequality above reads
∫

M ‖∇U‖2dvol(g)=
2
∫

M σ2(U)dvol(g) hence we may integrate in ‖∇U‖2 ≥ 2σ2(U)+ (s11−

s22)
2
+ (s12+ s21)

2 and conclude that s11− s22 = 0 and s12+ s21 = 0.
Moreover, if these relations are satisfied then we may integrate in ‖∇U‖2 =
‖∇UU‖2+ 2σ2(U) to conclude that ∇UU = 0 as well. Thus equality in
E(U)≥

∫
M

(3
2 +

1
2 Ric(U ,U)

)
dvol(g) does imply the relations (3.13). The

converse is left as an exercise to the reader. At this point we may prove
(a) H⇒ (b). We have

(LUg)(Ei,Ej)= U(g(Ei,Ej))− g([U ,Ei],Ej)− g(Ei, [U ,Ej])

= U(g(Ei,Ej))− g(∇UEi−∇EiU ,Ej)− g(Ei,∇UEj−∇EjU)

= (∇Ug)(Ei,Ej)+ sij+ sji

that is

(∇Ug)(Ei,Ej)= sij+ sji.

Therefore to show that U is Killing it suffices to check that s11 = 0. We set
for simplicity

f1 = s11 = s22, f2 = s12 =−s21,

α = g(∇UE1,E2), β = g(∇E1E2,E1), γ = g(∇E2E2,E1).

Then

∇E1U = f1E1+ f2E2, ∇E2U =−f2E1+ f1E2, ∇UU = 0,

∇E1E1 =−f1U −βE2, ∇E2E1 = f2U − γE2, ∇UE1 = αE2,

∇E1E2 =−f2U +βE1, ∇E2E2 =−f1U + γE1, ∇UE2 =−αE1,

[E1,U]= f1E1+ ( f2−α)E2, [E2,U]= (α− f2)E1+ f1E2,

[E1,E2]=−2 f2U +βE1+ γE2.
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Consequently

R(E1,U)U = (U( f1)+ f 2
1 − f 2

2 )E1+ (U( f2)+ 2 f1 f2)E2, (3.14)

R(E2,U)U =−(U( f2)+ 2 f1 f2)E1+ (U( f1)+ f 2
1 − f 2

2 )E2, (3.15)

R(E1,E2)U = (E1( f2)+E2( f1))E1+ (−E1( f1)+E2( f2))E2 . (3.16)

Since QU = λU

λ=Ric(U ,U)= R(E1,U ,E1,U)+R(E2,U ,E2,U)

and the identities (3.14)–(3.15) imply

U( f1)+ f 2
1 − f 2

2 =−
λ

2
. (3.17)

As

R(E1,E2,U ,E2)=Ric(E1,U)= 0,

R(E1,E2,U ,E1)=−Ric(E2,U)= 0,

the identity (3.16) implies

E1( f2)+E2( f1)= 0, E1( f1)−E2( f2)= 0. (3.18)

Next (3.17)–(3.18) and the condition U(λ)= 0 (as λ is constant along the
integral curves of U , by our assumption (a)) imply that

3∑
i=1

EiEi( f1)=−2f1U( f1)+βE1( f2)+ γE2( f2).

On the other hand

(∇UU)( f1)= 0, (∇E1E1)( f1)=−f1U( f1)−βE2( f1),

(∇E2E2)( f1)=−f1U( f1)+ γE1( f1).

Hence

1f1 =−
3∑

i=1

{EiEi( f1)− (∇EiEi)( f1)} = 0

i.e., f1 is a harmonic function (on the compact connected manifold M) so
that f1 = constant. Yet div(U)= 2f1 hence (by Green’s lemma) the constant
in discussion is actually zero i.e., f1 = 0 which proves statement (b). Note at
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this point that, under the assumptions (a), the identities (3.17)–(3.18) also
imply

λ= 2f 2
2 = constant≥ 0.

Let us prove the implication (b) H⇒ (a). Assuming that U is a Killing vector
field one easily proves (3.13) and therefore the equality E(U)= 3

2 Vol(M)+
1
2

∫
M Ric(U ,U)dvol(g). Also, it is an easy matter that when U is Killing the

equality QU = λU yields λ= constant≥ 0. Statement (a) is thereby proved.
Let us prove now the second part of Theorem 3.14 (i.e., the statements

(i)–(ii) there). Assume that one of the equivalent statements (a)–(b) holds
good. Let us set

c =

{
−f2 =

√
λ/2, f2 ≤ 0,

f2, f2 ≥ 0.

When f2 = 0 one checks easily that U is parallel hence statement (i) is
proved. When f2 6= 0 we consider

g = c2g, ξ = (1/c)U , η = cg(U , ·), ϕ =−∇ξ .

These tensor fields are easily seen to satisfy the relations

η(ξ)= 1, ϕ2
=−I + η⊗ ξ , dη = g(·,ϕ·), g(ϕ·,ϕ·)= g− η⊗ η,

hence (ϕ,ξ ,η,g) is a contact metric structure on M which is Sasakian
precisely when (cf. [42]) ξ is a Killing vector field. �

Theorem 3.14 and its proof admit the following corollaries

Corollary 3.15 Let M =M3(c) be a compact orientable 3-dimensional real
space form of (constant) sectional curvature c ≥ 0. Then for any unit vector field
U tangent to M

E(U)≥
(

3
2
+ c
)

Vol(M),

with equality if and only if U is a Killing vector field.

Corollary 3.16 (F. Brito, [71]) The unit tangent vector fields of minimum
energy on the sphere S3(r) are precisely the Hopf vector fields on S3(r).

Cf. also A. Higuchi & B.S. Kay & C.M. Wood, [164]. The uniqueness
part in F. Brito’s theorem (cf. [71]) follows from the uniqueness part in the
result by H. Gluck & W. Ziller, [133], that unit vector fields of minimum
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volume on S3 are precisely the Hopf vector fields (equivalently the unit
Killing vector fields). H. Gluck & W. Ziller use (cf. op. cit.) methods within
calibrated geometry. Another approach (similar to the arguments in the
proof of Theorem 3.14, yet applied to the volume functional) shows that
on each compact orientable space form M3(c), c ≥ 0, the unit vector fields
of minimum volume (c+ 1)Vol(M) are precisely the unit Killing vector
fields (cf. [244]).

By a result of J.C. Gonzàles-Dàvila & L. Vanhecke, [146], given a com-
pact oriented 3-dimensional Riemannian manifold M if V is a unit vector
field tangent to M which is both Killing and harmonic and if the sectional
curvatures along the 2-planes tangent to (RV )⊥ are ≥ c2 > 0 then ±V
minimize the energy. Also if M =G is a 3-dimensional Lie group a classifi-
cation of left invariant unit vector fields which are harmonic or determine
harmonic maps is given in [146].

3.3. INSTABILITY OF HOPF VECTOR FIELDS

By Corollary 3.16 the Hopf vector fields on S3 are absolute minima
for E : 0∞(S(S3))→ [0,+∞) hence stable critical points of the energy
functional. This is a rather surprising bias from the theory of harmonic
maps where it is known that

Theorem 3.17 (Y.L. Xin, [321]) Let N be Riemannian manifold. Then any
nonconstant harmonic map f : Sn

→N is unstable provided that n≥ 3.

In particular the Hopf vector fields ξ on S3 are unstable as harmonic
maps ξ : S3

→ S(S3). What about the stability of Hopf vector fields on a
sphere S2m+1 (with m> 1)? To answer this question we report on results by
C.M. Wood, [316].

An inspection of the proof of Xin’s theorem (Theorem 3.17 above)
shows that instability of f : Sn

→N follows from

(Hess E)f (Aa)=−(n− 2)
∫
Sn

ĥ( f∗Aa, f∗Aa)dvol(g)

where h is the Riemannian metric on N (and ĥ= f −1h the metric induced
by h in f −1TN→ Sn) and Aa ∈ X(Sn) are the vector fields given by

Aa(p)= Ea−〈a,p〉Ep, p ∈ Sn, a ∈ Rn+1,
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and 〈·, ·〉 is the Euclidean inner product on Rn+1. As to the case of Hopf
vector fields ξ on the sphere Sn with n= 2m+ 1 let Wa be the component
of Aa along (Rξ)⊥ i.e.,

Wa = Aa− g(Aa,ξ)ξ = Ea− g0(Ea,ν)ν− g(Ea,ξ)ξ .

Then we may state

Theorem 3.18 (C.M. Wood, [316], O. Gil-Medrano & E. Llinares-
Fuster, [131]) Let ξ be a Hopf vector field on S2m+1. Then for any a ∈ R2m+2

the Hessian of the energy functional E : 0∞(S(S2m+1))→ [0,+∞) at the critical
point ξ satisfies

(HessE)ξ (Wa,Wa)=−
m

m+ 1
‖a‖2(2m− 3) Vol(S2m+1).

In particular the Hopf vector fields on S2m+1, m> 1, are unstable of index at least
2m+ 2.

To prove Theorem 3.18, we need some preparation. For the remainder
of this section ξ will denote a Hopf vector field on the sphere S2m+1. Also
let Jξ be the Jacobi operator associated to ξ . Let

{E1, . . . ,En} = {Ei, Ei∗ = JEi, ξ : 1≤ i ≤ m}

be a local orthonormal frame on T(S2m+1) (with n= 2m+ 1 and En = ξ

and Ei+m = Ei∗ = JEi for any 1≤ i ≤ m). Here J is an orthogonal almost
complex structure on Cm+1.

Lemma 3.19 For any W ∈ (Rξ)⊥ ⊂ T(Sn)

(HessE)ξ (W ,W )

=−

∫
Sn

(2m− 1)‖W‖2−
2m∑
j=1

(Bnj)
2
−

2m∑
i,j=1

(Bij)
2

dvol(g)

where Bij = g(∇EiW ,Ej) for any 1≤ i, j ≤ n= 2m+ 1.

Proof. For any W ∈ (Rξ)⊥ we may apply Definition 2.30

(Hess E)ξ (W ,W )=

∫
Sn

g( JξW ,W )dvol(g)

=

∫
Sn

(
‖∇W‖2−‖W‖2‖∇ξ‖2

)
dvol(g). (3.19)
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As ξ is a unit Killing vector field we may apply Proposition 3.7 to obtain

‖∇ξ‖2 = g(1gξ ,ξ)= g(Qξ ,ξ)=Ric(ξ ,ξ)= 2m. (3.20)

Moreover

∇EiW =
m∑

j=1

(BijEj+Bij∗Ej∗)+Binξ ,

∇Ei∗W =
m∑

j=1

(Bi∗jEj+Bi∗j∗Ej∗)+Bi∗nξ ,

∇ξW =
m∑

j=1

(BnjEj+Bnj∗Ej∗).

To prove the last equality one makes use of g(∇ξW ,ξ)=−g(W ,∇ξ ξ)= 0
as ξ is a Killing vector field. Moreover, as W and ξ are orthogonal one has
(cf. (3.4)) ∇ξ = J on (Rξ)⊥ so that

Bin = g(∇EiW ,ξ)=−g(∇Eiξ ,W )=−g(Ei∗ ,W )=−W i∗ ,

Bi∗n = g(∇Ei∗W ,ξ)=−g(∇Ei∗ ξ ,W )= g(W ,Ei)=W i.

Hence

‖W‖2 =
m∑

i=1

(
(W i)2+ (W i∗)2

)
=

m∑
i=1

(
B2

in+B2
i∗n
)
.

Consequently

‖∇W‖2 =
m∑

i=1

{
‖∇EiW‖

2
+‖∇Ei∗W‖

2}
+‖∇ξW‖2

=

m∑
i,j=1

{
B2

ij+B2
ij∗ +B2

i∗j+B2
i∗j∗

}

+

m∑
i=1

{
B2

in+B2
i∗n
}
+

m∑
j=1

{
B2

nj+B2
nj∗

}
that is

‖∇W‖2 =
2m∑

i,j=1

B2
ij+

2m∑
j=1

B2
nj+‖W‖

2. (3.21)
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Now Lemma 3.19 follows from the identities (3.19)–(3.21). �

Lemma 3.20
For any a= (a1, . . . ,an+1) ∈ Rn+1 with n= 2m+ 1

(Hess E)ξ (Wa,Wa)=−(2m− 1)‖a‖2Vol(Sn)

+ (4m− 1)
∫
Sn

(
f 2
a + f

2
a

)
dvol(g) (3.22)

where fa, f a ∈ C∞(Sn,R) are given by

fa(p)= g0(Ea,ν)p, f a(p)= g0(Ea,ξ)p, p ∈ Sn.

Also Ea=
∑n+1

j=1 aj ∂/∂xj ∈ X(Rn+1).

Proof. Using the very definition of the vector fields Wa

g0(Wa,ν)p = g(Wa,ξ)p = 0

hence Wa ∈ (Rξ)⊥ ⊂ T(Sn). We recall (cf. the identity (2.26) in H.
Urakawa, [292], p. 168) that the vector fields Aa =

∑n+1
j=1 aj ∂/∂xj− faν

satisfy

∇Eγ Aa =−faEγ , γ = 1,2, . . . ,n= 2m+ 1.

Then

∇Eγ Wa =−faEγ −Eγ ( f a)ξ + f aϕEγ , γ = 1,2, . . . ,n,

so that

Bij =−faδij, Bij∗ = f aδij, Bi∗j =−f aδij, Bi∗j∗ =−faδij,

Bni = Bni∗ = 0, i, j = 1, . . . ,m.

Consequently

2m∑
β,γ=1

B2
βγ +

2m∑
γ=1

B2
nγ =

2m∑
β,γ=1

B2
βγ = 2

m∑
i,j=1

( f 2
a + f

2
a )δij = 2m( f 2

a + f
2
a ).

On the other hand

‖Wa‖
2
= ‖a‖2−

(
f 2
a + f

2
a

)
.

Therefore (by Lemma 3.19 above) we obtain the identity (3.22) in
Lemma 3.20. �
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Lemma 3.21 For any a ∈ Rn+1∫
Sn

f
2
a dvol(g)=

∫
Sn

f 2
a dvol(g)=

‖a‖2

n+ 1
Vol(Sn).

Proof. Let J be the complex structure entering the definition of ξ i.e.,
ξ = Jν. Then ∫

Sn

f
2
a dvol(g)=

∫
Sn

f a g0(Ea,ξ)dvol(g)

=−

∫
Sn

f a g0( JEa,ν)dvol(g)

where Ea=
∑n+1

j=1 xj(a)∂/∂xj ∈ X(Rn+1). By Green’s lemma∫
Sn

g0(−f a JEa,ν)dvol(g)=
∫

Bn+1

div(−f a JEa) ωn+1

where

div
(
−f a JEa

)
=−f adiv( JEa)− ( JEa)(f a)=−( JEa)( f a)

=−( JEa)
(
g0(−JEa,ν)

)
= g0

(
JEa,∇0

JEaν
)
= ‖ JEa‖2 = ‖a‖2

and ∫
Bn+1

ωn+1 = Vol(Bn+1)=
Vol(Sn)

n+ 1
.

The calculation of the integral
∫

Sn f 2
a dvol(g) is similar and therefore left as

an exercise to the reader. �

At this point the proof of Theorem 3.18 follows easily from the
Lemmas 3.20 and 3.21.

Remark 3.22 In the proof of Lemma 3.20 one made use of the fact that

∇XAa =−faX , X ∈ X(Sn),

hence the vector fields Aa are conformal yet not Killing

(LAag)(X ,Y)= g(∇XAa,Y)+ g(X ,∇Y Aa)=−2 fag(X ,Y).



“Dragomir Chapters” — 2011/10/1 — page 151 — #151

3.4. Existence of Minima in Dimension> 3 151

Let K and C be respectively the linear spaces of all Killing vector fields
on Sn and of all conformal vector fields (i.e., infinitesimal conformal
transformations) on Sn. Moreover, let us set

A= {Aa : a ∈ Rn+1
}.

As dimRK = n(n+ 1)/2 and dimRC = (n+ 1)(n+ 2)/2 it follows that C =
K⊕A. �

Remark 3.23 Let (M ,g) be a compact orientable Riemannian manifold.
If V is a unit vector field tangent to M then Vc = (1/

√
c)V is a unit vec-

tor field tangent to (M ,g) with g = cg, c > 0. Then (by Remark 2.4 in
Chapter 2)

Eg(Vc)= c
n
2−1Eg(V )+ const., n= dim(M).

Consequently V is a critical point of Eg if and only if Vc is a critical point
of Eg and the corresponding Hessian forms have the same index. Therefore
Theorem 3.18 implies that the Hopf vector fields on S2m+1(r), m> 1, are
unstable critical points of index at least 2m+ 2. �

3.4. EXISTENCE OF MINIMA IN DIMENSION> 3

Let (M ,g) be a compact orientable Riemannian manifold. As well
known the identity map 1M : M→M is a harmonic map.

Definition 3.24 (T. Nagano, [221]) A Riemannian manifold (M ,g) is
said to be stable if the identity map is stable. Otherwise M is said to be
unstable. �

By a result of R.T. Smith, [273], if (M ,g) is a compact n-dimensional
Enstein manifold then M is stable if and only if λ1 ≥ 2ρ/n where λ1 is
the first nonzero eigenvalue of the Laplace-Beltrami operator on functions
and ρ is the scalar curvature. As reported on earlier (cf. Section 3.2) in this
monograph F. Brito has shown (cf. [71]) that the Hopf vector fields in S3

(i.e., the unit vector fields tangent to the fibres of the Hopf fibration) are
the only minimizers of the energy functional E : S(S3)→ [0,+∞) and in
particular they are stable. However Hopf vector fields on S2m+1, m> 1,
were seen (cf. Section 3.3) to be unstable. To the knowledge of the authors
of this monograph, in dimension > 3 there are neither examples of unit
vector fields realizing the absolute minimum for the energy nor criteria of
existence of minima.
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The sphere S2m+1 is a standard example of Sasakian space form of con-
stant sectional curvature +1. Let (η0,g0) be the natural Sasakian structure
of S2m+1. Let (M ,g) be any (2m+ 1)-dimensional compact Riemannian
manifold of constant sectional curvature +1. Then M is a spherical space
form (S2m+1/0,g) for some finite subgroup 0 ⊂O(2m+ 2) (in which the
identity is the only element corresponding to the eigenvalue +1). Here g is
the Riemannian metric induced by g0 on the quotient S2m+1/0. We may
identify U(m+ 1) with the subgroup of O(2m+ 2) preserving η0. Then 0
is conjugate in O(2m+ 2) to a subgroup of U(m+ 1). Therefore η0 induces
a contact form η on M . See J.A. Wolf, [312]. As g is induced by g0 it follows
that (η,g) is a Sasakian structure on M (cf. S. Tanno, [283]). Thus every odd
dimensional compact orientable Riemannian manifold of constant sectional
curvature +1 is a Sasakian manifold.

Let M2m+1(c) be a Sasakian space form i.e., a real (2m+ 1)-dimensional
Sasakian manifold of constant ϕ-sectional curvature c. Any such mani-
fold has constant scalar curvature ρ = m[(2m+ 1)(c+ 3)+ c− 1]/2 and is
η-Einstein (cf. [42], p. 113) i.e., Ric= α g+β η⊗ η with a= [(m+ 1)c+
3m− 1]/2 and b=−[(m+ 1)(c− 1)]/2. Also c = 1 if and only if M2m+1

has constant sectional curvature +1. On the other hand, by a result of
H. Urakawa (cf. [295], p. 572) the first nonzero eigenvalue λ1 of the
Laplace-Beltrami operator on (S2m+1/0,g) with 0 6= {1M} is ≥ 4m, that is
(S2m+1/0,g) with 0 6= {1M} is stable. As an outgrowth of the ideas above
one has

Theorem 3.25 (D. Perrone & L. Vergori, [254]) Let (M ,η,g) be a (2m+
1)-dimensional (m≥ 1) compact Sasakian space form of constant ϕ-sectional curva-
ture c. i) If µ1 <min{(m+ 1)c+ 3m− 1,4m} then M is unstable. ii) If c ≥ 1
and ξ is unstable then M is unstable. iii) If c = 1 then the following statements are
equivalent a) µ1 = 4m, b) M is stable, and c) π1(M) 6= 0. Here µ1 is the first
nonzero eigenvalue of the Laplacian on 1-forms.

By Theorem 3.25, the stability of the Sasakian manifold M implies the
stability of the Reeb vector field. It is therefore a natural problem to study
the existence of minima of E : 0∞(S(M))→ [0,+∞) when M is a sta-
ble compact Riemannian manifold. H. Urakawa has classified (cf. [294])
the compact simply connected irreducible Riemannian symmetric spaces
which are stable (these are in particular Einstein).

Let us discuss the existence of minima for E : 0∞(S(M))→ [0,+∞)
where (M ,g) is a stable compact Einstein manifold of dimension n i.e.,
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Ric= κg. By applying the second variation formula

(Hess E)1M (X ,X)=
∫
M

g( J1M X ,X)dvol(g)=
∫
M

g(1gX −QX , X)dvol(g)

(3.23)

for any X ∈ X(M), where 1g is the rough Laplacian, Q is the Ricci oper-
ator, and J1M =1g−Q is the Jacobi operator of the identity map. As M is
stable (by (3.23) and Lemma 2.15)

(Hess E)1M (X ,X)=
∫
M

(
‖∇X‖2−Ric(X ,X)

)
dvol(g)≥ 0 (3.24)

for any X ∈ X(M). Then (by Proposition 2.3)

E(U)=
1
2

∫
M

‖∇U‖2dvol(g)+
n
2

Vol(M)≥
κ + n

2
Vol(M) (3.25)

for any U ∈ 0∞(S(M)). Let us recall that a Jacobi vector field is a smooth
solution X to J1M X = 0. Jacobi vector fields are studied by K. Yano & T.
Nagano, [326] (there Jacobi vector fields are referred to as geodesic vector
fields). If U0 is a unit Jacobi vector field then∫

M

‖∇U0‖
2dvol(g)=

∫
M

g(1gU0,U0)dvol(g)

=

∫
M

Ric(U0,U0)dvol(g)= κVol(M).

Hence

E(U0)=
κ + n

2
Vol(M)≤ E(U)

for any U ∈ 0∞(S(M)) i.e., U0 minimizes the energy.
Conversely, let U be a unit vector field such that E(U)= (κ +

n)Vol(M)/2. Then (by (3.25))
∫

M ‖∇U‖2 dvol(g)= κVol(M) so that (by
(3.24)) (Hess E)1M (U ,U)= 0. Since M is stable we may expand U as
U =

∑
∞

i=1 Ei where {Ei : i ≥ 1} are such that

J1M Ei = aiEi,
∫
M

g(Ei,Ej)dvol(g)= 0, i 6= j, ai ≥ 0.
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Thus

J1M U =
∞∑

i=p+1

aiEi, p= dimKer( J1M ), ai > 0, i ≥ p+ 1,

so that

0= (HessE)1M (U ,U)=
∫
M

g( J1M U ,U)dvol(g)

=

∞∑
i=p+1

ai

∫
M

g(Ei,Ei)dvol(g).

It follows that Ei = 0 for any i ≥ p+ 1 so that J1M U = 0 i.e., U is a Jacobi
vector field. If U ∈ 0∞(S(M)) is a unit vector field whose flow is volume
preserving (i.e., div(U)= 0) then it may be easily shown that U is a Killing
vector field if and only if U is a Jacobi vector field (one may see for instance
[258], p. 171). Hence

Proposition 3.26 Let (M ,g) be a stable compact Einstein manifold. Then the
unit Jacobi vector fields are the only minimizers of the energy. In particular if U ∈
0∞(S(M)) is volume preserving then U minimizes the energy if and only if U is
a Killing vector field.

Consequently one obtains

Corollary 3.27 Let (M ,η,g) be a stable compact Einstein contact metric mani-
fold. Then the Reeb vector ξ minimizes the energy if and only if M is a Sasakian
manifold.

Proof. The flow of ξ is volume preserving. Moreover (by a result of C. Boyer
et al., [66]) a compact Einstein K-contact manifold is Sasaki-Einstein. At
this point the result follows from Proposition 3.26.

We end this section with the following �

Theorem 3.28 (D. Perrone & L. Vergori, [254]) Let (M ,η,g) be
a compact Sasakian manifold of constant sectional curvature +1 and dimension
dim(M)= 2m+ 1> 3. Then the Reeb vector ξ minimizes the energy if and
only if π1(M) 6= 0.

Proof. Let us assume that ξ minimizes the energy and π1(M)= 0. Then M
is the sphere S2m+1. On the other hand on S2m+1 the Hopf vector fields
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are precisely the unit Killing vector fields (cf. our Section 3.1). Then ξ
is a Hopf vector field and as such unstable, a contradiction. The converse
follows from Theorem 3.25 and Corollary 3.27. �

3.5. BRITO’S FUNCTIONAL

Since the Hopf vector fields on S2m+1, m> 1, are unstable criti-
cal points of the energy functional E : 0∞(S(S2m+1))→ [0,+∞) F. Brito,
[71], was led to the construction of a “correction” of E whose precise
description is given by the following

Definition 3.29 Let (M ,g) be a compact orientable real n-dimensional
Riemannian manifold and V a tangent vector field on M . We set

Ẽ(V )= E(V )+
(n− 1)(n− 3)

2

∫
M

‖HV‖
2dvol(g)

=
n
2

Vol(M)+
1
2

∫
M

{
‖∇V‖2+ (n− 1)(n− 3)‖HV‖

2}dvol(g)

where HV =−
1

n−1(divV )V is the mean curvature vector of the distribu-
tion (RV )⊥ ⊂ T(M). The functional Ẽ : X(M)→ [0,+∞) is referred to
as Brito’s energy functional. �

We may state

Theorem 3.30 (F. Brito, [71]) Let M be a compact orientable n-dimensional
Riemannian manifold and V a unit vector field on M. Then

Ẽ(V )≥
n
2

Vol(M)+
1
2

∫
M

Ric(V ,V )dvol(g). (3.26)

In particular if M = S2m+1 and ξ is a Hopf vector field on S2m+1 then

Ẽ(V )≥ Ẽ(ξ)= E(ξ)=
4m+ 1

2
Vol(S2m+1).

Proof. Let us consider a local orthnormal frame {Ei : 1≤ i ≤ n} of T(M)
with En = V . Let us set

sij = g(∇EiV ,Ej), 1≤ i, j ≤ n.
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Note that sin = 0 for any 1≤ i ≤ n. Then

‖∇V‖2 =
n−1∑
i=1

‖∇EiV‖
2
+‖∇V V‖2 =

n−1∑
i,j=1

s2ij+‖∇V V‖2

so that

‖∇V‖2+ (n− 1)(n− 3)‖HV‖
2
−‖∇V V‖2

=

n−1∑
i,j=1

s2ij+
n− 3
n− 1

(
n−1∑
i=1

sii

)2

=

n−1∑
i=1

s2ii+
∑

1≤i 6=j≤n−1

s2ij+
n− 3
n− 1

n−1∑
i=1

s2ii+ 2
∑

1≤i<j≤n−1

siisjj


=

2(n− 2)
n− 1

n−1∑
i=1

s2ii+
∑
i 6=j

s2ij+
2(n− 3)

n− 1

∑
i<j

siisjj

=
2(n− 2)

n− 1
1

n− 2

∑
i<j

(sii− sjj)2+ 2
∑
i<j

siisjj


+

∑
i<j

(sij+ sji)2− 2
∑
i<j

sijsji+
2(n− 3)

n− 1

∑
i<j

siisjj

=
2

n− 1

∑
i<j

(sii− sjj)2+
4

n− 1

∑
i<j

siisjj+
∑
i<j

(sij+ sji)2

− 2
∑
i<j

sijsji+
2(n− 3)

n− 1

∑
i<j

siisjj

or

‖∇V‖2 =
2

n− 1

∑
i<j

(sii− sjj)2+
∑
i<j

(sij+ sji)2+ 2
∑
i<j

(siisjj− sijsji).

(3.27)
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Since

(divV )2 =

(
n−1∑
i=1

sii

)2

=

n−1∑
i=1

s2ii+ 2
∑
i<j

siisjj,

traceg {(∇V ) ◦ (∇V )} =
n∑

j=1

g(∇∇Ej V V ,Ej)

=

n−1∑
i,j=1

sjisij =
n−1∑
i=1

s2ii+ 2
∑
i<j

sijsji,

one obtains

2
∑
i<j

(siisjj− sijsji)= (divV )2− traceg {(∇V ) ◦ (∇V )} = 2σ2(V ).

Therefore the identity (3.27) becomes

‖∇V‖2+ (n− 1)(n− 3)‖HV‖
2
= 2σ2(V )+‖∇V V‖2

+
2

n− 1

∑
i<j

(sii− sjj)2+
∑
i<j

(sij+ sji)2. (3.28)

At this point the inequality (3.26) follows from (3.28) and (3.9). Let us
assume now that M = S2m+1 and that V = ξ is a Hopf vector field. Such ξ
is a unit Killing vector field hence

sij+ sji = g(∇Eiξ ,Ej)+ g(∇Ejξ ,Ei)= (Lξ g)(Ei,Ej)= 0,

sii = g(∇Eiξ ,Ei)= 2(Lξ g)(Ei,Ei)= 0,

divξ =
∑

i

sii = 0 (hence Hξ = 0),

∇ξ ξ =
∑

i

g(∇ξ ξ ,Ei)Ei = 0.

Consequently (3.28) and (3.26) imply

2n− 1
2

Vol(Sn)= Ẽ(ξ)=
n
2

Vol(Sn)+
1
2

∫
Sn

Ric(ξ ,ξ)dvol(g)

=
n
2

Vol(Sn)+
1
2

∫
Sn

Ric(V ,V )dvol(g)≤ Ẽ(V )
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for any unit tangent vector field V on Sn, n= 2m+ 1. Theorem 3.30 is
proved. �

3.6. THE BRITO ENERGY OF THE REEB VECTOR

Let S2n+1 be the standard odd-dimensional sphere with the canonical
metric g and let ξ be a Hopf vector field on S2n+1. If η is the 1-form on
S2n+1 given by η = g(ξ , ·) then (η,g) is a K-contact metric structure on
S2n+1 and ξ is the corresponding Reeb vector field (cf. the terminology in
[42]). In the sequel, we extend Brito’s result (cf. Theorem 3.30 above) to
the case of a compact K-contact manifold and its associated Reeb vector
field. To start with we show that

Proposition 3.31 Let (M ,(φ,ξ ,η,g)) be a compact K-contact real (2n+ 1)-
dimensional manifold. Let Ric be the Ricci tensor of (M ,g).
i. One has

Ẽ(V )≥ Ẽ(ξ)= E(ξ)=
(

2n+
1
2

)
Vol(M),

for any unit tangent vector field V on (M ,g) provided that Ric(V ,V )≥ 2n.
Here Vol(M) is short for Vol(M ,g)=

∫
M dvol(g).

ii. There is a D-homothetic K-contact structure (φt,ξt,ηt,gt) on M such that

Ẽ(V )≥ Ẽ(ξt)= E(ξt)= tn+1E(ξ),

for any unit tangent vector field V on (M ,gt) provided that Ric(X ,X)≥
k‖X‖2 for some k ∈ R, k>−2, and for any X ∈ X(M). Here (φt,ξt,ηt,gt)

is given by

φt = φ, ξt = (1/t)ξ , ηt = tη, gt = tg+ t(t− 1)η⊗ η, t > 0.

For D-homothetic contact metric structures see S. Tanno, [280].

Proof of Proposition 3.31.
i. Let V be a unit vector field tangent to (M ,g). By Brito’s inequality

(3.26), one has

Ẽ(V )≥
2n+ 1

2
Vol(M)+

1
2

∫
M

Ric(V ,V )dvol(g).

As (by hypothesis) Ric(V ,V )≥ 2n one has

Ẽ(V )≥
(

2n+
1
2

)
Vol(M).
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We recall (cf. e.g., [42], p. 62) that for any contact metric structure
(φ,ξ ,η,g) one has divξ = 0 hence the mean curvature vector of the
contact distribution Ker(η)= (Rξ)⊥ vanishes

Hξ =−
1
2n
(divξ)ξ = 0.

In particular for the given K-contact structure

Ẽ(ξ)= E(ξ)=
(

2n+
1
2

)
Vol(M)

hence the result.
ii. Let t > 0 and let Rict be the Ricci tensor of the Riemannian manifold
(M ,gt). A straightforward calculation based on gt = t g+ t(t− 1)η⊗ η
shows that

Rict =Ric− 2(t− 1)g+ 2(t− 1)(nt+ n+ 1)η⊗ η. (3.29)

Cf. also S.I. Goldberg, [139], p. 653. Let us fix a value of the parameter
t > 0 such that

0< t ≤
k+ 2
2n+ 2

.

We shall show that Rict(W ,W )≥ 2n for any unit tangent vector field W
on (M ,gt). Indeed any such W may be written as W = V + f ξ where
V ∈ Ker(η) and f ∈ C∞(M) is given by f = η(W ). Then (by (3.29))

Rict(W ,W )=Ric(W ,W )− 2(t− 1)‖W‖2+ 2(t− 1)(nt+ n+ 1)f 2

(as the identity Qξ = 2nξ holds on any K-contact metric manifold, cf.
[42], and in particular Ric(V ,ξ)= 0)

=Ric(V ,V )+ 2nf 2

− 2(t− 1)‖V‖2− 2(t− 1)f 2
+ 2(t− 1)(nt+ n+ 1)f 2

=Ric(V ,V )− 2(t− 1)‖V‖2+ 2nt2f 2.

On the other hand, as W is a unit vector field with respect to gt

1= gt(W ,W )= t‖W‖2+ (t2− t)f 2
= t‖V‖2+ t2f 2

i.e., t2f 2
= 1− t‖V‖2. Therefore

Rict(W ,W )=Ric(V ,V )− 2(nt+ t− 1)‖V‖2+ 2n

≥ [k+ 2− 2t(n+ 1)]‖V‖2+ 2n≥ 2n.
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Finally

dvol(gt)= (2nn!)−1ηt ∧ (dηt)
n
= tn+1 dvol(g),

E(ξt)=
(

2n+
1
2

)
Vol(M ,gt)=

(
2n+

1
2

)
tn+1 Vol(M)= tn+1E(ξ)

hence (ii) follows by applying part (i) of Proposition 3.31.
�

Any (2n+ 1)-dimensional K-contact Einstein manifold has constant
scalar curvature ρ = 2n(2n+ 1). Then Proposition 3.31 implies

Corollary 3.32 (D. Perrone, [243]) The Reeb vector field of each compact
K-contact Einstein manifold is an absolute minimum for Brito’s energy functional.

C. Boyer & K. Galicki, [67], exhibited a large class of compact Sasakian-
Einstein manifolds, including Tanno’s example of a Sasakian-Einstein struc-
ture (η,g) on S3

× S2 (cf. [280]) where g is not a Riemannian product of
constant curvature metrics. In these examples the Reeb vector is an abso-
lute minimum of Brito’s energy functional. On the other hand any compact
K-contact Einstein manifold is Sasakian (cf. C. Boyer & K. Galicki, [66]).

Theorem 3.33 (D. Perrone, [243]) Let (M ,φ,ξ ,η,g) be a compact K-
contact η-Einstein manifold of real dimension 2n+ 1> 3. Let W be the Webster
scalar curvature.
i. If W ≥ n(n+ 1)/2 then the Reeb vector ξ is an absolute minimum of Brito’s

energy functional Ẽ.
ii. If W > 0 then for any 0< t ≤ 2W/[n(n+ 1)] the Reeb vector ξt is an

absolute minimum of Brito’s energy Ẽt defined in terms of the D-homothetic
metric gt.

iii. If W = 0 then in general ξ is not a minimum for both energy functionals Ẽ
and E.

We recall (cf. e.g., K. Yano & M. Kon, [325]) that a contact metric
manifold (M ,η,g) is η-Einstein if Ric= α g+β η⊗ η for some real val-
ued smooth functions α,β ∈ C∞(M). In dimension 2n+ 1≥ 5 for any
η-Einstein K-contact manifold (M ,η,g), the functions α,β are actually
constant

α =
ρ

2n
− 1, β =−

ρ

2n
+ 2n+ 1.

Moreover a (2n+ 1)-dimensional η-Einstein K-contact manifold is Ein-
stein if and only if β = 0 i.e., Ric= 2ng. On the other hand, the Webster
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scalar curvature of a (2n+ 1)-dimensional K-contact manifold is given by

W =
1
8
(ρ−Ric(ξ ,ξ)+ 4n)=

ρ+ 2n
8

.

The first equality may be taken as a definition of the generalized Tanaka-
Webster scalar curvature as introduced by S. Tanno, [281], p. 362, on an
arbitrary contact metric manifold. See also S. Dragomir & G. Tomassini,
[110], p. 50. Then the Ricci tensor of a η-Einstein K-contact manifold of
real dimension 2n+ 1 with n> 1 is given by

Ric=
4W − 2n

n
g+

2n2
+ 2n− 4W

n
η⊗ η

(where W is constant). Consequently

Ric(X ,X)≥ 2n‖X‖2⇐⇒W ≥
n(n+ 1)

2
.

At this point statement (i) in Theorem 3.33 follows from part (i) in
Proposition 3.31.

In order to prove statement (ii) in Theorem 3.33 we consider the D-
homothetic K-contact metric structure (φt,ξt,ηt,gt) for a fixed value of the
parameter t > 0 satisfying

0< t ≤
2W

n(n+ 1)

(provided that W > 0). It may be easily checked (along the lines of the
proof of part (ii) in Proposition 3.31) that the Ricci tensor Rict of the
metric gt = tg+ (t2− t)η⊗ η satisfies Rict(V ,V )≥ 2n for any unit vector
field V on (M ,gt). Then part (ii) in Proposition 3.31 implies that ξt is a
minimum point of Ẽt.

Let us prove (iii) in Theorem 3.33. It suffices to build an example where
ξ is not a minimum of Ẽ (or E). Let R2n+1 carry the standard Sasakian
structure (φ,ξ ,η,g)

φ
∂

∂xi =−
∂

∂yi , φ
∂

∂yi =
∂

∂xi + yi ∂

∂z
, φ

∂

∂z
= 0,

ξ = 2
∂

∂z
, η =

1
2

(
dz−

n∑
i=1

yidxi

)
,

g = η⊗ η+
1
4

n∑
i=1

(
dxi
⊗ dxi

+ dyi
⊗ dyi).
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The contact bundle Ker(η) is the span of{
∂

∂xi + yi ∂

∂z
,
∂

∂yi : 1≤ i ≤ n
}

and the vector fields

Ei = 2
∂

∂yi , Ei+n = 2
(
∂

∂xi + yi ∂

∂z

)
, ξ = 2

∂

∂z
,

form a φ-basis (see also [42], p. 48). R2n+1 equipped with this contact
metric structure is a Sasakian space form of constant φ-sectional curvature
c =−3 while its Ricci tensor is given by

Ric=−2g+ 2(n+ 1)η⊗ η

(cf. [42], p. 113–114). In particular (R2n+1,(φ,ξ ,η,g)) is η-Einstein
of Webster scalar curvature W = 0. One may identify R2n+1 with the
Heisenberg group Hn of all matrices of the form

A=

 1 Y z
Ot In X t

0 O 1

,

X = (x1, . . . ,xn), Y = (y1, . . . ,yn), O= (0, . . . ,0),

X , Y , O ∈ Rn, z ∈ R.

The coordinates (xi,yi,z) provide a global chart of Hn. It may be easily
checked that the vector fields

{Ei, Ei+n = φEi, ξ : 1≤ i ≤ n} (3.30)

are left invariant. Moreover the φ-basis (3.30) (an orthonormal frame
relative to the contact metric g) satisfies

[Ei,φEi]= ξ , 1≤ i ≤ n, (3.31)

while the remaining Lie brackets are zero. Summing up (φ,ξ ,η,g) is a left
invariant Sasakian structure on the unimodular Lie group Hn. Note that for
n= 1 one recovers the left invariant Sasakian structure on the lowest dimen-
sional Heisenberg group as introduced in [42], p. 49. Using (3.31) one may
easily check that the Levi-Civita connection ∇ of (Hn,g) is expressed by

∇Eiξ =−φEi, ∇φEiξ = Ei, ∇EiφEi = ξ , (3.32)

∇ξEi =−φEi, ∇ξφEi = Ei, ∇φEiEi =−ξ , (3.33)
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for any 1≤ i ≤ n, while the remaining covariant derivatives are zero. Let
0 ⊂Hn be the discrete subgroup of all matrices A ∈Hn with integer
entries. The space of right cosets M = 0 \Hn is a compact differentiable
manifold and the natural projection π : Hn→M is smooth. Each left
invariant vector field on Hn descends to M . Equivalently if X ∈ X(Hn)

is left invariant, then (dbaπ)Xba = (daπ)Xa for any a ∈Hn and any b ∈ 0.
Indeed if Lb is the left translation with b then

(π ◦Lb)(a)= π(ba)= 0 ba= 0 a= π(a)

hence (using the left invariance of X)

(dbaπ)Xba = [da(π ◦Lb)]Xa = (daπ)Xa .

Similarly any left invariant tensor field on Hn, and in particular its standard
Sasakian structure, descends to the quotient space M . For the remainder of
this section left invariant tensor fields on Hn and their projections on M are
denoted by the same symbols. The identities (3.32)–(3.33) imply

‖∇Ei‖
2
= ‖∇φEiEi‖

2
+‖∇ξEi‖

2
= 2, ‖∇ξ‖2 = 2n,

and

divξ = 0, divEi = 0,

that is the mean curvature vectors Hξ and HEi (of the distributions (Rξ)⊥
and (REi)

⊥ vanish). Then

Ẽ(Ei)− Ẽ(ξ)= E(Ei)−E(ξ)

=
1
2

∫
M

(
‖∇Ei‖

2
−‖∇ξ‖2

)
dvol(g)=−(n− 1) Vol(M).

Consequently, as n> 1, ξ can be a minimum of neither Ẽ nor E.

Remark 3.34 The proof of part (iii) in Theorem 3.33 yields

(Hess E)ξ (Ei,Ei)

=

∫
M

(
‖∇Ei‖

2
−‖Ei‖

2
‖∇ξ‖2

)
dvol(g)=−2(n− 1) Vol(M).

It follows that the Reeb vector ξ of the Sasakian manifold M = 0 \Hn with
n> 1 is E-unstable. Nevertheless, as we shall show in Chapter 4, the Reeb
vector of 0 \H1 is E-stable. Therefore the Reeb vector ξ enjoys the same
stability properties as Hopf vector fields on odd-dimensional spheres. Note,
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however, the bias in the behavior of ξ on 0 \Hn with respect to Brito’s
energy functional. �

3.7. VECTOR FIELDS WITH SINGULARITIES

One of the conclusions of the previous section is that Hopf vector
fields on Sn with n= 2m+ 1 aren’t minima of the Dirichlet energy func-
tional E : 0∞(S(M))→ [0,+∞). The remaining problem is of course to
compute infX∈0∞(S(M))E(X) and investigate whether this is achieved for
some vector field perhaps allowed to possess (a finite number of) singular
points. For instance, radial vector fields on Sn are examples of unit vector
fields with only isolated singularities.

3.7.1. Geodesic Distance
Let (M ,g) be a Riemannian manifold and p ∈M a given point. If expp is
a diffeomorphism of a neighborhood V of the origin in Tp(M) then U =
expp(V ) is a normal neighborhood of p. If Bε(0)= {v ∈ Tp(M) : gp(v,v) < ε2

}

is such that Bε(0)⊂ V then B(p,ε)= expp [Bε(0)] is the geodesic ball of
center p and radius ε > 0. By the Gauss lemma (cf. e.g., Lemma 3.5 in
[98], p. 69) the boundary S(p,ε) of a geodesic ball B(p,ε) is a smooth real
hypersurface in M , orthogonal to the geodesics that issue at p. S(p,ε) is
a geodesic sphere at p. The geodesics in B(p,ε) that start at p are the radial
geodesics. Given v ∈ Tp(M) with ‖v‖ = 1 let us set γv(t)= expp(tv). When t
is small γv is the unique minimal unit speed geodesic joining p and expp(tv).
Let A be the set of all t > 0 such that γv is the unique minimal geodesic
joining p and γv(t). Also let t0 = supA. When t0 is finite γv(t0) is a cut point
of p. Let Cut(p) be the set of all cut points of p. If d : M ×M→ [0,+∞)
is the distance associated to the Riemannian structure g, the function (the
distance from p)

r : M→ [0,+∞), r(q)= d(p,q), q ∈M ,

is only Lipschitz on M yet r is actually smooth on M \Cut(p). In appli-
cations one may differentiate r : M \Cut(p)→ (0,+∞), perhaps several
times. The resulting calculations will involve the curvature of (M ,g) (cf.
e.g., R. Schoen, [268]). As well known (cf. e.g., Corollary 2.8 in [98],
p. 271) M \Cut(p) is homeomorphic to an open ball in the Euclidean
space. Loosely speaking, the topology of M is contained in its cut locus.
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Let u : Rn
→ Tp(M) be a R-linear isomorphism such that

gp(u(ei),u(ej))= δij, 1≤ i, j ≤ n,

where {e1, . . . , en} ⊂ Rn is the canonical linear basis. If U = expp(V )⊆M
is a normal neighborhood of p then

χ = (x1, . . . ,xn) : U→ Rn, χ(q)=
(
expp ◦u

)−1
(q), q ∈ U ,

is a local chart on U and (x1, . . . ,xn) is a normal coordinate system on M at p.
If Bε(0)= {v ∈ Tp(M) : ‖v‖ ≤ ε} ⊂ V and B(p,ε)= expp [Bε(0)] as above
then

B(p,ε)= {q ∈ U :
n∑

i=1

xi(q)2 < ε2
}.

We end this short reminder of Riemannian geometry by recalling that i)
every point q ∈ B(p,ε) can be joined to p by a geodesic lying in B(p,ε) and
such a geodesic is unique, ii) the length of the geodesic in (i) is equal to the
distance d(p,q), and iii) B(p,ε) equals the metric ball {q ∈M : d(p,q) < ε}
(cf. e.g., Proposition 3.4 in [189], p. 165). The reader might find it useful
to look at N. Shimakura, [270], p. 263–268, and at G. De Rham, [96],
p. 132–143.

3.7.2. F. Brito & P.G. Walczak’s Theorem
Let p ∈M and U ⊆M be a normal neighborhood of p. The distance from
p function r = (p, ·) : U \ {p} → R is smooth. Let then ∂/∂r ∈ X(U \ {p})
be the tangent vector field dual to dr with respect to g i.e.,

g
(
∂

∂r
,X
)
= X(r), X ∈ X(U \ {p}).

∂/∂r is a unit vector field tangent to the geodesics issuing at p. Also ∂/∂r
is the outward normal at each point of any small geodesic sphere S(p,a).
Moreover the distribution (R(∂/∂r))⊥ is completely integrable and the
geodesic spheres S(p,a) are its maximal integral manifolds.

Let us look now at unit radial vector fields on the standard sphere.
Let p ∈ Sn and let T be the unit tangent vector field tangent to the radial
geodesics issuing at p. The vector field T is defined on Sn

\ {±p}. Clearly
T determines a geodesic flow and the distribution (RT)⊥ is completely
integrable and its leaves are totally umbilical. As a straightforward conse-
quence it may be shown that the unit radial vector field T ∈ X(Sn

\ {±p})
is a harmonic vector field (cf. E. Boeckx & L. Vanhecke, [51]).
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Theorem 3.35 (F. Brito & P.G. Walczak, [72]) Let M be a real n-
dimensional, n≥ 3, compact orientable Riemannian manifold. Let V be a unit
vector field on M possessing a finite number of singularities. Then

E(V )≥
1
2

∫
M

(
n+

1
n− 2

Ric(V ,V )
)

dvol(g). (3.34)

If n≥ 4 then equality is achieved in (3.34) if and only if V is geodesic and (RV )⊥

is a completely integrable distribution whose leaves are totally umbilical in M.

To prove Theorem 3.35 we need some preparation. Let A⊂M be a
finite subset (eventually empty). Then �=M \A is an open dense subset
of M whose closure is compact. For sufficiently small a> 0 let B(p,a) and
S(p,a) be respectively the geodesic ball and the geodesic sphere of center
p and radius a.

Lemma 3.36 Let A= {p1, . . . ,pk} ⊂M and �=M \A. Let p ∈ A and f :
�→ [0,+∞) be a continuous function. If

liminf
a→0+

∫
S(p,a)

fdvol(gS(p,a)) > 0

then ∫
M

f 2dvol(g)=∞.

Here gS(p,a) is the first fundamental form of S(p,a) in (M ,g).

Proof. Let C > 0 such that Vol(S(p,a))≤ Can−1 for sufficiently small a> 0.
Under the assumptions in Lemma 3.36 there is ε > 0 such that∫

S(p,a)

f dvol(gS(p,a))≥ ε

for sufficiently small a> 0. By Hölder’s inequality

ε ≤

∫
S(p,a)

f dvol(gS(p,a))≤ Vol(S(p,a))1/2

 ∫
S(p,a)

f 2dvol(gS(p,a))


1/2
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hence ∫
S(p,a)

f 2dvol(gS(p,a))≥
ε2

Vol(S(p,a))
≥

ε2

Can−1

for sufficiently small a> 0. Moreover, by Fubini’s theorem

∫
B(p,a)

f 2dvol(g)=

a∫
0

 ∫
S(p,t)

f 2dvol(gS(p,a))

 dt ≥
ε2

C

a∫
0

t1−n dt =∞.

�

Lemma 3.37 Let (M ,g) be a compact orientable Riemannian manifold of real
dimension n≥ 3. Let V ∈ X(�) with �=M \A and A= {p1, . . . ,pk} ⊂M.
If E(V ) <∞ i.e.,

∫
M ‖∇V‖2dvol(g) <∞ then∫

M

{Ric(V ,V )− 2σ2(V )}dvol(g)= 0,

where σ2(V ) is the second mean curvature of the distribution (RV )⊥.

Proof. Let ai > 0 be sufficiently small positive numbers and Si = S(pi,ai)

and Bi = B(pi,ai) respectively the geodesic sphere and ball of center pi and
radius ai, for each 1≤ i ≤ k. Let νi be the outward unit normal on Si. The
identity (3.8) in Lemma 3.13 applies to V so that

Ric(V ,V )− 2σ2(V )= div(∇V V − (divV )V )

= div(∇V V + (n− 1)HV ).

Then (by Green’s lemma)∣∣∣∣∣∣∣
∫

M\∪iBi

{Ric(V ,V )− 2σ2(V )}dvol(g)

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
∫

M\∪iBi

div(∇V V + (n− 1)HV )dvol(g)

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
∑

i

∫
Si

g(∇V V + (n− 1)HV ,νi)dvol(gSi)

∣∣∣∣∣∣∣
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≤

∑
i

∫
Si

‖∇V V + (n− 1)HV‖dvol(gSi)

∣∣∣∣∣∣∣
∫

M\∪iBi

{Ric(V ,V )− 2σ2(V )}dvol(g)

∣∣∣∣∣∣∣
≤ Cn

∑
i

∫
Si

‖∇V‖dvol(gSi) (3.35)

for some constant Cn > 0 depending only on n. At this point we may
apply Lemma 3.36 to the function f = ‖∇V‖ (by taking into account that∫

M ‖∇V‖2 <∞) to conclude that

liminf
ai→0+

∫
Si

‖∇V‖dvol(gSi)= 0.

Therefore (by (3.35)) the integral
∫

M{Ric(V ,V )− 2σ2(V )}dvol(g) is well
defined as a principal value and vanishes. �

Proof of Theorem 3.35. Let {E1, . . . ,En} be a local orthonormal frame with
En = V (defined on some open subset U ⊆�). Let us set

sij = g(∇EiV ,Ej), 1≤ i, j ≤ n− 1.

Then

‖∇V‖2 = ‖∇V V‖2+
n−1∑
i,j=1

s2ij

and

n−1∑
i,j=1

s2ij =
1

n− 2

∑
i<j

(sii− sjj)2+
∑
i<j

(sij+ sji)2

+(n− 3)
∑
6=j

s2ij+ 2
∑
i<j

(siisjj− sijsji)

,

2
∑
i<j

{siisjj− sijsji} = 2σ2(V ).
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Thus

‖∇V‖2 ≥
2

n− 2
σ2(V ). (3.36)

When E(V )=∞ then (3.34) is trivially satisfied. If E(V ) <∞ then (3.34)
follows from (3.36) and Lemma 3.37. Indeed

0=
∫
M

{Ric(V ,V )− 2σ2(V )}dvol(g)

≥

∫
M

{Ric(V ,V )− (n− 2)‖∇V‖2}dvol(g)

=

∫
M

Ric(V ,V )dvol(g)− (n− 2){2E(V )− nVol(M)}.

If n> 3 and equality is achieved in (3.34) then ∇V V = 0, sij = 0 for any
i 6= j, and sii = sjj for any 1≤ i, j ≤ n− 1. �

Theorem 3.38 (F. Brito & P.G. Walczak, [72]) Let V be a unit vector
field on S2m+1, m> 1, possessing a finite number of singularities. Then

E(V )≥
4m2
+ 2m− 1

2(2m− 1)
Vol(S2m+1) (3.37)

and equality is achieved if and only if V is a unit radial vector field on S2m+1
\

{±p}, for some p ∈ S2m+1.

Proof. When M = Sn with n= 2m+ 1 one has Ric(V ,V )= n− 1= 2m
and the inequality (3.34) may be written in the form (3.37). Applying
once again Theorem 3.35 equality is achieved in (3.37) if and only if V
is geodesic, the distribution (RV )⊥ is completely integrable, and the leaves
of the foliation F tangent to (RV )⊥ are totally umbilical in S2m+1. The
leaves of F are therefore spheres at a constant geodesic distance one from
another, and hence lie on (2m+ 1)-dimensional hyperplanes in R2m+2.
Consequently the maximal integral curves of V are great circles of S2m+1

passing through two fixed antipodal points {−p,p}, so that V must be a unit
radial vector field on S2m+1

\ {±p} (if q ∈ S2m+1
\ {±p} then Vq is the unit

tangent vector to the unique geodesic of S2m+1 connecting p and q). �

For a compact Einstein manifold the inequality (3.34) becomes

E(V )≥
1
2

(
n+

ρ

n(n− 2)

)
Vol(M)
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where ρ is the scalar curvature of (M ,g). On the other hand, by a result
of B-Y. Chen, [83], the only irreducible locally symmetric spaces admitting
totally umbilical hypersurfaces are the real space forms. Therefore

Corollary 3.39 Let (M ,g) be a real n-dimensional, n≥ 4, irreducible locally
symmetric space of nonconstant sectional curvature. Let V be a unit tangent vector
field on M possessing a finite number of singularities. Then

E(V ) >
1
2

(
n+

ρ

n(n− 2)

)
Vol(M)

(strict inequality).

As another consequence of Lemma 3.37 we may state (cf. also [56])

Corollary 3.40 The tori are the only compact oriented surfaces admitting unit
vector fields V such that E(V ) <∞ and V is globally defined except perhaps on a
finite set A.

Proof. Let us assume that there is V ∈ 0∞(S(�)) such that E(V ) <
∞, where �=M \A. As dim(M)= 2 one has σ2(V )= 0. Then (by
Lemma 3.37) ∫

M

Kgdvol(g)= 0,

where Kg denotes the Gaussian curvature. Now the Gauss-Bonnet theorem
together with the (well-known) classification of compact oriented surfaces
shows that M must be a torus. The converse is easy. �

By Theorem 3.38 the energy of a radial vector field is a lower bound of
the energy functional E : 0∞(S(S2m+1))→ [0,+∞) yet this lower bound
is not achieved in 0∞(S(S2m+1)). V. Borrelli & F. Brito & O. Gil-
Medrano, [62], have shown that this lower bound is actually inf{E(X) : X ∈
0∞(S(S2m+1))} provided m> 1 (their method is to build a sequence of
globally defined smooth unit vector fields tangent to S2m+1 whose energy
converges to that of a radial vector field).

Let P be an embedded submanifold of (M ,g). For a point q ∈M which
is sufficiently close to P there is a unique geodesic of (M ,g) connecting
q to a point p ∈ P and meeting P orthogonally at p. Let us consider, for
some tubular neighborhood U of P, the function r : U→ [0,+∞) given
by r(q)= dist(q,P)= d(q,p) for any q ∈ U , where d : M ×M→ [0,+∞) is
the distance function associated to the metric g. Then r is smooth on U \P.
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The vector field ∂/∂r is again a unit geodesic vector field tangent to the
geodesics normal to P. It is also the outward normal to the geodesic tubes
P(r) about P. E. Boeckx & L. Vanhecke, [51], studied radial vector fields
about points and about totally geodesic submanifolds of rank one symmetric
spaces. Their results may be stated as follows
A. Let M be a nonflat two-point homogeneous space. Then any radial vec-

tor field defined in a (pointed) normal neighborhood of a point is a
harmonic vector field but not a harmonic map.

B. Let M be a Riemannian manifold and P a totally geodesic submanifold.
Let us assume that one of the following assumptions holds
i. M has constant sectional curvature;
ii. M is a two-point homogeneous space with a complex structure J and

P is J-invariant;
iii. M is a 2m-dimensional Kähler manifold of constant holomor-

phic sectional curvature and P is an m-dimensional anti-invariant
submanifold.
Then a radial unit vector field V defined on a tubular neighborhood

of P is a harmonic vector field. Moreover V is a harmonic map if and
only if M is flat.

C. On any Sasakian manifold of constant ϕ-sectional curvature each radial
vector field defined on a tubular neighborhood of a characteristic line is
a harmonic vector field but not a harmonic map.

3.7.3. Harmonic Radial Vector Fields
Besides being an important source of natural examples, harmonicity of
radial vector fields leads to a new characterization of harmonic spaces. We
recall that a harmonic space is a Riemannian manifold all of whose small
geodesic spheres have constant mean curvature. By a result of E. Boeckx &
L. Vanhecke, [52], a Riemannian manifold is a harmonic space if and only
if each radial unit vector field defined on a pointed normal neighborhood is
a harmonic vector field. These vector fields are not harmonic maps unless
the manifold is flat.

E. Boeckx & J.C. Gonzales-Davila & L. Vanhecke, [56], provided
generalizations of Theorems 3.35 and 3.38 by explicitly computing the
energy of radial vector fields about points and about specific totally geodesic
submanifolds in a compact rank one symmetric space. The main technical
ingredients in [56] are the facts that a radial unit vector field is geodesic and
the corresponding orthogonal distribution at a point of the given geodesic
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sphere, or tube, coincides with the tangent space to that geodesic sphere,
or tube. As a further application, it may be shown that a compact rank one
symmetric space (M ,g) with dim(M)≥ 3 is a complex projective space if and only
if the energy of radial vector fields about points is infinite.

Let (M ,g) be an n-dimensional Riemannian manifold. Let ξ ∈

0∞(S(M)) be a unit vector field on M . We set Aξ =−∇ξ and

νξ (X)= trace{Z 7→
(
∇ZAt

ξ

)
X}, X ∈ X(M).

We shall need the following

Lemma 3.41 ξ is a harmonic vector field if and only if νξ (X)= 0 for any
X ∈ (Rξ)⊥.

Proof. Let {Ei : 1≤ i ≤ n} be a local orthonormal frame on T(M), defined
on the open set U ⊆M . For any X ∈ X(M) (by ∇g = 0)

νξ (X)=
n∑

i=1

g((∇EiA
t
ξ )X ,Ei)

=

n∑
i=1

{g(∇EiA
t
ξX ,Ei)− g(At

ξ∇EiX ,Ei)}

=

n∑
i=1

{Ei(g(At
ξX ,Ei))− g(At

ξX ,∇EiEi)− g(∇EiX ,AξEi)}

=

∑
i

{−Ei(g(X ,∇Eiξ))+ g(X ,∇∇EiEiξ)+ g(∇EiX ,∇Eiξ)}

=

∑
i

{g(X ,∇∇Ei EiX)− g(X ,∇Ei∇Eiξ)}

on U . We may conclude that

νξ (X)= g(X ,1gξ), X ∈ X(M). (3.38)

By (3.38) νξ vanishes on (Rξ)⊥ if and only if 1gξ and ξ are collinear i.e.,
1gξ = λξ for some λ ∈ C∞(M). Taking the inner product with ξ now
shows that λ= ‖∇ξ‖2. �

From now on, besides from ‖ξ‖ = 1 and ∇ξ ξ = 0 we assume that the
distribution (Rξ)⊥ is involutive. Thus there is a codimension 1 foliation
F of M such that T(F)= (Rξ)⊥. In the sequel we use a few rudimental
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notions of foliation theory (cf. e.g., [288]). Let ν(F)= T(M)/T(F) be the
normal bundle of the foliation. We set

α(X ,Y)= π ∇XY , X ,Y ∈ T(F),

where π : T(M)→ ν(F) is the natural projection. One may consider the
orthogonal complement T(F)⊥ of T(F) in (T(M),g) and identify ν(F)
and T(F)⊥. Indeed

σ : ν(F)→ T(F)⊥, σ(s)= Y⊥s , s ∈ ν(F),
Ys ∈ T(M), s= π(Ys),

gives a well-defined bundle isomorphism ν(F)≈ T(F)⊥. Then the restric-
tion of α to each leaf L ∈M/F is the second fundamental form of
the immersion L ↪→M . For each Z ∈ T(F)⊥ we consider the bundle
endomorphism W (Z) : T(F)→ T(F) determined by

g(σ α(X ,Y),Z)= g(W (Z)X ,Y), X ,Y ∈ T(F).

The restriction of W (Z) to a leaf L is the Weingarten operator of L ↪→M ,
corresponding to the normal vector field Z. The second fundamental
form α of F is symmetric hence W (Z) : T(F)→ T(F) is self-adjoint.
Moreover, one sets

κ(Z)= traceW (Z), Z ∈ T(F)⊥,

κ(X)= 0, X ∈ T(F).

The resulting 1-form κ ∈�1(M) is the mean curvature form of F . Dually
one may consider the vector field τ ∈ T(F)⊥ determined by

g(τ ,Z)= κ(Z), Z ∈ T(F)⊥.

The restriction of τ to a leaf of F is the mean curvature vector of that
leaf (for simplicity taken here without the customary 1/(n− 1) factor). For
further use we set H = ‖τ‖.

Lemma 3.42 (E. Boeckx & L. Vanhecke, [51]) Let (M ,g) be a Rie-
mannian manifold. Let ξ ∈ X1(M) be a unit geodesic vector field such that the
distribution (Rξ)⊥ is involutive. Let H be the mean curvature of the corresponding
foliation F . Then

νξ (X)= X(H)−Ric(X ,ξ) (3.39)

for any X ∈ T(F). Consequently ξ is harmonic if and only if dH +Ric(ξ , ·)
vanishes along (Rξ)⊥.
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Proof. Note that T(F)⊥ = Rξ . The corresponding Weingarten operator
W (ξ) is given by

g(W (ξ)X ,Y)= g(σα(X ,Y),ξ)= g(π⊥∇XY ,ξ)

where π⊥ : T(M)→ T(F)⊥ is the projection associated to the decompo-
sition T(M)= T(F)⊕T(F)⊥. Next (by ∇g = 0)

g(W (ξ)X ,Y)= g(∇XY ,ξ)= X(g(Y ,ξ))− g(Y ,∇Xξ)= g(AξX ,Y)

for any X ,Y ∈ T(F). On the other hand

g(AξX ,ξ)=−g(∇Xξ ,ξ)=−
1
2

X
(
‖ξ‖2

)
= 0,

hence Aξ maps T(F) into itself and the restriction of Aξ to T(F) is
precisely the Weingarten operator W (ξ). Hence Aξ : T(F)→ T(F) is
self-adjoint. Let then {Ei : 1≤ i ≤ n− 1} be a local orthonormal frame of
T(F) defined on an open set U and consisting of eigenvectors of Aξ i.e.,

AξEi = λiEi, 1≤ i ≤ n− 1,

for some C∞ functions λi : U→ R. Note that At
ξEi = λiEi as well. Let us

set as usual

Lξ = I +At
ξ ◦Aξ .

Then Aξ ξ = 0 yields Lξ ξ = ξ . Also

LξEi =
(
1+ λ2

i
)
Ei, 1≤ i ≤ n− 1.

Next we wish to compute νξ (Ej). As {E1, . . . ,En−1,ξ} is an orthonormal
frame of T(M) on U we have

νξ (Ej)= trace{Z 7→ (∇ZAt
ξ )Ej}

=

n−1∑
i=1

g((∇EiA
t
ξ )Ej, Ei)+ g((∇ξAt

ξ )Ej, ξ).

The last term vanishes

g((∇ξAt
ξ )Ej, ξ)= g(∇ξ

(
λjEj

)
, ξ)− g(At

ξ∇ξEj, ξ)

= ξ(λjg(Ej,ξ))− λjg(Ej,∇ξ ξ)= 0.
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Therefore

νξ (Ej)=

n−1∑
i=1

g
((
∇EiA

t
ξ

)
Ej, Ei

)
=

∑
i

{
g
(
∇EiA

t
ξEj, Ei

)
− g

(
At
ξ∇EiEj, Ei

)}
=

∑
i

{
g(∇Ei

(
λjEj

)
, Ei)− λi g

(
∇EiEj, Ei

)}
and one obtains

νξ (Ej)= Ej(λj)+

n−1∑
i=1

(λj− λi)g(∇EiEj, Ei) (3.40)

for any 1≤ j ≤ n− 1. At this point we need to use the Codazzi equation

g(R(X ,Y)Z,ξ)=−g((∇XW (ξ))Y ,Z)+ g((∇Y W (ξ))X ,Z), (3.41)

for any X ,Y ,Z ∈ T(F). By setting X = Z = Ei and Y = Ej in (3.41) one
gets

− g(R(Ei,Ej)Ei, ξ)= g((∇EiAξ )Ej,Ei)− g((∇EjAξ )Ei, Ei)

= g(∇Ei(λjEj)−Aξ∇EiEj, Ei)− g(∇Ej(λiEi)−Aξ∇EjEi, Ei)

hence

−g(R(Ei,Ej)Ei, ξ)= (λj− λi)g(∇EiEj, Ei)+ δijEi(λj)−Ej(λi), (3.42)

for any 1≤ i, j ≤ n− 1. Let us express the term (λj− λi)g(∇EiEj, Ei) from
(3.42) and substitute into (3.40). We have

νξ (Ej)= Ej(λj)−
∑

i

{g(R(Ei,Ej)Ei, ξ)+ δijEi(λj)−Ej(λi)}

= Ej

(∑
i

λi

)
−Ric(Ej,ξ).

As locally H =
∑n−1

i=1 λi we may conclude that νξ (X)= X(H)−Ric(X ,ξ)
for any X ∈ (Rξ)⊥. Lemma 3.42 is proved. We may state �

Theorem 3.43 (E. Boeckx & L. Vanhecke, [51]) Let (M ,g) be a har-
monic Riemannian manifold. If p ∈M and U ⊆M is a normal neighborhood of
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p let ξ = ∂/∂r ∈ X(U \ {p}) be a radial vector field. Then ξ is a harmonic vec-
tor field. Conversely if (M ,g) is an Einstein manifold such that in any normal
neighborhood the radial vector field is harmonic then (M ,g) is a harmonic manifold.

Proof. Let ξ ∈ X(U \ {p}) be a radial vector field. Then the distribu-
tion (Rξ)⊥ is integrable thus giving rise to a foliation F of U \ {p} by
geodesic spheres. In a harmonic manifold all geodesic spheres have con-
stant mean curvature (cf. J. Berndt et al., [39], L. Vanhecke, [298]) hence
H ∈ R. On the other hand any harmonic manifold is Einstein so that
X(H)−Ric(X ,ξ)= 0 for any X ∈ T(F). Then (by Lemma 3.42) the
radial vector field ξ is harmonic. Vice versa, under the assumptions of The-
orem 3.43, one has (by (3.39)) X(H)= 0 hence H = constant i.e., (M ,g)
is a harmonic manifold. �

We end the section by showing that on any harmonic manifold ξ = ∂/∂r
is a weak harmonic vector field on U , provided that n≥ 3. To this end we
ought to check that ξ ∈H1

g (T(U)) satisfies∫
U

{g∗(∇ξ ,∇X)−‖∇ξ‖2g(ξ ,X)}dvol(g)= 0 (3.43)

for any X ∈ X∞0 (U). Let ε > 0 such that B(p,ε)⊂ U . The integral in the
left hand side of (3.43) may be written as Iε(X)+ Jε(X) where

Iε(X)=
∫

U\B(p,ε)

{g∗(∇ξ ,∇X)−‖∇ξ‖2g(ξ ,X)}dvol(g),

Jε(X)=
∫

B(p,ε)

{g∗(∇ξ ,∇X)−‖∇ξ‖2g(ξ ,X)}dvol(g).

We wish to show that Iε(X)= 0. Let {Ei : 1≤ i ≤ n− 1} be a local
orthonormal frame of (Rξ)⊥ consisting of eigenvectors of Aξ as in the
proof of Lemma 3.42. Clearly Iε(X) is additive with respect to X hence it
suffices to show that Iε(ϕEj)= 0 and Iε(ϕξ)= 0 for any ϕ ∈ C∞0 (U) and
any 1≤ j ≤ n− 1. An easy calculation shows that the integrand in Iε(X)
vanishes for X = ϕξ . Moreover

g∗(∇ξ ,∇(ϕEj))−‖∇ξ‖
2g(ξ ,ϕEj)
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(as ξ is geodesic)

=

n−1∑
i=1

g(∇Eiξ , ∇Ei(ϕEj))=−
∑

i

λig(Ei, Ei(ϕ)Ej+ϕ∇EiEj)

=−λjEj(ϕ)−ϕ
∑

i

λig(Ei, ∇EiEj)=−λjEj(ϕ)−ϕSj

where we set Sj =
∑n−1

i=1 λi g(∇EiEj, Ei). Let us sum over 1≤ i ≤ n− 1 in
(3.42) to get

Ric(Ej,ξ)= λj

∑
i

g(∇EiEj, Ei)− Sj+Ej(λj)−Ej(H)

or

Sj = λj

∑
i

g(∇EiEj, Ei)+Ej(λj)

as H ∈ R and Ric(Ej,ξ)= (ρ/n)g(Ej,ξ)= 0 on U \B(p,ε). Hence

g∗(∇ξ ,∇(ϕEj))−‖∇ξ‖
2g(ξ ,ϕEj)

=−λjEj(ϕ)− λjϕ
∑

i

g(∇EiEj, Ei)−ϕEj(λj)

=−

∑
i

g(∇Ei(ϕλjEj), Ei)=−div(ϕλjEj)+ g(∇ξ (ϕλjEj), ξ)

and the last term vanishes because ∇ξ ξ = 0. Therefore (by Green’s lemma)

Iε(ϕEj)=−

∫
U\B(p,ε)

div(ϕλjEj)dvol(g)=
∫

S(p,ε)

ϕλjg(ξ ,Ej)dA= 0

as ξ is the outward unit normal on S(p,ε). As to the second integral (by the
Cauchy-Schwartz inequality)

∣∣Jε(X)∣∣≤ ∫
B(p,ε)

{∣∣g∗(∇ξ ,∇X)
∣∣+‖∇ξ‖2 ∣∣g(ξ ,X)

∣∣}dvol(g)
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≤

∫
B(p,ε)

{‖∇ξ‖‖∇X‖+‖∇ξ‖2‖X‖}dvol(g)

≤ C
∫

B(p,ε)

‖∇ξ‖(1+‖∇ξ‖)dvol(g)

where

C =max{sup
q∈0
‖X‖q, sup

q∈0
‖∇X‖q}, 0 = supp(X).

Let (x1, . . . ,xn) be a normal coordinate system on U such that xi(p)=
0. For any 0< ρ ≤ ε the radial vector field ξ on S(p,ρ) is given by ξ =
(xi/ρ) ∂/∂xi hence

∇ξ =
1
ρ

(
δi

j +0
i
jkx

k
)

dxj
⊗

∂

∂xi

and then

‖∇ξ‖ ≤ Cn
1+ ρ
ρ

, (3.44)

on S(p,ρ) for some constant Cn > 0. Indeed

‖∇ξ‖2 = ρ−2gijgk`

(
δk

i +0
k
irx

r
)(
δ`j +0

`
jsx

s
)
≤

∑
i,j,k,`

A
ρ2

(
1+B

∑
r

|xr
|

)2

where

A=max
i,j,k,`

sup{
∣∣gij(q)gk`(q)

∣∣ : q ∈ B(p,ε0)},

B=max
i,j,k

sup{
∣∣∣0i

jk(q)
∣∣∣ : q ∈ B(p,ε0)},

where ε0 > 0 is fixed such that B(p,ε0)⊂ U . Then for 0< δ ≤ ε0 one
obtains the inequality (3.44). Finally for 0< ε ≤ ε0∣∣ Jε(X)∣∣≤ C

ε∫
0

dρ
∫

S(p,ρ)

Cn
1+ ρ
ρ

(
1+Cn

1+ ρ
ρ

)
dA

≤ C′n

ε∫
0

ρn−3(1+ ρ)(1+ 2ρ)dρ→ 0, ε→ 0,

as Vol(S(p,ρ))≤ anρ
n−1 for some an > 0.



“Dragomir Chapters” — 2011/10/1 — page 179 — #179

3.8. Normal Vector Fields on Principal Orbits 179

3.8. NORMAL VECTOR FIELDS ON PRINCIPAL ORBITS

The purpose of this section is to report on a result by G. Nunes &
J. Ripoll, [224]. Precisely we shall prove the following

Theorem 3.44 ([224], p. 1091) Let (M ,g) be an n-dimensional (n≥ 3)
compact orientable Riemannian manifold and G ⊂ Isom(M ,g) a compact Lie group
acting on M with cohomogeneity one. Let us assume that either G has no singular
orbits or each singular orbit of G has dimension ≤ n− 3. Let N be a unit normal
vector field orthogonal to the principal orbits of G. Then N ∈H1,2

g (T(M)) and
N is a critical point of the total bending functional B :H1,2

g (T(M))→ R. Let
M∗ ⊂M be the union of all principal orbits of G and let H : M∗→ R be the
function given by H(x)= the mean curvature of the orbit G(x) with respect to N.
Then H ∈ L2(M) and

B(N)=−
∫
M

Ric(N ,N)dvol(g)+
∫
M

H2 dvol(g). (3.45)

By a principal orbit we mean one of maximal dimension (n− 1 under the
assumptions of Theorem 3.44). A brief review of compact transformation
groups and cohomogeneity one actions is given in Appendix D of this
monograph. To prove Theorem 3.44 we need

Lemma 3.45 Let (u1(t), . . . ,um(t)) and (v1(t), . . . ,vm(t)) be continuous
1-parameter families of vectors in Rm with m≥ 2 defined for 0≤ t ≤ `. Let us
assume that
a. Bt = {v1(t), . . . ,vm(t)} is a positive1 linear basis of Rm for each 0≤ t < `.
b. Let W ⊂ Rm be spanned by B`. Then dimR W ≤ m− 2.
c. If vi(`)= 0 and vj(`)= 0 then

lim
t→`

|vi(t)|
|vj(t)|

= 1. (3.46)

For each 0≤ t < ` we consider the m×m matrices

Dt =
[
〈vi(t),vj(t)〉

]
1≤i,j≤m

1 If vj(t)= vi
j(t)ei then det

[
vi
j(t)
]
> 0 for any 0≤ t < `, where {e1, . . . , em} is the canonical linear basis

in Rm.
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and Mt =

[
aj
i(t)
]

1≤i,j≤m
given by

ui(t)= aj
i(t)vj(t), 1≤ i ≤ m.

Then

sup
{
(trace Mt)

2
√

det Dt : 0≤ t < `
}
<∞, (3.47)

lim
t→`+

[
(trace Mt)

√
det Dt

]
= 0. (3.48)

Proof. We look first at the case where Bt is an orthogonal system i.e.,
〈vi(t),vj(t)〉 = 0 for any i 6= j and any 0≤ t < `. Then

Dt = diag
(
|v1(t)|2, . . . , |vm(t)|2

)
, trace(Mt)=

m∑
i=1

ai
i,

hence

(trace Mt)
p
√

det Dt =

∣∣∣∣∣
m∏

k=1

vk(t)

∣∣∣∣∣
 m∑

j=1

aj
j

p

, p ∈ {1,2}. (3.49)

Let us take the inner product of ui(t)= aj
i(t)vj(t) with vk(t) to get

ak
i (t)=

〈ui(t),vk(t)〉
|vk(t)|2

and let us contract the indices i and k. We obtain
m∑

i=1

ai
i(t)=

m∑
i=1

〈ui(t),vi(t)〉
|vi(t)|2

so that (3.49) becomes

(trace Mt)
√

det Dt =

(
m∑

i=1

〈ui(t),vi(t)〉
|vi(t)|2

)
m∏

k=1

|vk(t)|

=

m∑
i=1

〈ui(t),
vi(t)
|vi(t)|

〉

∏
k6=i

|vk(t)|

for any 0≤ t < `. Recall that

W = RB` , dimR W ≤ m− 2.
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We claim that for any i ∈ {1, . . . ,m} there is an index ki ∈ {1, . . . ,m} \ {i}
such that vki(`)= 0. Indeed if there was i ∈ {1, . . . ,m} such that vk(`)=

0 for any k ∈ {1, . . . ,m} \ {i} then {vk(`) : k ∈ {1, . . . ,m} \ {i}} would be an
orthogonal system consisting of nonzero vectors hence dimR W ≥ m− 1, a
contradiction. Consequently

lim
t→`+

∏
k6=i

|vk(t)| = 0, 1≤ i ≤ m,

and (3.48) holds good. On the other hand

(traceMt)
2
√

det Dt =

 m∑
i,j=1

〈ui(t),vi(t)〉
|vi(t)|2

〈uj(t),vj(t)〉

|vj(t)|2

 m∏
k=1

|vk(t)|

=

m∑
i,j=1

[〈
ui(t),

vi(t)
|vi(t)|

〉 〈
uj(t),

vj(t)

|vj(t)|

〉 ∏m
k=1 |vk(t)|

|vi(t)| |vj(t)|

]

=

m∑
i=1

〈ui(t),
vi(t)
|vi(t)|

〉2 ∏
k6=i

|vk(t)|
|vi(t)|


+

m∑
i 6=j

〈ui(t),
vi(t)
|vi(t)|

〉 〈
uj(t),

vj(t)

|vj(t)|

〉 ∏
k6=i,k6=j

|vk(t)|

.

For each i ∈ {1, . . . ,m} we fix an index ki ∈ {1, . . . ,m} \ {i} such that
vki(`)= 0. Then

(traceMt)
2
√

det Dt =

m∑
i=1

〈ui(t),
vi(t)
|vi(t)|

〉2
|vki(t)|
|vi(t)|

∏
k6=i,k6=ki

|vk(t)|


+

m∑
i 6=j

〈ui(t),
vi(t)
|vi(t)|

〉 〈
uj(t),

vj(t)

|vj(t)|

〉 ∏
k6=i,k6=j

|vk(t)|

.

(3.50)

Therefore (by (3.46) and (3.50)) the set{
(traceMt)

2
√

det Dt : 0≤ t < `
}

is bounded. Let us go back to the general case (where Bt is not necessar-
ily orthogonal). Yet Dt is symmetric hence there is an orthogonal matrix
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Ot ∈O(m) such that

OtDtO−1
t = diag(λ1(t), . . . ,λm(t)) , 0≤ t < `.

Next we set

ṽi(t)=
(
O−1

t
)j
i vj(t), 0≤ t ≤ `,

ũi(t)= aj
iṽj(t), 0≤ t < `,

so that

〈ṽi(t), ṽj(t)〉 =
(
O−1

t
)r
i

(
O−1

t
)s
j 〈vr(t),vs(t)〉

=

m∑
s,r=1

(Ot)
j
s 〈(Dt)sr〉

(
O−1

t
)r
i =

(
OtDtO−1

t
)j
i = λiδ

j
i

i.e., B̃t = {ṽ1(t), . . . , ṽm(t)} is an orthogonal system for any 0≤ t < `. At this
point we may apply the first part of the proof of Lemma 3.45 to the systems
{ũj(t) : 1≤ j ≤ m} and {ṽj(t) : 1≤ j ≤ m} and conclude that

sup{
(
trace M̃t

)2 √
det D̃t : 0≤ t < `}<∞,

lim
t→`+

(
trace M̃t

) √
det D̃t = 0,

where

M̃t =

[
ãj
i

]
, ũi(t)= ãj

iṽj(t), D̃t =
[
〈ṽi, ṽj〉

]
1≤i,j≤m .

Yet M̃t =Mt and det
(
D̃t
)
= det(Dt) and Lemma 3.45 is proved in full

generality. �

Another ingredient needed in the proof of Theorem 3.44 is the theory
of cohomogeneity one manifolds (cf. Appendix D in this monograph). It is
known that M/G is diffeomorphic either to a circle or to a closed interval.
In the first case F = ∅ (with the notations of Appendix D) and N is globally
smooth. If M/G is a closed interval then G has two singular orbits O1 and
O2. By the assumption in Theorem 3.44

dim(Oi)≤ n− 3, i ∈ {1,2}.

Let Z ∈ C∞(T(M)) and f = g(N ,Z). For every φ ∈ C∞(M) and X ∈
X∞(M)

div(φfX)= φX( f )+ fX(φ)+ f φ div(X) (3.51)
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on M \F (here F =O1 ∪O2). We set

M s
= {x ∈M : dist(x,F)≥ s}

with respect to the Riemannian distance function d on M . Let us integrate
(3.51) over M s. Then (by Green’s lemma)∫

∂M s

f φ g(X ,ηs)dvol(gs)=

∫
M s

{
φX( f )+ fX(φ)+ f φ div(X)

}
dvol(g)

where gs is the first fundamental form of M s in (M ,g) and ηs is the exterior
unit normal on ∂M s. Let s→ 0. We obtain∫

M

X( f )φ dvol(g)=−
∫
M

f {X(φ)+φ div(X)}dvol(g)

for any φ ∈ C∞(M) hence f is weakly derivable at any direction X ∈
X∞(M) and hence (by Proposition 2.46 in Chapter 2) f is weakly dif-
ferentiable. We ought to show that f ∈H(M) (which in turn implies that
N ∈H(T(M)) by the very definition of the Sobolev type space H(T(M))).
By the proof of Proposition 2.50 (cf. also Lemma 2.51) the weak differ-
entiability of f = g(N ,Z) for any Z ∈ X∞(M) implies that N is weakly
differentiable. Then (again by Proposition 2.50) it suffices to show that
∇N ∈ L2(T(M)). To this end let P be a principal orbit of G and let us set
`= dist(P,O1). Let M+ be the connected component of M \P containing
O1. Let δ : M→ R be the distance to P i.e.,

δ(x)=min{d(x,y) : y ∈ P}, x ∈M .

Next, one observes that for each t ∈ R either Pt = δ
−1(t) is empty or it is

an orbit of G. Let t ∈ [0,`] and let us set

Mt = {x ∈M : δ(x)≤ t}.

Then ∫
M+

‖∇N‖2dvol(g)= lim
t→`

∫
Mt

‖∇N‖2dvol(g). (3.52)

Moreover it should be observed that ‖grad(δ)‖ = 1 and grad(δ) is orthog-
onal to the orbits of G so that one may assume that N = grad(δ).
Then

‖∇N‖ = ‖Hess(δ)‖, (3.53)

(1δ)(x)=Hδ, x ∈M+ \O1, (3.54)



“Dragomir Chapters” — 2011/10/1 — page 184 — #184

184 Chapter 3 Harmonicity and Stability

where Hδ is the mean curvature with respect to N of the orbit G(x) pass-
ing through x. Let t ∈ [0,`). We wish to apply Reilly’s formula (E.25) in
Appendix E to the function δ : Mt→ R i.e.,∫

Mt

{
(1δ)2−‖Hess(δ)‖2−Ric(grad(δ), grad(δ))

}
dvol(g)

=

∫
∂Mt

{(−1tzt+ utHt)ut

−gt(gradt(zt), gradt(ut))+ gt(atgradtzt, gradtzt)
}
dvol(gt)

where gt and at are respectively the first fundamental form and the
Weingarten operator of ∂Mt in (Mt,g). Also Ht = trace(at) is the (non-
normalized) mean curvature of ∂Mt in Mt. Moreover 1t and gradt are
respectively the Laplace-Beltrami and the gradient operators of the Rie-
mannian manifold (∂Mt,gt). Finally zt = δ|∂Mt while ut is the normal
derivative of δ i.e., ut = g(grad(δ),N)

∣∣
∂Mt

. It follows that

zt = δ|∂Mt = t = const., ut = g(N ,N)
∣∣
∂Mt
= 1, ∂Mt = Pt ∪P,

so that (by taking into account (3.54) and the orientation of the boundary)∫
Mt

{
H2
δ −‖Hess(δ)‖2−Ric(N ,N)

}
dvol(g)

=

∫
Pt

Htdvol(gt)−

∫
P

H0dvol(g0) (3.55)

for each 0≤ t < `. Next (by Theorem 3.2.12 in [115], p. 429)

∫
Mt

H2
δ dvol(g)=

t∫
0

∫
Ps

H2
s dvol(gs)

 ds

hence (by passing to the limit with t→ ` in (3.55) and exploiting (3.52))∫
M+

‖∇N‖2dvol(g)=−
∫

M+

Ric(N ,N)dvol(g)+
∫
P

H0dvol(g0)

+ lim
t→`

−
∫
Pt

Htdvol(gt)+

t∫
0

∫
Ps

H2
s dvol(gs)

 ds

. (3.56)
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Next, for every 0≤ t ≤ ` we consider

φt : P→ Pt, φt(x)= expx(tNx) , x ∈ P.

For each 0≤ t < ` the map φt : P→ Pt is an orientation preserving
diffeomorphism. Then∫

Pt

H2
t dvol(gt)=

∫
P

(Ht ◦φt)
2φ∗t dvol(gt)

=

∫
P

(Ht ◦φt)
2λt dvol(g0), 0≤ t < `, (3.57)

where λt is the Jacobian of φt. Let x ∈ P and let γ (t)= expx (tNx) ∈M
be the geodesic of initial data γ (0)= x and γ̇ (0)=Nx. Moreover, let
τt : Tγ (t)(M)→ Tγ (0)(M) be the parallel displacement operator along γ
from γ (t) to γ (0). Given a tangent vector w ∈ Tx(P) we consider a curve
α : (−ε,ε)→ P such that α(0)= x and α̇(0)= w. We use α to build the
variation of γ given by

f (s, t)= expα(s)
(
tNα(s)

)
, |s|< ε, 0≤ t ≤ `. (3.58)

Let us set γt(s)= f (s, t) and consider the infinitesimal variation Jw of γ
(induced by the variation (3.58)) defined by

Jw,γ (t) =
dγt

ds
(0), 0≤ t ≤ `.

Then (cf. e.g., Theorem 1.2 in [189], Vol. II, p. 64) Jw ∈ Jγ where Jγ
is the space of all Jacobi fields along γ (so that dimRJγ = 2n). For each
X ∈ Jγ we set as customary X ′ =∇γ̇X and X ′′ =∇γ̇X ′. Then

J ′′w +R( Jw, γ̇ )γ̇ = 0. (3.59)

Let {w1, . . . ,wn−1} ⊂ Tx(P) be an orthonormal basis and let us set

vi = τt
(

Jwi(γ (t))
)
, ui = τt

(
J ′wi
(γ (t))

)
, 1≤ i ≤ n− 1.

Note that

Jwi(γ (t))= (dxφt)wi, 1≤ i ≤ n− 1.

Since φt : P→ Pt is a diffeomorphism for each 0≤ t < ` and φ` : P→O1

has (by the assumption in Theorem 3.44 on the dimension of the singular
orbit O1) rank at most n− 3, it follows that Bt = {vi(t) : 1≤ i ≤ n− 1} is
a linear basis of Tx(P) for any 0≤ t < ` while the dimension of the space
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spanned by B` = {vi(`) : 1≤ i ≤ n− 1} (over R) is at most n− 3. Let us
check that the system Bt satisfies the assumption (c) in Lemma 3.45. Indeed
if vi(`)= 0 and vj(`)= 0 then Jwi(γ (`))= 0 and Jwj(γ (`))= 0 so that

lim
t→`

‖vi(t)‖
‖vj(t)‖

= lim
t→`

‖ Jwi(γ (t))‖
‖ Jwj(γ (t))‖

= 1.

Also (cf. e.g., [305], p. 342)

J ′wi
(γ (t))−

(
∇Jwi

N
)
γ (t)
∈ Tγ (t)(Pt)

⊥

so that

gγ (t)
(

J ′wi
(γ (t)),u

)
= gγ (t)

((
∇Jwi

N
)
γ (t)

,u
)

=−gt,γ (t)
(
(at)γ (t) u, Jwi(γ (t))

)
where gt and at are respectively the first fundamental form and the Wein-
garten operator of Pt in (M ,g). In particular for u= Jwj(γ (t)) (recall that
{Jwj(γ (t));1≤ j ≤ n− 1} is a linear basis in Tγ (t)(Pt))

gt
(

J ′wi
, Jwj

)
γ (t)
=−gt

(
atJwj , Jwi

)
γ (t)

or (by (at)γ (t) Jwj(γ (t))= (at)
k
j Jwk Jwk(γ (t)) and the fact that τt :

Tγ (t)(Pt)→ Tx(P) is a linear isometry)

〈ui(t),vj(t)〉 = −(at)
k
j 〈vi(t),vk(t)〉

where 〈 , 〉 = g0,x. We may identify Tx(M) with Rn by choosing a local
coordinate system about x and use Lemma 3.45. With the notations there

(at)
m
j =

(
D−1

t
)im
(Mt)

k
i (Dt)kj

hence

Ht =−trace(Mt).

Also

λt =
√

det(Dt)

follows easily from φ∗t dvol(gt)= λt dvol(g0). Thus (by Lemma 3.45)

K(x) := sup
0≤t<`

[
(traceMt)

2
√

det(Dt)
]
<∞
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so that ∫
P

(Ht ◦φt)
2λt dvol(g0)≤

∫
P

K dvol(g0).

Yet Pt is an orbit of G (for each 0≤ t < `) hence Ht and λt are constant
along Pt so that K = constant on P implying that∫

P

(Ht ◦φt)
2λt dvol(g0)≤ K Vol(P) <∞.

Consequently (by taking into account (3.57)) we may set

∫
M+

H2dvol(g) := lim
t→`

t∫
0

∫
Ps

H2
s dvol(gs)

 ds<∞.

Also (again by Lemma 3.45)

lim
t→`

(Ht ◦φt) λt =− lim
t→`

(traceMt)
√

det(Dt)= 0

hence

lim
t→`

∫
Pt

Htdvol(gt)= lim
t→`

∫
P

(Ht ◦φt)λtdvol(g0)= 0.

Finally (by (3.56))∫
M+

‖∇N‖2dvol(g)=
∫
P

H0dvol(g0)

(3.60)

−

∫
M+

Ric(N ,N)dvol(g)+
∫

M+

H2dvol(g) <∞

i.e., ‖∇N‖ ∈ L2(M) and then N ∈H1
g (T(M)). If M− is the other con-

nected component of M \P (the one containing O2) one may conduct
similar calculations leading to (the following analog to (3.60))∫

M−

‖∇N‖2dvol(g)=−
∫
P

H0dvol(g0)

(3.61)

−

∫
M−

Ric(N ,N)dvol(g)+
∫

M−

H2dvol(g) <∞.
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The sum of (3.60) and (3.61) furnishes (3.45). Let us check that N is a weak
solution to the harmonic vector field system. To this end a straightforward
calculation shows that

1gN −‖∇N‖2N = 0 in M \F. (3.62)

On the other hand F is a set of measure zero hence for any Z ∈ X∞(M)
(by (3.62) and (2.114) in Chapter 2)∫

M

g(∇N ,∇Z)dvol(g)=
∫

M\F

g(∇N ,∇Z)dvol(g)

=

∫
M\F

g(∇∗∇N ,Z)dvol(g)=
∫

M\F

g(1gN ,Z)dvol(g)

=

∫
M\F

‖∇N‖2g(N ,Z)dvol(g)=
∫
M

‖∇N‖2g(N ,Z)dvol(g).

The reader should of course keep in mind Definition 2.52 in Chapter 2. �

3.9. RIEMANNIAN TORI

Let 0 = {md1+ nd2 ∈ R2 : m,n ∈ Z} be a lattice in R2 and T2
=

R2/0 the corresponding torus. Let π : R2
→ T2 be the natural projec-

tion (the universal covering of T2). Throughout Section 3.9 we adopt the
notations and conventions in Section 1.5 of Chapter 1 and Sections 2.6 and
2.10 of Chapter 2. Let g be an arbitrary Riemannian metric on T2 and let
{S,W } be an orthonormal frame such that JS =W where J is the complex
structure on T2 induced by a fixed orientation of T2 (chosen such that π
is orientation preserving). Let us recall (cf. Section 2.6 in Chapter 2) that

∇SS = aW , ∇SW =−aS,

∇W S = bW , ∇W W =−bS.

If u ∈ C2(T2) then (with the convention {E1,E2} = {S,W })

1u=−
2∑

i=1

{
E2

i − (∇EiEi)
}

u=−S2u+ (∇SS)u−W 2u+ (∇W W )u
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hence

1u=
(
−S2
−W 2

− bS+ aW
)
u. (3.63)

Also the following formulae may be easily checked

1̂f =
(
−Ŝ2
− Ŵ 2

− (b ◦π)Ŝ+ (a ◦π)Ŵ
)

f , f ∈ C2(R2). (3.64)

Objects with a hat indicate the dependence on the pullback metric ĝ = π∗g.
Moreover

1̂(u ◦π)= (1u) ◦π , u ∈ C2(T2), (3.65)

d̂iv
(
Ŷ
)
= (divY) ◦π , (3.66)

where Ŷ ∈ X(R2) and Y ∈ X(T2) are π-related i.e., (dξπ)Ŷξ = Yπ(ξ) for
any ξ ∈ R2. Moreover given ϕ,ψ ∈ C∞(T2) and α ∈ C∞(R2) such that
cosα = ϕ ◦π and sinα = ψ ◦π a straightforward calculation leads to

(ϕ1ψ −ψ1ϕ) ◦π = 1̂α. (3.67)

3.9.1. Harmonic Vector Fields on Riemannian Tori
We recall (cf. Section 2.6 in Chapter 2) that the total bending functional
B : E→ [0,+∞) of a Riemannian torus (T2,g) was recast as a func-
tional defined in terms of the angle functions associated to unit vector
fields X ∈ E

B :W→ [0,+∞), B(α)= 2
∫
Q

‖∇̂α+ Ẑ‖2ĝ π
∗ωT

for any angle function α ∈W (cf. (2.43) in Chapter 2). Here Z = aS+ bW
and Ẑ ∈ X(R2) is π-related to Z. The purpose of this section is to establish
the following

Theorem 3.46 (G. Wiegmink, [309]) Let (T2,g) be a real 2-dimensional
Riemannian torus and E = 0∞(S(T2,g)) the set of all unit tangent vector fields
on (T2,g). Let {S,W } be an orthonormal frame of (T(T2),g) such that JS =W.
Then a) the following statements are equivalent
i. X ∈ E is a critical point of B i.e., {dB(Xt)/dt}t=0 = 0 for any {Xt}t∈I ∈ EI

such that X0 = X.
ii. Any angle function α (with respect to {S,W }) of X satisfies

1̂α− (Sa+Wb) ◦π = 0. (3.68)
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iii. The (S,W )-coordinates (ϕ,ψ) of X satisfy

ϕ1ψ −ψ1ϕ− Sa−Wb= 0.

iv. X satisfies the identity

g(∇X∇XX , JX)= g(∇JX∇JX JX , X).

Moreover b) if X ∈ E is a critical point of B then the full orbit of X under any
smooth action of a Lie group on E leaving B invariant consists of critical points. The
set of critical points of B intersects each homotopy class E (S,W )

(m,n) ∈ {[X] : X ∈ E} ⊂
π(T2,S(T2)) exactly in one orbit of the SO(2)-action on E . Therefore, up to this
action, there is but one critical point in each class E (S,W )

(m,n) .
c) Let u ∈ C∞(T2) and let g̃ = e2ug be a metric on T2 in the conformal class

of g. Then a unit vector field X ∈ E is a critical point of B if and only if e−uX is a
critical point of B̃.

d) Let h be a flat metric on T2 and ∇h its Levi-Civita connection. There is an
h-orthonormal frame {S0,W0} which is parallel with respect to ∇h. Let 〈·, ·〉 and ‖ ·
‖ be the Euclidean inner product and norm on E2 and let us set D= ‖d1‖

2
‖d2‖

2
−

〈d1,d2〉
2. The (S0,W0)-angle functions λm,n : R2

→ R of the critical points of B
on (T2,h) in the homotopy class E (S0,W0)

(m,n) are given by

λm,n(ξ)=
2π
D

[
〈d1,ξ〉

(
m‖d2‖

2
− n〈d1,d2〉

)
+〈d2,ξ〉

(
n‖d1‖

2
−m〈d1,d2〉

)]
+ s, s ∈ R, (3.69)

for any ξ ∈ R2. Also

B(λm,n)=
π

D

(
m2
‖d2‖

2
+ n2
‖d1‖

2
− 2mn〈d1,d2〉

)
.

e) For any critical point X ∈ E of B on (T2,g) and for any q ∈ T2 there is a
conformal coordinate chart f : U→ E2 (where U ⊆ T2 is an open neighborhood of
q) such that

X =
(
cosλm,n

) ∂

∂ f1
+
(
sinλm,n

) ∂

∂ f2

in terms of the Gaussian frame field of f with λm,n as in (3.69) for suitable (m,n) ∈
Z2. When (m,n)= (0,0) the f -coordinates of X are constant.

The beautiful Theorem 3.46 is perhaps the main result in [309] (and
shows that on a Riemannian torus a quite accurate description of harmonic
vector fields is available).

To prove Theorem 3.46 we need to establish a few preparatory results.
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Lemma 3.47 For any semiperiodic function β ∈ Per(m,n), there exists a tangent
vector field Y ∈ X(T2) such that

1̂β =−(div Y) ◦π ,
∫
Q

(
1̂β

)
π∗ωT = 0,

where Q= {sd1+ td2 : (s, t) ∈ [0,1]2}.

Proof. Let β ∈ Per(m,n) be a semiperiodic function and let V = ∇̂β ∈
X(R2) be the gradient of β with respect to the metric ĝ. By Lemma 1.35 the
function ξ ∈ R2

7→ (dξπ)Vξ ∈ Tπ(ξ)(T2) is periodic, hence its restriction
to the fibre π−1(p) is constant so that the tangent vector field Y ∈ X(T2)

given by

Yp = (dξπ)Vξ , ξ ∈ π−1(p), p ∈ T2,

is well defined and π-related to V . Therefore, according to our conven-
tions, the vector field V may be denoted by Ŷ . Then (by (3.66))

1̂β =−d̂iv(Ŷ)=−(divY) ◦π,∫
Q

(
1̂β

)
π∗ωT =−

∫
Q

π∗ (div(Y) ωT )=−

∫
T2

div(Y)ωT = 0

by Green’s lemma. Lemma 3.47 is proved. �

Let X : I→ E be a smooth path in E i.e., a C∞ family {X(t)}t∈I ∈ E I

(see Section 1.5 in Chapter 1). Let α ∈ C∞(R2
× I) be an angle function

for X and let us set α̇ = ∂α/∂ t. Then

d
dt
{B(X(t))} = 2

d
dt

∫
Q

‖∇̂α+ Ẑ‖2ĝ π
∗ωT = 4

∫
Q

ĝ(∇̂α+ Ẑ, ∇̂α̇)π∗ωT .

On the other hand

ĝ(∇̂α+ Ẑ, ∇̂α̇)=
(
∇̂α+Z

)
α̇ = d̂iv

(
α̇
(
∇̂α+ Ẑ

))
− α̇ d̂iv

(
∇̂α+ Ẑ

)
.

Note that α̇
(
∇̂α+ Ẑ

)
is π-related to some U ∈ X(T2) (because α is

semiperiodic and Ẑ is π-related to Z). Hence∫
Q

d̂iv
(
α̇
(
∇̂α+ Ẑ

))
π∗ωT =

∫
Q

d̂iv(Û)π∗ωT =

∫
T2

div(U)ωT = 0.
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We may conclude (as div(Z)= S(a)+W (b)) that

d
dt
{B(X(t))} = 4

∫
Q

α̇
{
1̂α− (Sa+Wb) ◦π

}
π∗ωT . (3.70)

At this point we may prove Theorem 3.46. To establish the implication
(ii) H⇒ (i) let X ∈ E be a unit vector field on T2 and α ∈W an angle func-
tion for X such that (3.68) is satisfied. Let {X(t)}t∈I be a smooth variation of
X through unit vector fields such that X(0)= X . This of course amounts
to considering a smooth 1-parameter variation {αt}t∈I of α (i.e., α0 = α)
through semiperiodic functions. On the other hand we may evaluate (3.70)
at t = 0 to get (by (3.68))

d
dt
{B(X(t))}t=0 = 4

∫
Q

β
{
1̂α− (Sa+Wb) ◦π

}
π∗ωT = 0

where β(ξ)= α̇(ξ ,0) for any ξ ∈ R2 i.e., X is a critical point of B : E→
[0,+∞). Vice versa if {dB(X(t))/dt}t=0 = 0 for any smooth 1-parameter
variation X(t) ∈ E of X , in other words for any smooth 1-parameter
variation αt ∈W of α, then we may choose the variation αt such that

α̇(ξ ,0)=
(
1̂α

)
(ξ)− (Sa+Wb)π(ξ) so that

0=
∫
Q

β(ξ)
(
1̂α− (Sa+Wb) ◦π

)
(ξ)dvol(ĝ)(ξ)

=

∫
Q

‖1̂α− (Sa+Wb) ◦π‖(ξ)2dvol(ĝ)(ξ)

hence
(
1̂α

)
(ξ)− (Sa+Wb)π(ξ) = 0 that is (3.68) holds and the implica-

tion (i) H⇒ (ii) is proved.
Next the equivalence (ii) ⇐⇒ (iii) is a consequence of the identity

(3.67) above.
To prove the implication (iii)H⇒ (iv) we choose the orthonormal frame

{S,W } = {X , JX} so that ϕ = 1 and ψ = 0. Then (by the very assumption
in (iii))

0=−ϕ1ψ +ψ1ϕ+ (Sa+Wb)= Sa+Wb

= X(g(∇XX , JX))+ ( JX)(g(∇JXX , JX)).
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Vice versa (iv) implies (iii) because (T2, J ,g) is a Kähler manifold. Finally (i)
follows from (iv) (because (iv) is easily seen to imply 1gX −‖X‖2X = 0).
Statement (a) in Theorem 3.46 is proved.

Let us prove statement (b) in Theorem 3.46. Let G× E→ E be a
smooth action of a Lie group G on E such that B(a ·X)= B(X) for
any a ∈G and any X ∈ E . Let Crit(B) be the set of all critical points of
B : E→ [0,+∞). Clearly if X ∈ Crit(B) the orbit G ·X = {a ·X : a ∈G}
is contained in Crit(B). Let

a=
(

cos r −sin r
sin r cos r

)
∈ SO(2), r ∈ R. (3.71)

and let us set a ·X = (cos r)X + (sin r) JX (as in Theorem 2.26 in Chap-
ter 2 of this book). Let (m,n) ∈ Z2 and let E (S,W )

(m,n) ∈ π(T
2,S(T2)) be the

homotopy class consisting of all X ∈ E with htp(S,W )(X)= (m,n). We shall
show that if Crit(B)∩ E (S,W )

(m,n) 6= ∅ then Crit(B)∩ E (S,W )
(m,n) is a SO(2)-orbit.

Precisely if X ∈ Crit(B)∩ E (S,W )
(m,n) then we shall show that

Crit(B)∩ E (S,W )
(m,n) = SO(2) ·X . (3.72)

As X ∈ Crit(B) and B is SO(2)-invariant it follows that

SO(2) ·X ⊆ Crit(B). (3.73)

Let α ∈ Per(m,n) be an angle function for X and a ∈ SO(2) (determined
by a number r ∈ R as in (3.71)). Using the fact that X ◦π = (cosα)S ◦π +
(sinα)W ◦π one has

(a ·X) ◦π = (cos r)X ◦π + (sin r)( JX) ◦π

= cos(α+ r) S ◦π + sin(α+ r)W ◦π

that is α+ r is an angle function for a ·X . The fact that α is semiperiodic
obviously implies that α+ r is semiperiodic as well, and precisely α+ r ∈
Per(m,n) hence htp(S,W )(a ·X)= (m,n). Therefore a ·X ∈ E (S,W )

(m,n) and we
may conclude that

SO(2) ·X ⊆ E (S,W )
(m,n) . (3.74)

By (3.73)–(3.74) one has

SO(2) ·X ⊆ Crit(B)∩ E (S,W )
(m,n) . (3.75)
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To check the opposite inclusion let Y ∈ Crit(B)∩ E (S,W )
(m,n) . Then all angle

functions β ∈ C∞(R2) of Y belong to Per(m,n) and satisfy (as a conse-
quence of statement (a), cf. description (ii) of the critical point Y ) 1̂β = f
where f = (Sa+Wb) ◦π ∈ C∞(R2). On the other hand (by (3.68)) 1̂α =
f hence

1̂(β −α)= 0 (3.76)

in R2 and in particular in Q. Let us recall that on any Riemannian
manifold (M ,g) with the Laplace-Beltrami operator 1 one has 1(uv)=
u1v+ v1u− 2g(∇u,∇v) for any u,v ∈ C2(M). In particular for v= u one
has 1(u2)= 2

(
u1u−‖∇u‖2

)
. If moreover u is a harmonic function then

1(u2)=−2‖∇u‖2. For M = R2 and u= β −α this gives (by (3.76))∫
Q

1̂
[
(β −α)2

]
π∗ωT =−2

∫
Q

‖∇̂(β −α)‖2ĝ π
∗ωT .

Note that β −α ∈ Per(m,n) so that (β −α)2 ∈ Per(0,0) as well. Then (by
Lemma 3.47) ∫

Q

1̂
[
(β −α)2

]
π∗ωT = 0.

Consequently
∫

Q ‖∇̂(β −α)‖
2
ĝ π
∗ωT = 0 so that β −α = r for some r ∈ R

everywhere in Q. Thus

Y ◦π = (cosβ)S ◦π + (sinβ)W ◦π = (a ·X) ◦π

in Q, that is Y = a ·X in π(Q)= T2 so that Y ∈ SO(2) ·X . We may
conclude that

Crit(B)∩ E (S,W )
(m,n) ⊆ SO(2) ·X .

Together with the inclusion (3.75), this implies the desired equality (3.72).
At this point it remains to be seen that for any (m,n) ∈ Z2

Crit(B)∩ E (S,W )
(m,n) 6= ∅.

The proof is based on the following well-known result in the theory of
partial differential equations

Lemma 3.48 Let M be a compact orientable Riemannian manifold and f ∈
C0(M). Then the equation 1u= f has a weak solution u ∈W 1,2(M) if and
only if

∫
M f dvol(g)= 0.
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Let (m,n) ∈ Z2 and let β ∈ Per(m,n). Then (by Lemma 3.47) there
is Y ∈ X(T2) such that 1̂β =−(div Y) ◦π . Let f = div(Y +Z) where
Z = aS+ bW . Clearly

∫
T2 f ωT = 0 hence (by Lemma 3.48) there is a

weak solution u0 to 1u= f . Also u ∈ C∞(T2) because f ∈ C∞(T2) and
the Laplacian 1 is hypoelliptic. Let us set by definition

α = u0 ◦π +β ∈ C∞(R2).

As u0 ◦π is periodic and β semiperiodic it follows that α is semiperiodic,
too. Precisely α ∈ Per(m,n). Moreover

1̂α = 1̂(u0 ◦π)+ 1̂β = (1u0) ◦π − (div Y) ◦π

= div(Z) ◦π = (Sa+Wb) ◦π

i.e., α is a solution to (3.68). Let us define X ∈ X(T2) by setting

Xp = cosα(ξ)Sp+ sinα(ξ)Wp, ξ ∈ π−1(p), p ∈ T2.

The definition of Xp doesn’t depend upon the choice of ξ ∈ π−1(p) because
α is semiperiodic. Also α ∈ Per(m,n) is an angle function for X hence
htp(S,W )(X)= (m,n). Finally, due to (3.70) and (3.68), it follows that X
is a critical point of B i.e., X ∈ Crit(B)∩ E (S,W )

(m,n) .
Statement (c) in Theorem 3.46 follows easily from the identity (2.110)

in Chapter 2.
Let us discuss statement (d) in Theorem 3.46. If h is a flat metric on

T2 and ∇h is the Levi-Civita connection of (T2,h) then we may build a
globally defined orthonormal frame {S0,W0} of T(T2) (i.e., h(S0,S0)=

h(W0,W0)= 1 and h(S0,W0)= 0) such that {S0,W0} are ∇h-parallel
(i.e., ∇hS0 =∇

hW0 = 0). The construction of {S0,W0} is standard.2 With
respect to the chosen frame {S,W } = {S0,W0} one has a= b= 0 and
1̂= ∂2/∂2x+ ∂2/∂2y where (x,y) are the natural coordinates on R2.
Moreover, it is straightforward that the functions (3.69) are precisely the
(m,n)-semiperiodic solutions to (3.68) in the flat case at hand.

Let us justify statement (e) in Theorem 3.46. By the J.L. Kazdan &
F.W. Warner result (cf. [185]) quoted in Section 2.10 of Chapter 2, given a
Riemannian metric g on T2 there is a flat Riemannian metric h in the con-
formal class of g. Let {S0,W0} be/an h-orthonormal frame of T(T2) such

2 One merely starts with a hp-orthonormal basis {s0,w0} ⊂ Tp(T2) at a point p ∈ T2 and parallel
translates {s0,w0} (with respect to ∇h) along the geodesics of (T2,h) issuing at p.
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that ∇hS0 =∇
hW0 = 0, as before. Let 2S0 = h(S0, ·) and 2W0 = h(W0, ·).

Then

2(d2S0)(X ,Y)= X(2S0(Y))−Y(2S0(X))−2S0([X ,Y ])

= (∇h
X2S0)Y − (∇

h
Y2S0)X = 0.

Similarly d2W0 = 0. By the Poincaré lemma for any q ∈ T2 there is an
open neighborhood U ⊆ T2 of q and there exist smooth functions f1, f2 :
U→ R such that2S0 = df1 and2W0 = df2 on U . Let f : U→ R2 be given
by f = ( f1, f2). Let E2 denote R2 endowed with the canonical flat metric
dx⊗ dx+ dy⊗ dy. Since

S0( f1)= 1, S0( f2)= 0, W0( f1)= 0, W0( f2)= 1,

it follows that

f ∗(dx⊗ dx+ dy⊗ dy)=2S0 ⊗2S0 +2W0 ⊗2W0 = h

hence f is an injective isometric immersion of (U ,h) into E2 hence a con-
formal local chart of (T2,g).

Corollary 3.49 Let (T2,g) be a Riemannian torus and X a nowhere zero
Killing vector field on (T2,g). Then X/‖X‖ is a critical point of B. If additionally
‖X‖ is constant then X is parallel and g is flat.

Proof. Let us set f = ‖X‖ ∈ C∞(T2). Also let us consider the unit vector
fields S,W ∈ E given by

S = (1/f ) X , W = (1/f ) JX .

Then (as X is Killing)

0= (LXg)(S,W )= g(∇SX ,W )+ g(∇W X ,S)

= S( f )g(S,W )+ f g(∇SS,W )+ (1/f )g(∇W X ,X)

= f a+
1
2 f

W (‖X‖2)= f a+W ( f )

so that a=−W (log f ). Similar calculations show that b= 0 and Sa+
Wb= 0. Then by Theorem 3.46 it follows that S is a critical point of B.

3.9.2. Stability
Let X0 ∈ E be a unit vector field on the torus (T2,g) and let X =
{X(t)}|t|<ε ∈ E(−ε,ε) be a 1-parameter variation of X0 (such that X(0)= X0)
of class C∞.
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Definition 3.50 A 1-parameter variation Y = {Y(t)}|t|<ε ∈ E(−ε,ε) of class
C∞ is said to be in first order contact with X at t = t0 if X(t0)= Y(t0) and
(dX/dt)(t0)= (dY/dt)(t0). �

The scope of this section is to prove the following result (which slightly
reformulates and completes Proposition 2.34 in Chapter 2 of this book)

Theorem 3.51 (G. Wiegmink, [309]) Let us consider a Riemannian torus
(T2,g) and let X0 ∈ Crit(B)⊂ E be a critical point of the total bending functional.
Then

d2

dt2
{B(X(t))}t=0 ≥ 0 (3.77)

for any smooth 1-parameter variation X = {X(t)}|t|<ε ∈ E(−ε,ε)) of X0 (such that
X(0)= X0). Moreover one has equality in (3.77) if and only if X is in first
order contact at t = 0 with a variation Y = {Y(t)}|t|<ε of X0 such that Y(t) ∈
SO(2) ·X0 for any |t|< ε.

Here SO(2) ·X0 denotes the SO(2)-orbit of X0 ∈ E with respect to the
action of SO(2) on E given by (2.44) in Chapter 2.

Proof of Theorem 3.51. Let X ∈ E(−ε,ε) with X(0)= X0 and let α ∈

C∞(R2
× (−ε,ε)) be an angle function for X . We recall (cf. (3.70)) that

d
dt
{B(X(t))} = 4

∫
Q

α̇
[
1̂α− (Sa+Wb) ◦π

]
π∗ωT .

Let us differentiate with respect to t

d2

dt2
{B(X(t))} = 4

∫
Q

{
β̇
[
1̂α− (Sa+Wb) ◦π

]
+β1̂β

}
π∗ωT

where β = α̇. Let us set α0(ξ)= α(ξ ,0) and β0(ξ)= β(ξ ,0) for any ξ ∈
R2. Then for t = 0 (as X0 ∈ Crit(B) implies that 1̂α0 = (Sa+Wb) ◦π , cf.
Theorem 3.46)

d2

dt2
{B(X(t))}t=0 = 4

∫
Q

β0

(
1̂β0

)
π∗ωT = 4

∫
T2

v (1v)ωT (3.78)
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where v ∈ C∞(T2) is given by v(p)= β0(ξ) for any ξ ∈ π−1(p) and any
p ∈ T2. Then (by Green’s lemma)

d2

dt2
{B(X(t))}t=0 = 4

∫
T2

{
−div(v∇v)+‖∇v‖2

}
ωT = 4

∫
T2

‖∇v‖2 ≥ 0

and (3.77) is proved. Let us assume that equality takes place in (3.77). Then
v= r on T2 for some r ∈ R i.e., β0 = r on R2. We set by definition

γ (ξ , t)= α0(ξ)+ tβ0(ξ), ξ ∈ R2, |t|< ε,

so that γ ∈ Per(−ε,ε)(m,n) where (m,n)= htp(S,W )(X0). Moreover let Y =
{Y(t)}|t|<ε be given by

Y(t)p = (cosγ (ξ , t))Sp+ (sinγ (ξ , t))Wp, ξ ∈ π−1(p), p ∈ T2.

Then Y(0)= X0 = X(0) and (dY/dt)(0)= (dX/dt)(0). Also

Y(t)= (cos(tr)) X0+ (sin(tr)) JX0 ∈ SO(2) ·X0

for any |t|< ε. Vice versa if X(t) stays in SO(2) ·X0 then B(X(t)) is
constant so that (3.77) holds good. �

Corollary 3.52 Let (T2,g) be a Riemannian torus. For any (m,n) ∈ Z2 the
restriction B : E (S,W )

(m,n) → [0,+∞) of B to the homotopy class E (S,W )
(m,n) attains an

absolute minimum. Moreover inf
{
B(X) : X ∈ E (S,W )

(m,n)

}
is achieved precisely at the

critical points in Crit(B)∩ E (S,W )
(m,n) .

Proof. Let (m,n) ∈ Z2 and let B(m,n) be the restriction of B to E (S,W )
(m,n) ∈

{[X] : X ∈ E} ⊂ π(T2,S(T2)). Let Y be a critical point of B in E (S,W )
(m,n)

and let X ∈ E (S,W )
(m,n) be arbitrary. Let λ,β ∈ Per(m,n) be respectively angle

functions for Y and X . Let α ∈ PerR(m,n) be defined by

α(ξ , t)= (1− t)λ(ξ)+ tβ(ξ), ξ ∈ R2, t ∈ R.

Then 1̂αt = (1− t)1̂λ+ t1̂β and α̇(ξ , t)= β(ξ)− λ(ξ)= α̇(ξ ,0) for
any ξ ∈ R2 and any t ∈ R. Moreover, 1̂λ= (Sa+Wb) ◦π because
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Y ∈ Crit(B) (cf. Theorem 3.46). Then (by (3.70))

d
dt
{B(αt)} = 4

∫
Q

α̇
[
1̂α− (Sa+Wb) ◦π

]
π∗ωT

= 4
∫
Q

(β − λ)t1̂(β − λ)π∗ωT = 4t
∫
Q

α̇01̂α̇0π
∗ωT

where α̇0(ξ)= α̇(ξ ,0) for any ξ ∈ R2. Yet α0 = λ is a critical point of B
hence (by (3.78) and (3.77))

d
dt
{B(αt)} = t

d2

ds2
{B(αs)}s=0 ≥ 0.

Thus B(Y)= B(α0)≤ B(α1)= B(X) so that infB(m,n) = B(Y). Corol-
lary 3.52 is proved. �

3.9.3. Examples and Open Problems
Let L ∈ R+ and let c = (c1, c2) : R→ R+×R⊂ R2 be a C∞ immersion
such that both ci are L-periodic functions. Next we consider f : R2

→ R3

given by

f (x,y)= ((cosx) c1(y), (sinx) c1(y), c2(y)), (x,y) ∈ R2.

Clearly f is a C∞ immersion. We set d1 = (2π ,0) and d2 = (0,L) and
0 = {md1+ nd2 : (m,n) ∈ Z2

}. Let T2
= R2/0 and let π : R2

→ T2 be the
natural projection. Clearly f induces an immersion 9 : T2

→ R3 given by
9(p)= f (ξ) for any ξ ∈ π−1(p) and any p ∈ T2. We endow T2 with the
Riemannian metric g =9∗g0 where g0 = dx2

+ dy2
+ dz2 is the standard

flat metric on R3. That is to say we endow T2 with a Riemannian metric
g arising from an immersion of T2 in E3

= (R3,g0) as a torus of revolu-
tion with an arbitrary profile curve. The maps ξ ∈ R2

7→ (dξπ)(∂/∂x)ξ and
ξ ∈ R2

7→ (dξπ)(∂/∂y)ξ are periodic hence {∂/∂x, ∂/∂y} are projectable.
Let X ,Y ∈ X(T2) be given by

Xp = (dξπ)
∂

∂x

∣∣∣∣
ξ

, Yp = (dξπ)
∂

∂y

∣∣∣∣
ξ

, ξ ∈ π−1(p), p ∈ T2.

Next we set

S =
1
c1

X , W =
1
‖ċ‖

Y ,
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so that {S,W } is a global g-orthonormal frame of T(T2). It should be
observed that the standard Euclidean torus may be obtained for

c(y)= (R+ r cosy, r siny), y ∈ R. (3.79)

Indeed if this is the case 9(T2) is given by the equations

X = (R+ r cosy)cosx, Y = (R+ r cosy) sinx, Z = r siny,

where (X ,Y ,Z) are the Cartesian coordinates in R3. Eliminating the
parameter y ∈ R one obtains the fourth order equation

(X2
+Y2

+Z2
−R2

− r2)2 = 4R2(r2−Z2). (3.80)

Directly on the familiar equation (3.80), one may read off the two families
of circles lying on 9(T2) the first of which is obtained by intersecting
9(T2) with a plane passing through the axis X = 0, Y = 0. Such a plane
intersects the torus in two circles of radius r which are symmetric with
respect to the Z-axis. Also the planes Z = a (a ∈ R) intersect the torus
in two real circles if |a| ≤ r, centered at the origin (and coinciding when
Z =±r). If Z = 0 one gets the maximal and minimal circles X2

+Y2
=

(R± r)2. It may be easily seen that (d9)S and (d9)W are the unit tangents
to the two families of circles above, so that9(T2) possesses two unit tangent
vector fields which are regular (in the sense of R. Palais, [233]). It is a classical
fact that the torus is the only closed surface possessing regular vector fields
(cf. e.g., G. Vrânceanu, [304]).

Let us go back to the case of an arbitrary profile curve where g is
given by

g = c1(y)2 dx2
+‖ċ(y)‖2 dy2 . (3.81)

A straightforward calculation based on (3.81) shows that

∇W S = 0, ∇W W = 0,

∇SS =−
c′1(y)

c1(y)‖ċ(y)‖
W , ∇SW =

c′1(y)

c1(y)‖ċ(y)‖
S.

Consequently

a= g(∇SS,W )=−
c′1(y)

c1(y)‖ċ(y)‖
, b= g(∇W S,W )= 0, Sa+Wb= 0.

On the other hand for any angle function α of S one has α(ξ) ∈ {2mπ :
m ∈ Z} hence (by the continuity of α) it must be α = constant. Hence

1̂α = 0= (Sa+Wb) ◦π
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and we may use Theorem 3.46 to conclude that S is a critical point of
B and actually (by Corollary 3.52) the absolute minimum of B restricted
to E (S,W )

(0,0) . The same is of course true for W . More can be said for the

particular metric g =9∗g0 on T2.

Proposition 3.53 (G. Wiegmink, [309]) Let us consider the torus
T2
= R2/{(2πm,Ln) : (m,n) ∈ Z2

} endowed with the metric g = c1(y)2 dx2
+

‖ċ(y)‖2 dy2. Then S,W ∈ Crit(B)∩ E (S,W )
(0,0) and

B(S)= B(W )=

∫
T2

a2dvol(g)= 2π

L∫
0

c′1(y)
2

c1(y)‖ċ(y)‖
dy= 2πA0.

The constant A0 may be determined3when (T2,g) is the standard Euclidean torus
with c(y) given by (3.79) for R > r > 0, that is A0 = 2πR/r.

It is an open problem to extend G. Wiegmink’s results to Finslerian tori,
cf. e.g., P. Dazord, [94].

We end this section with the following remark and open problem. Let
φ : T2

→N be a smooth map of a Riemannian torus (T2,g) into a warped
product N = L×w R for some C∞ function w : N→ (0,+∞) that is N =
L×R where L is a (ν− 1)-dimensional Riemannian manifold carrying the
metric gL and N is endowed with the Riemannian metric

gN = π
∗
1 gL +w2 dt⊗ dt (3.82)

where π1 : N→ L is the natural projection. Let f = π1 ◦φ : T2
→ L and

θ = π2 ◦φ ∈ C∞(T2) where π2 : N→ R is the natural projection. We
wish to compute the Hilbert-Schmitd norm of dφ. To this end we use
a g-orthonormal frame {S,W } as before. Indeed for any p ∈ T2

‖dφ‖2p = traceg
(
φ∗gN

)
p =

(
φ∗gN

)
(S,S)p+

(
φ∗gN

)
(W ,W )p

= ‖df ‖2p +w(φ(p))2
{[
(φ∗dt)pSp

]2
+
[
(φ∗dt)pWp

]2}
and φ∗dt = dθ so that

‖dφ‖2 = ‖df ‖2+ (w ◦φ)2‖∇θ‖2. (3.83)

3 We take the opportunity to correct a misprint in G. Wiegmink, [309], p. 342. Indeed one has∫
r[(sin2 y)/(R+ r cosy)]dy= τy− siny− 2

√
τ2− 1arctan

√
[(τ − 1)/(τ + 1)](1− cosy)/(1+ cosy)

+ const., where τ = R/r, and L = 2π .
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Let us assume that φ : T2
→N is a harmonic map of (T2,g) into (N ,gN )

where gN is given by (3.82). Let us consider the following smooth
1-parameter variation of φ

φs : T2
→N , φs(p)= ( f (p), θs(p)),

θs : T2
→ R, θs(p)= θ(p)+ sϕ(p), p ∈ T2, |s|< ε,

where ϕ ∈ C∞(T2) is a given smooth function. As φ is harmonic (by
replacing φ with φs in (3.83))

0=
d
ds
{E(φs)}s=0 =

d
ds


∫
T2

‖dφs‖
2dvol(g)


s=0

=
d
ds


∫
T2

(
‖df ‖2+ (w ◦φs)

2
‖∇θs‖

2)dvol(g)


s=0

=

∫
T2

{
(2w ◦φ)2 g(∇ϕ, ∇θ)+ϕ

(
∂w2

∂ t
◦φ

)
‖∇θ‖2

}
dvol(g).

Next we integrate by parts∫
T2

(w2
◦φ)g(∇ϕ,∇θ)dvol(g)=

∫
T2

(w2
◦φ)(∇θ)(ϕ)dvol(g)

=

∫
T2

{
div
(
ϕ(w2

◦φ)∇θ
)
−ϕ div((w2

◦φ)∇θ)
}
dvol(g)

=−

∫
T2

ϕ div((w2
◦φ)∇θ)dvol(g)

so that

div
(
(w2
◦φ)∇θ

)
=

1
2

(
∂w2

∂ t
◦φ

)
‖∇θ‖2. (3.84)

The fact that the component θ = π2 ◦φ of a harmonic map φ : T2
→ L×w

R satisfies (3.84) was first observed by B. Solomon, [271] (and the result
holds for harmonic maps from an arbitrary Riemannian manifold (M ,g) into
L×w R, cf. Lemma 1 in [271], p. 153). The equation (3.84) is elliptic hence
any smooth solution θ to (3.84) satisfies the strong maximum principle
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(cf. e.g., E. Calabi, [76]). Consequently for any harmonic map φ : T2
→

L×w R the image φ(T2) lies in L×{tφ} for some tφ ∈ R. To formulate the
open problem alluded to above we need to recall a few notions of topology.
Let

6 = Sν ∩ {(x1, . . . ,xν+1) ∈ Rν+1 : x2
1+ x2

2 = 0}

be a (ν− 2)-dimensional sphere embedded in Sν as a totally geodesic
submanifold. A continuous map φ : T2

→ Sν is said to meet 6 if
φ(T2)∩6 6= ∅. Also φ : T2

→ Sν is said to link6 if it does not meet6 and
the map φ : T2

→ Sn
\6 is not homotopically nontrivial. By a beautiful

result of B. Solomon (cf. Theorem 1 in op. cit., p. 155)

Theorem 3.54 A nonconstant harmonic map φ : T2
→ Sν either links or

meets 6.

The key ingredient in the proof of Theorem 3.54 is to observe
that Sν \6 is isometric to a warped product Sν−1

+ ×w S1 where Sν−1
+ =

{(y1, . . . ,yν) ∈ Rν : y2
1+ ·· ·+ y2

ν = 1, yν > 0}. Then whenever φ neither
meets nor links 6 it must be constant. Indeed if φ : T2

→ Sν−1
+ ×w S1 is a

null-homotopic harmonic map then φ lifts to a harmonic map φ̃ : T2
→

Sν−1
+ ×w R (one also exploits the fact that the former target is the univer-

sal covering space of Sν−1
+ ×w S1). Then one applies the argument above

(based on the strong maximum principle) to conclude that φ̃ is actually a
harmonic map T2

→ Sν−1
+ and as such (by a result in J. Eells & L. Lemaire,

[112]) a constant.
We come to our final comment. Note that Sν−1

+ × S1 is homotopy
equivalent to S1. Consequently a continuous map φ : T2

→ Sν−1
+ × S1 is

null-homotopic if and only if p ◦φ : T2
→ S1 is null-homotopic, where

p : Sν−1
+ × S1

→ S1 is the natural projection. Yet the homotopy classes of
continuous maps T2

→ S1 form the Bruschlinsky group π1(T2) of the
torus, computed in Chapter 1 as identified with the set of homotopy classes
of unit tangent vector fields {[X] : X ∈ E} (where E = 0∞(S(T2))). We
expect a nontrivial link among the geometry of smooth maps T2

→ Sν \6
and the geometry of unit tangent vector fields on T2.
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Our first examples of harmonic vector fields were Hopf vector fields on
a sphere S2m+1, that is Reeb vector fields underlying Sasakian structures
on S2m+1. It is therefore a natural problem to study harmonicity of Reeb
vector fields on arbitrary contact Riemannian manifolds. As it turns out,
looking at the harmonicity of the Reeb vector field of a contact metric
manifold M is relevant for understanding the geometry of M itself. After
a brief preparation of contact Riemannian geometry (cf. D.E. Blair, [42])
one introduces one of the main object of study in this chapter, that is the
notion of an H-contact manifold (a contact metric manifold whose Reeb
vector is harmonic, cf. Definition 4.2 below). H-contact manifolds may
be described as in Theorem 4.5 [due to D. Perrone, [242], and generaliz-
ing a result by J.C. Gonzàlez-Dàvila & L. Vanhecke (cf. [145]) holding in
dimension 3]. Conclusive results may be obtained on 3-dimensional contact

Harmonic Vector Fields. DOI: 10.1016/B978-0-12-415826-9.00004-3
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metric manifolds with ‖τ‖ = constant, where τ = Lξ g. Any such manifold
M is H-contact if and only if M is either Sasakian or M is locally iso-
metric to a unimodular Lie group G (equipped with a non-Sasakian left
invariant contact metric structure) whose universal covering belongs to the

list {SU(2), Ẽ(2), ˜SL(2,R), E(1,1)} (cf. Theorem 4.24 below). It is note-
worthy that one distinguishes among the various candidates in the list by
looking at p= 4

√
2W/‖τ‖ where W is the Webster scalar curvature, so

that the discussion in Theorem 4.24 is related to the work by S.S. Chern &
R.S. Hamilton, [86], and S. Tanno, [281].

4.1. H-CONTACT MANIFOLDS
4.1.1. Contact Metric Manifolds

We start by reviewing a few facts of contact Riemannian geome-
try. Our main reference is the monograph [42], yet we also rely on
the exposition in [286]. Let R2n+1 with the Cartesian coordinates
(t,x1, . . . ,xn,xn+1, . . . ,x2n+1). A contact transformation is a local diffeomor-
phism of R2n+1 preserving the 1-form

η = dt−
n∑

i=1

xi+n dxi (4.1)

up to multiplication by a nonzero real valued function. The family G2n+1,η

of such local diffeomorphisms contains the identities and the inverses, and
admits a partial composition law (G2n+1,η is the contact pseudogroup). Taking
germs of local diffeomorphisms, one obtains a topological groupoid 02n+1,η

to which there corresponds (cf. e.g., the method of construction presented
in [64]) a classifying space B02n+1,η. The space B02n+1,η classifies codi-
mension 2n+ 1 foliations which admit locally a contact structure transverse
to the leaves. The case of interest in this chapter is that of the foliation
by points and the underlying manifold admits a global contact form. For a
precise treatment we need a few definitions.

A real 1-form η on a real (2n+ 1)-dimensional manifold M is a contact
form if η∧ (dη)n is a volume form on M . By the Darboux theorem (cf.
[42]) for any point of M there is a local coordinate system (U , t,xA) with
respect to which η is given by (4.1). A contact structure on M is a maximal
atlas A whose transition functions are elements of G2n+1,η. A contact struc-
ture A determines a contact form provided the transition functions of A lie
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in G+2n+1,η, the pseudogroup of orientation preserving transformations in

G2n+1,η (if n is odd then G+2n+1,η = G2n+1,η). Therefore on oriented mani-
folds the two notions are equivalent, and a pair (M ,η) or (M ,A) is referred
to merely as a contact manifold. If orientability is not assumed and n is even,
then M may admit a contact structure A without a globally defined form
η (an example is M = Rn+1

×RPn, cf. R. Stong, [276], for a comparative
discussion of the two definitions).

Two contact forms η0 and η1 are equivalent if there is a transfor-
mation f : M→M and a nowhere zero function λ ∈ C∞(M) such that
f ∗η1 = λη0. Therefore, on an oriented manifold, an equivalence class of
contact structures is defined by a section of P(T∗(M)) (the projective
bundle associated to the cotangent bundle).

The condition η∧ (dη)n 6= 0 implies that η has maximal rank 2n so that
there is a smooth distribution H(M) of rank 2n such that (dη)n is never zero
on H(M). Next there is an associated 1-dimensional smooth foliation on M
defined by a vector field ξ ∈ X(M) satisfying η(ξ)= 1 and ξ cdη = 0, the
characteristic direction or Reeb vector field of (M ,η). Let us give a few examples
of contact manifolds.
a. Let N be a real n-dimensional manifold and M = T∗(N)×R. Let π :

T∗(N)→N be the projection, α ∈ T∗(N), and Z ∈ Tα(T∗(N)). We
consider the 1-form ω ∈�1(T∗(N)) given by

ωα(Z)= α ((dαπ)Z) .

If t is the coordinate function on R then η =5∗ω+ dt is a contact form
on M , where 5 : M→ T∗(N) is the natural projection.

b. A projective algebraic variety X2n has natural symplectic structure whose
defining 2-form � belongs to an integral cohomology class. Let S1

→

M
π
→ X2n be the principal circle bundle over X2n determined by this

class. There is a contact form η on M such that π∗�= dη. The leaves of
the associated 1-dimensional foliation are the fibres of π . See also [284].

c. Let aj ∈ Z, aj ≥ 1, and let V = V (a0, . . . ,an) be given by

V = S2n+1
∩ {z= (z0, . . . ,zn) ∈ Cn+1 : za0

0 + ·· ·+ zan
n = 0}.

Then the real 1-form η ∈�1(Cn+1)

η =
i
2

n∑
j=0

1
aj

(
zj dzj− zj dzj

)
induces a contact form on V , cf. C.B. Thomas, [287].
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A necessary condition for the existence of a contact structure on
M is that GL(2n+ 1,R) (the structure group of T(M)) be reducible to
SO(2n+ 1). By a result in [286], if M = S2n+1 then there are contact
forms corresponding to each reduction of the structure group of the tangent
bundle.

Equivalence classes of contact forms are stable, so that they may be stud-
ied by topological methods (cf. again [286]). Precisely if M is a compact
orientable (2n+ 1)-dimensional manifold and [η] is an equivalence class of
contact forms on M then there is a neighborhood U of [η] in P(T∗(M))
such that the 1-forms in each [η′] ∈ U satisfy the contact condition and
there is a transformation h : M→M such that h∗η is equivalent to η′.

An associated metric on (M ,η) is a Riemannian metric g on M such that
η(X)= g(ξ ,X) for any X ∈ T(M) and there is a (1,1)-tensor field φ on M
satisfying

φ2
=−I + η⊗ ξ ,

(dη)(X ,Y)= g(X ,φY), X ,Y ∈ T(M).

The pair (η,g) (as well as the synthetic object (φ,ξ ,η,g)) is referred to as a
contact metric structure on M (and (M ,(φ,ξ ,η,g)) is a contact metric manifold).

If (M ,η) is a contact manifold and g an associated metric we denote
by ∇ and R the Levi-Civita connection and the curvature tensor field of
(M ,g). Also let Ric, Q and ρ be the Ricci curvature, the Ricci opera-
tor (g(QX ,Y)=Ric(X ,Y) for any X ,Y ∈ T(M)) and the scalar curvature
of (M ,g). The tensor field h= 1

2Lξφ (where L is the Lie derivative) is
symmetric i.e., g(hX ,Y)= g(X ,hY) for any X ,Y ∈ T(M) and

∇ξ =−φ−φh, ∇ξφ = 0, hφ =−φh, hξ = 0. (4.2)

Let us set τ = Lξ g. Then

‖τ‖2 = 4traceg(h2)= 8n− 4Ric(ξ ,ξ),

τ(X ,Y)= 2g(hφX ,Y), X ,Y ∈ T(M).

Since h anti-commutes with φ, if E is an eigenvector of h corresponding
to the eigenvalue λ, i.e., h(E)= λE where λ is a smooth function, then
φE is also an eigenvector of h corresponding to the eigenvalue −λ. Conse-
quently for any point p ∈M there is an open neighborhood U ⊆M and an
orthonormal frame of the form

{E0 = ξ ,Ei,Ei+n = φEi : 1≤ i ≤ n}
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(referred to as a local φ-basis) defined on U and consisting of eigenvectors of
h. A contact metric manifold M is a η-Einstein manifold if the Ricci operator
Q is of the form

Q= aI + bη⊗ ξ

for some a,b ∈ C∞(M). A contact metric manifold is a K-contact manifold
if ξ is a Killing vector field (equivalently h= 0). A contact metric structure
(φ,ξ ,η,g) is normal, or Sasakian, if

(∇Xφ)Y = g(X ,Y)ξ − η(Y)X , X ,Y ∈ T(M).

Any Sasakian manifold is K-contact and the converse is also true when
n= 1 i.e., when M is 3-dimensional. On any K-contact manifold, ξ is an
eigenvector of the Ricci operator. Precisely

Qξ = 2nξ .

We shall need the following notion.

Definition 4.1 (D.E. Blair et al., [46]) A contact metric manifold
(M ,(φ,ξ ,η,g)) is called a (k,µ)-space if

R(X ,Y)ξ = k{η(X)Y − η(Y)X}+µ{η(X)hY − η(Y)hX} (4.3)

for some k,µ ∈ R and any X ,Y ∈ T(M). �

If M is a (k,µ)-space then

Qξ = 2nkξ , k≤ 1, h2
= (k− 1)φ2,

and if k= 1 or h= 0 then M is Sasakian. Contact metric manifolds
satisfying the requirement (4.3) for some nonconstant smooth functions
k,µ ∈ C∞(M) are referred to as generalized (k,µ)-spaces. However, general-
ized (k,µ)-spaces exist only in dimension three, cf. T. Koufogiorgos & C.
Tsichlias, [197].

4.1.2. H-Contact Manifolds
We adopt the following

Definition 4.2 A contact metric manifold whose underlying Reeb vector
is a harmonic vector field is called an H-contact manifold. �

Sasakian manifolds are (cf. G. Wiegmink, [309]) examples of H-contact
manifolds. K-contact manifolds are (cf. J.C. Gonzàles-Dàvila & L. Van-
hecke, [145]) examples of H-contact manifolds, as well. It is also shown
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in [145] that the Reeb vector of a Sasakian manifold is actually a har-
monic map. When M is a K-contact manifold P. Rukimbira, [262],
showed that the Reeb vector ξ : M→ S(M) is a φ-holomorphic map (i.e.,
φ1,ξ(x) ◦ (dxξ)= (dxξ) ◦φx for any x ∈M , where φ1 is the (1,1)-tensor
field underlying the standard contact metric structure of S(M) as a real
hypersurface in the almost Kähler manifold T(M)) hence (by a result of
S. Ianuş & A.M. Pastore, [175]) ξ is a harmonic map. It should be observed
that, in spite of the adopted terminology (cf. again [175]) the notion of a
φ-holomorphic map (among two given almost contact metric manifolds)
involves.

Implicitly the metric structures (and isn’t the proper CR analog to the
notion of a holomorphic map in complex analysis, which is the notion
of CR map, cf. e.g., Definition 1.3 in [110], p. 4). A natural question in
this context, to which we shall come back later on (see Chapter 8 of this
monograph) is under which conditions is the Reeb vector ξ (underlying a
given almost contact metric structure) a CR map? By a result of D. Perrone
et al., [107], if ξ is a CR map, then the natural almost CR structure on M
(associated to the given almost contact metric structure, cf. S. Ianuş, [173])
is strictly pseudoconvex and a posteriori ξ is a pseudohermitian map. As it
turns out, if ξ is also geodesic then it is a harmonic map.

In the sequel, we address the problem of characterizing a H-contact
manifold. We shall need the following

Theorem 4.3 (D. Perrone, [242]) Let (M ,(φ,ξ ,η,g)) be a real (2n+
1)-dimensional contact metric manifold. Then

1gξ = 4nξ −Qξ=‖∇ξ‖2ξ −πH Qξ

where ‖∇ξ‖2 = 2n+ trace(h2) and πH : T(M)→H(M)=Ker(η) is the
natural projection associated to the direct sum decomposition T(M)=H(M)⊕Rξ .

To prove Theorem 4.3 we need

Lemma 4.4 Let M be a real (2n+ 1)-dimensional contact metric manifold and
{E0 = ξ , Ej, En+j = φEj : 1≤ j ≤ n} a local orthonormal φ-basis. Then

2n∑
i=0

g((∇Xφ)Ei, Ei)= 0, (4.4)

2n∑
i=0

g((∇Xhφ)Ei,Ei)= 0. (4.5)

for any X ∈ T(M).
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Proof. As X(g(φEi,Ei))= 0 it follows that

g(∇XφEi,Ei)− g(Ei,φ∇XEi)= 0

hence (4.4) holds good. Moreover, as

g((∇Xhφ)ξ ,ξ)= 0

the identity (4.5) is equivalent to

n∑
i=1

g((∇Xhφ)Ei,Ei)+

n∑
i=1

g((∇Xhφ)φEi,φEi)= 0.

If the chosen φ-basis consists of eigenvectors of h corresponding to the
eigenvalues {λ0 = 0, λj , −λj : 1≤ j ≤ n} then

g((∇Xhφ)Ei,Ei)= 2λig(∇XEi,φEi),

g((∇Xhφ)φEi,φEi)=−2λig(∇XEi,φEi),

hence one obtains (4.5). Lemma 4.4 is proved. �

Proof of Theorem 4.3. Using (2.114) and (4.2) we may write

1gξ =−∇
∗φ−∇∗(φh)=−∇∗φ+∇∗(hφ).

We need the formula (cf. the identity (3.4)a by S. Olszak, [227])

2n∑
i=0

(∇Eiφ)Ei = 2nξ . (4.6)

Thus

1gξ = 2nξ +∇∗(hφ). (4.7)

Next we compute the Ricci curvature Ric(X ,ξ). By (4.2)

R(X ,Y)ξ =−∇X∇Y ξ +∇Y∇Xξ +∇[X ,Y ]ξ

= (∇Xφ)Y + (∇Xφh)Y − (∇Yφ)X − (∇Yφh)X
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so that

Ric(X ,ξ)=
2n∑

i=0

R(Ei,X ,Ei,ξ)=
2n∑

i=0

g(R(X ,Ei)ξ ,Ei)

=

2n∑
i=0

{g((∇Xφ)Ei,Ei)+ g((∇Xφh)Ei,Ei)

− g((∇Eiφ)X ,Ei)− g((∇Eiφh)X ,Ei)}

=

2n∑
i=0

{(∇Xφ)Ei,Ei)− g((∇hφ)Ei,Ei)

+ g((∇Eiφ)Ei,X)+ g((∇Eihφ)X ,Ei)}

hence (by (4.4)–(4.5) and (4.6), as hφ is symmetric)

g(X ,Qξ)= 2ng(ξ ,X)− g(∇∗hφ,X).

Thus

∇
∗hφ =−Qξ + 2nξ =−πHQξ − g(Qξ ,ξ)ξ + 2nξ

=−πHQξ +
1
4
‖τ‖2ξ .

Finally (by (4.7))

1gξ = 4nξ −Qξ =
(

2n+
‖τ‖2

4

)
ξ −πHQξ

= ‖∇ξ‖2ξ −πHQξ .

Theorem 4.3 yields �

Theorem 4.5 (D. Perrone, [242]) A contact metric manifold is an H-contact
manifold if and only if the Reeb vector field is an eigenvector of the Ricci operator.

For n= 1 Theorem 4.5 was proved by J.C. Gonzàles-Dàvila & L. Van-
hecke, [145]. Theorem 4.5 implies that Einstein contact metric manifolds,
and more generally η-Einstein manifolds, are H-contact manifolds.

If M is a (k,µ)-space then Qξ = 2nkξ . Moreover, a calculation (in the
presence of a local orthonormal frame consisting of eigenvectors of h) based
on (4.3) shows that tracegR(∇·ξ , ξ)· = 0. Then (by Theorem 4.3 above)

‖∇ξ‖2 = g(1gξ ,ξ)= 2n(2n− k).
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Then a (k,µ)-space is an H-contact manifold. Precisely, ξ is a harmonic
map and its energy is

E(ξ)=
2n+ 1

2
Vol(M)+

1
2

∫
M

‖∇ξ‖2 dvol(g)

=
1
2
(4n+ 1+ 2n(1− k)) Vol(M).

If k= 1, then M is Sasakian and E(ξ)= 1
2(4n+ 1)Vol(M).

Remark 4.6 As previously recalled, a D-homothetic deformation of a
contact metric structure (φ,ξ ,η,g) is given by

φt = φ, ξt = (1/t)ξ , ηt = tη, gt = tg+ t(t− 1)η⊗ η, t > 0.

By a result of S. Tanno, [280], (φt,ξt,ηt,gt) is a contact metric structure for
any t > 0. Moreover, the property ξ is an eigenvector of the Ricci operator
is invariant (cf. S.I. Goldberg & D. Perrone, [141]) under D-homothetic
deformations. Then Theorem 4.3 implies that the class of H-contact manifolds
is invariant under D-homothetic deformations. �

Let (M ,g) be a Riemannian manifold and ω ∈�1(M) a differential
1-form on M . We recall (cf. e.g., [258]) the Weitzenböck formula

11ω =1gω+Ric(Xω, ·)

where 11 is the Hodge-de Rham Laplacian on 1-forms and Xω = ω] ∈
X(M) is the tangent vector field determined by ω = g(Xω, ·). If M is a
contact metric manifold, then Theorem 4.3 together with the Weitzenböck
formula lead to

11η =1gη+Ric(ξ , ·)= g(1gξ +Qξ , ·)= 4ng(ξ , ·)= 4nη

i.e., the contact form is an eigenform of the Hodge-de Rham Laplacian on
�1(M).

Definition 4.7 Let (M ,g) be a Riemannian manifold and let 1M : M→
M be the identity map. A vector field X ∈ X(M) is said to be a Jacobi vec-
tor field if it is a solution to J1M X = 0 where J1M is the Jacobi operator
associated to 1M : M→M . �

As J1M X =1gX −QX , Theorem 4.3 yields J1M ξ = 4nξ − 2Qξ . This
leads to the following description of K-contact manifolds.

Corollary 4.8 A contact metric manifold is a K-contact manifold if and only if ξ
is a Jacobi vector field.
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By a result of C. Boyer & K. Galicki, [66], any compact Einstein
K-contact manifold is Sasakian. Therefore (by Corollary 4.8) a compact
Einstein contact metric manifold is Sasakian if and only if ξ is a Jacobi
vector field.

Definition 4.9 An almost contact metric manifold (M ,(φ,ξ ,η,g)) is said
to be an almost cosymplectic manifold if both the 2-form

8(X ,Y)= g(φX ,Y), X ,Y ∈ T(M),

and the 1-form η are closed i.e., d8= 0 and dη = 0. An almost cosymplec-
tic manifold is cosymplectic if the underlying almost contact metric structure
is normal i.e., [φ,φ]= 0. �

For the normality condition and its geometric interpretation see S.I.
Goldberg & K. Yano, [143], and D.E. Blair, [42], p. 77. Cf. also E. Barletta
et al., [23], p. 74. Normality is known to imply ∇ξ = 0 (as a consequence
of φ(ξ)= 0 and ∇φ = 0). A cosymplectic manifold is locally the prod-
uct of a Kähler manifold and an interval in R. There are however examples
of cosymplectic manifolds which aren’t globally the product of a Kähler
manifold and a real 1-dimensional manifold (cf. again [42], p. 77). Prod-
ucts of almost Kähler manifolds and 1-dimensional manifolds are examples
of almost cosymplectic manifolds with ξ parallel. The converse is not true,
in general: Z. Olszak, [228], has shown that almost cosymplectic structures
with a nonparallel vector ξ exist on certain odd-dimensional Lie groups.
In dimension three, an almost cosymplectic manifold is cosymplectic if and
only if ξ is parallel (cf. again [228]).

Remark 4.10 S.I. Goldberg & K. Yano, [143], showed that the 1-form
η of an almost cosymplectic manifold is harmonic i.e., 11η = 0. Hence
(by the Wietzenböck formula) 1gξ =−Qξ . It is therefore implicit in S.I.
Goldberg & K. Yano’s work (cf. op. cit.) the following result similar to
Theorem 4.5: the characteristic vector field of an almost cosymplectic manifold is
a harmonic vector field if and only if it is an eigenvector of the Ricci operator.

For an almost cosymplectic manifold the formula 1gξ =−Qξ implies
J1M ξ =−2Qξ . Moreover one has g(Qξ ,ξ)+‖∇ξ‖2 = 0 (cf. Z. Olszak,
[228]) so that

Proposition 4.11
a. Let M be an almost cosymplectic manifold. Then the characteristic vector field ξ is

a Jacobi field if and only if it is parallel or equivalently ξ : (M ,g)→ (T(M),Gs)

is a harmonic map.
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b. Let M be an almost cosymplectic metric 3-dimensional manifold. Then ξ is a
Jacobi field if and only if M is a cosymplectic manifold.

What relationship is there among the class of H-contact manifolds and
the other classical classes of contact metric manifolds? If we set

MS : the set of all Sasakian manifolds,

MK : the set of all K-contact manifolds,

Mk,µ : the set of all (k,µ)-spaces,

Mφs : the set of all strongly φ-symmetric spaces,

MH : the set of all H-contact manifolds,

we already observed that MK ⊆MH and Mk,µ ⊆MH . The study of the
classes MS, MK and Mk,µ was a rather popular differential geometric
subject for the last forty years (cf. e.g., D.E. Blair, [42]). Note that MK ∩

Mk,µ =MS.
Let S(M) be the total space of the tangent sphere bundle with the

standard contact metric structure (cf. [42]). By a result of D.E. Blair &
T. Koufogiorgos & B.J. Papantoniou, [46], S(M) is a (k,µ)-space if and
only if the base manifold M is a space of constant sectional curvature c ∈ R.
Moreover, by a result of S. Tashiro (cf. [42], p. 144) S(M) is a K-contact
manifold if and only if M is a space of constant sectional curvature c = 1.
Therefore the total space S(M) of the tangent sphere bundle over a real
space form M of sectional curvature c 6= 1 is an example of a (k,µ)-space
which is not K-contact i.e., S(M) ∈Mk,µ \MK . Also, there are examples
of K-contact manifolds which are not (k,µ)-spaces i.e., MK \Mk,µ 6= ∅.
Indeed it is known (cf. D.E. Blair & D. Perrone, [47]) that there are exam-
ples of K-contact manifolds which are not Sasakian (i.e., MK \MS 6= ∅)
and these examples are not (k,µ)-spaces (as emphasized above, if a mani-
fold is both K-contact and a (k,µ)-space it must be Sasakian). On the other
hand if M is a two-point homogeneous space, then the Reeb vector field of
S(M) is a harmonic vector field (see Theorem 4.76 in this chapter). There-
fore the total space S(M) of the tangent sphere bundle over a two-point
homogeneous space M of nonconstant sectional curvature is an example of
an element of MH which belongs to neither MK nor Mk,µ.

The classMφs of all strongly locally φ-symmetric spaces was introduced
by E. Boeckx & L. Vanhecke, [53]. The formula (5.3) in [53] with k= 0
shows that the characteristic vector field ξ of a space in the class Mφs is an
eigenvector of the Ricci operator. Therefore a strongly locally φ-symmetric
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space is an H-contact manifold i.e., Mk,µ ⊆MH . The converse is false in
general, i.e., the previous inclusion is strict. Indeed S(M) is a strongly locally
φ-symmetric space if and only if M is a space of constant sectional curva-
ture (cf. [53]). Hence the total space S(M) of the tangent sphere bundle
over a two-point homogeneous space of nonconstant sectional curvature is
an example of an element in the class MH which is not strongly locally
φ-symmetric. The Reeb vector field of a K-contact manifold defines a
harmonic map (cf. [262]). Moreover for any (k,µ)-space a calculation (in
the presence of a local orthonormal φ-basis consisting of eigenvectors of h)
together with (4.3) leads to

traceg {R(ξ ,∇·ξ)·} = 0.

Summing up the facts discussed so far we obtain

Proposition 4.12
i. MH ⊃MK ⊃MS and MH ⊃Mk,µ ⊃MS and MH ⊃Mφs.
ii. MK 6⊇Mk,µ and Mk,µ 6⊇MK .

Moreover the Reeb vector field of any space in Mk,µ ∪MK ⊃MS is a
harmonic map.

The condition on the Ricci tensor characterizing the class of H-contact
manifolds (cf. Theorem 4.5 above) appears naturally in an array of prac-
tical problems. For instance it occurs (cf. S.I. Goldberg & D. Perrone &
G. Toth, [142]) in connection with the vanishing of the first Betti number
of a contact metric manifold whose underlying metric is critical in the sense
of the following

Definition 4.13 Let (M ,η) be a real (2n+ 1)-dimensional compact con-
tact manifold. Let us consider the functional

F(g)=
1
2

∫
M

‖τ‖2 dvol(g)

defined on the set A(η) of all associated Riemannian metrics on (M ,η).
F is called the Chern-Hamilton functional. A critical point g ∈A(η) of the
functional F :A(η)→ [0,+∞) is referred to as a critical metric on (M ,η). �

The functional F :A(η)→ [0,+∞) was studied by S.S. Chern & R.S.
Hamilton, [86], for n= 3 and by D.E. Blair, [42], p. 167, under the addi-
tional condition that η is regular (in the sense of R.S. Palais, [233]). Cf. also
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S. Tanno, [281], for a study of F in the higher dimension case. A critical
metric g ∈A(η) is a smooth solution to

∇ξτ = 2τφ (4.8)

Equations (4.8) (i.e., the Euler-Lagrange equations of the variational prin-
ciple δF(g)= 0) were derived by S. Tanno, [281]. Together with [23], we
adopt the following

Definition 4.14 Equations (4.8) is referred to as Tanno’s equation. �

The critical points of an ample class of functionals (i.e., Ff (g)=∫
M f (‖τ‖2) dvol(g) with f : R→ R real analytic) are actually described by

Tanno’s equation (cf. Theorem 1 in E. Barletta et al., [23], p. 69).
The Chern-Hamilton functional F is related to the Dirichlet func-

tional E. It should be noted that a contact metric structure (φ,ξ ,η,g) is
determined by the tensors g and ξ . Indeed once g and ξ are given the con-
tact form is given by η = g(ξ , ·) and the (1,1)-tensor φ is determined by
dη = g(·,φ·) (by the nondegeneracy of g). Let L(V ,g) ∈ R be the Dirichlet
energy of a given unit vector field V tangent to M

L(V ,g)=
1
2

∫
M

‖dV‖2 dvol(g), (V ,g) ∈ 0∞(S(M))×A(η).

The restriction of L to 0∞(S(M))×{g} is precisely E. Moreover, a metric
g ∈A(η) is a critical point of L(ξ , ·) :A(η)→ [0,+∞) if and only if g
is a critical point of the Chern-Hamilton functional F :A(η)→ [0,+∞)
because of

‖∇ξ‖2 = 2n+
1
4
‖τ‖2.

Definition 4.15 A contact metric structure (ξ ,g) on M is said to be critical
if ξ is a critical point of L(·,g) : 0∞(S(M))→ [0,+∞) while g is a critical
point of L(ξ , ·) :A(η)→ [0,+∞). �

By slightly reformulating a result of S.I. Goldberg & D. Perrone &
G. Toth, [142], we obtain

Theorem 4.16 Let (M ,(φ,ξ ,η,g)) be a real (2n+ 1)-dimensional compact
contact metric manifold whose underlying contact metric structure (ξ ,g) is critical. If
Ric+ cg is positive definite for some 0< c < 2−‖τ‖/

√
2n then the first Betti

number of M is zero (i.e., b1(M)= 0).
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In the K-contact case (i.e., when τ = 0), the result is due to S. Tanno,
[280]: if M is compact and Ric+ cg is positive definite then b1(M)= 0. A
K-contact structure is of course critical, yet the converse is false in gen-
eral. Indeed the standard contact metric structure on S(Mn(−1)) (the total
space of the tangent sphere bundle over a real space form Mn(−1) of sec-
tional curvature −1) is not K-contact yet ξ is a critical point of E and g is a
critical point of F (cf. D.E. Blair, [42]). Therefore the class of compact con-
tact metric manifolds whose underlying contact metric structure is critical
contains strictly the class of compact K-contact manifolds.

We close this section by recalling that (by a result of K. Bang & D.E.
Blair, [43]) a real (2n+ 1)-dimensional conformally flat H-contact man-
ifold is a space of constant sectional curvature c and n= 1H⇒ c ∈ {0,1}
while n> 1H⇒ c = 1. For n= 1 the result was proved independently by
G. Calvaruso & D. Perrone & L. Vanhecke, [78].

4.2. THREE-DIMENSIONAL H-CONTACT MANIFOLDS

The scope of this section is to give a classification of 3-dimensional
contact metric manifolds whose Reeb vector field is a harmonic map.

Let (M ,(φ,ξ ,η,g)) be a 3-dimensional contact metric manifold. For
each point m ∈M there is a local orthonormal frame of the form
{ξ ,E1,E2 = φE1} defined on some open neighborhood U of m in M and
consisting of eigenvectors of h. Let U1 = {x ∈M : h(x) 6= 0}. Then U1 is
an open subset of M . Also let U2 consist of all x ∈M such that h= 0 in a
neighborhood of x. Then U2 is open and U1 ∪U2 is an open dense subset
of M . If hE1 = λE1 for some λ ∈ C∞(U) then hE2 =−λE2 (and λ(x) 6= 0
for any x ∈ U ∩U1). We shall need the following

Lemma 4.17 (G. Calvaruso & D. Perrone & L. Vanhecke, [78]) The
following identities

∇ξE1 =−aE2, ∇ξE2 = aE1,

∇E1ξ =−(λ+ 1)E2, ∇E2ξ =−(λ− 1)E1,

∇E1E1 =
1
2λ
(E2(λ)+A)E2, ∇E2E2 =

1
2λ
(E1(λ)+B)E1, (4.9)
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∇E1E2 =−
1
2λ
(E2(λ)+A)E1+ (λ+ 1)ξ ,

∇E2E1 =−
1
2λ
(E1(λ)+B)E2+ (λ− 1)ξ ,

hold on U ∩U1 for some C∞ function a. Here A=Ric(ξ ,E1) and B=
Ric(ξ ,E2). Moreover

[E1,E2]=−
1
2λ
(E2(λ)+A)E1+

1
2λ
(E1(λ)+B)E2+ 2ξ , (4.10)

∇ξh= 2ahφ+
ξ(λ)

λ
h. (4.11)

The proof of Lemma 4.17 is straightforward. We shall also need
the expression of the Ricci operator Q with respect to the local frame
{ξ , E1, E2 = φE1} (cf. D. Perrone, [238])

Qξ = 2(1− λ2)ξ +AE1+BE2,

QE1 = Aξ +
(ρ

2
− 1+ λ2

+ 2aλ
)

E1+ ξ(λ)E2,

QE2 = Bξ + ξ(λ)E1+

(ρ
2
− 1+ λ2

− 2aλ
)

E2. (4.12)

By Lemma 4.17

traceg {R(∇·ξ , ξ)·} = −2λξ(λ)ξ + (λ− 1)BE1+ (λ+ 1)AE2

hence

Proposition 4.18 Let (M ,(φ,ξ ,η,g)) be a 3-dimensional contact metric man-
ifold. Then ξ is a harmonic map if and only if M is an H-contact manifold and
ξ(‖τ‖2)= 0.

Our next purpose is to establish the following

Theorem 4.19 (D. Perrone, [241]) Let us consider a 3-dimensional contact
metric manifold (M ,(φ,ξ ,η,g)). The characteristic vector field ξ is a harmonic map
if and only if the generalized (k,µ)-space condition holds on the open dense subset
U1 ∪U2.

We start by proving

Lemma 4.20 Let (M ,(φ,ξ ,η,g)) be a generalized (k,µ)-space. Then

∇ξh= µhφ, µ= 2a, ξ(λ)= 0, k= 1− λ2,

on U ∩ (U1 ∪U2) where λ and a are the functions appearing in Lemma 4.17.
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Proof. We adopt the notations in Lemma 4.17. If U ∩U2 6= ∅ then the
restriction of the contact structure to U ∩U2 is Sasakian and h= 0,
λ= a= µ= 0 and k= 1 on U ∩U2. Moreover (by (4.3)) the operator
`=Ric(ξ , ·)ξ satisfies

`=−kφ2
+µh= k(I − η⊗ ξ)+µh (4.13)

on U ∩U1. Then (by (4.13))

`φ = kφ+µhφ, φ`= kφ−µhφ,

from which

`φ+φ`= 2kφ, (4.14)

`φ−φ`= 2µhφ. (4.15)

We recall (cf. the identity (2.6) in [237]) that on any contact metric
manifold

2∇ξh= `φ−φ`.

Hence (by (4.15)) ∇ξh= µhφ or equivalently

φ∇ξh= µh. (4.16)

Next (by (4.11) in Lemma 4.17 and (4.16)) µ= 2a and ξ(λ)= 0. Then
(4.13) and (4.16) yield

`=−kφ2
+φ∇ξh, (4.17)

or equivalently (cf. Remark 2.4 in [237]) h2
= (k− 1)φ2 so that k= 1−λ2.

�

Lemma 4.21 If M is a generalized (k,µ)-space then

Ric(ξ , ·)|Ker(η) = 0

so that ξ is a harmonic vector field.

Proof. By (4.3) one has R(X ,Y)ξ = 0 for any X ,Y ∈ Ker(η) hence
Ric(X ,ξ)= 0 for any X ∈ Ker(η). �

Proof of Theorem 4.19. Once again we adopt the notations in Lemma 4.17.
As emphasized above, if U ∩U2 6= ∅ then the restriction of the contact met-
ric structure to U ∩U2 is Sasakian and then the statement in Theorem 4.19
is trivially satisfied. Next, let us assume that U ∩U1 6= ∅ and consider the
local φ-basis {ξ ,E1, E2 = φE1} (as appearing in Lemma 4.17). If M is a
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generalized (k,µ)-space, Proposition 4.18 and Lemmas 4.20 and 4.21 imply
that ξ is a harmonic map.

Vice versa, let us assume that ξ is a harmonic map. We shall show that the
generalized (k,µ)-space condition (4.3) is satisfied on U ∩U1. We start by
recalling (cf. [238]) that the Ricci operator Q of an arbitrary 3-dimensional
contact metric manifold is locally given by

Q= αI +β η⊗ ξ +φ∇ξh− σ(φ2)⊗ ξ + σ(E1)η⊗E1+ σ(E2)η⊗E2

hence (by (4.11))

Q= αI +β η⊗ ξ + 2ah+
ξ(λ)

λ
φh

− σ(φ2)⊗ ξ + σ(E1)η⊗E1+ σ(E2)η⊗E2 (4.18)

on U ∩U1, where

σ =Ric(ξ , ·)|Ker(η) , α =
ρ

2
− 1+ λ2, β =−

ρ

2
+ 3− 3λ2.

By (4.11) and (4.18) it follows that σ = 0 and ξ(λ)= 0 on U ∩U1 if and
only if

Q=
(ρ

2
− 1+ λ2

)
I +

(
−
ρ

2
+ 3− 3λ2

)
η⊗ ξ + 2ah. (4.19)

In the 3-dimensional case R(X ,Y)ξ is determined by Q. Precisely

R(X ,Y)ξ = η(X)QY − η(Y)QX

− g(QY ,ξ)X + g(QX ,ξ)Y −
ρ

2
{η(X)Y − η(Y)X}

hence (by (4.19))

R(X ,Y)ξ = (1− λ2){η(X)Y − η(Y)X}+ 2a{η(X)hY − η(Y)hX}.

Therefore the generalized (k,µ)-space condition (4.3) is satisfied on U ∩U1

with k= 1− λ2 and µ= 2a. �

Example 4.22 Let us consider

M = {x= (x1,x2,x3) ∈ R3 : x3 6= 0}

and the vector fields

E1 =
∂

∂x1
, E2 =

1

x2
3

∂

∂x2
, E3 = 2x2x2

3
∂

∂x1
+

2x1

x6
3

∂

∂x2
+

1

x6
3

∂

∂x3
.
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We define (φ,ξ ,η,g) by setting

φ(E1)= 0, φ(E2)= E3, φ(E3)=−E2,

ξ = E1, η(X)= g(ξ ,X), g(Ei,Ej)= δij, 1≤ i, j ≤ 3.

By a result of T. Koufogiorgos & C. Tsichlias, [197], (M ,(φ,ξ ,η,g)) is
a generalized (k,µ)-space so that ξ is a harmonic map. On the other
hand the requirements Ric(ξ , ·)|Ker(η) = 0 and ξ(λ)= 0 are invariant under
D-homothetic deformations hence for any t > 0 the contact vector ξt
underlying the contact metric structure

φt = φ, ξt = (1/t)ξ , ηt = tη, gt = tg+ t(t− 1)η⊗ η,

is a harmonic map.

T. Koufogiorgos & C. Tsichlias classify (cf. [198]) the 3-dimensional
generalized (k,µ)-spaces satisfying ‖∇k‖ = constant 6= 0. As it turns
out, the class is parameterized by two arbitrary smooth functions of
one real variable. T. Koufogiorgos & C. Tsichlias’ classification (cf. op.
cit.) yields a classification of 3-dimensional H-contact manifolds with
‖∇‖τ‖‖ = constant 6= 0. The manifolds in this class are noncompact and
parallelizable.

Definition 4.23 (S.S. Chern & R.S. Hamilton, [86], S. Tanno,
[281]) Let (M ,(φ,ξ ,η,g)) be a 3-dimensional contact metric manifold.
The Webster scalar curvature is defined by

W =
1
8
(ρ−Ric(ξ ,ξ)+ 4)

where ρ and Ric are the scalar curvature and Ricci tensor of (M ,g). �

Moreover if τ = Lξ g and ‖τ‖ 6= 0 we set

p=
4
√

2W
‖τ‖

.

Our next task is to classify 3-dimensional H-contact metric manifolds with
‖τ‖ = constant. It will be useful to recall (cf. D. Perrone, [241]) that the
following properties are equivalent
1. M is an H-contact manifold with ‖τ‖ = constant.
2. ξ is minimal (i.e., a critical point of the volume functional) and harmonic.
3. ξ is a strongly normal unit vector field.
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The notion of a strongly normal unit vector field was introduced by J.C.
Gonzàles-Dàvila & L. Vanhecke, [144]. A crucial technical ingredient in
[144] is the fact that any strongly normal unit vector field is minimal.

Theorem 4.24 (D. Perrone, [241]) Let (M ,(φ,ξ ,η,g)) be a 3-dimensional
contact metric manifold with ‖τ‖ = constant. Then M is an H-contact manifold if
and only if either M is a Sasakian manifold or M is locally isometric to a unimodular
Lie group G equipped with a non-Sasakian left invariant contact metric structure.
Precisely
i. If p> 1 then G̃ is the 3-sphere group SU(2).
ii. If p= 1 then G̃ is the group Ẽ(2) i.e., the universal covering of the group of

rigid motions of the Euclidean 2-space.

iii. If −1 6= p< 1 then G̃ is the group ˜SL(2,R).
iv. If p=−1 then G̃ is the group E(1,1) of rigid motions of the Minkowski

2-space.
Here G̃ is the universal covering of G. In all cases ξ is a harmonic map.

Proof. Let (M ,(φ,ξ ,η,g)) be a 3-dimensional contact metric manifold. We
adopt the notations in Lemma 4.17. If U ∩U2 6= ∅ then the restriction to
U ∩U2 of the contact metric structure is Sasakian hence ξ is harmonic and
‖τ‖ = 0. Next let us assume that U ∩U1 6= ∅ and let {ξ ,E1,E2 = φE1} be
a local φ-basis as in Lemma 4.17. Then (on U ∩U1) ξ is harmonic if and
only if A= B= 0. Let us assume that ξ is harmonic. Then (by (4.12))

(∇ξQ)ξ = 0,

(∇E1Q)E1 =

{
E1

(ρ
2

)
+ 2λE1(a)

}
E1,

(∇E2Q)E2 =

{
E2

(ρ
2

)
+ 2λE2(a)

}
E2.

Next the identity

1
2

X(ρ)=
∑

i

g((∇EiQ)Ei, X)

yields

E1

(ρ
2

)
= E1

(ρ
2

)
+ 2λE1(a)

hence E1(a)= 0. Similarly E2(a)= 0. Hence (by [E1,E2]= 2ξ ) a is
constant on U ∩U1. Then Lemma 4.17 gives

[ξ ,E1]= c2E2, [ξ ,E2]= c1E1, [E1,E2]= 2ξ ,
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where c1 = λ+ a− 1 and c2 = λ− a+ 1, c1, c2 ∈ R. This implies that M is
locally isometric to a unimodular Lie group carrying a left invariant contact
metric structure, cf. F. Tricerri & L. Vanhecke, [289], and Theorem 3.1 in
D. Perrone, [239]. The quoted Theorem 3.1 in [239] classifies unimodular
Lie groups equipped with a left invariant contact metric structure in terms
of the Webster scalar curvature W and the pseudohermitian invariant p. In
the non-Sasakian case this implies the classification stated in Theorem 4.24.
The last statement in Theorem 4.24 then follows from Proposition 4.18.

�

Corollary 4.25 Let G be one of the Lie groups SU(2), H1 (the lowest dimen-

sional Heisenberg group), ˜SL(2,R), Ẽ(2) or E(1,1). A compact 3-dimensional
manifold M admits an H-contact metric structure (φ,ξ ,η,g) with ‖Lξ g‖ = con-
stant if and only if M is diffeomorphic to the left quotient of G by a discrete
subgroup.

H. Geiges, [122], has shown that a compact 3-dimensional manifold
admits a normal contact form (i.e., a Sasakian structure) if and only if
it is diffeomorphic to a left quotient G/0 of a Lie group G by a dis-

crete subgroup 0 ⊂G where G ∈
{
SU(2), H1, ˜SL(2,R)

}
. H. Geiges’ result

(cf. op. cit.) together with Theorem 4.24 above imply Corollary 4.25.

Remark 4.26 Let G be one of the following simply connected unimodu-
lar Lie groups {

SU(2), H1, ˜SL(2,R), Ẽ(2), E(1,1)
}

.

Then G admits a discrete subgroup 0 such that the quotient space G/0
is a manifold and the projection π : G→G/0 is smooth (cf. e.g., [59],
p. 97–100). Any left invariant tensor field on G, and in particular a left
invariant contact metric structure on G, descends to G/0. The contact
metric structure induced on G/0 by a given left invariant contact met-
ric structure on G has the same curvature properties. Also, properties of
the (left invariant) Reeb vector on G such as minimality or harmonicity
remain invariant under projection on the quotient space. A 3-dimensional
Lie group G admits a discrete subgroup 0 such that G/0 is compact if and
only if G is unimodular (cf. J. Milnor, [210]). �

As previously emphasized, the class of all compact contact metric man-
ifolds with critical contact metric structure contains strictly the class of
all K-contact metric manifolds. The purpose of Theorem 4.27 below is
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to show that, in dimension 3, the two classes may be identified from a
topological viewpoint.

Theorem 4.27 (D. Perrone, [242]) Let us consider a 3-dimensional contact
metric manifold (M ,(ξ ,g)). Then the contact metric structure (ξ ,g) is critical if

and only if either M is a K-contact manifold or M is locally isometric to ˜SL(2,R)
equipped with a non K-contact left invariant contact metric structure.

Proof. Let us recall that the contact metric structure is critical if ξ is har-
monic and τ satisfies Tanno’s equation (4.8). We adopt the notations in
Lemma 4.17. Then on U ∩U1

∇ξh= 2ahφ⇐⇒ ξ(λ)= 0. (4.20)

Let us assume that M is a 3-dimensional H-contact manifold satisfying
Tanno’s equation yet not K-contact. Then (4.8) and (4.20) imply ξ(λ)= 0.
Hence ξ is a harmonic map (see Proposition 4.18). Then the general-
ized (k,µ)-space condition is satisfied on the dense open set U1 ∪U2 (see
Theorem 4.19). Therefore on U1 ∪U2

∇ξτ = µτφ (4.21)

and (cf. T. Koufogiorgos & C. Tsichlias, [198])

h∇µ=∇k. (4.22)

On a generalized (k,µ)-space the requirements (4.8) and (4.20) imply
that µ= 2. Moreover (by (4.22)) k= constant. Thus M is a (k,µ)-
space with µ= 2. A 3-dimensional (k,µ)-space is a 3-dimensional locally
homogeneous contact metric manifold (cf. the study of 3-dimensional man-
ifolds admitting a homogeneous contact metric structure performed by
D. Perrone, [239]). Precisely (M ,g) is locally isometric to a unimodular
Lie group G equipped with a left invariant contact metric structure. Due
to left invariance it suffices to describe these structures at the level of the
Lie algebra g of G. On a unimodular Lie group G as above there is an
orthonormal frame {E1 = ξ , E2, E3 = φE2} such that

[E1,E2]= λ3E3, [E2,E3]= 2E1, [E3,E1]= λ2E2 . (4.23)

Using (4.23) and the first Cartan structure equation one may compute the
Levi-Civita connection
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(
∇EiEj

)
1≤i,j≤3

=



0
λ2+ λ3− 2

2
E3

−λ2− λ3+ 2
2

E2

λ2− λ3− 2
2

E3 0
−λ2+ λ3+ 2

2
E1

λ2− λ3+ 2
2

E2
−λ2+ λ3− 2

2
E1 0


.

(4.24)

Using (4.23) one obtains

τ = (λ2− λ3)(θ
2
⊗ θ3
+ θ3
⊗ θ2) (4.25)

where λ2,λ3 ∈ R and {θ1
= η, θ2, θ3

} is the coframe dual to {ξ , E2, E3}

i.e., θ i(Ej)= δ
i
j . Since

(
∇Eiθ

j
)]
=∇EiEj one finds (by (4.24)–(4.25))

∇ξτ = (2− λ2− λ3)τφ. (4.26)

Therefore

∇ξτ = 2τφ⇐⇒ τ = 0 or λ2+ λ3 = 0. (4.27)

Then (by a result of D. Perrone, [239], p. 249–250) we may conclude that M

is locally isometric to ˜SL(2,R) equipped with a left invariant contact metric
structure which is K-contact (i.e., τ = 0) if and only if λ2 = λ3 < 0. �

At this point we may prove the converse. Let us consider the Lie group
˜SL(2,R) with a left invariant metric g. Let us fix an orthonormal basis
{E1,E2,E3} in the Lie algebra g such that

[E1,E2]= λ3E3, [E2,E3]= λ1E1, [E3,E1]= λ2E2,

where λ1,λ2,λ3 ∈ R are constants such that λ1 > 0, λ2 > 0 and λ3 < 0
(such a choice is always possible, cf. J. Milnor, [210]). Let η be the 1-form
dual to E1 i.e., η] = E1 with respect to g. We may assume without loss of
generality that λ1 = 2 and define φ by φE1 = 0, φE2 = E3 and φE3 =−E2

to conclude that (φ,ξ = E1,η,g) is a left invariant contact metric structure
satisfying (4.24)–(4.27). A calculation based on (4.24) shows that

Ric(ξ ,E1)=Ric(ξ ,E2)= 0.

Hence, by assuming that λ2 =−λ3 > 0 we may conclude that (ξ ,g) is
critical.
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Theorem 4.27 and the above mentioned result by H. Geiges (cf. [122])
imply

Theorem 4.28 A compact 3-dimensional manifold M admits a critical contact
metric structure if and only if M is diffeomorphic to a left quotient of the Lie group

G by a discrete subgroup, where G ∈ {SU(2), H1, ˜SL(2,R)}.

We end this section by mentioning that the study of 3-dimensional
H-contact manifolds is related to the study of strongly (and weakly) locally
ϕ-symmetric spaces (cf. G. Calvaruso & D. Perrone & L. Vanhecke, [78],
D. Perrone, [243]).

4.2.1. A Characterization of H-Contact Three-Manifolds and
New Examples

In this section we aim to characterize 3-dimensional H-contact manifolds
and give examples of H-contact three-manifolds whose Reeb vector fields
is not a harmonic map.

Definition 4.29 Let (M ,(ϕ,ξ ,η,g)) be a contact metric manifold. Then
(M ,(ϕ,ξ ,η,g)) is called a (κ ,µ,ν)-contact metric manifold if there are κ ,µ,ν ∈
C∞(M) such that

R(X ,Y)ξ = κ{η(X)Y − η(Y)X}

+µ{η(X)hY − η(Y)hX}+ ν{η(X)ϕhY − η(Y)ϕhX}

for any X ,Y ∈ X(M). �

By the arguments in the proof of Theorem 4.19 one may show that

Theorem 4.30 (T. Koufogiorgos & M. Markellos & V.J. Papanto-
niou, [199]) Let (M ,(ϕ,ξ ,η,g)) be a 3-dimensional contact metric manifold.
If M is a (κ ,µ,ν)-contact metric manifold then it is an H-contact manifold. Vice
versa if M is an H-contact manifold then (ϕ,ξ ,η,g) is a (κ ,µ,ν)-contact metric
manifold structure on an everywhere dense open subset of M.

By another result in [199] every (κ ,µ,ν)-contact metric manifold of
dimension > 3 is either Sasakian or a (κ ,µ)-contact metric manifold i.e.,
the functions κ ,µ are constant and ν = 0.

Example 4.31 Let M = {(x,y,z) ∈ R3 : x> 0, y> 0, z> 0} and let us
consider the vector fields
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E1 =
∂

∂x
, E2 =

∂

∂y
,

E3 =−
4
z

eG(y,z)Gy(y,z)
∂

∂x
+β(x,y,z)

∂

∂y
+ eG(y,z)/2 ∂

∂z
,

where G(y,z) < 0 for any (y,z) ∈ R2 and

2Gyy+G2
y =−ze−G (4.28)

while β(x,y,z) satisfies

βx =
4

x2z
eG, βy =

1
2z

eG/2
−

1
2

Gz eG/2
−

4
xz

Gy eG .

In particular a solution to (4.28) is given by

y= 4

√
π

z
erf

√
−

G
2

, erf(x)=
2
√
π

x∫
0

e−t2dt.

Example 4.32 Let M = {(x,y,z) ∈ R3 : z> 0} and

E1 =
∂

∂x
, E2 =

∂

∂y
,

E3 = 2(y+ z)
∂

∂x
+

{
1
c
ecxz−

(
c
2

y+ cz+
1
2z

)
y
}
∂

∂y
+
∂

∂z
,

where c ∈ R \ {0}.

In both Examples 4.31 and 4.32, we consider the synthetic object
(ϕ,ξ ,η,g) given by

ϕ(E1)= 0, ϕ(E2)= E3, ϕ(E3)=−E2,

ξ = E1, η(X)= g(ξ ,X), g(Ei,Ej)= δij.

By a result in [199] it follows that (M ,(ϕ,ξ ,η,g)) is a (κ ,µ,ν)-contact
metric manifold with

κ = 1−
4

x4z2 e2G, µ= 2
(

1+
2

x2z
eG
)

, ν =−
2
x

in Example 4.31 and

κ = 1−
z2

4
e2cx, µ= 2+ zecx, ν = c,
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in Example 4.32. As ν 6= 0 (by Theorem 4.19 and Theorem 4.30) the Reeb
vector ξ in Examples 4.31 and 4.32 is a harmonic vector field yet fails to be
a harmonic map.

Let us recall the notion that an H-contact metric manifold is invariant
under D-homothetic deformations (cf. Remark 4.6 above). This leads (by
a D-homothetic deformation of the structures in Examples 4.31 and 4.32)
to new examples of H-contact metric manifolds whose underlying Reeb
vector is not a harmonic map.

4.2.2. Taut Contact Circles and H-Contact Structures
We shall need the following

Definition 4.33 (H. Geiges & J. Gonzalo, [123]) Let M be a 3-
dimensional manifold. A pair of contact forms (θ1,θ2) on M is called
a contact circle if for any a= a1+ ia2 ∈ S1

⊂ C the linear combination
a1θ1+ a2θ2 is a contact form, too. �

If (θ1,θ2) is a contact circle then any nontrivial linear combination
λ1θ1+ λ2θ2 with (λ1,λ2) ∈ R2

\ {(0,0)} is also a contact form on M .
By a result of H. Geiges & J. Gonzalo, [124], any compact orientable
3-dimensional manifold admits a contact circle.

Definition 4.34 A taut contact circle is a pair (θ1,θ2) of contact forms such
that

θ1 ∧ dθ1 = θ2 ∧ dθ2, θ1 ∧ dθ2 =−θ2 ∧ dθ1 .

A taut contact circle (θ1,θ2) is called a Cartan structure if θ1 ∧ dθ2 = 0. �

Theorem 4.35 (H. Geiges & J. Gonzalo, [123]) Let M be a compact
3-dimensional manifold. Then M admits a taut contact circle if and only if M is
diffeomorphic to a left quotient of the Lie group G by a discrete subgroup 0 ⊂G

where G ∈ {SU(2), ˜SL(2,R), Ẽ(2)}.

On the other hand H1 admits a Sasakian structure. Therefore, in general
3-dimensional Sasakian manifolds fail to admit taut contact circles.

Let (M ,(φ,ξ ,η,g)) be a non-Sasakian contact metric 3-dimensional
manifold (i.e., τ 6= 0) and let {ξ , E1, E2 = φE1} be a local orthonormal
frame of T(M) consisting of eigenvectors of h with hE1 = λE1 and λ > 0.
Let {ω1,ω2} be 1-forms dual to E1 and E2 respectively (i.e., ω]i = Ei with
respect to g, i ∈ {1,2}). The three eigenvalues {0,λ,−λ} of h are every-
where distinct (as h 6= 0 everywhere). Hence the corresponding line fields
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are global. The 1-forms η1 = ω2+ω1 = g(E2+E1, ·) and η2 = g(φ(E2+

E1), ·)= ω2−ω1 are orthogonal to the contact form η. At this point we
may establish the following

Theorem 4.36 (D. Perrone, [246]) Let us consider a 3-dimensional non-
Sasakian H-contact manifold (M ,(η,g)). Then the following statements are
equivalent
1. The pair (η,η1) is a taut contact circle.
2. The pair (η,η2) is a taut contact circle.
3. The Riemannian manifold (M ,g) is locally isometric to one of the following Lie

groups SU(2), ˜SL(2,R), Ẽ(2) equipped with a left invariant non-Sasakian
H-contact metric structure satisfying ∇ξh= 0 (equivalently ∇ξτ = 0).

Moreover (η,ηi) is a taut contact circle if and only if (η,ηi) is a Cartan structure,
i ∈ {1,2}.

Proof. As M is H-contact, ξ is an eigenvector of the Ricci operator i.e.,
A1 =Ric(ξ ,E1)= 0 and A2 =Ric(ξ ,E2)= 0. Then a calculation based
on Lemma 4.17 leads to

(η∧ dη)(ξ ,E1,E2)= (dη)(E1,E2)= g(E1,φE2)=−1,

(η∧ dω1)(ξ ,E1,E2)= (dω1)(E1,E2)=
E2(λ)

4λ
,

(η∧ dω2)(ξ ,E1,E2)= (dω2)(E1,E2)=−
E1(λ)

4λ
,

(ω1 ∧ dη)(ξ ,E1,E2)= (dη)(E2,ξ)=
1
2

g(ξ ,∇ξE2)= 0,

(ω2 ∧ dη)(ξ ,E1,E2)= (dη)(ξ ,E1)=
1
2

g(ξ ,∇ξE1)= 0.

Thus

(η∧ dη1)(ξ ,E1,E2)=
E2(λ)−E1(λ)

4λ

= (η∧ dη2)(ξ ,E1,E2)+
E2(λ)

2λ
(4.29)

and

(η1 ∧ dη)(ξ ,E1,E2)= (η2 ∧ dη)(ξ ,E1,E2)= 0. (4.30)

Moreover

(ω1 ∧ dω1)(ξ ,E1,E2)=
λ− 1+ a

2
,
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(ω2 ∧ dω2)(ξ ,E1,E2)=
a− λ− 1

2
,

(ω1 ∧ dω2)(ξ ,E1,E2)= (ω2 ∧ dω1)(ξ ,E1,E2)= 0,

from which

(η1 ∧ dη1)(ξ ,E1,E2)= (η2 ∧ dη2)(ξ ,E1,E2)

= (η∧ dη)(ξ ,E1,E2)+ a. (4.31)

Let us prove the implication (1) H⇒ (3) in Theorem 4.36. The identi-
ties (4.29)–(4.31) imply that the pair (η,η1) is a taut contact circle (or
equivalently a Cartan structure) if and only if

E2(λ)= E1(λ), a= 0. (4.32)

Using Lemma 4.17 and the previous requirement (4.32) one has

R(ξ ,E1)E1 =−∇ξ∇E1E1+∇E1∇ξE1+∇[ξ ,E1]E1

=−∇ξ

(
E2(λ)

2λ
E2

)
+ (λ+ 1)∇E2E1

=

{
−ξ

(
E2(λ)

2λ

)
−
λ+ 1

2λ
E1(λ)

}
E2+ (λ

2
− 1)ξ ,

R(ξ ,E2)E2 =−∇ξ∇E2E2+∇E2∇ξE2+∇[ξ ,E2]E2

−∇ξ

(
E1(λ)

2λ
E1

)
+ (λ− 1)∇E1E2

=

{
−ξ

(
E1(λ)

2λ

)
−
λ− 1

2λ
E2(λ)

}
E1+ (λ

2
− 1)ξ .

Then

g(R(ξ ,E1)E2, E1)=Ric(ξ ,E2)= 0,

g(R(ξ ,E2)E1,E2)=Ric(ξ ,E1)= 0,

imply

ξ

(
E2(λ)

2λ

)
+
λ+ 1

2λ
E1(λ)= 0, (4.33)

ξ

(
E1(λ)

2λ

)
+
λ− 1

2λ
E2(λ)= 0. (4.34)
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The identities (4.32)–(4.34) imply

E1(λ)= E2(λ)= 0.

Moreover 2ξ(λ)= [E1,E2](λ)= 0 hence λ is locally constant, hence
constant (as λ is continuous and M connected). Then

[ξ ,E1]= (λ+ 1)E2, [E2,ξ ]=−(λ− 1)E1, [E1,E2]= 2ξ , (4.35)

where λ ∈ R \ {0}. Then (4.35) implies that M must be locally isometric
to a Lie group carrying a left invariant contact metric structure (cf. D.
Perrone, [239]). Moreover (by Lemma 4.17) ∇ξh= 0. Thus (by Theorem
3.1 in [239]) M must be locally isometric to one of the Lie groups

SU(2), ˜SL(2,R), Ẽ(2),

equipped with a left invariant non-Sasakian H-contact metric structure
satisfying ∇ξh= 0. �

Let us prove the implication (2) H⇒ (3). The identities (4.29)–(4.31)
imply that (η,η2) is a taut contact circle (or equivalently a Cartan structure)
if and only if

E2(λ)=−E1(λ), a= 0. (4.36)

Then, as well as in the proof of the implication (1) H⇒ (3), the requirement
(4.36) yields (4.35) hence the result.

Let us prove the implications (3) H⇒ (1) and (3) H⇒ (2). Under the
assumption (3) the universal covering of M is one of the unimodular Lie

groups SU(2), ˜SL(2,R) or Ẽ(2). Let G be one of these Lie groups. Then
G admits a left invariant non-Sasakian contact metric structure (η,g) whose
underlying contact vector ξ is an eigenvector of the Ricci operator and
satisfies ∇ξh= 0. Also there exist local orthonormal frames of the form
{ξ ,E1, E2 = φE1}, consisting of eiegenvectors of h and satisfying

[E1,E2]= 2ξ , [E2,ξ ]= λ1E1, [ξ ,E1]= λ2E2,

with λ1+ λ2 = 0 (equivalently ∇ξh= 0) and λ1 6= λ2 (equivalently h 6= 0).
Cf. D. Perrone, [239], for the explicit construction of (η,g). A straightfor-
ward calculation shows that

(η1 ∧ dη1)(ξ ,E1, E2)= (η2 ∧ dη2)(ξ , E1, E2)= (η∧ dη)(ξ ,E1, E2)=−1,

(η1 ∧ dη)(ξ ,E1, E2)= (η∧ dη1)(ξ ,E1, E2)= 0,

(η2 ∧ dη)(ξ ,E1, E2)= (η∧ dη2)(ξ ,E1, E2),



“Dragomir Chapters” — 2011/10/1 — page 233 — #233

4.3. Stability of the Reeb Vector Field 233

so that (η,ηi), i ∈ {1,2}, are Cartan structures and in particular taut contact
circles. Theorem 4.36 is proved.

Let M be a 3-dimensional compact manifold. If M admits a non-
Sasakian H-contact structure satisfying ∇ξh= 0 then Theorem 4.36 implies
that M admits a taut circle. Conversely, let us assume that M admits a
taut contact circle. Then (by Theorem 4.35) M is diffeomorphic to a
left quotient of the Lie group G by a discrete subgroup 0 ⊂G where

G ∈ {SU(2), ˜SL(2,R), Ẽ(2)}. Left invariant tensor fields on G descend to
the quotient G/0 hence any left invariant non-Sasakian H-contact struc-
ture with ∇ξh= 0 on G induces a contact metric structure on G/0 which
enjoys the same properties (cf. D. Perrone, [239]). Therefore

Corollary 4.37 A 3-dimensional compact manifold M admits a taut contact circle
if and only if it admits a non-Sasakian H-contact structure satisfying ∇ξh= 0.

The requirement ∇ξh= 0 (equivalently ∇ξτ = 0) was examined for the
first time by S.S. Chern & R.S. Hamilton, [86]. Several differential geo-
metric problems (in Riemanninan geometry) in a close relationship to the
requirement ∇ξh= 0 are described in the survey paper [245].

4.3. STABILITY OF THE REEB VECTOR FIELD

Few results concerning the stability of the Reeb vector field are
known so far. E. Boeckx & J.C. Gonzales-Davila & L. Vanhecke, [56], stud-
ied the stability of the Reeb vector underlying the standard contact metric
structure on S(M) when M is a compact quotient of a two-point homoge-
neous space. V. Borrelli, [61], studied the stability of the Reeb vector field
of an arbitrary Sasakian manifold. Precisely

Theorem 4.38 (V. Borrelli, [61]) Let (M ,(φ,ξ ,η,g)) be a compact
Sasakian manifold and

ξk =
√

kξ , gk = k−1 g, k ∈ (0,+∞).

Then
i. Assume that ξ is stable with respect to the energy functional E. Then there is

ks ∈ (0,+∞) such that ξk is stable with respect to the volume functional if and
only if 0< k≤ ks.

ii. If ξ is unstable with respect to the energy functional E then there are ks, k′s ∈
[0,+∞) such that ks ≤ k′s and ξk is stable with respect to the volume functional
if and only if ks ≤ k≤ k′s.
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The remainder of this section is devoted to a discussion of the results in
[243] on the stability of the Reeb vector field of a 3-dimensional compact
H-manifold M with respect to the energy functional E : 0∞(S(M))→
[0,+∞). We distinguish between the following cases: 1) M is Sasakian,
2) M is a generalized (k,µ)-space, and 3) M is non-Sasakian and ξ is
strongly normal.

4.3.1. Stability of ξ for Sasakian 3-Manifolds and Generalized
(k,µ)-Spaces

As previously shown, Hopf vector fields on S3, i.e., unit Killing vector fields
on S3, are the only absolute minimizers of the energy and hence they are
stable. On the other hand, a unit Killing vector field on S3 may be looked
at as the Reeb vector of a Sasakian structure (η,g) on S3 with Webster scalar
curvature W = 1. The main result of S.S. Chern & R.S. Hamilton, [86],
states that any 3-dimensional compact contact manifold (M ,η) admits a
compatible metric g whose Webster scalar curvature W is either positive or
a nonnegative constant. The Ricci tensor field of a 3-dimensional contact
metric manifold is given by

Ric= 2(2W − 1)g+ 4(1−W )η⊗ η, (4.37)

where (due to Ric(ξ ,ξ)= 2−‖τ‖2/4) W is given by (cf. also Defini-
tion 4.23)

W =
1
8

(
ρ+ 2+

‖τ‖2

4

)
. (4.38)

Theorem 4.39 (D. Perrone, [243]–[244]) Let (M ,(η,g)) be a 3-
dimensional compact Sasakian manifold.
i. If W ≥ 1 then

E(V )≥ E(ξ)=
5
2

Vol(M ,g), V ∈ 0∞(S(M)),

and equality is achieved if and only if V is a Killing vector field and an eigen-
vector of the Ricci operator corresponding to the eigenvalue 2. Also, the equality
is achieved for some V ∈ 0∞(S(M)) which is not collinear to ξ if and only if
(M ,g) has constant sectional curvature +1, so that the universal covering space
of M is M̃ = S3.

ii. If W > 0 then there is a D-homothetic deformation of (η,g) into a Sasakian
structure (ηt,gt) such that

E(V )≥ E(ξt)= t2E(ξ), V ∈ 0∞(S(M ,gt)),
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and equality is achieved if and only if V is a Killing vector field and an eigenvec-
tor of the Ricci operator corresponding to the eigenvalue 2 with respect to gt. Also
the equality is achieved for some V ∈ 0∞(S(M ,gt)), which is not collinear to
ξ if and only if (M ,gt) has constant sectional curvature +1.

iii. If W = 0 then the universal covering space M̃ of M is the Heisenberg group H1

and ξ is E-stable.

Proof of (i). The Reeb vector ξ is a unit Killing vector field and an eigenvec-
tor of the Ricci operator Q such that Qξ = 2ξ . Moreover the eigenvalues of
Q are λ0 = 2=Ric(ξ ,ξ) and λ1 = λ2 = 2(2W − 1). Therefore if W ≥ 1
then Ric(V ,V )≥ 2 for any V ∈ 0∞(S(M)). We must show that

E(V )≥ E(ξ)=
5
2

Vol(M), V ∈ 0∞(S(M)),

and E(V )= E(ξ) if and only if V is Killing and QV = 2V . As ξ is
Killing and Qξ = 2ξ Theorem 3.14 implies that E(ξ)= 5Vol(M)/2. Using
Ric(V ,V )≥ 2=Ric(ξ ,ξ) and the inequality (3.12) we get

E(V )≥
1
2

∫
M

(3+Ric(V ,V )) dvol(g)≥ E(ξ).

If V is a unit Killing vector field and QV = 2V then (again by Theorem
3.14) it should be that E(V )= E(ξ).

Let V now be a unit vector field such that E(V )= E(ξ) i.e.,∫
M

(Ric(V ,V )− 2) dvol(g)= 0, Ric(V ,V )≥ 2.

Then Ric(V ,V )= 2=Ric(ξ ,ξ) hence (by (4.37))

(W − 1)[η(V )2− 1]= 0. (4.39)

Then E(V ) = 5Vol(M)/2 = (1/2)
∫

M(3+Ric(V ,V ))dvol(g) implies
(3.13). Then, as well as in the proof of Theorem 3.14, V is Killing if and
only if f1 := (1/2)div(V )= 0. Let A1 = {x ∈M : W (x)− 1 6= 0} (an open
set) and A2 be the set of all x ∈M such that W − 1= 0 in a neighborhood
of x. Then A1 ∪A2 is an open dense subset of M . By (4.39) it follows that
η(V )2 = 1 on A1 so that V =±ξ (and then V is Killing and QV = 2V ).
In particular f1 = 0 on A1. By (4.37) it follows that g is Einstein on A2 and
then QV = 2V . Therefore, by arguments similar to those in the proof of
Theorem 3.14, it follows that f1 is a harmonic function on A2. Hence f1
is harmonic on A1 ∪A2 and then on M . Yet M is compact and connected
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hence f1 must be a constant so that f1 = 0. Thus V is a Killing vector field
satisfying QV = 2V .

Let now V be a unit vector field not collinear to ξ such that E(V )=
E(ξ). Then QV = 2V . At each point x ∈M there is a local orthonor-
mal ϕ-basis {E0 = ξ , E1, E2 = ϕE1} consisting of eigenvectors of the Ricci
operator i.e., QEi = λiEi for i ∈ {0,1,2}. Let us set Vx = v0e0+ v1e1+ v2e2

where ei = Ei(x). By W ≥ 1 and (4.37)

2=Ric(Vx,Vx)= λ0+ v2
1(λ1− λ0)+ v2

2(λ2− λ0)

= 2+ 4v2
1(W − 1)+ 4v2

2(W − 1)≥ 2.

Then (as Vx and ξx are not collinear), λ2 = λ1 = λ0 = 0 so that (M ,g) has
constant sectional curvature 1.

Conversely, if M has constant sectional curvature 1, then (by Theorem
3.14) one has E(V )= E(ξ) for any unit Killing vector field V on M .

Proof of (ii). Let us assume that W > 0. Then W0 = inf{W (p) : p ∈M}>
0 and we may consider the D-homothetic deformation

φt = φ, ξt = (1/t)ξ , ηt = tη, gt = tg+ (t2− t)η⊗ η,

with t ∈ (0,W0]. Then (ηt,gt) is a K-contact structure of scalar curvature
ρt = (ρ+ 2)/t− 2 and of Webster scalar curvature (by (4.38))

Wt =
1
8
(ρt+ 2)= (1/t)W .

Moreover a calculation shows that dvol(gt)= t2 dvol(g) so that E(ξt)=
t2E(ξ). As W ≥W0 ≥ t one has Wt ≥ 1 and (ii) follows from (i).
Proof of (iii). Let us assume that W = 0. Then M is a Sasakian manifold
of constant scalar curvature. By a result of Y. Watanabe, [306], M must
be a (3-dimensional) locally φ-symmetric Sasakian manifold hence M is a
(3-dimensional) locally homogeneous Sasakian manifold of Webster scalar
curvature W = 0. Then (by Theorem 3.1 in [239]) it follows that M is
locally isometric to the Heisenberg group H1 equipped with a left invariant
Sasakian structure. Precisely M is the space of right cosets H1/0 for some
discrete subgroup 0 ⊂H1 and the Sasakian structure of H1/0 is induced by
the left invariant Sasakian structure of H1. Then there is a globally defined
orthonormal frame of the form {E0 = ξ , E1, E2 = φE1} such that (by the



“Dragomir Chapters” — 2011/10/1 — page 237 — #237

4.3. Stability of the Reeb Vector Field 237

identity (3.2) in [239] with λ2 = λ3 = 0)
∇ξ ξ = 0, ∇ξE1 =−E2, ∇ξE2 = E1,

∇E1ξ =−E2, ∇E1E1 = 0, ∇E1E2 = ξ ,

∇E2ξ = E1, ∇E2E1 =−ξ , ∇E2E2 = 0.

(4.40)

Let X ∈ Ker(η) so that X = f1E1+ f2E2 for some fi ∈ C∞(M), i ∈ {1,2}.
By (4.40) 

∇ξX =
(
ξ( f1)+ f2

)
E1+

(
ξ( f2)− f1

)
E2,

∇E1X = f2ξ +E1( f1)E1+E1( f2)E2,

∇E2X =−f1ξ +E2( f1)E1+E2( f2)E2.

Then

‖∇X‖2 = 2( f 2
1 + f 2

2 )+ ξ( f1)2+ ξ( f2)2

+E1( f1)2+E1( f2)2+E2( f1)2+E2( f2)2+ 2
(
f2ξ( f1)− f1ξ( f2)

)
.

(4.41)

By (4.40) one has div(Ei)= 0, i ∈ {0,1,2}, hence

div(ϕ1ϕ2Ei)= ϕ1ϕ2div(Ei)+Ei(ϕ1ϕ2)= ϕ1Ei(ϕ2)+ϕ2Ei(ϕ1)

for any ϕ1,ϕ2 ∈ C∞(M). Thus∫
M

ϕ1Ei(ϕ2) dvol(g)=−
∫
M

ϕ2Ei(ϕ1) dvol(g). (4.42)

By (4.42) and (4.40)∫
M

(
E2( f2)E1( f1)−E1( f2)E2( f1)

)
dvol(g)

=

∫
M

(
−f2E2E1( f1)+ f2E1E2( f1)

)
dvol(g)

=

∫
M

f2[E1,E2]( f1)dvol(g)=
∫
M

(
f2ξ( f1)− f1ξ( f2)

)
dvol(g).
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Then (by (4.41))

(HessE)ξ (X ,X)=
∫
M

(
‖∇X‖2−‖∇ξ‖2‖X‖2

)
dvol(g)

=

∫
M

(
‖∇X‖2− 2‖X‖2

)
dvol(g)

=

∫
M

{(
E1( f2)−E2( f1)

)2
+
(
E1( f1)+E2( f2)

)2} dvol(g)

+

∫
M

{
ξ( f1)2+ ξ( f2)2

}
dvol(g)≥ 0,

that is ξ is stable. Theorem 4.39 is proved.

Theorem 4.40 Let (M ,(η,g)) be a compact generalized (k,µ)-space. If

W ≥ max
{

3− k
2
+
µ

4

√
1− k,

3− k
2
−
µ

4

√
1− k

}
(4.43)

then the Reeb vector field ξ is stable. If additionally M is non-Sasakian (k,µ)-space
then the requirement (4.43) may be written µ≤ 2(k− 2)/[1−

√
1− k]< 0.

For a proof of Theorem 4.40 one may see D. Perrone, [243]. As a con-
sequence of Theorem 4.40 we may deal with the following (an example of
a stable harmonic vector field which is not Killing)

Example 4.41 Let g be a 3-dimensional Lie algebra. Let us consider a
linear basis {E1,E2,E3} ⊂ g such that

[E2,E3]= λ1E1, [E3,E1]= λ2E2, [E1,E2]= λ3E3, (4.44)

for some λi ∈ (0,+∞), i ∈ {1,2,3}. Then the Lie group G associated to g

is the 3-sphere group SU(2) or the rotation group SO(3)≈ SU(2)/{±I}
(cf. J. Milnor, [210], p. 307). Let g be the Riemannian metric on G defined
by requiring that {E1,E2,E3} be orthonormal. Let {η1,η2,η3

} be the dual
frame i.e., (θ i)] = Ei, i ∈ {1,2,3}. As λi 6= 0 each ηi is a contact form and
Ei is the corresponding Reeb field. We may assume λ1 = 2 and set by
definition

φ(E1)= 0, φ(E2)= E3, φ(E3)=−E2 .
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Then dη1
= g(·, φ ·) so that (φ, ξ = E1, η = η1, g) is a contact metric

structure on G. Moreover h= 1
2Lξφ and the curvature tensor field R satisfy

(cf. D.E. Blair & T. Koufogiorgos & B.J. Papantoniou, [46])

hE2 = λE2, hE3 =−λE3

R(X ,Y)Z = k{η(X)Y − η(Y)X}+µ{η(X)hY − η(Y)hX},

λ=
λ3− λ2

2
, k= 1−

(λ3− λ2)
2

4
= 1− λ2, µ= 2− λ2− λ3.

Given 0< λ < 1 let us consider a constant µ such that µ≤ 2(1+ λ)2/(λ−
1) < 0 and set

λ1 = 2, λ2 = 1− λ−
µ

2
> 0, λ3 = 1+ λ−

µ

2
> 0. (4.45)

The Lie algebra structure (4.44) with λi, i ∈ {1,2,3}, given by (4.45) gives
rise to a contact metric structure on G which organizes G as a non-Sasakian
(k,µ)-space satisfying the requirement (4.43) in Theorem 4.40 above. Thus
ξ is a stable harmonic non-Killing vector field.

4.3.2. Stability of Strongly Normal Reeb Vector Fields
Definition 4.42 ( J.C. Gonzàles-Dàvila & L. Vanhecke, [144]) A unit
vector field V on a Riemannian manifold (M ,g) is said to be strongly
normal if

g(∇X(∇V )Y ,Z)= 0

for any X ,Y ,Z ∈ X(M) orthogonal to V . �

Contact metric 3-dimensional manifolds whose Reeb vector field is
strongly normal are H-contact ([241], Theorem 1.2). In the sequel, we
study the stability of the Reeb vector field ξ under the additional assump-
tions that ξ is strongly normal and the manifold is non-Sasakian (i.e., τ 6= 0).
The discussion is in terms of p= 4

√
2W/‖τ‖ and relies on the classification

in Theorem 4.24.

Theorem 4.43 Let (M ,(η,g)) be a compact non-Sasakian 3-dimensional
manifold whose Reeb vector field ξ is strongly normal.
i. If −1< p< 1+ 4

√
2/‖τ‖ then ξ is E-unstable.

ii. If p≥ 1+ 4
√

2/‖τ‖ and t > (p− 1)‖τ‖/[4
√

2] then under D-homothetic
deformation (ηt,gt) of (η,g) the Reeb vector field ξt = (1/t)ξ is E-unstable.

The case p≤−1 is open as yet. To prove Theorem 4.43, let (M ,(η,g))
be a non-Sasakian contact metric 3-dimensional manifold such that the
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underlying Reeb vector ξ is strongly normal. By Theorem 4.24 the man-
ifold M must be the space of right cosets G/0 where G is a unimodular
Lie group and 0 ⊂G a discrete subgroup and the contact metric struc-
ture of G/0 is induced by a left invariant contact metric structure on G.
Also G is Ẽ(2) (the universal covering of the group of rigid motions of the
Euclidean 2-space) when p= 1, the 3-sphere group SU(2) when p> 1,

the group ˜SL(2,R) when −1 6= p< 1, or the group E(1,1) (the group of
rigid motions of the Minkowski 2-space) when p=−1. There is a globally
defined orthonormal frame of the form {E0 = ξ , E1, E2 = φE1} consisting
of eigenvectors of h i.e., hE1 = λ1E1 and hE2 =−λE2 with λ ∈ (0,+∞)
such that (cf. (3.2) in D. Perrone, [239], for 2− λ2− λ3 = 2a)

(
∇EiEj

)
0≤i,j≤2 =

 0 −aE2 aE1

−(λ+ 1)E2 0 (λ+ 1)ξ
(1− λ)E1 (λ− 1)ξ 0

 , (4.46)

for some a ∈ R. Then (by (4.46))

(Ric(Ei,Ei))0≤i≤2 =
(
2(1− λ2), 2a(λ− 1), −2a(λ+ 1)

)
,

so that

ρ = traceg Ric= 4(1− a)− 2(1+ λ2).

Moreover

‖τ‖ = 2
√

2λ, W =
1− a

2
, p=

2W
λ

.

By (4.2) one finds ‖∇ξ‖2 = 2+‖τ‖2/4 hence

(HessE)ξ (X ,X)=
∫
M

(
‖∇X‖2−‖X‖2‖∇ξ‖2

)
dvol(g)

=

∫
M

(
‖∇X‖2− (2+ 2λ2)‖X‖2

)
dvol(g), X ∈ Ker(η).

(4.47)

Let (x1,x2) ∈ R2 and X = x1E1+ x2E2 ∈ Ker(η). Then (by (4.46))
∇ξX =−(1− 2W )x1E2+ (1− 2W )x2E1,

∇E1X = (1+ λ)x2ξ ,

∇E2X = (λ− 1)x1ξ ,

(4.48)
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hence

‖∇X‖2 =
(
(1− 2W )2+ (λ− 1)2

)
x2

1+
(
(1− 2W )2+ (λ+ 1)2

)
x2

2 .

Then

‖∇X‖2− 2(1+ λ2)‖X‖2 = Ax2
1+Bx2

2

where

A=
‖τ‖2

8
(p+ 1)

(
p− 1−

4
√

2
‖τ‖

)
, B=

‖τ‖2

8
(p− 1)

(
p+ 1−

4
√

2
‖τ‖

)
.

If B ≥ 0 and A< 0 we may choose (x1,x2) ∈ R2 such that x2
1 >−(B/A)x

2
2

so that Ax2
1+Bx2

2 < 0. Then (by (4.47)) ξ is unstable when A< 0. Let
us observe that −1< p< 1+ 4

√
2/‖τ‖ implies A< 0 so that statement

(i) in Theorem 4.43 is proved. If p≥ 1+ 4
√

2/‖τ‖ then we may consider
t > (p− 1)‖τ‖/[4

√
2]> 0 and

φt = φ, ξt = (1/t)ξ , ηt = tη, gt = tg+ t(t− 1)η⊗ η,

so that (ηt,gt) is a contact metric structure whose underlying Reeb vec-
tor field ξt is strongly normal. Indeed ξt is harmonic (by Remark 4.6)
and ‖τt‖ = (1/t)‖τ‖ = constant hence ξt is strongly normal. A calculation
shows that (cf. [141])

ρt =
ρ+ 2

t
− 2+ (t− 1)

‖τ‖2

4t2

hence Wt = (1/t)W . Therefore

pt = p< 1+
4
√

2
‖τ‖

t = 1+
4
√

2
‖τt‖

hence (by part (i) in Theorem 4.43) ξt is unstable.

Corollary 4.44 Let (M ,(η,g)) be a compact contact 3-dimensional manifold
whose Reeb vector field ξ is strongly normal. If W = 0 then either i) the universal
covering space M̃ is the Heisenberg group H1 and ξ is a stable harmonic Killing

vector field, or ii) the universal covering space M̃ is the group ˜SL(2,R) and ξ is an
unstable harmonic non-Killing vector field.

Corollary 4.44 follows from part (iii) in Theorem 4.39 (when τ = 0)
and from part (i) in Theorem 4.43 (when τ 6= 0).

G. Wiegmink has shown that on each 2-dimensional Riemannian torus
(T2,g) the total bending B functional achieves its minimum (cf. Theorem 4
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in [309] or Theorem 2.43 in Chapter 2 of this monograph) and all the
critical points of B are stable (cf. Theorem 6 in [309] or Theorem 3.51 in
Chapter 3 of this monograph).

The situation is considerably different in dimension three. The 3-
dimensional torus T3 admits a natural flat contact metric structure (cf. [42],
p. 68 and p. 100). As T3 is Ricci flat its Reeb vector field ξ is harmonic.
Also 0=Ric(ξ ,ξ)= 2− 2λ2 hence λ= 1. Thus ξ is strongly normal and
2W = 1 so that p= 1. Therefore (by part (i) in Theorem 4.43) ξ is unstable.
Moreover (by (4.46)) the vector field E1 (spanning the eigenbundle of h cor-
responding to the eigenvalue 1) is parallel. Hence E(E1)= (1/2)Vol(T3)

and for any V ∈ 0∞(S(T3))

E(V )=
1
2

Vol(T3)+
1
2

∫
T3

‖∇V‖2 vol(g)≥
1
2

Vol(T3)= E(E1).

We may conclude that

Corollary 4.45 The Reeb vector field underlying the natural flat contact metric
structure on T3 is an unstable critical point and the energy functional achieves its
minimum

inf {E(V ) : V ∈ 0∞(S(T3))} =
1
2

Vol(T3).

Remark 4.46
a. J.C. Gonzàles-Dàvila & L. Vanhecke studied (cf. [146]) the stability of

harmonic unit vector fields and the existence of absolute minima for
the energy functional on 3-dimensional manifolds and in particular on
compact quotients of unimodular Lie groups.

b. Let (M ,g) be a Riemannian manifold and V a unit vector field on
M . We recall that V : (M ,g)→ (S(M),Gs) is a harmonic map, i.e., a
critical point of E : C∞(M ,S(M))→ [0,+∞), if and only if V is a
harmonic vector field and traceg {R(∇·V ,V )·} = 0 (cf. Theorem 2.19).
Clearly instability with respect to E : 0∞(S(M))→ [0,+∞) implies
instability with respect to E : C∞(M ,S(M))→ [0,+∞). For the Reeb
vector field ξ of a contact metric 3-dimensional manifold as in Theo-
rem 4.43 one checks easily (by (4.46)) that traceg {R(∇·ξ ,ξ)·} = 0. Then
all instability results proved in this section may be reformulated for ξ as
a harmonic map of (M ,g) into (S(M),Gs). �
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4.4. HARMONIC ALMOST CONTACT STRUCTURES

The purpose of this section is to report briefly on recent results by
E. Vergara-Diaz & C.M. Wood, [299], on the harmonicity of an almost
contact structure.

Let (M ,g) be a Riemannian manifold and P→M a principal G-
bundle. Let H ⊂G be a Lie subgroup such that the homogeneous space
G/H is reductive. Let us assume that G/H is equipped with a G-invariant
Riemannian metric and that P→M is endowed with a connection 0. Let

N = P×G (G/H)= (P× (G/H))/G ≈ P/H

be the associated bundle with standard fibre G/H and let 0∗ be the
associated connection so that (cf. e.g., R. Crittenden, [92])

Tw(N)= 0∗w⊕Ker(dwρ), w ∈N ,

where ρ : N→M is the natural projection. Let g↑ be the horizontal lift of
g i.e.,

g↑w(A,B)= gρ(w)((dwρ)A,(dwρ)B), A,B ∈ 0∗w, w ∈N .

Let h be the Riemannian metric on N defined as the product of g↑ and the
fibre metric on G/H.

Definition 4.47 (C.M. Wood, [318]) A section σ : M→N is said to
be harmonic if σ is a critical point of the energy functional E : 0∞(N)→
[0,+∞)

E(σ )=
1
2

∫
�

‖dσ‖2dvol(g), σ ∈ 0∞(N),

for any relatively compact domain �⊂M , i.e., {dE(σt)/dt}t=0 = 0 for any
smooth 1-parameter variation {σt}|t|<ε of σ (i.e., σ0 = σ ) through smooth
sections σt ∈ 0

∞(N), |t|< ε, supported in �. �

The Euler-Lagrange equations of the variational principle δE(σ )= 0
were derived by C.M. Wood, [318].

The problem of studying harmonicity of smooth sections in an associ-
ated bundle with an arbitrary standard fibre F (equipped with a Riemannian
metric) is open. A covariant derivative of such sections is well defined
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(cf. R. Crittenden, [92]) relative to a given connection 0 in P→M . See
also S. Dragomir, [100].

In particular, let G = SO(2n+ 1) and let P→M be the principal
SO(2n+ 1)-bundle of all positively oriented orthonormal frames tangent
to a real (2n+ 1)-dimensional Riemannian manifold (M ,g). An almost
contact metric structure (φ,ξ ,η,g) on M may be thought of as a C∞

section σ in the associated bundle N = P/U(n)→M with standard fibre
F = SO(2n+ 1)/U(n). The harmonicity of such σ was investigated by E.
Vergara-Diaz & C.M. Wood, [299]. We may state

Theorem 4.48 Let (φ,ξ ,η,g) be an almost contact metric structure on M and
H(M)= (Rξ)⊥. Let J : H(M)→H(M) be the restriction of φ to H(M). Let
σ ∈ 0∞(P/U(n)) be the section associated to (φ,ξ ,η,g). Then σ is harmonic if
and only if [D∗DJ , J]= 0(that is, J is a harmonic almost complex structure in H,
in the sense of [320]) and

1gξ = ‖ξ‖
2ξ −

1
2

J T(φ)

where T(φ)= traceg{DJ ⊗∇ξ} and D is the connection in H(M)→M defined
as the orthogonal projection of ∇ on H(M). In particular, if both ξ and J are
harmonic then σ is harmonic if and only if T(φ)= 0.

Therefore the study of the harmonicity of almost contact metric struc-
tures σ is related to the study of H-contact structures. When (H(M), J ,D)
is a Kaehler bundle (i.e., the Hermitian structure induced by g on H(M)
is parallel) it may be shown that σ is a harmonic section (respectively a
harmonic map) if and only if ξ is a harmonic vector field (respectively a
harmonic map). Two instances where (H(M), J ,D) is a Kaehler bundle are
indicated in the following

Theorem 4.49 (E. Vergara-Diaz & C.M. Wood, [299]) Let us assume
that a) M is a 3-dimensional almost contact metric manifold, or b) M is an oriented
real hypersurface in a Kaehler manifold, equipped with the induced almost contact
metric structure. Then (H(M), J ,D) is a Kaehler bundle.

Another recent result is

Theorem 4.50 (E. Vergara-Diaz & C.M. Wood, [300]) An H-contact
structure on M is harmonic if and only if the ρ∗-Ricci curvature of M is sym-
metric (equivalently φ-invariant), where ρ∗(X ,Y)= g(R(X ,Ei)φY ,φEi) for any
X ,Y ∈ T(M), and R is the Riemann curvature tensor of (M ,g).
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The (κ ,µ)-manifolds are H-contact [242]. To provide an example, one
may show that all contact metric structures satisfying the (κ ,µ)-nullity con-
dition (4.3) are harmonic (that is the ρ∗-Ricci curvature is symmetric), cf.
[300]. Such structures include unit tangent bundles over spaces of constant
curvature.

A new family of examples of harmonic unit vector fields is provided by
the Reeb vector fields of the warped products R×f M̃ and M̃ ×f R car-
rying the almost contact metric structure induced by an almost Hermitian
structure on M̃ (cf. [300]). A Kenmotsu manifold is locally isometric to a
warped product R×f M̃ where f (t)= c et (c ∈ R) and M̃ is Kählerian (cf.
[42], p. 80).

4.5. REEB VECTOR FIELDS ON REAL HYPERSURFACES

Let M be an orientable real hypersurface in a complex (n+ 1)-
dimensional Kaehler manifold (M0, J0,g0), where J0 is the complex struc-
ture and g0 the Kaehlerian metric. As customary M0 =Mn+1(c) denotes a
complex (n+ 1)-dimensional complex space form of (constant) holomor-
phic sectional curvature c. Let ν be a unit normal vector field on M . Then
g0(J0ν,ν)= 0 hence ξ = J0ν is a unit vector field1 tangent to M . Let us set

J0X = φX − η(X)ν, X ∈ T(M),

so that φ and η are respectively a (1,1)-tensor field and a differential 1-form
on M . Let g be the first fundamental form of M in M0 i.e., g = ι∗g0 where
ι : M→M0 is the inclusion. Then (φ,ξ ,η,g) is an almost contact metric
structure on M . Let A= Aν be the shape operator associated to the normal
section ν.

Definition 4.51 Let M be an orientable real hypersurface of a Kaehler
manifold with the naturally induced almost contact metric structure
(φ,ξ ,η,g). We call (M ,(φ,ξ ,η,g)) a Hopf hypersurface if the Reeb vector
field is an eigenvector of the shape operator A i.e., Aξ = αξ for some
α ∈ C∞(M). �

We recall the Gauss and Weingarten formulae

∇
0
XY =∇XY +B(X ,Y)ν, ∇0

Xν =−AX ,

1 According to the conventions adopted in [290]–[291] the Reeb vector underlying the naturally
induced almost contact metric structure on M is −ξ .
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for any X ,Y ∈ X(M), where ∇0 and ∇ are the Levi-Civita connections of
(M0,g0) and (M ,g) while B(X ,Y)= g(AX ,Y) is the second fundamental
form of the given immersion. Then

(∇Xφ)Y = g(AX ,Y)ξ − η(Y)AX , ∇Xξ =−φAX .

As ∇ξ ξ =−φAξ it follows that ∇ξ ξ = 0 if and only if Aξ = αξ for some
α ∈ C∞(M). We recall the Gauss-Codazzi-Ricci equations

R(X ,Y)Z = tan {R0(X ,Y)Z}+ g(AX ,Z)− g(AY ,Z)AX ,

R0(X ,Y)ν = (∇XA)Y − (∇Y A)X ,

where R0 and R are the curvature tensor fields of ∇0 and ∇. As usual
tanx : Tx(M0)→ Tx(M) is the projection associated to the direct sum
decomposition Tx(M0)= [(dxι)Tx(M)]⊕Rνx for any x ∈M . Let {Ei : 1≤
i ≤ 2n+ 1} be a local orthonormal frame of T(M). By the Ricci equation

g(R0(X ,Ei)ν,Ei)= g((∇XA)Ei,Ei)− g((∇EiA)X ,Ei)

or (by summing over 1≤ i ≤ 2n+ 1)

Ric0(X ,ν)=
2n+1∑
i=1

{g((∇XA)Ei,Ei)− g((∇EiA)X ,Ei)} (4.49)

= X(H)− (divA)X ,

where Ric0 is the Ricci tensor field of (M0,g0) and H = trace(A) ∈
C∞(M) is the mean curvature of M in M0. Also the 1-form divA ∈�1(M)
is given by

(divA)X = g(traceg∇A,X), X ∈ X(M).

Let ∇u be the gradient of u ∈ C1(M) with respect to g i.e., locally

∇u=
2n+1∑
i=1

Ei(u)Ei .

Let ∇∗ : 0∞(T∗(M)⊗T(M))→ X(M) be the formal adjoint of ∇ :
X(M)→ 0∞(T∗(M)⊗T(M)). The shape operator A is a C∞ section in
the vector bundle T∗(M)⊗T(M)→M . Then (locally)

∇
∗A=−

2n+1∑
i=1

(∇EiA)Ei = traceg∇A
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so that (divA)] =−∇∗A i.e., the 1-form divA and the tangent vector field
−∇
∗A are dual with respect to g. Throughout ] :�1(M)→ X(M) denotes

“raising of indices” with respect to g i.e., g(ω],X)= ω(X) for any ω ∈
�1(M) and any X ∈ X(M). By the Gauss-Codazzi equations we get

Ric(X ,Y)=Ric0(X ,Y)

− g0(R0(ν,X)Z,ν)− g(AX ,AZ)+H g(AX ,Z) (4.50)

and in particular

Qξ =Q0ξ − g(Q0ξ ,ν)ν+R0(ν,ξ)ν−A2ξ +H Aξ , (4.51)

where Q0 is the Ricci operator of (M0,g0).

4.5.1. The Rough Laplacian and Criteria of Harmonicity
Let 1g be the rough Laplacian on X(M). We wish to compute 1gξ . Let
{Ei : 1≤ i ≤ 2n+ 1} be a local orthonormal frame of T(M) consisting of
eigenvectors of the shape operator. Then

1gξ =−

2n+1∑
i=1

{∇Ei∇Eiξ −∇∇Ei Eiξ}.

Moreover we consider a local orthonormal frame of the form

{ξ ,Vα,φVα : 1≤ α ≤ n}

with Vα ∈H(M)= Ker(η) for any 1≤ α ≤ n. Without loss of generality,
we may assume that both local frames are defined on the same open set.
Then

1gξ =

n∑
α=1

{
g(1gξ ,Vα)Vα + g(1gξ ,φVα)φVα

}
+ g(1gξ ,ξ)ξ . (4.52)

Note that (as a consequence of ‖ξ‖ = 1)

g(∇∇Ei Eiξ ,ξ)= 0.

Hence

g(1gξ ,ξ)=−
∑

i

g(∇Ei∇Eiξ ,ξ)

=−

∑
i

{
Ei

(
1
2

Ei(‖ξ‖
2)

)
−‖∇Eiξ‖

2
}
= ‖∇ξ‖2.
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Let us compute the remaining terms in (4.52). As ∇Xξ =−φAX

g(∇Ei∇Eiξ ,V )= g(∇Ei(−φA)Ei, V )

=−g((∇EiφA)Ei+φA∇EiEi, V )

=−g((∇EiφA)Ei−∇∇Ei Eiξ , V )

hence

g(∇Ei∇Eiξ −∇∇Ei Eiξ , V )=−g((∇EiφA)Ei, V ) (4.53)

for any tangent vector field V on M . Using (4.53) for V ∈ {Vα,φVα} the
identity (4.52) may be written

1gξ = ‖∇ξ‖
2ξ +

∑
i,α

{
g((∇EiφA)Ei, Vα)Vα + g((∇EiφA)Ei, φVα)φVα

}
.

(4.54)

As the adjoint (with respect to g) of the operator ∇XφA is precisely−∇XAφ
one has

g((∇EiφA)Ei, V )=−g(Ei, (∇EiAφ)V )

=−g(Ei, ∇EiAφV −Aφ∇EiV )

(by adding and subtracting A∇EiφV )

=−g(Ei, ∇EiAφV −A∇EiφV +A∇EiφV −Aφ∇EiV )

so that

g((∇EiφA)Ei, V )=−g(Ei, (∇EiA)φV +A(∇Eiφ)V ). (4.55)

At this point, one may apply (4.55) for V ∈ {Vα,φVα} so that (4.54) may
be written as

1gξ = ‖∇ξ‖
2ξ −

(
f1+ f2

)
(4.56)

where

f1 =
∑
i,α

{
g(Ei, (∇EiA)φVα)Vα − g(Ei, (∇EiA)Vα)φVα

}
,

f2 =
∑
i,α

{
g(Ei, A(∇Eiφ)Vα)Vα + g(Ei, A(∇Eiφ)φVα)φVα

}
.

We shall need the following
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Lemma 4.52 (D. Perrone, [247]) Let M be an orientable real hypersurface
in a Kaehler manifold M0. Then

1gξ =−φ∇
∗A+φ2A2ξ +‖∇ξ‖2ξ

=−φ∇H +πH Q0ξ +φ
2A2ξ +‖∇ξ‖2ξ (4.57)

where πH : T(M)→ Ker(η) is the natural projection associated to the decomposi-
tion T(M)= Ker(η)⊕Rξ .

Proof. Using (4.49) one may compute f1 and find

f1 =−φ∇H +πH JQ0ν. (4.58)

Moreover (again by (4.49)) g0(Q0ν,X)= X(traceA)− (divA)X hence

πH JQ0ν =

n∑
α=1

{g0(JQ0ν, Vα)Vα + g0(JQ0ν, φVα)φVα}

=

∑
α

{−g0(Q0ν,φVα)Vα + g0(Q0ν,Vα)φVα}

=

∑
α

{[Vα(traceA)− (divA)(Vα)]φVα

− [(φVα)(traceA)− (divA)(φVα)]Vα}

= φ∇H −
∑
α

φ{(divA)(Vα)Vα + (divA)(φVα)φVα

+ (divA)(ξ)ξ} = φ∇H −φ trace∇A.

Thus (4.58) becomes

f1 =−φ trace∇A= φ∇∗A. (4.59)

Let us compute f2. One has

f2 =
2n+1∑
i=1

n∑
α=1

{g(A(∇Eiφ)Vα,Ei)Vα + g(A(∇Eiφ)φVα,Ei)φVα}

=

∑
i

∑
α

{g(AEi,Vα)g(AEi,ξ)Vα + g(AEi,φVα)g(AEi,ξ)φVα}

=

∑
α

{g(AVα,Aξ)Vα + g(AφVα,Aξ)φVα}

=

∑
α

{g(A2ξ ,Vα)Vα + g(A2ξ ,φVα)φVα}
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or

f2 =−φ2 A2 ξ . (4.60)

Finally the identities (4.56)–(4.60) yield (4.57) in Lemma 4.52. �

We may state

Theorem 4.53 (K. Tsukada & L. Vanhecke, [290], D. Perrone,
[247]) Let M be an orientable real hypersurface of a Kaehler manifold. Then
i. the Reeb vector field ξ is harmonic if and only if φ∇∗A−φ2A2ξ = 0.
ii. Let us assume that divA= 0. Then ξ is harmonic if and only if ξ is an

eigenvector of A2.
iii. Let us assume that M is a Hopf surface. Then ξ is harmonic if and only if ∇∗A

is proportional to ξ .

Theorem 4.54 (D. Perrone, [247]) Let M be an orientable Hopf hypersur-
face of a Kaehler manifold M0. Let us assume that the unit normal vector ν on M
is an eigenvector of Q0. Then
i. ξ is harmonic if and only if ∇H = ξ(H)ξ .
ii. Let us assume that the principal curvature α corresponding to the principal direc-

tion ξ is constant along the integral curves of ξ . Then ξ is harmonic if and only
if the mean curvature H is constant.

Proof. Under the assumptions in Theorem 4.54 (i.e., M is a Hopf surface
and ξ is an eigenvector of the Ricci operator Q0) the identity (4.57) in
Lemma 4.52 may be written as

1gξ = φ∇H +‖∇ξ‖2ξ . (4.61)

Statement (i) in Theorem 4.54 follows from (4.61). To prove (ii) let α be
constant along the integral curves of ξ . Let {Ei : 1≤ i ≤ 2n+ 1} be a local
orthonormal frame of T(M) consisting of eigenvectors of the shape opera-
tor A i.e., AEi = λiEi. Also we assume that E1 = ξ . As ν is an eigenvector
of Q0

2n+1∑
i=2

g0(R0(ξ ,Ei)ν, Ei)=Ric0(ξ ,ν)= 0.

By ∇Xξ =−φAX and the Codazzi equation

0=
2n+1∑
i=2

g((∇ξA)Ei− (∇EiA)ξ , Ei)
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=

2n+1∑
i=2

g(ξ(λi)Ei+ λi∇ξEi−Ei(α)ξ +α∇Eiξ , Ei)

+

2n+1∑
i=2

(−∇ξEi+∇Eiξ , AEi)

=

2n+1∑
i=2

{ξ(λi)α g(−φAEi,Ei)+ g(−φAEi,AEi)+ λi g(∇ξEi, Ei)}

= ξ

(
2n+1∑
i=2

λi

)
= ξ(H −α)= ξ(H).

Then (by (4.61)) 1gξ is collinear to ξ if and only if H is constant. �

As a consequence of Theorem 4.54

Corollary 4.55 (K. Tsukada & L. Vanhecke, [290], D. Perrone,
[247]) Let M be an orientable Hopf hypersurface of a complex space form Mn+1(c)
with c 6= 0. Then ξ is a harmonic map of (M ,g) into (S(M),Gs) if and only if
the mean curvature H of M in Mn+1(c) is constant.

Proof. Hopf hypersurfaces of a complex space form Mn+1(c) of sectional
curvature c 6= 0 enjoy the property that Aξ = αξ for some α ∈ R (cf. e.g.,
K. Tsukada & L. Vanhecke, [291]). Moreover

tan {R0(X ,Y)Z} =
c
4

{
g(X ,Z)Y − g(Y ,Z)X − g(φY ,Z)φX

+g(φX ,Z)φY − 2g(X ,φY)φZ
}

. (4.62)

Let {E1 = ξ ,Ei : 2≤ i ≤ 2n+ 1} be a local orthonormal frame of T(M)
consisting of eigenvectors of A. Then (by the Gauss equation)

traceg {R(∇·ξ , ξ)·} =
2n+1∑
i=2

R(∇Eiξ ,ξ)Ei =

2n+1∑
i=2

R(φAEi, ξ)Ei

=

2n+1∑
i=2

{g(AφAEi, Ei)Aξ − g(AEi, ξ)AφAEi} = 0.

Then (by Theorem 4.54), ξ is a harmonic map if and only if H is constant.
�

Let τ = Lξ g and let T be the symmetric (1,1)-tensor field on M defined
by g(TX ,Y)= τ(X ,Y) for any X ,Y ∈ X(M).
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Proposition 4.56 Let M an orientable real hypersurface of a Kaehler manifold.
Then

T = [A , φ], divξ =
1
2

traceT = 0.

Moreover Tξ = 0 if and only if M is a Hopf hypersurface. Also if TX = 0 for any
X ∈ Ker(η) then T = 0.

Proof.

τ(X ,Y)= (Lξ g)(X ,Y)= g(∇Xξ ,Y)+ g(X ,∇Y ξ)

= g((Aφ−φA)X , Y).

In particular trace [A, φ]= 0 so that (by φξ = 0) Aξ = αξ if and only if
Tξ = 0. Moreover, with respect to a local orthonormal frame {Ei : 1≤ i ≤
2n+ 1} consisting of eigenvectors of A

divξ =
2n+1∑
i=1

g(∇Eiξ ,Ei)=
1
2

2n+1∑
i=1

(Lξ g)(Ei,Ei)=
1
2

traceT = 0.

The last statement in Proposition 4.56 follows from

g(Tξ ,ξ)= g(Aξ ,φξ)= 0

and

g(Tξ ,X)= g(ξ ,TX), X ∈ Ker(η).

�

Lemma 4.57 (D. Perrone, [247]) Let M be an orientable real hypersurface of a
Kaehler manifold M0. Then

1gξ =Qξ +∇∗T =Qξ − traceg∇T . (4.63)

Proof. Let {Ei : 1≤ i ≤ 2n+ 1} be a local orthonormal frame of T(M) as
above. The identity ∇ξ =−φA implies

g(∇Xξ ,Y)+ g(∇Y ξ ,X)= g((Aφ−φA)X ,Y)= g(TX ,Y). (4.64)

Next (4.64) together with

Ric(ξ ,X)=
2n+1∑
i=1

g(R(X ,Ei)ξ ,Ei)

=

2n+1∑
i=1

{∇[X ,Ei]ξ −∇X∇Eiξ −∇Ei∇Xξ}
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imply that

Ric(ξ ,X)=
2n+1∑
i=1

{g(T [X ,Ei],Ei)− g(∇Eiξ , [X ,Ei])

−X(g(∇Eiξ ,Ei))+ g(∇Eiξ ,∇XEi)}

+

2n+1∑
i=1

{Ei(g(∇Xξ ,Ei))− g(∇Xξ ,∇EiEi)}

=

2n+1∑
i=1

{g(∇Eiξ ,∇Eiξ)+ g(T [X ,Ei],Ei)−X(divξ)}

+

2n+1∑
i=1

{Ei(−g(∇Eiξ ,∇EiX)+ g(TX ,Ei))

+ g(∇∇Ei Eiξ ,X)− g(TX ,∇EiEi)}

=

2n+1∑
i=1

{g(∇∇Ei Eiξ ,X)− g(∇Ei∇Eiξ ,X)

+ g(T [X ,Ei],Ei)− g(TX ,∇EiEi)+Ei(g(TX ,Ei))}

or (by the very definition of 1g)

Ric(ξ ,X)= g(1gξ ,X)+
2n+1∑
i=1

{g(T [X ,Ei],Ei)+ g(∇EiTX ,Ei)}. (4.65)

As T is symmetric one may choose from the very beginning the local frame
{Ei : 1≤ i ≤ 2n+ 1} to consist of eigenvectors of T . Thus

2n+1∑
i=1

{g(T [X ,Ei],Ei)+ g(∇EiTX ,Ei)}

=

2n+1∑
i=1

{g(∇XEi,TEi)+ g((∇EiT)X ,Ei)}

= (divT)X = g(traceg∇T , X).

The last identity together with (4.65) implies (4.63) in Lemma 4.57. �

Remark 4.58 Let us assume that the induced almost contact metric struc-
ture (φ,ξ ,η,g) on M is actually a contact metric structure. Then (by the
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contact condition) T = 2hφ hence (cf. [242])

traceg∇T =−2∇∗hφ = 2Qξ − 4nξ

and (4.63) becomes

1gξ =−Qξ + 4nξ . (4.66)

It should be observed that this is precisely the contents of Theorem 4.3
(hence Lemma 4.57 may be thought of as a generalization of the result in
Theorem 4.3). �

We may state the following

Theorem 4.59 Let M be an orientable real hypersurface of a Kaehler manifold
M0. Then
i. ξ is harmonic if and only if Qξ = λξ +∇∗T, and if ξ is an eigenvector of Q

then
ii. ξ is harmonic if and only if ∇∗T is proportional to ξ .

Definition 4.60 (M. Kon, [193]) The real hypersurface M is said to be
pseudo-Einstein if Ric= ag+ bη⊗ η for some a,b ∈ R. �

According to the terminology of S. Tanno, [284], a contact Riemannian
manifold M is an η-Einstein space if the Ricci curvature is given by Ric=
ag+ bη⊗ η for some a,b ∈ C∞(M). When M is an m-dimensional, m> 3,
η-Einstein space and a K-contact Riemannian manifold then a are b are
constants.

M. Kon classified (cf. [193]) complete pseudo-Einstein real hypersur-
faces in Cn+1 and in the complex projective space CPn+1 (n≥ 2). For each
hypersurface in these classes the Reeb vector ξ is an eigenvector of the
Ricci operator Q so that the following harmonicity criterium holds

Corollary 4.61 Let M be an orientable pseudo-Einstein real hypersurface in a
Kaehler manifold M0. Then ξ is harmonic if and only if ∇∗T is proportinal to ξ .

Real hypersurfaces satisfying T = 0 (i.e., [A,φ]= 0) have been classified
by M. Okumura, [226], when M0 = CPn+1, by S. Montiel & A. Romero,
[214], when M0 = CHn+1 (the complex hyperbolic space), and by J. Berndt
& Y.J. Suh, [38], when M0 =G2(Cn+2) (a complex 2-plane Grassmannian
manifold). In an arbitrary Kaehlerian ambient space M0, any quasi-umbilical
real hypersurface M (i.e., one whose shape operator is of the form A= aI +
bη⊗ ξ for some a,b ∈ C∞(M)) obeys to T = 0. By a result of A. Banyaga,
[20], the characteristic foliation of a compact simply connected real hyper-
surface satisfying T = 0 has a compact leaf. By Proposition 4.56 the
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condition T = 0 may be replaced by T = 0 along Ker(η). On such hyper-
surfaces one may derive a harmonicity criterium similar to that obtained in
the context of abstract (i.e., not embedded) contact metric structures.

Corollary 4.62 Let M be an orientable real hypersurface of a Kaehler manifold
M0 satisfying [A,φ]= 0 on Ker(η). Then ξ is harmonic if and only if ξ is an
eigenvector of the Ricci operator Q.

Remark 4.63 a) By a result of S. Tachibana, [278], i) any harmonic
1-form ω on a compact Sasakian manifold is orthogonal to the contact
form i.e., i(η)ω = 0, ii) for any harmonic 1-form ω the 1-form ω̃ given by
ω̃j = ϕ

i
jωi is harmonic as well, and as a corollary iii) the first Betti number

of a compact Sasakian manifold is zero or even. No analog for harmonic
vector fields is known so far (see also (ii) in Remark 2.25 of Chapter 2).

b) By a result of S. Tanno, [284], if M is a real m-dimensional compact
K-contact η-Einstein space with a> 0 (equivalently the scalar curvature
ρ is > m− 1) then b1(M)= 0. It is an open problem to study harmonic
vector fields on a K-contact η-Einstein space. See also S. Tanno, [280],
D.E. Blair & S.I. Goldberg, [45], and S.I. Goldberg, [140].

4.5.2. Ruled Hypersurfaces
We adopt the following

Definition 4.64 (M. Kimura, [186], M. Kimura & S. Maeda, [187])
Let M be an orientable real hypersurface of a complex space form Mn+1(c)
of holomorphic sectional curvature c 6= 0. If the distribution H(M)=
Ker(η)= (Rξ)⊥ is completely integrable and its leaves are totally geodesic
submanifolds of Mn+1(c) then M is said to be a ruled real hypersurface. �

By a result of M. Kimura & S. Maeda, [187], the shape operator of a
ruled real hypersurface is given by

Aξ = aξ + bE, AE = bξ , AX = 0, (4.67)

for some a,b ∈ C∞(M), b 6= 0, and some unit vector field E ∈ Ker(η),
and any X ∈ Ker(η) orthogonal to E. Then the mean curvature of M in
Mn+1(c) is H = a and the Reeb vector is not a principal direction (i.e., M
is not a Hopf hypersurface). Moreover (by ∇ξ =−φA and by (4.67))

∇ξ ξ =−bφE, ∇Eξ = 0, ∇Xξ = 0,

for any X ∈ Ker(η) orthogonal to E, hence ‖∇ξ‖2 = b2. As φ2A2ξ =−abE
and Mn+1(c) is Kaehler-Einstein equation (4.57) in Lemma 4.52 may
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be written

1gξ = φ∇a− abE+ b2ξ .

Furthermore φ∇a= abE if and only if (φE)(a)=−ab and X(a)= 0 for
any X ∈ Ker(η) orthogonal to φE. We may conclude that

Theorem 4.65 (K. Tsukada & L. Vanhecke, [291]) Let M be a ruled
hypersurface in Mn+1(c). Then
i. ξ is harmonic if and only if (φE)(a)=−ab and X(a)= 0 for any vector field

X ∈ Ker(η) orthogonal to φE.
ii. The Reeb vector field of a minimal ruled hypersurface is a harmonic vector field,

but it is not a harmonic map.

4.5.3. Real Hypersurfaces of Contact Type
Let M be a real hypersurface of a complex (n+ 1)-dimensional Kaehler
manifold (M0, J0,g0). Orientability, or equivalently the existence of a
smooth globally defined unit normal field on M , is assumed throughout
without further mention. Let (φ,ξ ,η,g) be the induced almost contact
metric structure. Let �0(X ,Y)= g0(X , J0Y) be the Kaehler 2-form on M0

(X ,Y ∈ X(M0)). Let ι : M→M0 be the canonical inclusion.

Definition 4.66 (M. Okumura, [225]) M is said to be a hypersurface
of contact type2 if (dη)(X ,Y)= r g(X ,φY) for some C∞ function r : M→
R \ {0} and any X ,Y ∈ X(M). �

If M is a hypersurface of contact type as in Definition 4.66 then dη =
r ι∗�0. Indeed (as g = ι∗g0)

g(X ,φY)= g0(X ,φY)= g0(X , JY − η(Y)ν)

= g0(X , JY)=�0(X ,Y)

for any X ,Y ∈ T(M). As 8 ∈�2(M) (given by 8(X ,Y)= g(X ,φY)) has
rank 2n it follows that η is a contact form i.e., η∧ (dη)n is a volume form
on M . When r = 1, the induced almost contact metric structure on M is a
contact metric structure.

Lemma 4.67 Any hypersurface of contact type is a Hopf hypersurface.

Proof. As M is a hypersurface of contact type, for any Y ∈ Ker(η)

(dη)(ξ ,Y)= r g(ξ ,φY)= 0

2 As a matter of terminology in use, it should be noted that a real hypersurface M→M0 of a
symplectic manifold (M0,ω0), where ω0 is the symplectic form, is referred to by A. Banyaga (cf.
[20]) as a hypersurface of contact type whenever M admits a contact from η such that dη = ι∗ω0.
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(as Ker(η) is φ-invariant). On the other hand

2(dη)(ξ ,Y)=−η([ξ ,Y ])

= g(∇Y ξ −∇ξY ,ξ)= g(φAξ ,Y)=−g(Aξ ,φY),

so that Aξ is proportional to ξ . �

Lemma 4.68 Let (M ,η) be a (2n+ 1)-dimensional contact manifold. If f ∈
C∞(M) satisfies df = ξ( f )η then f is a constant.

Proof. By the assumption df = ξ( f )η the function f is constant if and only
if ξ( f )= 0. One has

0= d2f = (dξ( f ))∧ η+ ξ( f )dη. (4.68)

The reminder of the proof is by contradiction. Let us assume that
ξ( f )x0 6= 0 for some x0 ∈M . By continuity there is an open neighborhood
U of x0 in M such that ξ( f )x 6= 0 for any x ∈ U . Then (by (4.68))

dη =
1

ξ( f )
η∧ dξ( f )

on U , hence η∧ (dη)n = 0 on U , a contradiction (as η is a contact form).
�

Lemma 4.69 Let M be a hypersurface of contact type of a Kaehler manifold M0.
If dim(M)= 2n+ 1> 3, i.e., n≥ 2, then r is a constant. If dim(M)= 3, i.e.,
n= 1, then r is constant along the integral curves of ξ .

Proof. As 8= ι∗�0 is a closed 2-form on M we may differentiate the
identity dη = r8 and obtain

0= d2η = dr ∧8+ r d8= dr ∧8

that is dr ∧8= 0. Let X ,Y ∈ Ker(η) such that X is orthogonal to both
{Y , φY}. Then

(dr ∧8)(X ,Y ,φY)= X(r)g(Y ,φ2Y)=−X(r)‖Y‖2

and

(dr ∧8)(ξ ,Y ,φY)= ξ(r)g(Y ,φ2Y)=−ξ(r)‖Y‖2.

We may conclude that r is constant when n≥ 2 and merely that ξ(r)= 0
when n= 1. �
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Remark 4.70 (M. Okumura, [225]) If M is a hypersurface of contact
type in a complex space form Mn+1(c) then r is a constant in all dimensions
n≥ 1. �

Theorem 4.71 Let M be a hypersurface of contact type in a Kaehler manifold
M0. Let us assume that ν is an eigenvector of the Ricci operator Q0. If dim(M)=
2n+ 1> 3 i.e., n≥ 2 then the following statements are equivalent
i. ξ is harmonic.
ii. The mean curvature H is constant.
iii. ξ is an eigenvector of the Ricci operator Q.
The statements (i) and (ii) are equivalent when n= 1 as well.

Proof. Let M be a hypersurface of contact type in the Kaehler manifold M0.
Let us assume that ν is an eigenvector of Q0 and that n≥ 2. By Lemma 4.67
it follows that M is a Hopf hypersurface. By Theorem 4.54 we know that ξ
is harmonic if and only if ∇H = ξ(H)ξ . Then the implication (ii) H⇒ (i)
is immediate. Moreover, if ξ is harmonic then dH = ξ(H)η and then (by
Lemma 4.68) H is constant. Let us prove the equivalence (i)⇐⇒ (iii) (under
the assumption that n≥ 2). By Lemma 4.69 the contact type condition
is satisfied with r = constant. For r 6= 1 the Riemannian metric g is not
associated to η yet this is easy to adjust. Indeed

φ̂ = φ, ξ̂ = (1/r)ξ , η̂ = r η, ĝ = r2g,

is a contact metric structure. Next

1ĝξ̂ = r−31gξ .

Moreover the Ricci operators of (M , ĝ) and (M ,g) are related by

Q̂= r−2 Q.

By Theorem 4.3

1ĝξ̂ = ‖∇ ξ̂‖
2
ĝ ξ̂ +φ

2Q̂ξ̂ .

Thus

1gξ = r31ĝξ̂ = r3
{
‖∇ ξ̂‖2ĝ ξ̂ +φ

2Q̂ξ̂
}

= r3
{
r−2
‖∇ξ‖2g (1/r)ξ + r−2φ2Q(1/r)ξ

}
= ‖∇ξ‖2g ξ +φ

2Qξ

and one may conclude that ξ is harmonic if and only if ξ is an eigenvector
of Q. Theorem 4.71 is proved. �

Hypersurfaces of contact type in a complex space form Mn+1(c) have
been classified by M. Okumura, [225], when c = 0, by M. Kon, [193], when
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c > 0, and by M.H. Vernon, [302], when c < 0. The Hopf hypersurfaces in
a complex 2-plane Grasmann manifold (studied by J. Berndt & Y.J. Suh,
[38]) are of contact type and their Reeb vector ξ is a harmonic map.

Corollary 4.72 The Reeb vector of a hypersurface of contact type in a complex
space form is a harmonic map.

Proof. The identity (4.51) implies that statement (iii) in Theorem 4.71 is
equivalent to the statement: ξ is an eigenvector of R0(·,ν)ν. At this point
Corollary 4.72 follows from Theorem 4.71 and the Gauss equation (of M
in Mn+1(c)). �

Corollary 4.73 Let M be a real (2n+ 1)-dimensional hypersurface of contact
type in a Kaehler-Einstein manifold M0 and let (φ,ξ ,η,g) be the induced almost
contact structure. Then
i. if n≥ 1 then (φ̂, ξ̂ , η̂, ĝ) is an H-contact structure if and only if M has constant

mean curvature in M0. Moreover
ii. if n> 1 then (φ̂, ξ̂ , η̂, ĝ) is an H-contact structure if and only if ξ is an

eigenvector of the Ricci operator of (M ,g).

Remark 4.74 Let SO(2n+ 1)→ P→M be the principal bundle of all
positively oriented orthonormal frames tangent to a (2n+ 1)-dimensional
Riemannian manifold (M ,g). We recall that an almost contact metric struc-
ture on M may be thought of as a section σ in the associated bundle
P/U(n)→M (with standard fibre SO(2n+ 1)/U(n)). Let us assume that M
is an oriented real hypersurface in a nearly Kaehler manifold (M0, J0,g0) (i.e.,
the almost Hermitian structure (J0,g0) satisfies (∇0

X J0)Y + (∇0
Y J)X = 0 for

any X ,Y ∈ X(M0)). Let σ be the induced almost contact metric structure
on M . By a result of E. Vergara-Diaz & C.M. Wood, [299], if M is a con-
tact metric hypersurface then σ is a harmonic section if and only if M is an
H-contact manifold. Also (cf. op. cit.), if M is an oriented real hypersurface
of a Kähler manifold then σ is a harmonic section (respectively a harmonic
map) if and only if ξ is harmonic as a unit vector field (respectively ξ is a
harmonic map). �

4.6. HARMONICITY AND STABILITY OF
THE GEODESIC FLOW

The present section is devoted to the study of the geometry of Rie-
mannian manifolds (M ,g) whose (total space of the) tangent sphere bundle
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S(M) is an H-contact manifold with respect to its standard contact metric
structure.

4.6.1. The Ricci Curvature
Let (M ,g) be a real n-dimensional Riemannian manifold and let
(φ,ξ ,η,Gcs) be the standard contact metric structure on S(M). We wish
to compute the Ricci tensor of (S(M),Gcs). To this end one chooses first a
local orthonormal frame {σ1, . . . ,σn} of (π−1TM , ĝ), defined on the open
set π−1(U), such that σn = L−1L where L = ĝ(L,L) ∈ C∞(T(M)). Note
that L = 1 everywhere on S(M). If ν =−γ L (the unit normal vector on
S(M)) then ξ ′ =−Jν = βL so that

{2γ σ1, . . . ,2γ σn−1, 2β σ1, . . . ,2β σn−1, ξ = 2ξ ′} (4.69)

is a local orthonormal frame of T(S(M))= [γ Ker(ω)]⊕ [H|S(M)]. Here
ω(σ)= ĝ(σ ,L) for any σ ∈ π−1TM .

Let X ∈ X(M) and let us consider XT
∈ 0∞(V) (the tangential lift of X)

locally given by

XT
u = XV

u −ω(X̂)u yi(u)
∂

∂yi

∣∣∣∣
u
,

for any u ∈ π−1(U). Here (U ,xi) is a local coordinate system on M
and (π−1(U),xi,yi) are the induced local coordinates on T(M). Clearly
XT

u ∈ Tu(S(M)) for any u ∈ S(M). We also adopt the notation X = X̂ −
ω(X̂)L ∈ 0∞(π−1TM). Then X ∈ Ker(ω) and γ X = XT . Using the local
frame (4.69) one may compute the Ricci tensor field RicGcs of (S(M),Gcs)

and obtain (cf. e.g., [53])

RicGcs(X
T ,YT )u = (n− 2){g(X ,Y)x− gx(Xx,u)gx(Yx,u)}

+
1
4

n∑
i=1

gx(Rx(u,Xx)ei, Rx(u,Yx)ei), (4.70)

RicGcs(X
T ,YH)=

1
2
{(∇Ric)x(u,Xx,Yx)− (∇Ric)x(Xx,u,Yx)} , (4.71)

RicGcs(X
H ,YH)=Ric(X ,Y)x−

1
2

n∑
i=1

gx(Rx(u, ei)Xx, Rx(u, ei)Yx),

(4.72)
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for any X ,Y ∈ X(M) and any u ∈ S(M)x, x ∈M , where ei = σi(u) ∈(
π−1TM

)
u = Tx(M) for any 1≤ i ≤ n. Also, R and Ric are the cur-

vature and the Ricci tensor of (M ,g). By Theorem 4.5 it follows that
(S(M),(φ,ξ ,η,Gcs)) is an H-contact manifold if and only if the charac-
teristic vector ξ is an eigenvector of RicGcs i.e.,

RicGcs(ξ ,XT )u = 0, RicGcs(ξ ,YH)u = 0,

for any X ,Y ∈ X(M) and any u ∈ S(M)x such that Yx and u are orthogonal.
Then (by (4.71)–(4.72))

(∇Ric)x(u,u,Xx)= (∇Ric)x(Xx,u,u), (4.73)

2Ric(Xx,u)=
n∑

i=1

gx(Rx(u, ei)Xx, Rx(u, ei)u), (4.74)

for any X ∈ X(M) and any u ∈ S(M)x such that Xx and u are orthogonal.
As u is an arbitrary unit vector tangent to M at x the identity (4.73) is
equivalent to

(∇XRic)(Y ,Z)= (∇Y Ric)(X ,Z), X ,Y ,Z ∈ X(M), (4.75)

i.e., Ric is a Codazzi tensor field on M . We may conclude that

Proposition 4.75 The total space S(M) of the tangent sphere bundle over a
Riemannian manifold (M ,g) is an H-contact manifold if and only if a) the Ricci
tensor Ric of (M ,g) is a Codazzi tensor and b) the identity (4.74) holds for any
u ∈ S(M)x and any x ∈M.

Let x ∈M and let u ∈ S(M)x be a fixed unit vector. The Jacobi operator

Ru = Rx(u, ·)u

is symmetric, it is diagonalizable. Thus we may complete u to a gx-
orthonormal basis {e1, . . . , en} ⊂ Tx(M) such that en = u and Ru(ei)= λiei

for some λi ∈ R and any 1≤ i ≤ n. Then

Ricx(ej,u)=−
n−1∑
i=1

gx(Rx(u, ei)ei , ej)=−

n−1∑
i=1

gx(Reiu, ej),

n−1∑
i=1

gx(Rx(u, ej)ej, Rx(u, ei)u)

=

n−1∑
i=1

λi gx(Rx(u, ei)ej, ei)=−

n−1∑
i=1

λig(Reiu, ej),
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and (4.74) becomes

n−1∑
i=1

(2− λi)gx(Reiu, ej)= 0, 1≤ j ≤ n− 1. (4.76)

Moreover, ξ is a harmonic map of S(M) into S(S(M)) if additionally

n−1∑
i=1

{
RGcs

(
βL, ∇Gcs

βσi
ξ
)
β σi+RGcs

(
βL, ∇Gcs

σT
i
ξ
)
σT

i

}
= 0. (4.77)

Here ∇Gcs is the Levi-Civita connection of (S(M),Gcs) and RGcs its
curvature tensor field. Using(

∇
Gcs
XH ξ

)
u
= (Rx(Xx,u)u)Vu ,(

∇
Gcs
XT ξ

)
u
= 2

(
Xx− gx(Xx,u)u

)H
u + (Rx(Xx,u)u)Hu ,

and the explicit expression of the curvature (cf. e.g., [42], p. 140) it may be
shown that (4.77) is equivalent to

n−1∑
i=1

(1− λi)gx((∇R)x(u,u, ei, ei),u)= 0, (4.78)

n−1∑
i=1

2(1− λi)gx((∇R)(u,u, ei, ei), ej)

+

n−1∑
i=1

(2− λi)gx(∇R)x(ei, ei,u,u), ej)= 0, (4.79)

n−1∑
i=1

((4− 3λi)+ λj(1− λi))gx(Reiu, ej)= 0, (4.80)

for any 1≤ j ≤ n− 1.
Let us recall that a Riemannian manifold (M ,g) is a two-point homo-

geneous space if for any (x,y), (x′,y′) ∈M ×M such that d(x,y)= d(x′,y′)
there is an isometry f ∈ Isom(M ,g) such that f (x)= x′ and f (y)= y′. Here
d : M ×M→ [0,+∞) is the distance function associated to the Riemann-
ian metric g. Two-point homogeneous spaces were classified: the complete
list consists of the Euclidean spaces, the compact rank one symmetric spaces
and their noncompact duals. The compact rank one symmetric spaces are
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the sphere Sn, the projective spaces RPn, CPn and HPn, and the Cayley
plane CayP2. By a result in [55], a Riemannian manifold is locally isomet-
ric to a two-point homogeneous space if and only if the tangent sphere
bundle (S(M),(φ,ξ ,η,Gcs)) obeys to

∇
Gcs
ξ h= 2ahφ+ 2bφS

for some a,b ∈ C∞(S(M)) which are constant on the fibres of π . Here
h= (1/2)Lξφ and S is the identity on horizontal vectors and minus the
identity on vertical vectors.

Theorem 4.76 (E. Boeckx & L. Vanhecke, [54]) If (M ,g) is a two-point
homogeneous space then (S(M),(φ,ξ ,η,Gcs)) is an H-contact manifold and ξ is
a harmonic map of S(M) into S(S(M)).

Proof. One should check that the requirements (4.75)–(4.80) are satisfied.
The proof relies on two basic ingredients. First any two-point homoge-
neous space is locally symmetric hence (4.75) and (4.77)–(4.78) hold good.
Second the Jacobi operator is subject to the following property: if u,v are
two orthogonal unit tangent vectors such that Ruv= λv then Rvu= λu as
well (cf. e.g., [88]). Therefore the tangent vector Reiu appearing in (4.76)
and (4.79) is proportional to u so that (4.76) and (4.79) are satisfied. �

Clearly the statement in Theorem 4.76 holds for the geodesic flow ξ ′

as well. Also, Theorem 4.76 remains true if M is but locally isometric to a
two-point homogeneous space.

Let (M , J ,g) be a complex m-dimensional Kähler manifold and let us
consider the tangent vector fields ξ1,ξ2 ∈ X(S(M)) locally given by

ξ1 =

2m∑
i=1

yi
(

J
∂

∂xi

)T

, ξ2 =

2m∑
i=1

yi
(

J
∂

∂xi

)H

.

Then

Theorem 4.77 (E. Boeckx & L. Vanhecke, [54]) If (M , J ,g) is a com-
plex space form then the unit vector fields ξ1 and ξ2 are harmonic. Also each
ξi : S(M)→ S(S(M)) is a harmonic map.

On the pointed tangent bundle (T(M) \M , Gs) one may consider the
outward unit normal to Sr(M) and the normalized geodesic flow

ν1 = L−1 γ L, ν2 = L−1 βL, L = ĝ(L, L)1/2 .
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Then

Theorem 4.78 (E. Boeckx & L. Vanhecke, [54]) Let M be a Riemann-
ian manifold. Then a) ν1 is a harmonic vector field and a harmonic map. Also b)
if M is a two-point homogeneous space then ν2 is a harmonic vector field and a
harmonic map.

4.6.2. H-Contact Tangent Sphere Bundles
The purpose of this section is to report on the state-of-art results related
to the following problem (raised by E. Boeckx & L. Vanhecke, [54]): Are
two-point homogenous spaces the only Riemannian manifolds M whose
total space S(M) of the tangent sphere bundle is an H-contact manifold?
The problem is open in general. Nevertheless partial positive solutions are
already available. For instance if M is locally reducible then (by a result of G.
Calvaruso & D. Perrone, [77]) S(M) is an H-contact manifold if and only
if M is flat. Also when dim(M) ∈ {2,3} then (by a result in [54]) S(M) is an
H-contact manifold if and only if M has constant sectional curvature.

We recall that a Riemannian manifold (M ,g) is (locally) conformally flat if
for any x ∈M there is an open neighborhood U ⊆M of x and an every-
where positive smooth function ϕ : U→ R such that ϕ g is a flat metric on
U . The study of conformally flat Riemannian manifolds is a classical issue
in differential geometry. It is well known that the curvature tensor field of a
real n-dimensional conformally flat Riemannian manifold (M ,g) is locally
given by

Rijk` =
1

n− 2

{
gikRj`+ gj`Rik− gi`Rjk− gjkRi`

}
−

ρ

(n− 1)(n− 2)

{
gikgj`− gi`gjk

}
(4.81)

provided that n≥ 3. The identity (4.81) is the explicit form of W = 0
where W is the Weyl conformal curvature tensor field. By a classical result
when n≥ 4 the converse holds (i.e., W = 0 implies that M is conformally
flat) while W = 0 always holds on a 3-dimensional Riemannian manifold.
We may state

Theorem 4.79 (G. Calvaruso & D. Perrone, [77]) Let (M ,g) be a Rie-
mannian manifold such that W = 0. Then (S(M),(φ,ξ ,η,Gcs)) is an H-contact
manifold if and only if (M ,g) has constant sectional curvature.
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Proof. When (M ,g) has constant sectional curvature its Ricci tensor is a
Codazzi tensor and a straightforward calculation shows that requirement
(b) in Proposition 4.75 is satisfied (as both sides in (4.74) vanish identically).

Conversely let M be a Riemannian manifold such that W = 0 and (4.74)
holds. Let x ∈M and let {e′1, . . . , e′n} be an orthonormal basis in Tx(M)
consisting of eigenvectors of the Ricci operator Qx i.e., Ricx(e′k, e

′

`)= ρkδk`
for any 1≤ k,`≤ n where ρk are the corresponding eigenvalues. Let i 6= j
be two arbitrary indices. For any θ ∈ R the system {ek : 1≤ k≤ n} given by

{e1, . . . , en} = {e′k : k ∈ {1, . . . ,n} \ {i, j}} ∪ {u,v},

u= (cosθ) e′i + (sinθ) e
′
j, v= (− sinθ) e′i + (cosθ) e′j,

is another orthonormal basis in Tx(M). As u and v are orthogonal and
{ek : 1≤ i ≤ n} ⊂ Tx(M) is an orthonormal basis (en = u) we may use (4.74)
to compute Ricx(u,u) and we obtain

2Ricx(u,v)=
n∑

k=1

gx(Rx(u, ek)v, Rx(u, ek)u). (4.82)

Let us use (4.81) to compute the right hand side of (4.82). As {e′1, . . . , e′n}
consists of eigenvectors of the Ricci operators one may easily see that (4.81)
yields

Rx(e′r , e
′
s)e
′
s = Krs e′r , 1≤ r, s≤ n, r 6= s,

Krs =
ρr + ρs

n− 2
−

ρ

(n− 1)(n− 2)
. (4.83)

Next we compute gx(Rx(u, er)v, Rx(u, er)u) for any 1≤ r ≤ n. As

er =


ek, for some k ∈ {1, . . . ,n} \ {i, j} if r ≤ n− 2,

v, if r = n− 1,

u, if r = n,

it follows that

gx(Rx(u, er)v, Rx(u, er)u)

= (Kjk−Kik)(sinθ)(cosθ)(Kik cos2 θ +Kjk sin2 θ), (4.84)

if r < n− 1 and er = e′k, and

gx(Rx(u, er)v, Rx(u, er)u)= 0, r ∈ {n− 1,n}. (4.85)
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Let us substitute from (4.84)–(4.85) into (4.82). We obtain

2Ricx(u,v)

=

∑
k ∈ {1, . . . ,n}
k 6= i, k 6= j

(Kjk−Kik)(sinθ)(cosθ)(Kik cos2 θ +Kjk sin2 θ).

(4.86)

On the other hand

Ricx(u,v)= (ρj− ρi) sinθ cosθ

hence (by (4.86))

2(ρj− ρi)=
∑

k ∈ {1, . . . ,n}
k 6= i, k 6= j

(Kjk−Kik)(Kik cos2 θ +Kjk sin2 θ) (4.87)

for all θ ∈ R such that sinθ cosθ 6= 0. Note that (4.83) implies that

Kji−Kik =
ρj− ρi

n− 2
, k ∈ {1, . . . ,n} \ {i, j},

so that (4.87) becomes

(ρj− ρi)

2+
1

n− 2

∑
k6∈{i,j}

(Kik cos2 θ +Kjk sin2 θ)

= 0. (4.88)

As θ is an arbitrary number such that sinθ cosθ 6= 0 the identity (4.88)
implies that ρi = ρj. Hence the eigenvalues of the Ricci operator Qx

coincide so that M is an Einstein manifold. Since M is by assump-
tion conformally flat we may conclude that M has constant sectional
curvature. �

Other results related to the E. Boeckx & L. Vanhecke problem were
obtained in [77]. For instance a) let M be a 4-dimensional non Ricci flat
Kähler manifold. Then S(M) is an H-contact manifold if and only if M has
constant holomorphic sectional curvature. Also b) if M is a compact Kähler
manifold of nonnegative sectional curvature and S(M) is H-contact then
M is a Kähler-Einstein locally symmetric space. Finally c) if M is a Sasakian
manifold then S(M) is H-contact if and only if M has constant sectional
curvature +1.
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Recently S.C. Chun et al. [90], obtained the following result. Let (M ,g)
be an n-dimensional Einstein manifold (n≥ 3). Then S(M) is H-contact if
and only if M is 2-Stein. Also, they classify simply connected irreducible
symmetric spaces (M ,g) for which S(M) is H-contact.

4.6.3. The Stability of the Geodesic Flow
Let (M ,g) be a compact orientable Riemannian manifold and S(M)=
S(M ,g) the total space of the tangent sphere bundle. If V ∈ 0∞(S(M))
is a harmonic vector field the Hessian form at V is given by

(Hess E)V (X ,X)=
∫
M

(
‖∇X‖2−‖X‖2‖∇V‖2

)
dvol(g), X ∈ V⊥,

and V is stable when (Hess E)V is positive definite (otherwise V is unstable,
see Chapter 2 of this monograph).

Let c > 0. If V ∈ 0∞(S(M ,g)) is a harmonic vector field then the vector
field Vc ∈ 0

∞(S(M ,gc)) given by Vc = (1/
√

c)V is harmonic too, where
gc = c g. Also Egc (Vc)= cn/2−1

{
[n(c− 1)/2]Vol(M ,g)+Eg(V )

}
hence

(Hess Egc )Vc (X ,X)= cn/2(Hess Eg)V (X ,X), X ∈ V⊥.

Consequently, Vc is Egc -stable if and only if V is Eg-stable.
There are few stability results on the stability of the Reeb vector field of

an H-contact manifold of dimension > 3. Let S(M) be equipped with the
standard contact metric structure

(φ,ξ ,η,Gcs)= (φ
′, 2ξ ′,

1
2
η′,

1
4

G̃s).

In the previous section we have shown that (S(M),(φ,ξ ,η,Gcs)) is an
H-contact manifold whenever the base manifold (M ,g) is an n-dimensional
Riemannian manifold locally isometric to a two-point homogeneous space.
Let us study the stability of ξ when (M ,g) is a compact quotient of a two-
point homogeneous space (compact quotients always exist, cf. [60]). The
results we report on are due to E. Boeckx & J.C. Gonzales-Davila & L.
Vanhecke, [57]. By the very definition of Hess E

(Hess EGcs)ξ (A,A)= 2−(2n−1)(Hess EG̃s
)ξ ′(A,A)

= 2−(2n−1)
∫

S(M)

(
‖∇

G̃sA‖2−‖A‖2‖∇G̃sξ ′‖2
)

dvol(G̃s)
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for any A ∈ X(S(M)) such that G̃s(A,ξ ′)= 0. The norm in the identity
above is of course associated to the metric G̃s. Recall that ξ ′ = βL is a unit
vector field with respect to G̃s. For each X ∈ X(M) the tangential lift XT

is orthogonal to ξ ′. As customary in all local calculations we use a local
orthonormal frame of the form{

γ σT
1 , . . . ,γ σT

n−1, β σ1, . . . ,β σn−1,ξ ′
}

where {σ1, . . . ,σn} is a local orthonormal frame in π−1TM with σn =

L−1L. Using the expressions of ∇G̃s
XT ξ
′ and ∇G̃s

XH ξ
′ (reported in the previous

section) one obtains

‖∇
G̃sξ ′‖2u = (n− 1)−Ricx(u,u)+

1
2
‖Ru‖

2.

As M is locally isometric to a two-point homogeneous space, one has Ric=
(ρ/n)g and

‖Ru‖
2
=

1
n(n+ 2)

(
‖Ric‖2+

3
2
‖R‖2

)
x
, u ∈ S(M)x .

Hence

‖∇
G̃sξ ′‖2 = (n− 1)−

ρ

n
+

ρ2

2n2(n+ 2)
+

3
4n(n+ 2)

‖R‖2. (4.89)

Moroever

‖XT
‖

2
= ‖X̂‖2− ĝ(X̂ ,L)2.

To compute ‖∇G̃sXT
‖ we recall that

∇
G̃s
YT XT

=−ĝ(X̂ ,L)YT , ∇G̃s
YH XT

=−(∇Y X)T +
1
2
β R̂(XH ,βL)Ŷ .

Let u ∈ S(M)x and ei = σi(u). Thus

‖∇
G̃sXT

‖
2
u = (n− 1)gx(Xx,u)2+‖∇X‖2x

−

n∑
i=1

{
gx(u,

(
∇̂βσiX̂

)
u
)2+

1
4
‖Rx(Xx,u)ei‖

2
}

.
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Then (by integrating along the fibre)∫
S(M)

‖XT
‖

2dvol(G̃s)=
n− 1

n
cn−1

∫
M

‖X‖2dvol(g), (4.90)

∫
S(M)

‖∇
G̃sXT

‖
2dvol(G̃s)=

cn−1

n

(n− 1)
∫
M

‖∇X‖2dvol(g)

+

(
‖R‖2

4n
+ n− 1

)∫
M

‖X‖2dvol(g)

 , (4.91)

where cn−1 = Vol(Sn−1). Using (4.89)–(4.91) one obtains

(Hess EG̃s
)ξ ′(X

T ,XT )

=
(n− 1)cn−1

n

∫
M

‖∇X‖2dvol(g)+ δ
∫
M

‖X‖2dvol(g)

 (4.92)

where

δ =
5− 2n

4n(n− 1)(n− 2)
‖R‖2−

ρ2

2n2(n+ 2)
+
ρ

n
− (n− 2).

Let us assume that the first Betti number is nonzero (b1(M) 6= 0) and con-
sider a vector field X0 dual to some nonzero harmonic form on M (i.e.,
X0 = ω

] for some ω ∈�1(M) such that 1ω = 0 and ω 6= 0). Then (by the
Weitzenbök formula)

11X0 =1gX0+Ric(X0, ·)

where 11 is the Hodge-de Rham Laplacian acting (by duality) on vector
fields. Then ∫

M

‖∇X0‖
2dvol(g)=−

∫
M

Ric(X0,X0)dvol(g).

If M has constant sectional curvature λ≤ 0 then

ρ = n(n− 1)λ, ‖R‖2 = 2n(n− 1)λ2,∫
M

‖∇X0‖
2dvol(g)=−(n− 1)λ

∫
M

‖X0‖
2dvol(g).
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By (4.92) one finds(
Hess EG̃s

)
ξ ′
(XT

0 ,XT
0 )

=−
(n− 1)(n− 2)(λ2

+ 2)cn−1

2n

∫
M

‖X0‖
2dvol(g) < 0

provided that n≥ 3. If M is a compact Kähler manifold of constant negative
holomorphic sectional curvature µ < 0 of dimension dimR(M)= n= 2m
then

ρ = m(m+ 1)µ, ‖R‖2 = 2m(m+ 1)µ2,∫
M

‖∇X0‖
2dvol(g)=−

(m+ 1)µ
2

∫
M

‖X0‖
2dvol(g).

Then (again by (4.92))(
Hess EG̃s

)
ξ ′
(XT

0 ,XT
0 )=−

(m− 1)c2m−1

2m

[
(2m+ 11)µ2

16

+ 2(2m− 1)
]∫

M

‖X0‖
2dvol(g) < 0

provided that m≥ 2. If M is a compact quaternionic Kähler manifold of
constant negative Q-sectional curvature ν < 0 and dimension dimR(M)=
n= 4m then

ρ = 4m(m+ 2)ν, ‖R‖2 = 4m(5m+ 1)ν2,∫
M

‖∇X0‖
2dvol(g)=−(m+ 2)ν

∫
M

‖X0‖
2dvol(g).

Then (again by (4.92))(
Hess EG̃s

)
ξ ′
(XT

0 ,XT
0 )=−

c4m−1

4m

[
4m2
+ 33m− 13

8
ν2

+ 2(2m− 1)(4m− 1)
]∫

M

‖X0‖
2dvol(g)
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provided that m≥ 1. Finally if M is a compact quotient of the Cayley plane
CayH2(ζ ) of minimal sectional curvature ζ < 0 then

ρ = 144ζ , ‖R‖2 = 576ζ 2,∫
M

‖∇X0‖
2dvol(g)=−9ζ

∫
M

‖X0‖
2dvol(g)

and then (by (4.92))(
Hess EG̃s

)
ξ ′
(XT

0 ,XT
0 )=−

21c15

64

(
9ζ 2
+ 40

)∫
M

‖X0‖
2 dvol(g) < 0.

Summing up the information obtained so far we may state the following

Theorem 4.80 (E. Boeckx & J.C. Gonzales-Davila & L. Vanhecke,
[57]) Let M be a real n-dimensional (n≥ 3) compact quotient of a two-point
homogeneous space of nonpositive curvature with b1(M) 6= 0. Then the Reeb vector
field ξ of S(M) is an unstable critical point of the energy functional and the index
of ξ is at least b1(M).

In the positive curvature case one may prove (cf. [57]) a similar yet
weaker result. Indeed on any real n-dimensional (n≥ 3) compact quotient
of a two-point homogeneous space of positive curvature the existence of
nonzero Killing vector fields implies the instability of ξ as a critical point
of the energy functional, in certain ranges of the dimension and of the
curvature. The geodesic flow ξ ′ on S(S2) is however stable. In this case
(S(S2), 1

4 G̃s) is locally isometric to S3 and ξ is the Hopf vector field. Except
for few particular results the question of stability of ξ remains open, par-
ticularly in the case of positive curvature. An intriguing case (according to
[57]) is that of Sn with n≥ 3 (whose natural contact metric structure on
S(Sn) is actually Sasakian). By a result in [252] the geodesic flow on S(Sn)

(with n> 6) is an unstable harmonic vector field.
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Let (M ,g) be an n-dimensional Riemannian manifold. The Sasaki met-
ric Gs is a Riemannian metric on T(M) naturally associated to g yet
exhibiting a certain “rigidity” (according to the philosophy in M.T.K.
Abbassi & M. Sarih, [6]) in the sense that most natural requirements
imposed to Gs imply drastic limitations on the choice of g. For instance
(by a result of Y. Tashiro, [285]) the natural contact metric structure on
S(M) is K-contact if and only if (M ,g) has constant sectional curvature 1.
Also, as demonstrated earlier in this monograph (cf. Theorem 2.10 in
Chapter 2), O. Nouhaud, [223], and T. Ishihara, [176], showed that par-
allel vector fields are, among all smooth vector fields, the only harmonic
maps. Subsequently O. Gil-Medrano, [126], showed that the critical points
of the energy functional restricted to X(M) are again the parallel vector
fields (cf. Theorem 2.17 in Chapter 2). It is our point of view that the
quoted (negative) results arise from the choice of the metric on the tar-
get space (the Sasaki metric Gs) and that the emerging difficulties may be
circumnavigated by a new choice of metric on T(M), possibly among the

Harmonic Vector Fields. DOI: 10.1016/B978-0-12-415826-9.00005-5
c© 2012 Elsevier Inc. All rights reserved. 273
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so called g-natural metrics (cf. [6]). Indeed it is known that Gs belongs to
a wide family of Riemannian metrics on T(M), the family of g-natural
metrics, parametrized by C∞(R+0 ,R6), where R+0 = [0,+∞).

According to the above philosophy one endows T(M) with an arbi-
trary Riemannian g-natural metric G and looks at smooth vector fields V
on M thought as maps of (M ,g) into (T(M),G), cf. [2]. Several results
discussed earlier in this book carry over to this context (e.g., O. Nouhaud
and T. Ishihara’s Theorem 2.10 turns out to remain true under a certain
2-parameter and 1-function deformation of the Sasaki metric) and new
phenomena arise. For instance, examples of non-parallel vector fields which
are harmonic maps with respect to a certain 2-parameter family of g-natural
metrics may be indicated (such as the Reeb vector fields of Sasakian man-
ifolds, Hopf vector fields on unit odd-dimensional spheres and conformal
gradient vector fields on S2). M. Benyounes & E. Loubeau & C.M. Wood,
[32]-[33], studied harmonic sections in a Riemannian vector bundle with
respect to the generalized Cheeger-Gromoll metrics hp,q. When E = T(M)
the metrics hp,q are g-natural (see below).

Given a unit vector field V , one looks at the harmonicity of the map
from (M ,g) into the tangent sphere bundle (S(M),G̃) where G̃ is induced
by a g-natural metric on T(M) (cf. [3]). By decomposing the tension
field into vertical and horizontal components one derives two equations
describing the harmonicity of V : (M ,g)→ (S(M),G̃). As it turns out,
one of these equations does not depend upon the choice of G̃. In par-
ticular the class of harmonic vector fields (cf. Theorem 2.23 in Chapter 2)
is invariant under a 4-parameter deformation of the Sasaki metric. The
remaining equation is a natural generalization of the situation encountered
in Theorem 2.19. For unit Killing vector fields, both harmonic map equa-
tions are independent of the choice of G̃. An example of a (non-Killing)
harmonic unit vector field which is not a harmonic map with respect to the
Sasaki metric yet is a harmonic map with respect to a certain 2-parameter
family of g-natural metrics (none of which is of the Kaluza-Klein type)
is provided by the unit normal to the horoball foliation of the hyperbolic
space.

The harmonic map equations for unit vector fields are also written for
the particular case of Reeb fields in contact metric geometry. In particular
Hopf vector fields on the unit sphere S2m+1 are harmonic maps for any
Riemannian g-natural metric G̃ on S(S2m+1). In dimension three we give
an analogue to Theorem 3.10 (Han & Yim’s theorem) for a Riemannian
manifold of constant sectional curvature κ 6= 0. We also extend this result
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to Riemannian (2n+ 1)-manifolds M of constant sectional curvature κ > 0
with π1(M) 6= 0.

When the tangent sphere bundle S(M) over a two-point homoge-
neous space (M ,g) as well as the tangent sphere bundle S(S(M)) are
equipped with the Sasaki metrics, a result by E. Boeckx & L. Vanhecke,
[54], shows that the geodesic flow is harmonic and provides a harmonic
map S(M)→ S(S(M)) (cf. also Theorem 4.76 in this monograph). If one
endows S(M) and Sρ(S(M)) with arbitrary Riemannian g-natural metrics
then the geodesic flow (which has constant length equal to some ρ > 0
not necessarily 1) is always a harmonic vector field and it is a harmonic
map under appropriate conditions on the coefficients determining the fixed
g-natural metric, cf. [4], allowing one to exhibit large families of harmonic
maps defined on a compact Riemannian manifold and having a target space
with a highly nontrivial geometry.

5.1. g-NATURAL METRICS

According to [6] a g-natural metric G is given by

G(XH ,YH)u = (α1+α3)(r2)g(X ,Y)x

+ (β1+β3)(r2)gx(Xx,u)gx(Yx,u), (5.1)

G(XH ,YV )u = α2(r2)g(X ,Y)x+β2(r2)gx(Xx,u)gx(Yx,u), (5.2)

G(XV ,YH)u = α2(r2)g(X ,Y)x+β2(r2)gx(Xx,u)gx(Yx,u), (5.3)

G(XV ,YV )u = α1(r2)g(X ,Y)x+β1(r2)gx(Xx,u)gx(Yx,u), (5.4)

for any X ,Y ∈ X(M) and any u ∈ T(M) with x= π(u) ∈M . Here αi,
βi : R+0 → R, i ∈ {1,2,3}, is an arbitrary choice of C∞ functions and
r2 = gx(u,u). For α2 = β2 = 0 one obtains precisely the g-natural metrics
on T(M) with respect to which the horizontal and vertical distributions are
orthogonal. See also [191].

We adopt the following notations for further use.

φi(t)= αi(t)+ tβi(t),

α(t)= α1(t)(α1(t)+α3(t))−α2(t)2,

φ(t)= φ1(t)(φ1(t)+φ3(t))−φ2(t)2,

for any t ∈ R+0 . Then
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Lemma 5.1 A g-natural metric G on the tangent bundle of a Riemannian
manifold (M ,g) is a Riemannian metric if and only if

α1(t) > 0, φ1(t) > 0, α(t) > 0, φ(t) > 0, (5.5)

for any t ∈ R+0 .

The Sasaki metric Gs corresponds to the choice

α1(t)= 1, α2(t)= α3(t)= β1(t)= β2(t)= β3(t)= 0, (5.6)

while the Cheeger-Gromoll metric Gcg is obtained for

α2(t)= β2(t)= 0, (5.7)

α1(t)= β1(t)=−β3(t)=
1

1+ t
, α3(t)=

t
1+ t

. (5.8)

The 2-parameter family of metrics investigated by V. Oproiu, [231], is a
family of Riemannian g-natural metrics on T(M). A Riemannian g-natural
metric G on TM is a Kaluza-Klein metric (as commonly defined on princi-
pal bundles [315]) if α2 = β2 = β1+β3 = 0. All examples (i.e., Gs, Gcg, V.
Oproiu’s metrics and the Kaluza-Klein metrics) satisfy α2 = β2 = 0 (hence
the horizontal and vertical distributions are orthogonal). See also [34].

Proposition 5.2 (Cf. [6]) Let (M ,g) be a Riemannian manifold. Let G be
a Riemannian g-natural metric on T(M). Then the Levi-Civita connection ∇̄ of
(T(M),G) is given by

(∇̄XH YH)u = (∇XY)Hu + h{A(u;Xx,Yx)}+ v{B(u;Xx,Yx)}, (5.9)

(∇̄XH YV )u = (∇XY)Vu + h{C(u;Xx,Yx)}+ v{D(u;Xx,Yx)}, (5.10)

(∇̄XV YH)u = h{C(u;Yx,Xx)}+ v{D(u;Yx,Xx)}, (5.11)

(∇̄XV YV )u = h{E(u;Xx,Yx)}+ v{F(u;Xx,Yx)}, (5.12)

for any X ,Y ∈ X(M) and any u ∈ TM with x= π(u) ∈M. Here h{z} and
v{z} are the horizontal and vertical lifts of z ∈ Tx(M). Also A, B, C, D, E, and
F are given by

A(u;Xx,Yx)=−A1 [Rx(Xx,u)Yx+Rx(Yx,u)Xx]

+A2 [gx(Yx,u)Xx+gx(Xx,u)Yx]−A3gx(Rx(Xx,u)Yx,u)u

+A4gx(Xx,Yx)u+A5gx(Xx,u)gx(Yx,u)u, (5.13)
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with

A1 =−
α1α2

2α
, A2 =

α2

2α
(β1+β3),

A3 =
1
αφ
α2{α1[φ1(β1+β3)−φ2β2]+α2(β1α2−β2α1)},

A4 =
φ2

φ
(α1+α3)

′,

A5 =
φ2

φ
(β1+β3)

′
+
α2

αφ
(β1+β3)[φ2β2−φ1(β1+β3)]

+
1
αφ
(α1+α3)(α1β2−α2β1),

B(u;Xx,Yx)=−B1Rx(Xx,u)Yx−B2Rx(Xx,Yx)u

+B3[gx(Yx,u)Xx+ gx(Xx,u)Yx]

−B4gx(Rx(Xx,u)Yx,u)u+B5gx(Xx,Yx)u

+B6gx(Xx,u)gx(Yx,u)u, (5.14)

with

B1 =
α2

2

α
, B2 =−

α1

2α
(α1+α3), B3 =−

1
2α
(α1+α3)(β1+β3),

B4 =
α2

αφ
{α2[φ2β2−φ1(β1+β3)]+ (α1+α3)(β2α1−β1α2)},

B5 =−
1
φ
(φ1+φ3)(α1+α3)

′,

B6 =−
1
φ
(φ1+φ3)(β1+β3)

′

+
1
αφ
(β1+β3)(α1+α3)[(φ1+φ3)β1−φ2β2]

+
α2

αφ
(β1+β3)[α2(β1+β3)− (α1+α3)β2],

C(u;Xx,Yx)=−C1R(Yx,u)Xx+C2gx(Xx,u)Yx+C3gx(Yx,u)Xx

−C4gx(Rx(Xx,u)Yx,u)u+C5gx(Xx,Yx)u

+C6gx(Xx,u)gx(Yx,u)u, (5.15)
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with

C1 =−
α2

1

2α
, C2 =−

α1

2α
(β1+β3),

C3 =
α1

α
(α1+α3)

′
−
α2

α

(
α′2−

β2

2

)
,

C4 =
α1

2αφ
{α2(α2β1−α1β2)+α1[φ1(β1+β3)−φ2β2]},

C5 =
φ1

2φ
(β1+β3)+

φ2

2φ
(2α′2−β2),

C6 =
φ1

φ
(β1+β3)

′
+

1
αφ

[
(α1+α3)

′
+
β1+β3

2

]
×{α2(α1β2−α2β1)+α1[φ2β2− (β1+β3)φ1]}+

1
αφ

[
α′2−

β2

2

]
×{α2[β1(φ1+φ3)−β2φ2]−α1[β2(α1+α3)−α2(β1+β3)]},

D(u;Xx,Yx)=−D1Rx(Yx,u)Xx+D2gx(Xx,u)Yx+D3gx(Yx,u)Xx

−D4gx(Rx(Xx,u)Yx,u)u+D5gx(Xx,Yx)u

+D6gx(Xx,u)gx(Yx,u)u, (5.16)

with

D1 =
α1α2

2α
, D2 =

α2

2α
(β1+β3),

D3 =−
α2

α
(α1+α3)

′
+

1
α
(α1+α3)

[
α′2−

β2

2

]
,

D4 =
α1

2αφ
{(α1+α3)(α1β2−α2β1)+α2[φ2β2−φ1(β1+β3)]},

D5 =−
φ2

2φ
(β1+β3)+

1
2φ
(φ1+φ3)(2α′2−β2),

D6 =−
φ2

φ
(β1+β3)

′
+

1
αφ

[
(α1+α3)

′
+
β1+β3

2

]
×{(α1+α3)(α2β1−α1β2)+α2[φ1(β1+β3)−φ2β2]}

+
1
αφ

[
α′2−

β2

2

]
{(α1+α3)[β2φ2−β1(φ1+φ3)]

+α2[β2(α1+α3)−α2(β1+β3)]},
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E(u;Xx,Yx)= E1[gx(Yx,u)Xx+ gx(Xx,u)Yx]

+E2gx(Xx,Yx)u+E3gx(Xx,u)gx(Yx,u)u, (5.17)

with

E1 =
α1

α

[
α′2+

β2

2

]
−
α2

α
α′1, E2 =

1
φ

[
φ1β2−φ2(β1−α

′
1)
]
,

E3 =
1
φ

(
2φ1β

′
2−φ2β

′
1

)
+

2
αφ

α′1{α1[α2(β1+β3)−β2(α1+α3)]

+α2[β1(φ1+φ3)−β2φ2]}+
1
αφ
(2α′2+β2){α1[φ2β2−φ1(β1+β3)]

+α2(α1β2−α2β1)},

F(u;Xx,Yx)= F1[gx(Yx,u)Xx+ gx(Xx,u)Yx]

+F2 gx(Xx,Yx)u+F3gx(Xx,u)gx(Yx,u)u, (5.18)

with

F1 =−
α2

α

[
α′2+

β2

2

]
+

1
α
(α1+α3)α

′
1,

F2 =
1
φ

[
(φ1+φ3)(β1−α

′
1)−φ2β2

]
,

F3 =
1
φ

[
(φ1+φ3)β

′
1− 2φ2β

′
2

]
+

2
αφ
α′1{α2[β2(α1+α3)−α2(β1+β3)]

+ (α1+α3)[β2φ2−β1(φ1+φ3)]}

+
1
αφ
(2α′2+β2){α2[φ1(β1+β3)−φ2β2]

+ (α1+α3)(α2β1−α1β2)}.

Here, ∇ and R are the Levi-Civita connection and curvature tensor field of (M ,g).

5.1.1. Generalized Cheeger-Gromoll Metrics
Let (M ,g) be a Riemannian manifold and π : E→M be a Riemannian
vector bundle endowed with a connection ∇ and a holonomy-invariant
fibre metric 〈 , 〉. Let us denote by K the Dombrowski map associated to ∇.
M. Benyounes et al., [32], introduced the generalized Cheeger-Gromoll metrics
hp,q on E and studied harmonic sections in E. Given p,q ∈ R z ∈ E the
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generalized Cheeger-Gromoll metrics hp,q are given by

hp,q(A,B)= g((dzπ)A,(dzπ)B)

+
1

(1+‖u‖2)p
[〈KzA,KzB〉+ q〈KzA,z〉〈KzB,z〉]

for any z ∈ E and any A,B ∈ Tz(E). If q≥ 0 then hp,q is a Riemannian
metric. If q< 0 then hp,q has varying signature and is a Riemannian metric
only in a tubular neighborhood of the zero section. When E = T(M) the
generalized Cheeger-Gromoll metrics hp,q are given by

hp,q(XH ,YH)= gx(X ,Y),

hp,q(XH ,YV )= hp,q(XV ,YH)= 0,

hp,q(XV ,YV )=
1

(1+‖u‖2)p
[gx(X ,Y)+ qgx(X ,u)gx(Y ,u)] ,

for any u ∈ T(M) with x= π(u) and any X ,Y ∈ Tx(M). Let us denote
by Gα1,β1,k the g-natural Riemannian metric determined by the smooth
functions αi, βi such that

α1 > 0, α1+α3 = k, β1+β3 = 0, β1 ≥ 0, α2 = β2 = 0, (5.19)

where k> 0 is a constant. Note that Gα1,β1,k are Kaluza-Klein metrics. The
functions (5.19) satisfy the inequalities (5.5) that is

α1(t) > 0, φ1(t) > 0, α(t)= kα1(t) > 0, φ(t)= kφ1(t) > 0,

for any t ∈ R+0 . In the Riemannian case (i.e., when q≥ 0) the generalized
Cheeger-Gromoll metrics hp,q are of type Gα1,β1,k where

α1 =
1

(1+ t)p
, β1 =

q
(1+ t)p

and k= 1.

It should be observed that Gs = h0,0 and Gcg = h1,1.

5.1.2. g-Natural Riemannian Metrics on Sρ(M)

Given a Riemannian manifold (M ,g) we set as usual Sρ(M)x = {u ∈
Tx(M) : gx(u,u)= ρ2

} for any x ∈M .

Definition 5.3 A g-natural metric on Sρ(M) is the restriction to Sρ(M) of
a g-natural metric on T(M). �
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As shown in [7], every Riemannian g-natural metric G̃ on S(M)=
S1(M) is necessarily induced by a Riemannian g-natural metric G on T(M)
of the form

Gu(XH ,YH)= (a+ c)gx(X ,Y)+β gx(X ,u)gx(Y ,u),

Gu(XH ,YV )= bgx(X ,Y),

Gu(XV ,YV )= agx(X ,Y),

(5.20)

with a,b, c ∈ R and β ∈ C∞(R+0 ,R). A comparison to the general expres-
sions (5.1)–(5.4) shows that

α1 = a, α2 = b, α3 = c, β1 = β2 = 0, β3 = β. (5.21)

Such G̃ depends solely on d = β(1) (rather than on the full β). The
identities (5.5) and (5.21) show that G̃ is a Riemannian metric if and only if

a> 0, α = a(a+ c)− b2 > 0, φ = a(a+ c+ d)− b2 > 0. (5.22)

The Sasaki metric G̃s and the Cheeger-Gromoll metric G̃cg are Riemannian
g-natural metrics on S(M) and satisfy b= 0. One may easily check that the
vector field NG

∈ X(T(M)) given by

NG
u =

1
√
(a+ c+ d)φ

[−buH
+ (a+ c+ d)uV ], u ∈ T(M),

is a unit normal vector field on S(M).
Let X tG be the tangential lift of X ∈ Tx(M) i.e., the tangential projection

of the vertical lift of X to u ∈ S(M)

X tG = XV
−Gu(XV ,NG

u )NG
u

= XV
−

√
φ

a+ c+ d
gx(X ,u)NG

u , u ∈ S(M), x= π(u).

If X ∈ Tx(M) is orthogonal to u then X tG = XV . The tangent space
Tu(S(M)) is spanned by vectors of the form XH and Y tG with X , Y ∈
Tx(M). Consequently for all x ∈M ,

G̃u(XH ,YH)= (a+ c)gx(X ,Y)+ d gx(X ,u)gx(Y ,u),

G̃u(XH ,Y tG)= bgx(X ,Y),

G̃u(X tG ,Y tG)= agx(X ,Y)−
φ

a+ c+ d
gx(X ,u)gx(Y ,u),

(5.23)
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for any u ∈ S(M) with x= π(u) and any X , Y ∈ Tx(M). Also a,b, c,d ∈ R
must satisfy the inequalities (5.22). Should we replace S(M) by Sρ(M) in
the above considerations the term a+ c+ d must be replaced by ρ2(a+ c+
ρ2d). Note that (by (5.23)) horizontal and vertical vectors are orthogonal
with respect to G̃ if and only if b= 0.

Remark 5.4 As a contact metric manifold S(M) has been traditionally
equipped with the Riemannian metric ḡ homothetic to G̃s with the homo-
thety factor 1/4, inducing the standard contact metric structure (η,Gcs) on
S(M). By a recent result of M.T.K. Abbassi et al., [8], there is a family of
contact metric structures (G̃, η̃, ϕ̃, ξ̃ ) over S(M) (referred to as natural con-
tact metric structures (or g-natural contact metric structures)) depending on three
parameters a,b, c ∈ R where G̃ is given by (5.23) and

ξ̃(x,u) = r uH , 1/r2 = 4[a(a+ c)− b2]= a+ c+ d,

η̃(XH)=
1
r
g(X ,u), η̃(X tG)= brg(X ,u),

ϕ̃(XH)=
1

2rα

[
−bXH

+ (a+ c)X tG +
bd

a+ c+ d
g(X ,u)uH

]
,

ϕ̃(X tG)=
1

2rα

[
−aXH

+ bX tG +
φ

a+ c+ d
g(X ,u)uH

]
,

for every X ∈ T(M). For a= 1/4, b= c = d = 0 and r = 2 we get the
standard contact metric structure on S(M) induced from the Sasaki
metric. �

5.2. NATURALLY HARMONIC VECTOR FIELDS

5.2.1. The Energy of V : (M,g)→ (T(M),G)
Let (M ,g) be a compact n-dimensional Riemannian manifold and
(T(M),G) its tangent bundle equipped with an arbitrary Riemannian
g-natural metric G. Each vector field V ∈ X(M) may be looked at as
a smooth map of Riemannian manifolds V : (M ,g)→ (T(M),G). As
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(dV )X = XH
+ (∇XV )V for any X ∈ X(M) one has (by (5.4))

(V ∗G)(X ,Y)=G(XH
+ (∇XV )V ,YH

+ (∇Y V )V )

= (α1+α3)(r2)g(X ,Y)+ (β1+β3)(r2)g(X ,V )g(Y ,V )

+α2(r2) [g(X ,∇Y V )+ g(Y ,∇XV )]

+β2(r2) [g(X ,V )g(∇Y V ,V )+ g(Y ,V )g(∇XV ,V )]

+α1(r2)g(∇XV ,∇Y V )+β1(r2)g(∇XV ,V )g(∇Y V ,V ),
(5.24)

for any X ,Y ∈ X(M), where r = ‖V‖. It should be observed (cf. (5.24))
that in general V ∗G depends on the length of V .

As usual the energy E(V ) of V is the energy of the map V : (M ,g)→
(T(M),G). That is E(V )=

∫
M e(V )dvol(g) where the density e(V ) is

given by

ex(V )=
1
2
‖dxV‖2 =

1
2

traceg(V ∗G)x. (5.25)

By (5.24) one obtains (cf. [2])

E(V )=
1
2

∫
M

{
n(α1+α3)(r2)+ (β1+β3)(r2)r2+ 2α2(r2)div(V )

+2β2(r2)V (r2)+α1(r2)‖∇V‖2+
1
4
β1(r2)‖∇r2‖2

}
dvol(g)

(5.26)

where r = ‖V‖. When T(M) is equipped with a g-natural Riemannian
metric of type Gα1,β1,k then (by (5.26))

Eα1,β1,k(V )=
1
2

∫
M

{
nk+α1(r2)||∇V ||2+

1
4
β1(r2)‖∇r2‖2

}
dvol(g)

≥
nk
2

Vol(M), (5.27)

and the equality holds if and only if V is parallel. Then for each of the
metrics Gα1,β1,k (including Gs and hp,q) parallel vector fields are precisely
the absolute minima for the energy functional (this extends Corollary 2.8
in Chapter 2).
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The vertical energy of a section σ in a Riemannian vector bundle E
equipped with a generalized Cheeger-Gromoll metric hp,q is computed in
[32]. One has

Ev
p,q(σ )=

1
2

∫
M

‖σV
∗ ‖

2 dvol(g)

=
1
2

∫
M

1
(1+ r2)p

(
‖∇σ‖2+

q
4
‖∇r2‖2

)
dvol(g) (5.28)

where r = ‖σ‖. The full energy and the vertical energy differ by an additive
constant (cf. Remark 2.6 in Chapter 2).

Let us equip T(M) with an arbitrary Riemannian g-natural metric G
and compute E(V ) for each V ∈ Xρ(M). Here

Xρ(M)=
{
V ∈ X(M) : ‖V‖2 = ρ

}
with ρ = constant > 0. One obtains

E(V )=
1
2

[(n− 1)(α1+α3)+φ1+φ3](ρ)Vol(M ,g)

+
1
2
α1(ρ) ·

∫
M

||∇V ||2 dvol(g). (5.29)

Then (by α1 > 0 and (5.29))

E(V )≥
1
2

[(n− 1)(α1+α3)+φ1+φ3](ρ)Vol(M ,g) > 0,

where (by (5.5)) [(n− 1)(α1+α3)+φ1+φ3]> 0. We have proved the
following

Proposition 5.5 Let (M ,g) be a compact Riemannian manifold. Let G be a
Riemannian g-natural metric on T(M). A vector field V ∈ Xρ(M) is an absolute
minimum for the energy E : Xρ(M)→ [0,+∞) if and only if V is parallel.

5.2.2. The Tension Field of V : (M,g)→ (T(M),G)
Let (M ,g) be a Riemannian manifold, V ∈ X(M) a tangent vector field, and
G an arbitrary Riemannian g-natural metric on T(M). The tension field
τ(V ) of V : (M ,g)→ (T(M),G) has been computed in [2] (the calculation
is rather involved). Using the identities (5.9)–(5.12) in Proposition 5.2 one
may show that



“Dragomir Chapters” — 2011/10/1 — page 285 — #285

5.2. Naturally Harmonic Vector Fields 285

Theorem 5.6 (Cf. [2]) Let (M ,g) be a Riemannian manifold, V ∈ X(M),
and G an arbitrary Riemannian g-natural metric on T(M). Then

τ(V )Vx = τh(V )
H
Vx
+ τv(V )VVx

, x ∈M , (5.30)

where

τh(V )=−2A1QV − 2C1tr[R(∇·V ,V )·]+C3∇r2+E1∇∇r2V

+ 2C2∇V V +
[
2A2−A3g(QV ,V )+ nA4+A5r2

− 2C4g(traceg[R(∇·V ,V )·],V )+ 2C5div(V )

+C6V (r2)+E2‖∇V‖2+ (1/4)E3‖∇r2‖2
]
V (5.31)

and

τv(V )=−1gV −B1QV − 2D1traceg[R(∇·V ,V )·]+D3∇r2

+F1∇∇r2V + 2D2∇V V + [2B3−B4g(QV ,V )+ nB5+B6r2

− 2D4g(traceg[R(∇·V ,V )·],V )+ 2D5div(V )

+D6V (r2)+F2‖∇V‖2+ (1/4)F3‖∇r2‖2
]
V . (5.32)

When G =Gs is the Sasaki metric we obtain Proposition 2.12 in
Chapter 2. Except for the case where ∇V = 0 (cf. Remark 5.17 below)
and few other special cases the equations τh(V )= 0 and τv(V )= 0 are
difficult to work with in full generality, even for vector fields of con-
stant length. In the special case of a g-natural Riemannian metric G with
α2(ρ)= β2(ρ)= 0 we get

Theorem 5.7 (Cf. [2]) Let (M ,g) be a Riemannian manifold and G a
g-natural Riemannian metric on T(M) satisfying α2(ρ)= β2(ρ)= 0, ρ > 0.
Then a vector field V ∈ Xρ(M) is a harmonic map of (M ,g) into (T(M),G) if
and only if

(φ1+φ3)(ρ)
[
α1(ρ) traceg{R(∇·V ,V )·} − (β1+β3)(ρ)∇V V

]
+ (β1+β3)(ρ) [(α1+α3)(ρ)div(V )

−α1(ρ)g(traceg{R(∇·V ,V )·} , V )
]
V = 0 (5.33)
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and

1gV +
[
(β1+β3)

α1
(ρ)+n

(α1+α3)
′

φ1
(ρ)

+ρ
α1(β1+β3)

′
−β1(β1+β3)

α1φ1
(ρ)+

α′1−β1

φ1
(ρ)||∇V ||2

]
V =0.

(5.34)

In particular (by (5.34)), 1gV and V are collinear. Therefore V is an
eigenvector of the rough Laplacian 1g and (since

√
ρ = ‖V‖ = constant)

one has 1gV = 1
ρ
‖∇V‖2V and then (by (5.34))(

1
ρ
α1+α

′
1

)
(ρ)||∇V ||2+ [n(α1+α3)+ t(β1+β3)]

′ (ρ)= 0.

As the metrics Gα1,β1,k satisfy (5.19), Theorem 5.7 admits the following

Corollary 5.8 Let V be a smooth vector field on M with ‖V‖2 = ρ =
constant.
i. If α1(ρ)+ ρα

′
1(ρ) 6= 0 then V : (M ,g)→ (T(M),Gα1,β1,k) is a harmonic

map if and only if V is parallel.
ii. If α1(ρ)+ ρα

′
1(ρ)= 0 then V : (M ,g)→ (T(M),Gα1,β1,k) is a harmonic

map if and only if traceg{R(∇·V ,V )·} = 0 and 1gV is collinear to V . If this
is the case V : (M ,g)→ (S√ρ(M),G̃s) is a harmonic map, too. Here G̃s is the
Sasaki metric induced on S√ρ(M).

5.2.3. Naturally Harmonic Vector Fields
By a result of O. Gil-Medrano, [126] (cf. Theorem 2.17 in Chapter 2)
a vector field V : (M ,g)→ (T(M),Gs) is a critical point of the energy
functional E : X(M)→ [0,+∞) if and only if V is parallel. When Gs is
replaced by a generalized Cheeger-Gromol metric hp,q the same matter was
investigated by M. Benyounes & E. Loubeau & C.M. Wood, [32]–[33].
We look at the case where T(M) is equipped with an arbitrary g-natural
Riemannian metric G. Let M be compact. A vector field V ∈ X(M) is a
critical point for the energy functional E : X(M)→ [0,+∞) if and only if
(cf. [2])

α2τh(V )+β2g(τh(V ),V )V +α1τv(V )+β1g(τv(V ),V )V = 0. (5.35)

By (5.35), the projection of the tension field τ(V ) on the vertical
distribution vanishes (for any Riemannian g-natural metric G).
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Definition 5.9 A vector field V is called G-harmonic if it satisfies the
critical point condition (5.35). �

Clearly if V : (M ,g)→ (T(M),G) is a harmonic map then V is
G-harmonic. In general the converse does not hold. Indeed let us look
at the case where α2 = β2 = 0. Under this assumption (5.35) is equivalent
to τv(V )= 0. Several consequences of (5.35) are examined in [2]. In par-
ticular when α2 = β2 = 0 and ‖V‖ is constant τv(V )= 0 is equivalent to
(5.34). Then

Theorem 5.10 Let V be a smooth vector field on M with ‖V‖2 = ρ ∈
(0,+∞).
i. If α1(ρ)+ ρα

′
1(ρ) 6= 0 then V is Gα1,β1,k-harmonic if and only if ∇V = 0.

ii. If α1(ρ)+ ρα
′
1(ρ)= 0 then V is Gα1,β1,k-harmonic if and only if 1gV =

(1/ρ)‖∇V |‖2V. If this is the case V is a harmonic section in S√ρ(M) i.e., it
is harmonic with respect to the Sasaki metric for variations through vector fields of
length

√
ρ.

If Gα1,β1,k = hp,q the condition α1(ρ)+ ρ α
′
1(ρ)= 0 becomes p= 1+

1/ρ (cf. [32]). This condition is satisfied for the metric Gα1,β1,k with α1 =

k1e−(1/ρ) t, k1 ∈ (0,+∞).
Let us consider the vertical energy for a section σ in a Riemannian vec-

tor bundle E (over a compact Riemannian manifold M) equipped with a
generalized Cheeger-Gromoll metric hp,q. It is given by (5.28). The Euler-
Lagrange equations associated to the variational principle δEv

p,q(σ )= 0
read (variations are of course through sections in E, cf. M. Benyounes
et al., [32])

(1+ r2)1gσ + p∇∇ r2σ =

[
p||∇σ ||2−

pq
4

∣∣∣∣∇ r2
∣∣∣∣2− q

2
(1+ r2)1r2

]
σ ,

(5.36)

where ‖σ‖ = r.

Definition 5.11 A smooth section σ satisfying1 (5.36) is called hp,q-
harmonic. �

We end the section with the following remarks. a) If ‖σ‖2 = ρ = con-
stant > 0 then σ is hp,q-harmonic if and only if ∇σ = 0 except when
p= 1+ 1/ρ. In this case, σ is hp,q-harmonic if and only if σ is a harmonic

1 With M not necessarily compact.
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section in the sphere bundle S√ρ (E) (i.e., σ is Gs-harmonic with respect
to variations through sections in S√ρ (E)). Cf. [32].

b) If M is compact and ‖σ‖ is not constant then for each p ∈ R there is
at most one q ∈ R such that σ is hp,q-harmonic. Cf. [32].

5.2.4. Vertically Harmonic Vector Fields
Let (M ,g) be a compact orientable Riemannian manifold and (T(M), g̃)
the total space of its tangent bundle equipped with an arbitrary Rieman-
nian metric g̃. The vertical energy of a vector field V : (M ,g)→ (T(M), g̃) is
given by

Ev
g̃(V )=

∫
M

‖V v
∗‖

2dvol(g)

where V v
∗ is the vertical component of V∗ : T(M)→ T(T(M))=H⊕V

(a slightly different notation was used in Section 5.1). If g̃ =G is a
Riemannian g-natural metric on T(M) then (by (5.4))

‖V v
∗‖

2
=

1
2

n∑
i=1

GV ((∇eiV )
v , (∇eiV )

v)

=
1
2

[
α1(r2)‖∇V‖2+

1
4
β1(r2)‖∇r2‖2

]
where r2 = ‖V‖2. Hence

Ev
G(V )=

1
2

∫
M

[
α1(r2)‖∇V‖2+

1
4
β1(r2)‖∇r2‖2

]
dvol(g)≥ 0. (5.37)

Therefore (by (5.37) and the fact that parallel vector fields have constant
length), any parallel vector field V is an absolute minimum of Ev

G i.e., V is
vertically harmonic. If ∇V = 0 the equation (5.35) becomes

[n(α1+α3)+ t(β1+β3)]
′ (ρ)= 0, (ρ = ‖V‖2)

and one obtains

Theorem 5.12 ([2]) Let (M ,g) be a compact orientable Riemannian man-
ifold and V a parallel vector field on M. Then V is vertically har-
monic but not G-harmonic if and only if ρ = ‖V‖2 ∈ (0,+∞) satisfies
[n(α1+α3)+ t(β1+β3)]′ (ρ) 6= 0.

The feature demonstrated in Theorem 5.12 is not enjoyed by the Sasaki
metric, by the Cheeger-Gromoll type metrics in [32], or by the class of
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Kaluza-Klein metrics in [34] (all of the above are Riemannian g-natural
metrics with α1+α3 = constant and β1+β3 = 0). One may however
exhibit wide classes of Riemannian g-natural metrics G to which Theo-
rem 5.12 applies. For instance let G be determined by the functions αi and
βi satisfying (5.5) and

α1+α3 = eat, β1+β3 = b, a,b ∈ R, a 6= 0, ab≥ 0.

These are the first examples of Riemannian metrics on T(M) for which
vertically harmonic vector fields need not be harmonic. Vertical harmonic-
ity with respect to Riemannian g-natural metrics appears to be worth
further investigation.

5.2.5. Naturally Harmonic Unit Vector Fields
We start by giving a natural generalization of a result due to C.M. Wood
and G. Wiegmink. Here a unit vector field V is thought as a map V :
(M ,g)→ (S(M),G̃), where G̃ = ι∗G and ι : S(M)→ T(M) is the inclu-
sion. Of course the energy densities of V : (M ,g)→ (S(M),G̃) and V :
(M ,g)→ (T(M),G) are the same. The energy of V : (M ,g)→ (T(M),G)
is given by (5.26). Let now G̃ be an arbitrary Riemannian g-natural met-
ric on S(M). Then G̃ is given by (5.23) with a,b, c,d ∈ R satisfying (5.22).
Then G̃ = ι∗G for some Riemannian g-natural metric G on T(M) of the
form (5.20). Then (5.26) reads

E(V )=
1
2

[n(a+ c)+ d] Vol(M ,g)+
a
2

∫
M

‖∇V‖2 dvol(g). (5.38)

By a> 0 and (5.38)

E(V )≥
1
2

[n(a+ c)+ d]Vol(M ,g)

=
1
2

[(n− 1)(a+ c)+ a+ c+ d]Vol(M ,g) > 0, (5.39)

for any V ∈ 0∞(S(M)). The equality is achieved in (5.39) if and only if V
is parallel. We may state the generalization announced above

Theorem 5.13 Let (M ,g) be a compact orientable Riemannian manifold. Let
G̃ be a Riemannian g-natural metric on S(M). A unit vector field V is an absolute
minimum for the energy E : 0∞(S(M))→ [0,+∞) if and only if V is parallel.

Definition 5.14 Given a compact orientable Riemannian manifold (M ,g)
a vector field V ∈ 0∞(S(M)) is said to be harmonic if and only if the
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map V : (M ,g)→ (S(M),G̃) is a critical point of the energy functional
E : 0∞(S(M))→ [0,+∞) associated to g and G̃ (variations are of course
through unit vector fields). �

Let V (t) be a smooth 1-parameter variation of V in 0∞(S(M)). Then
(by (5.38))

E(t)= E(V (t))=
n(a+ c)+ d

2
Vol(M ,g)+

a
2

∫
M

‖∇V (t)‖2 dvol(g).

(5.40)

Differentiating (5.40) we obtain (as V (0)= V )

E′(0)= a
∫
M

g(∇V ,∇V ′(0))dvg = a
∫
M

g(1gV ,V ′(0))dvol(g). (5.41)

To derive the last equality we made use of the identity

1g(X ,Y)= g(1gX ,Y)+ g(X ,1gY)− 2g(∇X ,∇Y)

for any X ,Y ∈ X(M). Note that V ′(0) is orthogonal to V . Moreover for
any vertical vector field W V there exists a variation {V (t)} of V by unit
vector fields such that W V

= V ′(0).
By a> 0 and (5.41) it follows that V is harmonic if and only if the com-

ponent of 1gV orthogonal to V vanishes, that is 1gV and V are collinear.
Thus

Theorem 5.15 (Cf. [3]) Let (M ,g) be a compact orientable Riemannian man-
ifold. Let G̃ be a g-natural Riemannian metric on S(M). A unit vector field V is
harmonic if and only if 1gV and V are collinear.

It is noteworthy (as a consequence of Theorem 5.15) that the harmonic-
ity of V doesn’t depend upon the choice of G̃. Another formulation of this
fact is that the result by C.M. Wood, [316], and G. Wiegmink, [309] (cf.
Theorem 2.23 in this book), is invariant under a 4-parameter deformation
of the Sasaki metric.

5.3. VECTOR FIELDS WHICH ARE NATURALLY
HARMONIC MAPS

In the theory of harmonic maps, a fundamental question concerns
the existence of harmonic maps between two given Riemannian manifolds
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(M ,g) and (M ′,g′). If (M ,g) is compact and the target space (M ′,g′) is
a Riemannian manifold of non-positive sectional curvature, there is a har-
monic map f : (M ,g)→ (M ′,g′) in each homotopy class of maps from M to
M ′ (cf. J. Eells & J.H. Sampson, [113]). No general existence result is known
when (M ′,g′) does not satisfy this condition. It is therefore an interesting
task to find examples of harmonic maps into Riemannian manifolds whose
sectional curvature isn’t necessarily non-positive. In the absence of general
existence theorems one will adopt direct ad hoc construction methods.

5.3.1. A Generalization of the Ishihara-Nouhaud Theorem
The purpose of this section is to investigate whether the “rigidity” prop-
erty exhibited in the Ishihara-Nouhaud theorem (i.e., Theorem 2.10 in
Chapter 2) is peculiar to the Sasaki metric. Our finding is that other
Riemannian g-natural metrics possessing the same property do exist.

Theorem 5.16 Let (M ,g) be a compact Riemannian manifold and G a
Riemannian g-natural metric on T(M) satisfying{

α2 = β2 = 0, α1 , α3 ∈ R, α1 > 0, α3 >−α1,

β1 =−β3 ≥ 0, β ′1 ≤ 0.
(5.42)

Let V ∈ X(M). The following statements are equivalent
i. V is parallel.
ii. V : (M ,g)→ (T(M),G) is a harmonic map.
iii. V is an absolute minimum of the energy E : X(M)→ [0,+∞) and E(V )=

1
2n(α1+α3)Vol(M).

Proof. Note first that (5.42) implies (5.5) so that the g-natural metrics
described by (5.42) are actually Riemannian. Let us assume now that (5.42)
holds. If V ∈ X(M) is parallel let ρ = ‖V‖2 ∈ (0,+∞). As is well known,
the existence of a nonzero parallel vector field V on M yields the local
reducibility of M . That is (M ,g) is locally isometric to a product manifold
R×M ′ equipped with the product metric and V may be identified (locally)
with a vector field tangent to the flat term R of the product. Rewriting
(5.31) and (5.32) for a parallel vector field V , one concludes that τ(V )= 0
(i.e., V is a harmonic map of (M ,g) into (T(M),G)) if and only if

−2A1(ρ)QV + [2A2−A3g(QV ,V )+ nA4+ ρA5](ρ)V = 0 (5.43)
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and

−1gV −B1(ρ)QV + [2B3−B4g(QV ,V )+ nB5+ ρB6](ρ)V = 0,
(5.44)

where
√
ρ = ‖V‖. Since V is tangent to the term R of R×M ′ the cur-

vature terms vanish. Moreover 1gV = 0. Therefore (5.43) and (5.44) are
equivalent to

[2A2+ nA4+ ρA5](ρ)= [2B3+ nB5+ ρB6](ρ)= 0. (5.45)

Next (by (5.42)) α1+α3 is a constant and β1+β3 = 0. Then (by exploiting
the explicit form of the functions Ai and Bi furnished by Proposition 5.2)
it follows that (5.45) holds. This proves the implication (i) H⇒ (ii). As
to the converse, if V is a harmonic map of (M ,g) into (T(M),G) then
(by Theorem 5.6) τh(V )= 0 and τv(V )= 0. Next (by Proposition 5.2 and
(5.42)) one may easily check that τv(V )= 0 reads

−1gV +
[
β1(r2)
φ1(r2)

‖∇V‖2+
β ′1(r

2)

4φ1(r2)
‖∇r2‖2

]
V = 0, (5.46)

where r = ‖V‖. Let us take the scalar product of (5.46) by V and integrate
over M . Since ∫

M

g(1gV ,V )dvol(g)=
∫
M

‖∇V‖2 dvol(g)

we get (by the very definition of φ1)∫
M

α1(r2)
φ1(r2)

‖∇V‖2 dvol(g)−
∫
M

r2
β ′1(r

2)

4φ1(r2)
‖∇r2‖2 dvol(g)= 0. (5.47)

By (5.42) it follows that α1 > 0, φ1 > 0 and β ′1 ≤ 0. Therefore (5.47)
implies that V is parallel.

Let us check the equivalence (i)⇐⇒ (iii). If G satisfies (5.42) then (by
(5.26)) for any V ∈ X(M) the energy of V is

E(V )=
1
2

∫
M

{
n(α1+α3)+α1‖∇V‖2+

1
4
β1(r2)‖∇r2‖2

}
dvol(g)

≥
n
2
(α1+α3)Vol(M), (5.48)

where r = ‖V‖, and the equality holds if and only if V is parallel.
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It should be observed that (5.42) determines a family of Rieman-
nian g-natural metrics depending on two parameters α1 , α3 ∈ R and on
a smooth function β1 : R+0 → R (subject to some restrictions). One may
easily exhibit examples of Riemannian g-natural metrics satisfying (5.42).
The Sasaki metric Gs is obtained for α1 = 1 and α3 = β1 = 0.

Remark 5.17 Using the explicit expressions of τh(V ) and τv(V ) in The-
orem 5.6, one may conclude (cf. [2]) that a parallel vector field V is a
harmonic map of (M ,g) into (T(M),G) if and only if ρ = ‖V‖2 is a criti-
cal point of the function A(t)= n(α1+α3)+ t(β1+β3) that is A′(ρ)= 0.
To end with, we note that a) for the g-natural metrics Gα1,β1,k the func-
tion A(t) is constant and equals nk, and b) for all Riemannian g-natural
metrics G on TM such that A′(t) 6= 0 for all t, parallel vector fields are not
harmonic maps of (M ,g) into (T(M),G). �

5.3.2. Non-parallel Vector Fields Which Are Harmonic Maps
Besides from generalizing the T. Ishihara & O. Nouhaud theorem as above,
we may show that there are examples of non-parallel vector fields which are
harmonic maps of (M ,g) into (T(M),G) for some Riemannian g-natural
metric G on the tangent bundle. Our examples are among the Reeb vector
fields, the Hopf vector fields, the conformal and Killing vector fields. Using
(5.30) one obtains (cf. [2])

Theorem 5.18 Let (M ,(ξ , η, g)) be a contact metric manifold and G an arbi-
trary Riemannian g-natural metric on T(M). If ξ : (M ,g)→ (T(M),G) is a
harmonic map then (M ,(η,g)) is an H-contact manifold.

Theorem 5.19 Let (M ,(ξ , η, g)) be a (2m+ 1)-dimensional contact metric
manifold and G a Riemannian g-natural metric on T(M) satisfying α2(1)=
β2(1)= 0. Then ξ : (M ,g)→ (T(M),G) is a harmonic map if and only if i)
M is an H-contact manifold, ii) traceg{R(∇·ξ ,ξ)·} = 0 and iii)

‖∇ξ‖2 (α1+α
′
1)(1)+ [(2m+ 1)(α1+α3)+ t(β1+β3)]′(1)= 0. (5.49)

On a Sasakian manifold both traceg{R(∇·ξ ,ξ)·} = 0 and the H-contact
condition are satisfied. Moreover (5.49) becomes

2m(α1+α
′
1)(1)+ [(2m+ 1)(α1+α3)+ t(β1+β3)]′(1)= 0. (5.50)

In particular
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Theorem 5.20 Let (M ,(ξ , η, g)) be a Sasakian manifold and G a Rieman-
nian g-natural metric on T(M) satisfying α2(1)= β2(1)= 0. Then the following
statements are equivalent
i. ξ : (M ,g)→ (TM ,G) is a harmonic map.
ii. ξ is G-harmonic.
iii. The relation (5.50) is satisfied.

Since a Hopf vector field ξ on the unit sphere S2m+1 (equipped with
the canonical metric) may always be looked at as the Reeb vector field
underlying a suitable Sasakian structure, we conclude that the result in The-
orem 5.20 holds for the Hopf vector fields on the unit sphere S2m+1 as
well. On the other hand, one may easily exhibit examples of Riemannian
g-natural metrics satisfying (5.50). For instance (5.50) holds for all Rie-
mannian g-natural metrics of type Gα1,β1,k where α1 = k1e−t with k1 ∈

(0,+∞).
Next for any vector a ∈ Rn+1, a 6= 0, consider the conformal gradient vector

field Aa defined as Aa =∇λa where λa(x)= 〈x,a〉 i.e., Aa(x)= Ea−〈x,a〉Ex
(cf. Section 3.3) for any x ∈ Sn. Harmonicity of conformal gradient vector
fields was first investigated in [32]–[33] by equipping the tangent bundle
with a metric of Cheeger-Gromoll type hp,q. Yet the examples exhibited
there are not Riemannian (but metrics of varying signature). Moreover, the
use of these metrics doesn’t lead to examples of harmonic maps defined
on S2. Using Riemannian g-natural metrics we have

Theorem 5.21 ([5]) If G is a Riemannian g-natural metric on T(S2)

determined by {
α1 > 0, α1+α3 > 0, α1+ 2(α1+α3)

′
= 0,

α2 = β1 = β2 = β3 = 0,
(5.51)

then Aa : (S2,g)→ (T(S2),G) is a harmonic map, where g is the canonical
metric.

For example, we can take explicitly

α1(t)= µe−
1

2(µ1+1) t, α3(t)= µ1α1(t), α2 = β1 = β2 = β3 = 0,

for any real constants µ > 0 and µ1 ≥ 0. Note that if G is a Riemannian
g-natural metric on TS2 determined by (5.51), then G is a Kaluza-Klein
metric and A∗a G is conformal to g. Next, we recall the following decreasing
property for harmonic immersions of a surface, proved by Sampson ([265],
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Theorem 7, p. 217): if f : (M2,g)→ (M̃ , g̃) is a harmonic immersion and
f ∗g̃ is conformal to g, then the sectional curvatures of (M2, f ∗g̃) and (M̃ , g̃)
satisfy

Kf ∗ g̃(TxM2)≤ Kg̃( f∗TxM2),

for any x ∈M2. This result ensures that (TS2,G) admits some positive sec-
tional curvatures for any Riemannian g-natural metric G on TS2 satisfying
(5.51). In fact, the Gauss-Bonnet Theorem then gives

1
2π

∫
S2

KV ∗a g̃(TxS2)= χ(S2)= 2> 0,

where χ(S2) denotes the Euler number of S2.

5.3.3. Unit Vector Fields Which Are Harmonic Maps
Our purpose in this section is to give natural generalizations of results by
S.D. Han & J.W. Yim, [157]. Let (M ,g) be a Riemannian manifold and
V ∈ 0∞(S(M)) a unit vector field on M . By (5.31) and (5.32) and Propo-
sition 5.2 where T(M) is equipped with a g-natural Riemannian metric
G satisfying (5.20) the tension field τ(V ) of V : (M ,g)→ (T(M),G) is
given by

τ(V )= τh(V )H + τv(V )V , (5.52)

where

τh(V )=
ab
α

QV +
a2

α
traceg{R(∇·V ,V )·} −

ad
α
∇V V

+

[
bd
α
−

a2bd
αφ

g(QV ,V )+
αbβ ′(1)− abd2

αφ

−
a3d
αφ

g(traceg{R(∇·V ,V )·},V )+
ad
φ

div(V )
]

V , (5.53)

τv(V )=−1gV −
b2

α
QV −

ab
α

traceg{R(∇·V ,V )·} +
bd
α
∇V V

+

[
−
(a+ c)d
α

+
ab2d
αφ

g(QV ,V )+
b2d2
−α`β ′(1)
αφ

+
a2bd
αφ

g(traceg{R(∇·V ,V )·},V )−
bd
φ

div(V )
]

V , (5.54)
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where `= a+ c+ d. Let now τ1(V ) be the tension field of V : (M ,g)→
(S(M),G̃). As G̃ = ι∗G (where ι : S(M)→ T(M) is the inclusion) τ1(V )
is the tangential component of τ(V ) with respect to the decomposition
T(T(M))= T(S(M))⊕RNG. We may then state the following (cf. [3])

Theorem 5.22 Let (M ,g) be a Riemannian manifold and V ∈ 0∞(S(M)) a
unit vector field. Let G̃ be a g-natural metric on S(M). The tension field τ1(V ) of
V : (M ,g)→ (S(M),G̃) is given by

τ1(V )= τ1h(V )H + τ1v(V )V (5.55)

where

τ1h(V )=
ab
α

QV +
a2

α
traceg{R(∇·V ,V )·} −

ad
α
∇V V

+

[
−

b(ad+ b2)

α`
g(QV ,V )−

b
`

g(1gV ,V )+
d
`

div(V )

−
a(ad+ b2)

α`
g(traceg{R(∇·V ,V )·},V )

]
V , (5.56)

τ1v(V )=−1gV −
b2

α
QV −

ab
α

traceg{R(∇·V ,V )·} +
bd
α
∇V V

+

[
b2

α
g(QV ,V )+ g(1gV ,V )+

ab
α

g(traceg{R(∇·V ,V )·},V )
]
V .

(5.57)

In particular V : (M ,g)→ (S(M),G̃) is a harmonic map if and only if
τ1h(V )= τ1v(V )= 0. Then (by (5.56)–(5.57))

Theorem 5.23 (Cf. [3]) Let (M ,g) be a Riemannian manifold, V a unit
vector field, and G̃ a Riemannian g-natural metric on S(M). Then V : (M ,g)→
(S(M),G̃) is a harmonic map if and only if V is a harmonic vector field and

bQV + a traceg{R(∇·V ,V )·} =
{
b‖∇V‖2− ddiv(V )

}
V + d∇V V .

(5.58)

For the Sasaki metric G̃s one obtains (by Theorem 5.23) Theorem 2.19
(the S.D. Han & J.W. Yim theorem) as an immediate corollary. Also, The-
orem 5.23 allows one to generalize the quoted S.D. Han & J.W. Yim
theorem to a two-parameter family of Riemannian g-natural metrics on
S(M) (including G̃s). Indeed
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Corollary 5.24 (Cf. [3]) Let (M ,g) be a Riemannian manifold and V ∈
0∞(S(M)). Let G̃ be a Riemannian g-natural metric on S(M) with b= d = 0.
Then V : (M ,g)→ (S(M),G̃) is a harmonic map if and only if 1gV and V are
collinear and traceg{R(∇·V ,V )·} = 0.

Harmonicity with respect to g-natural metrics leads to new descriptions
of unit Killing vector fields. Indeed (cf. [3])

Theorem 5.25 A unit vector field V is Killing if and only if the harmonic
map equations for V : (M ,g)→ (S(M),G̃) do not depend upon the choice of
the g-natural Riemannian metric on S(M).

Let us give an example of a unit vector field V ∈ X1(M) which is not
a Killing vector field and emphasize that the harmonic maps equations for
V : (M ,g)→ (S(M),G̃) depend explicitely on the choice of Riemannian
g-natural metric. Other examples will be given in the sequel within contact
metric geometry.

Example 5.26 Let us consider the hyperbolic space of constant nega-
tive sectional curvature −k2 i.e., (Rn

+,ghyp) with Rn
+ = {y ∈ Rn : yn > 0}

and ghyp = k−2y−2
n (dy1⊗ dy1+ ·· ·+ dyn⊗ dyn). Clearly Rn

+ admit no unit
Killing vector fields. The vector fields Ei = kyn ∂/∂yi, 1≤ i ≤ n, form a
ghyp-orthonormal frame of T(Rn

+). Let us set V = En (the unit vector field
normal to the horoball foliation of Rn

+). A calculation shows that covariant
derivatives of Ei are given by (see also Remark 3.12 in this book)

∇EiEj = kδijV , ∇EiV =−kEi, ∇V Ei = 0, ∇V V = 0, (5.59)

for any 1≤ i, j < n. In particular (5.59) implies that ‖∇V‖2 = (n− 1)k2

and 1gV =−trace∇2V = ‖∇V‖2V . By Theorem 5.15 it follows that V
is a harmonic (unit) vector field. Moreover, as Rn

+ has constant sectional
curvature −k2, one obtains

traceg{R(∇·V ,V )·} = k2
∇V V − (div(V ))V =−k2 div(V )V

and (by (5.59)) div(V )= (1− n)k 6= 0. Hence (by Theorem 5.23) V :
(Rn
+,ghyp)→ (S(Rn

+),G̃) is a harmonic map if and only if

ak2
− 2bk− d = 0. (5.60)

It must be observed that Riemannian g-natural metrics G̃ for which V :
(Rn
+,ghyp)→ (S(Rn

+),G̃) is a harmonic map are (by (5.60)) precisely those
satisfying d = ak2

− 2bk (a three-parameter family of Riemannian g-natural
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metrics on S(Rn
+)). In particular V = En : (Rn

+,ghyp)→ (S(Rn
+),G̃s) is not

a harmonic map (because for G̃ = G̃s one has b= d = 0 and ak2
6= 0).

Let H3
= (R3

+,ghyp) be the hyperbolic 3-space of constant sectional cur-
vature −1. We use the notations in Example 5.26 above. E3 is a unit vector
field whose integral curves are a family of vertical geodesics, and {E1,E2}

is a frame for the orthogonal horosphere foliation. A calculation based on
(5.59) shows that Ei is harmonic of constant bending

‖∇E1‖
2
= ‖∇E2‖

2
= 1, ‖∇E3‖

2
= 2. (5.61)

The harmonicity of Ei (i ∈ {1,2,3}) was proved in [129]. Any horospherical
unit vector field of the form

X = (cos t)E1+ (sin t)E2, t ∈ R,

is also harmonic and ‖∇X‖2 = 1. C.M. Wood, [319], observed that
any such X is parallel when restricted to a horosphere (with respect to
the induced (Euclidean) geometry) although clearly not parallel in H3.
Together with ±E3 these are the only invariant harmonic unit vector fields
on H3 (cf. [129]). By a result in [319]

Theorem 5.27 Let X be a harmonic horospherical unit vector field. Then either
X is invariant or

X =−
y2√

y2
1+ y2

2

E1+
y1√

y2
1+ y2

2

E2

up to translation in H3.

Next we wish to discuss the harmonicity of the Reeb and Hopf vector
fields. Let V = ξ be the Reeb vector field underlying a contact metric
manifold (M ,(ξ , η, g)). By Theorem 5.23, Theorem 4.5, and (4.2) we
obtain

Theorem 5.28 (Cf. M.T.K. Abbassi et al., [3]) Let (M ,(ξ ,η, g)) be
a (2m+ 1)-dimensional contact metric manifold and G̃ a Riemannian g-natural
metric on S(M). Then ξ : (M ,g)→ (S(M),G̃) is a harmonic map if and only if
Qξ and ξ are collinear and

a traceg{R(∇·ξ ,ξ)·} = 2b(‖∇ξ‖2− 2m)ξ .

P. Rukimbira, [262], showed that the Reeb vector field of a K-
contact manifold (M ,g,ξ) is a harmonic map ξ : (M ,g)→ (S(M),G̃s). As
a consequence of Theorem 5.28 one obtains
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Theorem 5.29 (Cf. [251]) The Reeb vector field of a K-contact mani-
fold (M ,g,ξ) is a harmonic map ξ : (M ,g)→ (S(M),G̃) for any Riemannian
g-natural metric G̃ on S(M).

By a result of Y.L. Xin, [321] (cf. also Theorem 3.17 in this monograph),
any stable harmonic map from the sphere to a Riemannian manifold is a
constant map. Theorem 5.29 yields

Corollary 5.30 Let ξ be a Hopf vector field on the unit sphere (S2n+1,g). Then
ξ : (S2n+1,g)→ (S(S2n+1),G̃) is an unstable harmonic map for any Riemannian
g-natural metric G̃ on S(S2n+1).

Remark 5.31 The result in Theorem 3.10 is invariant under a 4-
parameter deformation of the Sasaki metric on S(S2m+1). �

We may state

Theorem 5.32 (cf. [250]) Let (M ,g) be a 3-dimensional Riemannian mani-
fold of constant sectional curvature κ 6= 0 and S(M) its unit tangent sphere bundle
equipped with a Riemannian g-natural metric G̃ with d 6= −κa and b= 0. Let
ξ ∈ X1(M). Then ξ : (M ,g)→ (S(M),G̃) is a harmonic map if and only if ξ
is a Killing vector field and κ > 0.

Proof. Let us assume that ξ is a unit Killing vector field. Then (cf. [258],
p. 169) ∇V V = 0, div(V )= 0, 1gV =QV and (as V is a unit vector field)
g(1gV ,V )= ‖∇V‖2. As M has constant sectional curvature ξ : (M ,g)→
(S(M),G̃s) is a harmonic map. Hence (by Theorem 5.23) ξ : (M ,g)→
(S(M),G̃) is a harmonic map for any G̃. Conversely, let us assume that ξ :
(M ,g)→ (S(M),G̃) is a harmonic map, where G̃ is a Riemannian g-natural
metric with d 6= −κa and b= 0. By (5.58)

(i) 1gξ = ‖ξ‖
2ξ , (ii) tracegR(∇·ξ ,ξ)· = −

d
a

[
(divξ)ξ −∇ξ ξ

]
. (5.62)

As M has constant sectional curvature k

tracegR(∇·ξ , ξ)· = k
[
div(ξ)ξ −∇ξ ξ

]
.

Next k 6= −d/a and condition (ii) in (5.62) imply

div(ξ)= 0 and ∇ξ ξ = 0. (5.63)

Let us set τ = Lξ g where Lξ is the Lie derivative. That is

τ(X ,Y)= g(∇Xξ ,Y)+ g(X ,∇Y ξ).
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τ is a symmetric tensor of type (0,2). Let h be the corresponding symmetric
(1,1) tensor

τ(X ,Y)= g(hX ,Y).

Then (by (5.63))

g(hξ ,Y)= τ(ξ ,Y)= g(∇ξ ξ ,Y)+ g(ξ ,∇Y ξ)=
1
2

Y(‖ξ‖2)= 0

hence hξ = 0. Let us consider a local orthonormal frame {e1, e2, e3 = ξ}

consisting of eigenvectors of h i.e., hξ = 0, he1 = λ1e1 and he2 = λ2e2.
Since

div(ξ)= g(∇ξ ξ ,ξ)+ g(∇e1ξ , e1)+ g(∇e2ξ , e2)=
1
2

trace(h)=
1
2
(λ1+ λ2) ,

we get (by (5.63)) λ2 =−λ1. Therefore ξ is Killing if and only if λ1 = 0.
Let us set

f1 =
1
2
λ1 , f2 = g(∇e1ξ , e2), f3 = g(∇e1e2, e1),

f4 = g(∇e2e2, e1), f5 = g(∇ξ e1, e2).

Then

∇e2e1 = f2 ξ − f4e2 , ∇e1ξ = f1e1+ f2e2, ∇ξ ξ = 0,

∇e2ξ =−f2e1− f1e2 , ∇e1e1 =−f1 ξ − f3e2 , ∇ξ e2 =−f5e1 ,

∇e2e2 = f1ξ + f4e1 , ∇e1e2 =−f2 ξ + f3e1 , ∇ξ e1 = f5e2 ,

Consequently

R(e1,ξ)ξ =−∇e1∇ξ ξ +∇ξ∇e1ξ +∇[e1,ξ ]ξ

=
{

f12
− f22
+ ξ( f1)

}
e1+

{
2 f1 f5+ ξ( f2)

}
e2 (5.64)

R(e2,ξ)ξ =−∇e2∇ξ ξ +∇ξ∇e2ξ +∇[e2,ξ ]ξ

=
{
2 f1 f5− ξ( f2)

}
e1+

{
f12
− f22
− ξ( f1)

}
e2 (5.65)

R(e1, e2)ξ =−∇e1∇e2ξ +∇e2∇e1ξ +∇[e1,e2]ξ

=
(
e1( f2)+ e2( f1)+ 2 f1 f3

)
e1+

(
e1( f1)+ e2( f2)− 2 f1 f4

)
e2.

(5.66)

R(e1, e2)e1 =−∇e1∇e2e1+∇e2∇e1e1+∇[e1,e2]e1

=−
(
e1( f2)+ e2( f1)+ 2 f1 f3

)
ξ

+
(

f12
− f22
+ e1( f4)− e2( f3)− 2 f2 f5− f32

− f42)e2. (5.67)
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Besides

R(e1,ξ , e1,ξ)= R(e2,ξ , e2,ξ)= R(e1, e2, e1, e2)= κ (5.68)

and

R(e1,ξ)e2 = R(e1, e2)ξ = R(e2,ξ)e1 = 0. (5.69)

By (5.64)–(5.69) one obtains

f 2
2 − f 2

1 − ξ( f1)= κ and 2 f1 f5+ ξ( f2)= 0, (5.70)

f 2
2 − f 2

1 + ξ( f1)= κ and 2 f1 f5− ξ( f2)= 0, (5.71)

e1( f2)+ e2( f1)+ 2 f1 f3 = 0 and e1( f1)+ e2( f2)− 2 f1 f4 = 0, (5.72)

f 2
1 − f 2

2 + e1( f4)− e2( f3)− 2 f2 f5− f 2
3 − f 2

4 = κ . (5.73)

By (5.70) and (5.71) one gets

f 2
2 − f 2

1 = κ , f1f5 = 0 and ξ( f1)= ξ( f2)= 0. (5.74)

Using (5.74) the identity (5.73) becomes

e1( f4)− e2( f3)− 2 f2 f5− f 2
3 − f 2

4 = 2k. (5.75)

Moreover

−1gξ =−‖∇ξ‖
2 ξ+

(
e1( f1)− e2( f2)−2 f1 f4

)
e1

+
(
e1( f2)− e2( f1)−2 f1 f3

)
e2,

where ‖∇ξ‖2 = 2
(

f 2
1 + f 2

2

)
. Due to (i) in (5.62) and (5.76) one gets

e1( f1)− e2( f2)= 2 f1 f4 and e1( f2)− e2( f1)= 2 f1 f3 . (5.76)

Combining (5.72) and (5.76) one has

e1( f2)= e2( f2)= 0.

Moreover, (5.74) implies ξ( f2)= 0 and f 2
1 = f 2

2 − κ . Hence f1 and f2 are
constant. If f1 6= 0 then (5.70) and (5.72) imply f3 = f4 = f5 = 0 from which
(by (5.73)) κ = 0. Yet κ 6= 0 and we may conclude that f1 = 0 so that ξ is
Killing and (by (5.71)) κ = f 2

2 > 0. �

As an immediate consequence of Theorem 5.32, Theorem 3.10 (Han-
Yim’s theorem) is invariant under a three-parameter deformation of the
Sasaki metric on S(M).
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If Hn(−κ) (κ > 0) is the hyperbolic space the problem whether unit
vector fields (of course non-Killing) which are harmonic maps Hn(−κ)→

(S(Hn(−κ)),G̃s) exist. Theorem 5.32 yields the following non-existence
result in dimension three.

Corollary 5.33 Let H3(−κ) be the hyperbolic 3-space. There is no unit vector
field X on H3(−κ) such that

X : H3(−κ)→ (S(H3(−κ)),G̃s)

is a harmonic map. The result is invariant under a 3-parameter deformation of the
Sasaki metric on S(H3(−κ)).

Remark 5.34 The flat three-space and the sphere S3 equipped with a met-
ric of nonconstant sectional curvature do possess unit vector fields which
are not Killing yet are harmonic maps (cf. [250]). �

Theorem 5.35 (Cf. [250]) Let (M ,g) be a real space form of constant sectional
curvature κ > 0, dim(M)= 2m+ 1, such that M is not homeomorphic to the
sphere S2m+1 and let (S(M),G̃) be its unit tangent sphere bundle equipped with
a Riemannian g-natural metric G̃ with b 6= 0 and d 6= −ka. Let ξ ∈ X1(M).
Then
i. ξ : (M ,g)→ (S(M),G̃) is a harmonic map if and only if ξ is Killing.
ii. If ξ is a solenoidal (i.e., divergence free) unit vector field then ξ : (M ,g)→
(S(M),G̃) is a harmonic map if and only if ξ has minimum energy EG̃ :
X1(M)→ R.

5.4. GEODESIC FLOW WITH RESPECT TO g-NATURAL
METRICS

Let (M ,g) be a Riemannian manifold. As usual, let Sρ(M) be the tan-
gent sphere bundle of radius ρ and S(M)= S1(M). In the previous sections
we studied harmonic (unit) vector fields with respect to an arbitrary Rie-
mannian g-natural metric G̃ on S(M). Similar results hold for vector fields
of constant length ρ (i.e., Theorem 5.15 and Theorem 5.23 hold for vector
fields of constant length ρ). If this is the case equation (5.58) becomes

bQV + a traceg{R(∇·V ,V )·} =
1
ρ2

{
b‖∇V‖2− dρ2div(V )

}
V + d∇V V .

(5.77)
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Next we look at the geodesic flow vector field ξ̃ . Let (M ,g) be a two-point
homogeneous space (i.e., M is either flat or rank-one symmetric). When
both S(M) and S(S(M)) are endowed with the Sasaki metrics E. Boeckx &
L. Vanhecke, [54], showed that ξ̃ : (S(M),Gs)→ (S(SM)),(Gs)s) is a har-
monic vector field and a harmonic map (cf Section 4.3 in this monograph).
Let us replace now the Sasaki metric on S(M)with an arbitrary Riemannian
g-natural metric G̃. Then ξ̃ has constant length ρ (not necessarily 1). Let us
look at map ξ̃ : S(M)→ Sρ(S(M)). We then equip Sρ(S(M)) with a Rie-

mannian g-natural metric ˜̃G derived from G̃ and look at the harmonicity

of the map ξ̃ : (S(M),G̃)→ (Sρ(S(M)),
˜̃G). Two natural questions arise:

i) When is ξ̃ : (S(M),G̃)→ (Sρ(S(M)),
˜̃G) a harmonic vector field? and

ii) When is ξ̃ : (S(M),G̃)→ (Sρ(S(M)),
˜̃G) a harmonic map?

Definition 5.36 A vector field of constant length V ∈ Xr(M) is said to
be harmonic if it is a critical point for the energy functional E : Xr(M)→
[0,+∞) (variations are through vector fields of constant length

√
r). �

If G̃ is an arbitrary Riemannian g-natural metric on S1(M) then (by
(5.23)) ‖ξ̃‖2

G̃
= a+ c+ d. Note that a+ c+ d > 0 as a> 0 and φ = a(a+

c+ d)− b2 > 0. Hence ξ̃ has constant length ρ =
√

a+ c+ d (not neces-
sarily equal to 1) so that it is a map ξ̃ : S(M)→ Sρ(S(M)). Let us look
at the harmonicity of ξ̃ , both as a map S(M)→ Sρ(S(M)) and as a vec-
tor field (i.e., a critical point of E : Xr(S1(M))→ [0,+∞) where r = ρ2).
Let us endow Sρ(S(M)) with an arbitrary Riemannian g-natural metric
˜̃G derived from G̃. Then (by (5.23)) ˜̃G depends on four constants ā, b̄, c̄, d̄
satisfying

ā> 0, ā(ā+ c̄)− b̄2 > 0, ā(ā+ c̄+ ρ2d̄)− b̄2 > 0.

By Theorem 5.15

Theorem 5.37 (Cf. [4]) Let (M ,g) be a two-point homogeneous space. Let G̃

be a Riemannian g-natural metric on S(M) and ˜̃G a G̃-natural Riemannian metric
on Sρ(S(M)). Then the geodesic flow vector field ξ̃ on S(M) is a harmonic vector

field with respect to G̃ and ˜̃G i.e., 1G̃ξ̃ and ξ̃ are collinear.

Theorem 5.37 is the source of a large number of examples of harmonic

geodesic flows (as both G̃ and ˜̃G depend on four parameters).
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By Theorem 5.23 the geodesic flow ξ̃ is a harmonic map if and only if
(5.77) holds i.e.,

b̄ Q̃ξ̃ + ā traceG̃{R̃(∇̃·ξ̃ , ξ̃ )·} =
1
ρ2 {b̄‖∇̃ ξ̃‖

2
G̃
− d̄ρ2divG̃ξ̃}ξ̃ + d̄∇̃ξ̃ ξ̃ ,

(5.78)

where Q̃ is the Ricci operator of (S(M),G̃). As divG̃

(
ξ̃
)
= 0 and ∇̃ξ̃ ξ̃ = 0

(cf. [4]) the identity (5.78) becomes

āρ2 traceG̃{R̃(∇̃·ξ̃ , ξ̃ )·} = −b̄
{
ρ2Q̃ξ̃ +‖∇̃ ξ̃‖2

G̃
ξ̃
}

. (5.79)

As (M ,g) is two-point homogeneous it is (as well known) globally Osser-
mann so that the eigenfunctions λi of the Jacobi operator Ru = R(u, ·)u are
constant (cf. [88]). Let us compute traceG̃{R̃(∇̃·ξ̃ , ξ̃ )·}, Q̃ξ̃ and ‖∇̃ ξ̃‖2

G̃
.

Then (5.79) becomes

nαab̄
n−1∑
i=1

λ2
i =

[
āb3d+ 2b̄α(α− b2)

]
S− n(n− 1)b̄α(a+ c)2, (5.80)

where S is the scalar curvature of (M ,g). Then

Theorem 5.38 (Cf. [4]) Let (M ,g) be a two-point homogeneous n-space, G̃

a Riemannian g-natural metric on S(M), and ˜̃G a G̃-natural Riemannian metric
on Sρ(S(M)). Then the geodesic flow vector field ξ̃ on S(M) is a harmonic map of

(S(M),G̃) into (Sρ(S(M)),
˜̃G) if and only if (5.80) is satisfied.

Theorem 5.38 may be used to build several examples of harmonic
maps (defined by geodesic vector fields). If (M ,g) is a two-point homo-
geneous space and G̃ is a g-natural Riemannian metric on S(M) then
there is a 3-parameter family F of G̃-natural Riemannian metrics on

Sρ(S(M)). F consists of all G̃-natural Riemannian metrics ˜̃G depending
on the parameters ā, c̄, d̄ ∈ R, with b̄ uniquely determined by (5.80).

Corollary 5.39 If (M ,g) is a space of constant sectional curvature k> 0 then
there is a 2-parameter family of g-natural Riemannian metrics G̃ on S(M) such

that the geodesic flow is a harmonic map ξ̃ : (S(M),G̃)→ (Sρ(S(M)),
˜̃G) for

any G̃-natural Riemannian metric ˜̃G.

Proof. It suffices to consider the Riemannian g-natural metrics G̃ deter-
mined by a> 0, b= 0, c = a(k− 1) and d >−ak and to apply Theo-
rem 5.38.
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The following result is an immediate corollary of Theorem 5.38

Corollary 5.40 Let (M ,g) be a flat Riemannian manifold, G̃ a Riemannian

g-natural metric on S(M) and ˜̃G a G̃-natural Riemannian metric on Sρ(S(M)).

The geodesic flow is a harmonic map ξ̃ : (S(M),G̃)→ (Sρ(S(M)),
˜̃G) if and

only if horizontal and tangential distributions are ˜̃G-orthogonal, that is b̄= 0.

The harmonicity of ξ̃ : (S(M),G̃)→ (Sρ(S(M)),
˜̃G) is also related to

the Killing property with respect to G̃. Theorem 5.38 and its corollaries

show that an appropriate choice of the g-natural metrics G̃ and ˜̃G leads to
examples of geodesic flow vector fields which are harmonic maps of S(M)
into Sρ(S(M)) (where M is a two-point homogeneous space). However
the requirement that the geodesic flow vector field be a harmonic map
with respect to any Riemannian g-natural metric on the target manifold
turns out to be rather restrictive. Indeed (by Theorem 6 in [3]) this only
happens when the vector field itself is Killing.

Theorem 5.41 (Cf. [4]) Let (M ,g) be a two-point homogeneous space
and G̃ a g-natural Riemannian metric on S(M). The following statements are
equivalent

i. ξ̃ : (S(M),G̃)→ (Sρ(S(M)),
˜̃G) is a harmonic map for any G̃-natural

Riemannian metric on Sρ(S(M)).
ii. The geodesic flow ξ̃ on S(M) is a Killing vector field.
iii. (M ,g) has constant sectional curvature k= a+c

a > 0 and horizontal and
tangential distributions are G̃-orthogonal.
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Let (E,π ,M) be a (locally trivial) real vector bundle of rank k where
dim(M)= n and dim(E)= n+ k and π : E→M is the projection. Let
{σ1, . . . ,σk} be a local frame in E→M , defined on the open set U ⊆M .
Without loss of generality we may assume that U is also a local coor-
dinate neighborhood in M with coordinates χ = (x̃1, . . . , x̃n) : U→ Rn.
Let xi : π−1(U)→ R be defined by xi

= x̃i
◦π for any 1≤ i ≤ n. Let

vα : π−1(U)→ R be given by

u= vα(u)σα(π(u)), u ∈ π−1(U), 1≤ α ≤ k.

Then (π−1(U),xi,vα) is a local coordinate system on E. For the elementary
considerations below one may also see W.A. Poor, [258].

Definition 6.1
i) A smooth curve γ : (−ε,ε)→ E is called vertical if γ (t) ∈ Ex for some

x ∈M and any |t|< ε. Let z ∈ E.
ii) A tangent vector X ∈ Tz(E) is said to be vertical if X is tangent to some

vertical curve in E i.e., there is a vertical curve γ : (−ε,ε)→ E such
that γ (0)= z and γ̇ (0)= X . A tangent vector field X ∈ X(E) is said
to be vertical if the tangent vector Xz ∈ Tz(E) is vertical for any z ∈ E.

Harmonic Vector Fields. DOI: 10.1016/B978-0-12-415826-9.00006-7
c© 2012 Elsevier Inc. All rights reserved. 307
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iii) Let x ∈M and z ∈ π−1(x)= Ex. The vertical lift of u ∈ Ex in z is the
tangent vector uV

z = γ̇ (0) ∈ Tz(E)where γ = γz,u : (−ε,ε)→ E is the
vertical curve given by γ (t)= z+ tu for any |t|< ε.

iv) Given a cross-section σ ∈ 0∞(E), its vertical lift is the tangent vector
field σV

∈ X(E) given by

σV (z)= (σ (π(z)))Vz ∈ Tz(E), z ∈ E,

where (σ (π(z)))Vz is the vertical lift of σ(π(z)) in z. �

Let σ ∈ 0∞(E). We wish to express its vertical lift σV
∈ X(E) in local

coordinates. Let (U , x̃i) be a local coordinate system on M and {σ1, . . . ,σk}

a local frame in E defined on U . Let z ∈ π−1(U)⊆ E and x= π(z) ∈ U
so that

σ(x)= vα(σ (x))σα(x).

Let γ = γz,σ(x) : (−ε,ε)→ Ex ⊂ π
−1(U) be the vertical curve given by

γ (t)= z+ tσ(x) for any |t|< ε. Let

γ i(t)= xi(γ (t)), γ α+n(t)= vα(γ (t)), |t|< ε,

be the local components of γ with respect to the local coordinate system
(π−1(U),xi,vα). By the very definition of γ

γ i(t)= x̃i(x)= const., γ α+n(t)= t vα(σ (x)), |t|< ε,

hence

γ̇ (0)=
dγ i

dt
(0)

∂

∂xi

∣∣∣∣
γ (0)
+

dγ α+n

dt
(0)

∂

∂vα

∣∣∣∣
γ (0)
= vα(σ (x))

∂

∂vα

∣∣∣∣
z

(6.1)

so that

σV (z)= (σ (x))Vz = γ̇ (0)= vα(σ (x))
∂

∂vα

∣∣∣∣
z

or

σV
=
(
vα ◦ σ ◦π

) ∂

∂vα
(6.2)

everywhere in π−1(U). As vα ◦ σβ = δαβ the identity (6.2) shows that

σV
α =

∂

∂vα
, 1≤ α ≤ k. (6.3)
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The vertical space at z ∈ E is the subspace V(E)z ⊂ Tz(E) consisting of all
vertical vectors in Tz(E). We set

V(E)=
⋃
z∈E

V(E)z

(disjoint union) and observe that V(E) is (the total space of ) a vector bundle
over E in a natural manner (the vertical subbundle of the tangent bundle
T(E)→ E). It should be observed that

V(E)z = Ker(dzπ), z ∈ E.

Indeed let z ∈ E and x= π(z) ∈M and (U , x̃i) be a local coordinate system
on M such that x ∈ U , together with a local frame {σα : 1≤ α ≤ k} in E
defined on U . Let us set π i

= x̃i
◦π , 1≤ i ≤ n. Then π i

= xi hence

(dzπ)
∂

∂xi

∣∣∣∣
z
=
∂π j

∂xi (z)
∂

∂ x̃j

∣∣∣∣
π(z)
=

∂

∂ x̃i

∣∣∣∣
x
,

(dzπ)
∂

∂vα

∣∣∣∣
z
=
∂π j

∂vα
(z)

∂

∂ x̃j

∣∣∣∣
π(z)
= 0,

so that

Ker(dzπ)=

k∑
α=1

R
∂

∂vα

∣∣∣∣∣
z

.

On the other hand (by (6.1)) any vertical vector tangent to E at z
is in the span of {(∂/∂vα)z : 1≤ α ≤ k} hence V(E)z ⊆ Ker(dzπ). Vice
versa (∂/∂vα)z is a vertical vector (because (∂/∂vα)z = γ̇ (0) where γ (t)=
z+ tσα(x), |t|< ε, which is precisely the contents of the identities (6.3)
evaluated at z) hence Ker(dzπ)⊆ V(E)z.

6.1. THE HORIZONTAL BUNDLE

Let D : 0∞(E)→ 0∞(T∗(M)⊗E) be a connection in the vector
bundle π : E→M . Let (π−1(U),xi,vα) be a local coordinate system on E
as above (naturally induced by a local coordinate system (U , x̃i) on M and
a local frame {σα : 1≤ α ≤ k} in E on U). We set for simplicity

∂i =
∂

∂ x̃i , 1≤ i ≤ n.
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Let 0βiα ∈ C∞(U) be defined by

D∂iσα = 0
β
iα σβ .

Let X ∈ X(M) and σ ∈ 0∞(E) be respectively a tangent vector field on M
and a cross-section in E locally represented by

X = X i∂i, σ = f ασα,

for some X i, f α ∈ C∞(U), so that

DXσ = X i
(
∂if β + f α0βiα

)
σβ .

Let γ : (−ε,ε)→M be a smooth curve in M and σ ∈ 0∞(E) a smooth
section in E. With respect to a local frame {σα : 1≤ α ≤ k} in E on U
one has σ = f ασα for some f α ∈ C∞(U). As γ is continuous there is
0< δ ≤ ε such that γ (t) ∈ U for any |t|< δ. One may assume as cus-
tomary, by eventually shrinking U , that U is the domain of a local chart
χ = (x̃1, . . . , x̃n) : U→ Rn on M and set γ i

= x̃i
◦ γ . Then(

Ddγ /dtσ
)
γ (t) =

(
dVβ

dt
(t)+Vα(t)

dγ i

dt
(t)0βiα(γ (t))

)
σβ(γ (t)) (6.4)

where Vα(t)= f α(γ (t)) for any |t|< δ. The right hand side of (6.4) actu-
ally defines

(
Ddγ /dtσ

)
γ (t) for any smooth section σ(t) defined along the

curve γ .

Definition 6.2 Let D : 0∞(E)→ 0∞(T∗(M)⊗E) be a connection
in E. i) A smooth cross-section σ(t) defined along the smooth curve
γ : (−ε,ε)→M in E is a map σ : t 7→ σ(t), locally σ(t)=

∑
α f α(t)σα(t)

with f α(t) smooth functions. Such smooth section is said to be parallel
(with respect to D) along γ if

(
Ddγ /dtσ

)
γ (t) = 0 for any |t|< ε. ii) Let

C : (−ε,ε)→ E, C(t)= (γ (t),σ(t)), be a smooth curve in E that is
locally γ (t)= (x1(C(t)), . . . ,xn(C(t))) and σ(t)= (v1(C(t)), . . . ,vk(C(t))).
We say C is a horizontal curve if σ(t) is parallel along γ . iii) A tangent vector
v ∈ Tz(E) is said to be horizontal (with respect to D) if there is a horizontal
curve C : (−ε,ε)→ E such that C(0)= z and (dC/dt)t=0 = v. iv) A tan-
gent vector field X ∈ X(E) is said to be horizontal (with respect to D) if Xz

is a horizontal tangent vector for any z ∈ E. �

Let z ∈ E and x= π(z) ∈M . Let γ : (−ε,ε)→M be a smooth curve
such that γ (0)= x. There is a unique horizontal curve γ ↑ : (−ε,ε)→ E
such that a) γ ↑(0)= z and b) π ◦ γ ↑ = γ (cf. e.g., [258]).
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Definition 6.3 The curve γ ↑ is referred to as the horizontal lift of γ issuing
at z. �

Let z ∈ E and x= π(z) ∈M . Also let v ∈ Tx(M) and let us consider a
smooth curve γ : (−ε,ε)→M with the initial data (x,v) i.e.,

γ (0)= x,
dγ
dt
(0)= v.

Let γ ↑ : (−ε,ε)→ E be the unique horizontal lift of γ issuing at z.

Definition 6.4 The horizontal tangent vector

dγ ↑

dt
(0) ∈ Tz(E)

is called the horizontal lift of v in z and is denoted by vH
z . �

Let us derive the local expression of vH
z . Let (U , x̃i) be a local coordinate

system on M such that x= π(z) ∈ U and {σα : 1≤ α ≤ k} a local frame in
E on U . Let γ : (−ε,ε)→ U be a smooth curve such that γ (0)= x and
γ̇ (0)= v. Let γ ↑ : (−ε,ε)→ π−1(U) be the unique horizontal lift of γ
such that γ ↑(0)= z. As γ ↑ : (−ε,ε)→ E is a horizontal curve, there is
σ(t) such that γ ↑ = σ ◦ γ and Ddγ /dtσ = 0 along γ hence (by (6.4))

dVα

dt
(t)=−Vβ(t)

dai

dt
(t)0αiβ(γ (t)), 1≤ α ≤ k, (6.5)

where Vα(t)= f α(γ (t)) for any |t|< ε and σ = f ασα on U . Let us set
γ i(t)= x̃i(γ (t)). Then

dγ ↑

dt
(t)=

dγ i

dt
(t)

∂

∂xi

∣∣∣∣
γ ↑(t)
+

dVα

dt
(t)

∂

∂vα

∣∣∣∣
γ ↑(t)

=
dγ i

dt
(t)

{
∂

∂xi

∣∣∣∣
γ ↑(t)
−Vβ(t)0αiβ(γ (t))

∂

∂vα

∣∣∣∣
γ ↑(t)

}
.

If v= λi(∂/∂ x̃i)x for some λi
∈ R then

dγ i

dt
(0)= λi, 1≤ i ≤ n.

Also z= γ ↑(0)= σ(γ (0))= σ(x) so that

Vα(0)= f α(γ (0))= f α(x)= vα(σ (x))= vα(z).
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We may conclude that

vH
z =

dγ ↑

dt
(0)=

dγ i

dt
(0)

{
∂

∂xi

∣∣∣∣
γ ↑(0)
−Vβ(0)0αiβ(γ (0))

∂

∂vα

∣∣∣∣
γ ↑(0)

}

= λi
{
∂

∂xi

∣∣∣∣
z
− vβ(z)0αiβ(x)

∂

∂vα

∣∣∣∣
z

}
.

In particular, the definition of vH
z doesn’t depend upon the choice of

smooth curve γ : (−ε,ε)→M of initial data (x,v). Let us set

δi ≡
δ

δxi =
∂

∂xi − vβ
(
0αiβ ◦π

) ∂

∂vα
∈ X(π−1(U)), 1≤ i ≤ n. (6.6)

Summing up we have shown that given v= λi(∂/∂ x̃i)x ∈ Tx(M) then its
horizontal lift in z ∈ Ex is given by vH

z = λ
i δi(z).

Definition 6.5 If X ∈ X(M) is a tangent vector field on M then its hor-
izontal lift (with respect to D) is the tangent vector field XH

∈ X(E)
given by

XH(z)=
(
Xπ(z)

)H
z , z ∈ E,

where (Xz)
H
z is the horizontal lift of the tangent vector v= Xπ(z) ∈

Tπ(z)(M). �

The horizontal lift of a tangent vector field X on M is locally given by
XH
= (X i

◦π)δi where X = X i ∂/∂ x̃i for some X i
∈ C∞(U).

Let RD be the curvature tensor field of D

RD(X ,Y)σ =−DXDYσ +DY DXσ +D[X ,Y ]σ ,

for any X ,Y ∈ X(M) and any σ ∈ 0∞(E). It may be easily checked that

Proposition 6.6 Let D : 0∞(E)→ 0∞(T∗(M)⊗E) be a connection in the
real vector bundle E→M of rank k. Then

[sV , rV ]= 0, [XH , sV ]= (DX s)V , (6.7)

[XH , YH ]= [X ,Y ]H +ω(X ,Y) (6.8)

for any X ,Y ∈ X(M) and any s, r ∈ 0∞(E). Here ω(X ,Y) is the globally
defined smooth section in V(E) locally given by

ω(X ,Y)|π−1(U) = vα
(
RD(X ,Y)σα

)V
for any local frame {σα : 1≤ α ≤ k} on U ⊆M.
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We check (6.8) and leave the proof of (6.7) as an exercise to the reader.
First for any z ∈ π−1(U)

[
δi, δj

]
z = vβ(z)

(
∂0αiβ

∂ x̃j −
∂0αjβ

∂ x̃i +0
λ
iβ0

α
jλ−0

λ
jβ0

α
iλ

)
π(z)

∂

∂vα

∣∣∣∣
z

hence [
δi, δj

]
= vα

(
RD
(
∂

∂ x̃i ,
∂

∂ x̃j

)
σα

)V

.

Finally if X = X i∂/∂ x̃i and Y = Y j∂/∂ x̃j then[
XH , YH]

= ([X ,Y ]i ◦π)δi+ (X i
◦π)(Y j

◦π)
[
δi, δj

]
= [X ,Y ]H + vα

(
RD(X ,Y)σα

)V
.

Remark 6.7 As a consequence of (6.7) and the classical Frobenius theorem
the vertical distribution V(E) is completely integrable. �

Let z ∈ E and (U , x̃i) be a local coordinate system on M such that x=
π(z) ∈ U . Let {σα : 1≤ α ≤ k} be a local frame in E on U . Let H(E)z
be the linear subspace of Tz(E) spanned by {δi(z) : 1≤ i ≤ n}. It may be
easily checked that the definition ofH(E)z doesn’t depend upon the choice
of local coordinates and local frame at x= π(z). Note that H(E)z is real
n-dimensional. We set

H(E)=
⋃
z∈E

H(E)z

(disjoint union). An inspection of (6.6) reveals that H(E) is a smooth dis-
tribution on E.

Definition 6.8 The linear space H(E)z is called the horizontal space at
z (associated to the connection D). Also H(E)→ E is the horizontal
distribution (associated to D). �

Proposition 6.9 Let D be a connection in E. The horizontal distribution H(E)
associated to D is complementary to the vertical distribution i.e.,

Tz(E)=H(E)z⊕V(E)z, z ∈ E. (6.9)

The horizontal distribution H(E) is involutive if and only if D is flat (i.e.,
RD
= 0).
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Proof. Let X be a tangent vector field on E and z0 ∈ E an arbitrary
point. Let us choose as customary a local coordinate system (U , x̃i)

and a local frame {σα : 1≤ α ≤ k} on U such that x0 = π(z0) ∈ U . Let
(π−1(U),xi,vα) be the induced local coordinates on E. Then

X = ai ∂

∂xi + bα
∂

∂vα

on π−1(U), for some ai,bα ∈ C∞(π−1(U)). Let us set

∂i =
∂

∂xi , ∂̇α =
∂

∂vα
,

for the sake of simplicity. Then ∂i = δi+ vβ0αiβ ∂̇α so that

X = ai δi+
(
bα + vβ0αiβai

)
∂̇α

on π−1(U) and in particular in z0 so that (6.9) holds at z0. The last
statement in Proposition 6.9 follows easily from the identity (6.8) in
Proposition 6.6. �

Definition 6.10 Let D : 0∞(E)→ 0∞(T∗(M)⊗E) be a connection in
the real vector bundle E→M of rank k. For each z ∈ E we consider the
linear map Kz : Tz(E)→ Eπ(z) defined by

Kz(X)= 0, X ∈H(E)z,

Kz
(
∂̇α
∣∣
z

)
= σα(π(z)), 1≤ α ≤ k,

for any local frame {σα : 1≤ α ≤ k} defined on an open neighborhood
U ⊆M of x= π(z). The resulting vector-valued 1-form K ∈ 0∞(T∗(E)
⊗π−1E) is called the Dombrowski map. �

It may be easily checked that the definition of Kz doesn’t depend upon
the choice of local frame {σα : 1≤ α ≤ k} at x= π(z). The following
sequence of vector bundles and vector bundle morphisms

0→ π−1E
γ

−→ T(E)
L
−→ π−1T(M)→ 0 (6.10)

is exact. The pullback bundles appearing in (6.10) are described by the
commutative diagram

π−1E → E ← π−1T(M)
↓ ↓ ↓

E → M ← T(M)
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Also the vector bundle morphism γ : π−1E→ T(E) is locally given by

γz (σα(π(z)))=
∂

∂vα

∣∣∣∣
z
, z ∈ π−1(U), 1≤ α ≤ k,

for any local frame {σα : 1≤ α ≤ k} of E on U . Finally the vector bundle
morphism L : T(E)→ π−1T(M) is given by

LzX = (dzπ)X , X ∈ Tz(E), z ∈ E.

Similarly, in the presence of a connection D in E, the sequence of vector
bundles and vector bundle morphisms

0→H(E) ↪→ T(E)
K
−→ π−1E→ 0 (6.11)

is exact. We close this section by exhibiting a geometric interpretation of
the Dombrowski map. Let C : (−ε,ε)→ E be a smooth curve in E and let
us set γ (t)= π(C(t)) ∈M for any |t|< ε. Let us set as customary γ i(t)=
x̃i(γ (t)) with respect to a local coordinate system (U , x̃i) on M . Also

Ci(t)= xi(C(t)), Cα+n(t)= vα(C(t)), |t|< ε,

with respect to the local coordinate system (π−1(U),xi,vα) (associated
to (U , x̃i) and to the local frame {σα : 1≤ α ≤ k} of E on U). By the
very definition of the local coordinates xi : π−1(U)→ R one has Ci(t)=
x̃i(π(C(t)))= x̃i(γ (t))= γ i(t). Also we set for simplicity Vα(t)= Cα+n(t)
for any 1≤ α ≤ k. Then

dC
dt
(t)=

dγ i

dt
(t)

∂

∂xi

∣∣∣∣
C(t)
+

dVα

dt
(t)

∂

∂vα

∣∣∣∣
C(t)

=
dγ i

dt
(t)δi

∣∣∣∣
C(t)
+

(
dVα

dt
(t)+Vβ(t)0αiβ(γ (t))

dγ i

dt
(t)
)

∂

∂vα

∣∣∣∣
C(t)

.

Let σ(t) be a smooth section in E defined along γ . If σ(t)= Vα(t)σα(t)
for any |t|< ε then

dC
dt
(t)=

dγ i

dt
(t)δi

∣∣∣∣
C(t)
+
(
Ddγ /dtσ

)α ∂

∂vα

∣∣∣∣
C(t)

and applying KC(t) to both sides gives

KC(t)
dC
dt
(t)=

(
Ddγ /dtσ

)
γ (t) , |t|< ε, (6.12)
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which is the geometric interpretation we were looking for. Moreover,
let σ ∈ 0∞(E) be an arbitrary smooth section and let us consider the
differential of the map σ : M→ E at a point x ∈M

dxσ : Tx(M)→ Tσ(x)(E).

Let v ∈ Tx(M) represented as v= λi (∂/∂ x̃i)x for some λi
∈ R, with respect

to a local coordinate system (U , x̃i) at x. We set

σ i
= xi
◦ σ , σα+n

= vα ◦ σ ,

i.e., consider the local components of σ with respect to the local coordinate
system (π−1(U),xi,vα). Then

(dxσ)v= λi(dxσ)
∂

∂ x̃i

∣∣∣∣
x
= λi

(
∂σ j

∂ x̃i (x)
∂

∂xj

∣∣∣∣
σ(x)
+
∂σα+n

∂ x̃i (x)
∂

∂vα

∣∣∣∣
σ(x)

)

= λi

{
∂σ j

∂ x̃i (x)
δ

δxj

∣∣∣∣
σ(x)

+

(
∂σα+n

∂ x̃i (x)+ σ β+n(x)0αjβ(x)
∂σ j

∂ x̃i (x)
)

∂

∂vα

∣∣∣∣
σ(x)

}
.

On the other hand,σ i
= xi
◦ σ = x̃i

◦π ◦ σ = x̃i
◦ 1M = x̃i hence ∂σ i/∂ x̃j

=

δi
j . Consequently

(dxσ)v= λi

{
δ

δxi

∣∣∣∣
σ(x)
+

(
∂σα+n

∂ x̃i (x)+ σ β+n(x)0αiβ(x)
)

∂

∂vα

∣∣∣∣
σ(x)

}

= λi

{
δ

δxi

∣∣∣∣
σ(x)
+
(
D∂/∂ x̃iσ

)α
(x)

∂

∂vα

∣∣∣∣
σ(x)

}
.

Let X be a tangent vector field on M extending v i.e., Xx = v. Then

(dxσ)Xx = XH
σ(x)+ (DXσ)

V
σ(x) . (6.13)

6.2. THE SASAKI METRIC

Let π : E→M be a real vector bundle of rank k endowed with a
Riemannian bundle metric h. Let D be a connection in E such that Dh= 0
i.e.,

X(h(s, r))= h(DX s, r)+ h(s,DX r),
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for any X ∈ X(M) and any s, r ∈ 0∞(E). Such D is commonly referred to
as a metric connection in (E,h). Metric connections are not unique (cf. e.g.,
[258], p. 120). As a consequence of Dh= 0 one has RD

∈�2(Ad(E)) i.e.,

h(RD(X ,Y)s, r)=−h(s,RD(X ,Y)r).

Let C(E,h) be the affine subspace of all metric connections in (E,h). Let
g be a Riemannian metric on the base manifold M and ∇ its Levi-Civita
connection. Given the data (h,D,g) with D ∈ C(E,h) one may build a Rie-
mannian metric Gs on E in a natural way (i.e., Gs is the ordinary Sasaki
metric when E = T(M) and h= g, D=∇). Indeed we may set

Gs(A,B)z = gπ(z)((dzπ)Az,(dzπ)Bz)+ hπ(z)(KzAz,KzBz), (6.14)

for any A,B ∈ X(E) and any z ∈ E. Here K : T(E)→ π−1E is the
Dombrowski map associated to D. It may be easily checked that

Proposition 6.11 For any D ∈ C(E,h) and any Riemannian metric g on M
the (0,2)-tensor field Gs given by (6.14) is a Riemannian metric on E.

Definition 6.12 The Riemannian metric Gs on E associated to the data
(h,D,g) with D ∈ C(E,h) is called the Sasaki metric on E. �

Let z ∈ E and A,B ∈ Tz(E). Let then Ci : (−ε,ε)→ E be two smooth
curves (i ∈ {1,2}) such that Ci(0)= z and Ċ1(0)= A, Ċ2(0)= B. We set
γi(t)= π(Ci(t)) for any |t|< ε. Let σi be the smooth section in E defined
along γi such that σi(γi(t))= Ci(t) for any |t|< ε. Then

(dCi(t)π)
dCi

dt
(t)=

dγi

dt
(t), KCi(t)

dCi

dt
(t)=

(
Ddγi/dtσi

)
γi(t)

, |t|< ε,

hence

Gsz(A,B)= gx(γ̇1(0), γ̇2(0))+ hx
((

Ddγ1/dtσ1
)
x ,
(
Ddγ2/dtσ2

)
x

)
where x= π(z) ∈M . It may be easily checked that

Proposition 6.13 Let D ∈ C(E,h) be a metric connection in a Riemannian
vector bundle over a Riemannian manifold (M ,g). Let Gs be the Sasaki metric
associated to the data (h,D,g). Then

Gs(XH ,YH)= g(X ,Y) ◦π , Gs(XH , sV )= 0, Gs(sV , rV )= h(s, r) ◦π ,

for any X ,Y ∈ X(M) and any s, r ∈�0(E). In particular the distributions H(E)
and V(E) are mutually orthogonal with respect to the Sasaki metric.
Remark 6.14 If {Ei : 1≤ i ≤ n} and {σα : 1≤ α ≤ k} are local orthonor-
mal frames of (T(M),g) and (E,h) respectively, say both defined on
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the open subset U ⊆M , then {EH
i , σV

α : 1≤ i ≤ n, 1≤ α ≤ k} is a
local orthonormal frame of (T(E),Gs) defined on the open subset
π−1(U)⊆ E. �

The Levi-Civita connection of (E,Gs) may be computed (cf. J.J. Kon-
derak, [194], and D.E. Blair, [42], p. 149) with the result that formulae
similar to those in Proposition 1.14 (where E = T(M) and h= g, D=∇)
hold good. To state the result, we need to introduce a few differential
geometric objects in the pullback bundle π−1E→ E.

Definition 6.15 The Liouville vector is the smooth cross-section L ∈
�0(π−1E) defined by

L(z)= z ∈ Eπ(z) =
(
π−1E

)
z , z ∈ E.

The natural lift of a section σ ∈�0(E) is the section σ̂ ∈�0(π−1E) defined
by σ̂ = σ ◦π . �

Locally if {σα : 1≤ α ≤ k} is a local frame in E on U then

L(z)= z= vα(z)σα(z), z ∈ π−1(U),

hence L= vα σα on π−1(U). The Riemannian bundle metric h in E→M
induces a Riemannian bundle metric ĥ in π−1E→ E determined by

ĥ(ŝ, r̂)= h(s, r) ◦π , s, r ∈�0(E). (6.15)

Clearly not all sections in π−1E→ E are natural lifts of sections in E→M
(the map σ ∈�0(M) 7→ σ̂ ∈�0(π−1E) is injective yet not surjective).
However, given a local frame {σα : 1≤ α ≤ k} in E on U it follows that
{σ̂α : 1≤ α ≤ k} is a local frame of π−1E on π−1(U) hence the formula
(6.15) does determine ĥ uniquely.

Similarly a connection D in E induces a connection D̂ in π−1E
determined by

D̂XH r̂ = D̂X r, D̂sV r̂ = 0, (6.16)

for any X ∈ X(M) and any r, s ∈�0(E). The formulae (6.16) determine
a unique connection D̂ in π−1E due to the observation above (a mild
reformulation of which is that {σ̂α : 1≤ α ≤ k} generates the module
0∞(π−1(U),π−1E) over the ring C∞(π−1(U))) together with the fact
that T(E)=H(E)⊕V(E). Also if D ∈ C(E,h) then D̂ ∈ C(π−1E, ĥ) i.e.,
D̂ is a metric connection in (π−1E, ĥ).
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Note that γ : π−1E→ V(E)⊂ T(E) is a bundle isomorphism (referred
to as the vertical lift, as well as in the case E = T(M)). Moreover γ
(previously defined by using a suitable local frame) is also determined by

γ ŝ= sV , s ∈�0(E).

Next let β : π−1T(M)→H(E) be the bundle isomorphism (referred to as
the horizontal lift, as well as in the case E = T(M)) determined by

βX̂ = XH , X ∈ X(M).

Here X̂ = `(X) is the smooth section in π−1T(M)→ E given by

X̂(z)= Xπ(z), z ∈ E.

When E = T(M) this coincides with the natural lift of X as introduced
in Definition 1.2 in Chapter 1. As a counterpart of (6.11), the following
sequence of vector bundles and vector bundle morphisms

0→ π−1T(M)
β

−→ T(E)
K
−→ π−1E→ 0 (6.17)

is exact.

Proposition 6.16 The Levi-Civita connection ∇Gs of (E,Gs) is given by

∇
Gs
sV rV = 0, (6.18)

∇
Gs
XH YH

= (∇XY)H +
1
2
γRD̂(XH ,YH)L, (6.19)

∇
Gs
XH rV = (DX r)V −

1
2

(
ĥ(RD̂(XH , β ` ·)L, r̂)]

)H
, (6.20)

∇
Gs
sV YH

=
1
2

(
ĥ(ŝ, RD̂(β ` ·, YH)L)]

)H
, (6.21)

for any X ,Y ∈ X(M) and any s, r ∈�0(E), where RD̂ is the curvature tensor
field of the induced connection D̂ in π−1E→ E and ] :�1(M)→ X(M) the
canonical musical isomorphism associated to g.

We emphasize that β `X = XH for any X ∈ X(M). Also the 1-form
ĥ(RD̂(XH , β` ·)L, r̂) ∈�1(M) is defined by

Y ∈ X(M) 7→ ĥ(RD̂(XH , YH)L, r̂) ∈ C∞(M).
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Hence ĥ(RD̂(XH , β` ·)L, r̂)] ∈ X(M) is given by

g(ĥ(RD̂(XH , β` ·)L, r̂)], Y)= ĥ(RD̂(XH , YH)L, r̂)

=

n∑
i=1

ĥ(RD̂(XH , EH
i )L, r̂)Ei

for any local orthonormal frame {Ei : 1≤ i ≤ n} in (T(M),g). Proposi-
tion 6.16 is due to J.J. Konderak, [194] (the proof is of course similar to
that of Proposition 1.14 in Chapter 1).

Remark 6.17 The projection π : E→M is a Riemannian submersion
of (E,Gs) onto (M ,g). Indeed (Ker(dzπ))

⊥
= V(E)⊥z =H(E)z and dzπ :

H(E)→ Tπ(z)(M) is a linear isometry, for any z ∈ E. �

It may be shown (cf. Theorem 3.11 by J.J. Konderak, [194]) that π is
a totally geodesic map (i.e., βπ = 0, where βπ is the second fundamental
form of π ) if and only if D is flat (i.e., RD

= 0).

6.3. THE SPHERE BUNDLE U (E )

With the conventions in the previous section we set

U(E)= {z ∈ E : hπ(z)(z,z)= 1}.

This gives a bundle Sk−1
→ U(E)

π
−→M and a real hypersurface U(E)

in E. Let us consider the tangent vector field ν on E, defined along U(E),
given by

ν(z)= (γ L)z ∈ Tz(E), z ∈ U(E).

Then ν is a unit vector field i.e.,

Gs(ν,ν)z = ĥ(L, L)z = hπ(z)(z,z)= 1,

for any z ∈ U(E). Let z ∈ U(E) and v ∈ Tz(U(E)). Let us consider a
smooth curve C : (−ε,ε)→ U(E) such that C(0)= z and Ċ(0)= v. Let us
set γ (t)= π(C(t)) for any |t|< ε. Let σ be the smooth section in E defined
along γ such that σ(γ (t))= C(t) for any |t|< ε. We may differentiate in
hγ (t)(C(t),C(t))= 1 so that (by Dh= 0)

0=
d
dt

{
hγ (t)(C(t),C(t))

}
= 2h(Ddγ /dtσ , σ)γ (t)

= hγ (t)(KC(t)Ċ(t), KC(t)σ
V
C(t))=GsC(t)(Ċ(t),σ

V
C(t))
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hence (at t = 0) one obtains Gsz(v, νz)= 0. Indeed if locally σ(t)=
f α(t)σα(t), then

ν(C(t))= (γ L)C(t) = vα(C(t))
∂

∂vα

∣∣∣∣
C(t)
= f α(t)

∂

∂v α

∣∣∣∣
C(t)
= σV (C(t))

so that σV (z)= νz. Summing up we have shown that

Proposition 6.18 Let D ∈ C(E,h) be a metric connection in a Riemannian
vector bundle (E,h) over a Riemannian manifold and Gs the Sasaki metric associ-
ated to (h,D,g). Then ν = γ L is a unit normal vector field on U(E) (as a real
hypersurface in (E,Gs)).

Definition 6.19 Given s ∈�0(E) we consider sT ∈ X(U(E)) given by
sT (z)=

(
tan sV

)
z where tanz : Tz(E)→ Tz(U(E)) as the natural projec-

tion associated to the direct sum decomposition Tz(E)= Tz(U(E))⊕Rνz

for any z ∈ U(E). The tangential vector field sT on U(E) is called the
tangential lift of s. �

As the normal bundle of the given immersion U(E) ↪→ E is spanned by
ν i.e.,

Tz(U(E))⊥ = Rνz, z ∈ U(E),

it follows that the tangential lift of s is given by

sT (z)= sVz −Gs(sV ,ν)zνz = sVz − ĥ(ŝ, L)zνz

for any z ∈ U(E). We may state the following

Proposition 6.20 The horizontal distributionH(E) consists of tangential vectors
i.e., H(E)z ⊂ Tz(U(E)) for any z ∈ U(E). Moreover

Tz(U(E))=H(E)z⊕ γz Ker(ω)z, z ∈ U(E), (6.22)

where ω is given by ω(σ)= ĥ(σ ,L) for any σ ∈�0(π−1E).

Proof. Let X ∈ X(M). Then

Gs(XH ,ν)=Gs(XH ,γ L)= 0

as H(E) and V(E) are mutually orthogonal (with respect to the Sasaki met-
ric Gs). To prove the second statement in Proposition 6.20 let z ∈ U(E)
and A ∈ Tz(U(E))⊂H(E)z⊕V(E)z. Then A= βzY + γzσ for some Y ∈
(π−1T(M))z = Tπ(z)(M) and σ ∈ (π−1E)z = Eπ(z). Next

A= βzY + σT
+Gsz(γzσ ,νz)νz
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where we have set by definition σT
= γzσ −Gsz(γzσ ,νz)νz ∈ Tz(U(E)).

Yet A is tangent to U(E) hence its component along νz must vanish

0=Gsz(γzσ ,νz)= ĥz(σ ,Lz)= ωz(σ).

Summing up, we have shown that A= βzY + γzσ for some σ ∈ Ker(ωz)

so that

Tz(U(E))⊆H(E)z+ γz Ker(ωz), z ∈ U(E).

On the other hand, H(E)z ∩ γz Ker(ωz)⊆H(E)z ∩V(E)z = (0) so that
the sum H(E)z+ γz Ker(ωz) is direct. Proposition 6.20 is proved. �

Remark 6.21 Let L = ĥ(L,L)1/2 ∈ C∞(E). If {Ei : 1≤ i ≤ n} is a
local frame of (T(M),g) defined on the open subset U ⊆M and
{L−1L,σ2, . . . ,σk} is a local orthonormal frame of (π−1E, ĥ) defined on
π−1(U)⊆ E then {EH

i : 1≤ i ≤ n} ∪ {γ σ2, . . . ,γ σk} is a local orthonormal
frame in (T(U(E)),Gs) defined on π−1(U)∩U(E). �

Proposition 6.22 Let A be the shape operator of the given immersion
U(E) ↪→ E. Then

AβY = 0, Aγ σ =−γ σ , (6.23)

for any Y ∈�0(π−1T(M)) and any σ ∈ 0∞(Ker(ω))⊂�0(π−1E). In
particular

A(XH)= 0, A(sT )=−sT , (6.24)

for any X ∈ X(M) and any s ∈�0(E). Also, the mean curvature vector H of
U(E) ↪→ E is given by

H =
1

n+ k− 1
trace(A) ν =−

k− 1
n+ k− 1

ν. (6.25)

Proof. Let A be the shape operator of the immersion U(E) ↪→ E i.e., the
Weingarten operator A= Aν associated to the normal section ν. We recall
(the Weingarten formula)

AV =−∇Gs
V ν, V ∈ X(U(E)). (6.26)

Let {EH
i , γ σα : 1≤ i ≤ n, 2≤ α ≤ k} be a local orthonormal frame in

T(U(E)) defined on π−1(U)∩U(E), as in Remark 6.21. Let {sα : 1≤
α ≤ k} be a local frame of E on U and let us set σα =

∑k
β=1λ

β
α ŝβ for
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some λβα ∈ C∞(π−1(U)) with 2≤ α ≤ k and 1≤ β ≤ k. Then ν = vβ sVβ
and γ σα = λ

β
α sVβ . Also

V =
n∑

i=1

uiEH
i +

k∑
α=2

f αγ σα

for some ui, f α ∈ C∞(π−1(U)∩U(E)). We may conduct the following
calculation

∇
Gs
V ν = ui

∇EH
i
ν+

k∑
α=2

f α∇Gs
γ σα

ν,

∇
Gs
γ σα

ν = λβα∇
Gs

sVβ

(
vρ sVρ

)
= λβα sVβ (v

ρ) sVρ , 2≤ α ≤ k,

as (by (6.18) in Proposition 6.16) ∇Gs

sVβ
sVρ = 0. Moreover

∇
Gs
γ σα

ν = λβα
∂vρ

∂vβ
sVρ = λ

β
α sVβ = γ

(
λβα ŝβ

)
= γ σα,

∇
Gs
XHν = vρ∇Gs

XH sVρ +XH(vρ) sVρ ,

for any X ∈ X(M). If X = λi ∂/∂ x̃i then XH
= λi
◦π δi so that

XH(vρ)= λi δv
ρ

δxi =−λ
i vβ0αiβ

∂vρ

∂vα
=−λi vβ 0ρiβ

and then

∇
Gs
XHν =−λ

i vβ 0ρiβ sVρ + vρ
{(

DX sρ
)V
−

1
2

(
ĥ(RD̂(XH , β ` ·)L, ŝρ)]

)H
}

=−
1
2

(
ĥ(RD̂(XH , β ` ·)L, L)]

)H
= 0

as RD
∈�2(Ad(E)). Summing up

∇
Gs
γ σα

ν = γ σα, 2≤ α ≤ k, ∇Gs
XHν = 0,

hence

∇
Gs
V ν =

k∑
α=2

f α γ σα = VV(E). (6.27)

Here VV(E) denotes the Ker(ω)-component of V with respect to the
decomposition T(U(E))=H(E)⊕Ker(ω). At this point (6.23) follows
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easily from (6.27) (and the Weingarten formula (6.26)). It remains that we
compute the mean curvature

trace(A)=
n∑

i=1

Gs(AEH
i , EH

i )+

k∑
α=2

Gs(Aγ σα, γ σα)

=−

k∑
α=2

Gs(γ σα, γ σα)=−
k∑

α=2

ĥ(σα, σα)=−(k− 1)

thus yielding (6.25). �

6.4. THE ENERGY OF CROSS SECTIONS

Let π : E→M be a Riemannian vector bundle, with the Riemann-
ian bundle metric h, over a compact orientable Riemannian manifold
(M ,g). Let D ∈ C(E,h) be a fixed metric connection in E. Let Gs be the
Sasaki metric on E (associated to the data (h,D,g)). Let σ ∈�0(E) be a
smooth section thought of as a smooth map σ : M→ E of the Riemannian
manifold (M ,g) into the Riemannian manifold (E,Gs). As such we may
compute the ordinary Dirichlet energy of σ

E(σ)=
1
2

∫
M

traceg
(
σ ∗Gs

)
dvol(g).

Let {Ei : 1≤ i ≤ n} be a local orthonormal frame in (T(M),g) defined on
the open subset U ⊆M . Then for any x ∈ U

traceg
(
σ ∗Gs

)
x =

n∑
i=1

(
σ ∗Gs

)
(Ei,Ei)x =

n∑
i=1

Gsσ(x)((dxσ)Ei,x, (dxσ)Ei,x)

yet (by (6.13))

(dxσ)Ei,x =
(
EH

i
)
σ(x)+

(
DEiσ

)V
σ(x)

hence (as H(E) and V(E) are mutually orthogonal)

traceg
(
σ ∗Gs

)
x =

n∑
i=1

{
Gs
(
EH

i , EH
i
)
σ(x)+Gs((DEiσ)

V , (DEiσ)
V )σ(x)

}

=

n∑
i=1

{
g(Ei,Ei)x+ h(DEiσ , DEiσ)x

}
= n+‖Dσ‖2x
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hence

E(σ)=
n
2

Vol(M)+
1
2

∫
M

‖Dσ‖2 dvol(g).

Consequently E(σ)≥ (n/2)Vol(M) and equality is achieved if and only if
Dσ = 0.

Proposition 6.23 ( J.J. Konderak, [194]) The section σ ∈�0(E) is parallel
with respect to D if and only if the map σ : (M ,g)→ (E,Gs) is totally geodesic.

Proof. Let γ be a geodesic in (M ,g) and let us set C = σ ◦ γ . By the identity
(6.13)

Ċ(t)= (dγ (t)σ)γ̇ (t)=
(

dγ
dt

)H

C(t)
+
(
Ddγ /dtσ

)V
C(t)

hence (by (6.18)–(6.21))(
∇

Gs
dC/dt

dC
dt

)
C(t)
=∇

Gs
(dγ /dt)H

(
dγ
dt

)H

+∇(dγ /dt)H (Ddγ /dtσ)
V

+∇
Gs
(Ddγ /dtσ)

V

(
dγ
dt

)H

+∇
Gs
(Ddγ /dtσ)

V (Ddγ /dtσ)
V

=

(
∇dγ /dt

dγ
dt

)H

+
1
2
γ RD̂

((
dγ
dt

)H

,
(

dγ
dt

)H
)
L

+
(
Ddγ /dtDdγ /dtσ

)V
−

1
2

ĥ

(
RD̂

((
dγ
dt

)H

, β ` ·

)
L, `Ddγ /dtσ

)]H

+
1
2

ĥ

(
`Ddγ /dtσ , RD̂

(
β ` ·,

(
dγ
dt

)H
)
L
)]H

.

that is(
∇

Gs
dC/dt

dC
dt

)
C(t)
=

(
D2

dγ /dtσ
)V

−

ĥ

(
RD̂

((
dγ
dt

)H

, β ` ·

)
L, `Ddγ /dtσ

)]H

.

(6.28)
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If Dσ = 0 then (by (6.28))
(
DĊĊ

)
C(t) = 0 i.e., C is a geodesic in (E,Gs).

Therefore any parallel section σ maps geodesics of (M ,g) into geodesics of
(E,Gs) i.e., σ is a totally geodesic map. �

Theorem 6.24 ( J.J. Konderak, [194]) Let σ ∈�0(E) be a smooth section
in a Riemannian vector bundle (E,h) over a compact orientable Riemannian mani-
fold (M ,g). Let D ∈ C(E,h) and let Gs be the Sasaki metric on E associated to
(h,D,g). Then σ : (M ,g)→ (E,Gs) is a harmonic map if and only if Dσ = 0.

The proof of Theorem 6.24 is similar to that of Theorem 2.10 and
hence omitted.

Let σ ∈�0(E) be a smooth section thought of as a map of Riemannian
manifolds σ : (M ,g)→ (E,h) and let τ(σ) ∈�0(σ−1TE) be the tension
tensor of σ . By a result of J.J. Konderak (cf. op. cit.)

τ(σ)=


(

n∑
i=1

h(RD(·, Ei)σ , DEiσ)
]

)H

− (1σ)V

 ◦ σ (6.29)

where the Laplacian 1 :�0(E)→�0(E) is locally given by

1σ =−

n∑
i=1

(
DEiDEiσ −D∇Ei Eiσ

)
for any local orthonormal frame {Ei : 1≤ i ≤ n} of (T(M),g) on U ⊆M .
By the very definition of ] :�1(M)→ X(M)

τ (σ)=

n∑
i,j=1

h
(
RD(Ej,Ei)σ , DEiσ

) (
EH

j

)
◦ σ − (1σ)V ◦ σ

and we may conclude that

Corollary 6.25 ( J.J. Konderak, [194]) τ(σ)= 0 if and only if i) 1σ = 0
and ii) traceg {h(RD(X , ·)σ , D·σ)} = 0 for any X ∈ X(M).

6.5. UNIT SECTIONS

Let σ ∈�0(E) be a unit section i.e., hx(σ (x),σ(x))= 1 for any x ∈
M . Thus σ ∈ 0∞(U(E)) and σ may be looked at as a smooth map of
Riemannian manifolds σ : (M ,g)→ (U(E),Gs). The Sasaki metric on E
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and the induced metric on U(E) are denoted by the same symbol Gs. The
Dirichlet energy of σ is given by

E(σ)=
n
2

Vol(M)+
1
2

∫
M

‖Dσ‖2 dvol(g).

As σ is a unit section and Dh= 0 one may derive the constraint

h(DXσ , σ)= 0, X ∈ X(M). (6.30)

Let {Ei : 1≤ i ≤ n} be a local orthonormal frame of (T(M),g) on U ⊆M .
Then

h(1σ , σ)=−
∑

i

h(DEiDEiσ −D∇Ei Eiσ , σ)

=−

∑
i

{Ei(h(DEiσ ,σ))− h(DEiσ ,DEiσ)−
1
2

(
∇EiEi

)(
‖σ‖2

)
}

on U so that

h(1σ , σ)= ‖Dσ‖2 (6.31)

for any σ ∈ 0∞(U(E)). Let us denote by τ(σ) ∈�0(σ−1TE) and by
τ1(σ) ∈�

0(σ−1T U(E)) respectively the tension fields of the maps of
Riemannian manifolds σ : (M ,g)→ (E,Gs) and σ : (M ,g)→ (U(E),Gs).
Then

τ1(σ)= tanτ(σ)

where tanz : Tz(E)→ Tz(U(E)) is the projection associated to the decom-
position Tz(E)= Tz(U(E))⊕Rνz for any z ∈ U(E). Let τ(σ)H(E) and
τ(σ)V(E) be the components of τ(σ) in H(E) and V(E) respectively. Then
for any x ∈M

τ(σ)x =
{
τ(σ)H(E)

}
σ(x)+

{
τ(σ)V(E)

}
σ(x)

hence (by (6.29))

τ1(σ)x =
{
τ(σ)H(E)

}
σ(x)+

{
τ(σ)V(E)

}
σ(x)−Gs(τ (σ)V(E), ν)σ(x) νσ(x)

=
{
τ(σ)H(E)

}
σ(x)+

{
−(1σ)V

}
σ(x)−Gs(−(1σ)

V,ν)σ(x) γσ(x)Lσ(x)

=
{
τ(σ)H(E)

}
σ(x)− (1σ)

V
σ(x)+ ĥ(1̂σ , L)σ(x) γσ(x)σ(x)

=
{
τ(σ)H(E)

}
σ(x)+ γσ(x)

{
−(1̂σ )σ(x)+ h(1σ , σ)xσ(x)

}



“Dragomir Chapters” — 2011/10/1 — page 328 — #328

328 Chapter 6 The Energy of Sections

so that (by (6.31))

τ1(σ)x =
{
τ(σ)H(E)

}
σ(x)+ γσ(x)

{
−(1σ)x+‖Dσ‖2x σ(x)

}
and we may conclude that

Theorem 6.26 σ : (M ,g)→ (U(E),Gs) is a harmonic map if and only if
i)1σ = ‖Dσ‖2σ and ii) traceg {h(RD(X , ·)σ , D·σ)} = 0 for any X ∈ X(M).

Definition 6.27 A smooth section σ ∈�0(E) is said to be a harmonic
section if σ is a critical point of the energy functional E : 0∞(U(E))→
[0,+∞). �

Theorem 6.28 (C.M. Wood, [317]) Let D ∈ C(E,h) be a metric connec-
tion in a Riemannian vector bundle over a compact oriented Riemannian manifold
(M ,g). Let σ ∈ 0∞(U(E)) be a unit section. Then σ is a harmonic section if and
only if 1σ = ‖Dσ‖2σ .

The proof of Theorem 6.28 is similar to that of Theorem 2.23 (due to
C.M. Wood, [317]) and hence omitted. We close the section by stating the
second variation formula for the energy functional E : 0∞(U(E))→ R.
Let σ ∈ 0∞(U(E)) and let {σ(t)}|t|<δ be a smooth 1-parameter variation
of σ with σ(0)= σ and α = σ ′(0) ∈ 〈σ 〉⊥. Then, as well as in the case
E = T(M)

E′(0)=
dE(t)

dt

∣∣∣∣
t=0
=

1
2

∫
M

(
d
dt
‖∇σ(t)‖2

)
t=0

d vol(g)

=

∫
M

h(∇σ ,∇α)d vol(g)=
∫
M

h(1σ ,α)d vol(g).

Moreover (cf. C.M. Wood, [317], p. 74)

(Hess E)σ (α)=
d2E(t)

dt2

∣∣∣∣
t=0
=

∫
M

d
dt

{
h(∇σ(t),∇σ ′(t))

}
t=0 d vol(g)

=

∫
M

(
‖∇α‖2−‖α‖2 ‖∇σ‖2

)
d vol(g).
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6.6. HARMONIC SECTIONS IN NORMAL BUNDLES

Let M→M0 be an isometric immersion of a Riemannian mani-
fold (M ,g) into the Riemannian manifold (M0,g0). Let us assume that
dim(M)= n and dim(M0)= n+ k. Let ∇ and ∇0 be the Levi-Civita
connections of (M ,g) and (M0,g0) respectively. Let π : T(M)⊥→M
be the normal bundle of the given immersion M→M0. For each
ν ∈�0(T(M)⊥) let Aν be the corresponding Weingarten operator. One
has the Weingarten formula

∇
0
Xν =−AνX +∇⊥X ν, X ∈ X(M),

where ∇⊥ is the normal connection, a connection in T(M)⊥→M . Let g⊥

be the restriction of g0 to T(M)⊥⊗T(M)⊥. Then (T(M)⊥,g⊥) is a Rie-
mannian vector bundle and ∇⊥ ∈ C(T(M)⊥,g⊥) i.e., ∇⊥g⊥ = 0. Therefore
the general theory developed in the previous sections applies. In particular
we may consider the Sasaki metric Gs on T(M)⊥ (the total space of the
normal bundle) associated to the data (g⊥, ∇⊥, g) and study the geometry
of smooth maps ν : (M ,g)→ (T(M)⊥,g⊥).

Definition 6.29 (K. Hasegawa, [159]) Let (M0,(φ,ξ ,η,g0)) be a Sasa-
kian manifold of real dimension 2n+ 1. Let (M ,g) be a real n-dimensional
Riemannian manifold isometrically immersed in (M0,g0). We say M is a
Legendrian submanifold of (M0,(φ,ξ ,η,g0)) if Tx(M)⊆H(M)x = Ker(ηx)

for any x ∈M . �

See also D.E. Blair, [42], p. 55 and p. 128. On each Legendrian subman-
ifold ξ is a section in the normal bundle. It should also be observed that
φxTx(M)⊆ Tx(M)⊥ for any x ∈M . Consequently, given a local orthonor-
mal frame {Ei : 1≤ i ≤ n} of T(M) on U ⊆M the system {φE1, . . . ,φEn,ξ}
is a local orthonormal frame in T(M)⊥ defined on the same open sub-
set U . As (φ,ξ ,η,g0) is a Sasakian structure it is in particular K-contact
i.e., ∇0

Xξ =−φX for any X ∈ X(M0). Consequently (by the Weingarten
formula of M in M0) Aξ = 0 and

∇
⊥
X ξ =−φX , X ∈ X(M). (6.32)

We need to recall (cf. Lemma 8.2 in [42], p. 128) that

AφXY = AφY X , X ,Y ∈ X(M). (6.33)
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Let α be the second fundamental form of the given immersion M ↪→M0.
Then (by (6.33))

α(X ,Y)=
n∑

i=1

g0(α(X ,Y),φEi)φEi+ g0(α(X ,Y),ξ)ξ

=

∑
i

g(AφEiX ,Y)φEi+ g(AξX ,Y)ξ

=

∑
i

g(AφXEi, Y)φEi

hence

α(X ,Y)=
n∑

i=1

g(Ei, AφXY)φEi. (6.34)

On the other hand for any X ,Y ∈ X(M) (by the Gauss and Weingarten
formulae)

(∇0
Xφ)Y =∇

0
XφY −φ∇0

XY

=−AφY X +∇⊥X φY −φ (∇XY +α(X ,Y))

(by (6.34))

=−AφY X +∇⊥X φY −φ∇XY +
n∑

i=1

g(AφXY ,Ei)Ei

=−AφY X +∇⊥X φY −φ∇XY +AφXY

(by (6.33))

=∇
⊥
X φY −φ∇XY .

Moreover (as g0 is a Sasakian metric)(
∇

0
Xφ
)
Y = g(X ,Y)ξ − η(Y)X .

Therefore

∇
⊥
X φY = φ∇XY + g(X ,Y)ξ . (6.35)
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Let 1 :�0(T(M)⊥)→�0(T(M)⊥) be the rough Laplacian associated to
the data (∇⊥, g). Summing up the information obtained so far

1ξ =−

n∑
i=1

(
∇
⊥
Ei
∇
⊥
Ei
ξ −∇⊥

∇EiEi
ξ
)

=−

∑
i

(
−∇
⊥
Ei
φEi+φ∇EiEi

)
=−

∑
i

(
−φ∇EiEi− g(Ei,Ei)ξ +φ∇EiEi

)
= nξ

i.e., 1ξ = nξ . Therefore (by Theorem 6.28), ξ is a harmonic section in
T(M)⊥ (cf. also K. Hasegawa, [159], p. 61). Moreover, the curvature tensor
field R⊥ of ∇⊥ satisfies

R⊥(X ,Y)ξ =−∇⊥X∇
⊥
Y ξ +∇

⊥
Y ∇
⊥
X ξ +∇

⊥
[X ,Y ]ξ

(by (6.32))

=∇
⊥
X φY −∇⊥Y φX −φ[X ,Y ]

(by (6.35))

= φ∇XY + g(X ,Y)ξ −φ∇Y X − g(X ,Y)ξ −φ[X ,Y ]= 0.

In particular

traceg g0(R⊥(X , ·)ξ ,∇⊥· ξ)= 0, X ∈ X(M).

Then (by Theorem 6.26), we may conclude that

Theorem 6.30 Let M be a real n-dimensional Legendrian submanifold of a
real (2n+ 1)-dimensional Sasakian manifold M0. The Reeb vector ξ of M0 is
a harmonic map of (M , g) into (U(T(M)⊥),Gs). Moreover

E(ξ)=
n
2

Vol(M)+
1
2

∫
M

‖∇
⊥ξ‖2 dvol(g)= nVol(M).

Remark 6.31 As a map of (M0, g0) into (S(M0),Gs0) the energy of the
Reeb vector ξ is E(ξ)= [(4n+ 1)/2]Vol(M0) (because of dim(M0)= 2n+
1 and ‖∇0ξ‖ = 2n). Here S(M0)= U(T(M0)). �

Example 6.32 Let S2n+1(1) carry the standard Sasakian structure. Then
Sn(1) is a Legendrian (totally geodesic) submanifold of S2n+1(1) (cf. [42],
p. 59). Also the flat torus T2 is a Legendrian (minimal) submanifold of S5(1)
(cf. [42], p. 59).
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6.7. THE ENERGY OF ORIENTED DISTRIBUTIONS

Let M be a compact oriented Riemannian manifold and let us denote
by π : T r,s(M)→M the vector bundle of all tangent tensors of type (r, s)
on M . The Riemannian metric g induces a Riemannian bundle metric in
T r,s(M)→M denoted by the same symbol g. Also the Levi-Civita con-
nection ∇ induces a connection (compatible to the induced bundle met-
ric) in T r,s(M)→M (denoted again by ∇). Therefore we may endow
the total space T r,s(M) with the Sasaki metric G =Gr,s (so that G1,0 is the
ordinary Sasaki metric on T(M)). In this context one may consider the
energy of a (r, s)-tensor field (thought of as a map of Riemannian mani-
folds (M ,g)→ (T r,s(M),Gr,s)). This section is devoted to applying these
notions to the study of the energy of an oriented distribution on a com-
pact oriented Riemannian manifold, following P.B. Chacon & A.M. Naveira
& J.M. Weston, [81], and O. Gil-Medrano & J.C. Gonzales-Davila & L.
Vanhecke, [128]. Let3kT(M)⊂ T k,0(M) be the vector bundle of all skew-
symmetric tangent (k,0)-tensors on M . Let G(k,Tp(M)) be the Grassmann
manifold of all oriented k-planes in Tp(M). As dim(M)= n it follows that
dimG(k,Tp(M))= k(n− k). We set as usual G(k,M)=

⋃
p∈M G(k,Tp(M))

(disjoint union) so that G(k,M) is the Grassmann manifold of all oriented k-
planes. If Vp ⊂ Tp(M) is an oriented k-plane then Vp may be identified with
the decomposable k-vector σp = e1 ∧ ·· · ∧ ek ∈3

kTp(M) where {e1, . . . , ek}

is a positively oriented orthonormal basis in Vp. A posteriori Vp is referred
to as the subspace associated to the k-vector σp. Under this identification
G(k,Tp(M)) may be thought of as a submanifold of 3kTp(M). Precisely
G(k,Tp(M)) may be identified with the submanifold {σp ∈6

k(Tp(M)) :
‖σp‖ = 1} where 6k(Tp(M)) consists of the decomposable k-vectors at p.
Accordingly, the tangent space TVp(G(k,Tp(M))) may be identified to the
subspace Tσp(G(k,Tp(M)))⊂3kTp(M) spanned by{

σ i
α = e1 ∧ ·· · ∧ ei−1 ∧ eα ∧ ei+1 ∧ ·· · ∧ ek : 1≤ i ≤ k, k+ 1≤ α ≤ n

}
where {ek+1, . . . , en} completes {e1, . . . , ek} such that {e1, . . . , en} is a posi-
tively oriented orthonormal basis in Tp(M). Indeed if σ(t)= e1(t)∧ ·· · ∧
ek(t) ∈G(k,Tp(M))⊂3kTp(M) is a smooth curve with σ(0)= σp then

σ ′(0)=
k∑

i=1

e1 ∧ ·· · ∧ ei−1 ∧ e′i(0)∧ ei+1 ∧ ·· · ∧ ek.

Since ei(t) is a unit vector e′i(0) and ei are orthogonal hence σ ′(0) lies in the
span of {σ i

α : 1≤ i ≤ k, k+ 1≤ α ≤ n}.
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Under the identifications above, the Grassmann bundle G(k,M)→M
is the decomposable unit subbundle of 3kT(M)→M (whose total space
3kT(M) is thought of as endowed with the Sasaki metric G =Gk,0

induced by g). Clearly when k= 1 one has 31T(M)= T(M) and G(1,M)
may be identified to S(M).

A smooth distribution ν of rank k on M , that is a smooth section in
the Grassmann bundle G(k,M), may be looked at as a smooth section
σ in 3kT(M). If {E1, . . . ,En} is a positively oriented local orthonor-
mal frame in T(M) such that {E1, . . . ,Ek} spans ν then σ = E1 ∧ ·· · ∧Ek

while {Ek+1, . . . ,En} span the orthogonal complement H= ν⊥ ⊂ T(M),
a section in G(n− k,M) represented by the section σ⊥ = Ek+1 ∧ ·· · ∧En

in 3n−kT(M). Such a local frame {Ei : 1≤ i ≤ n} is said to be adapted to
the given distribution ν.

The energy of the distribution ν is then defined as the energy of the cor-
responding section σ : M→G(k,M) where G(k,M) is endowed with the
Riemannian metric induced by the Sasaki metric G on 3kT(M). Hence ν
is looked at as a map of Riemannian manifolds (M ,g)→ (G(k,M),G) ↪→
(3kT(M),G) and

E(ν)= E(σ)=
n
2

Vol(M)+
1
2

∫
M

‖∇σ‖2 dvol(g).

Proposition 6.33 (O. Gil-Medrano & J.C. Gonzales-Davila &
L. Vanhecke, [128]) Let σ be a smooth oriented distribution on a compact
orientable Riemannian manifold and let σ⊥ be the orthogonal complement of σ .
Then ‖∇σ‖ = ‖∇σ⊥‖ hence E(σ)= E(σ⊥).

Proof. Let {Ei : 1≤ i ≤ n} be a local orthonormal frame adapted to the
distribution σ . Then

σ = E1 ∧ ·· · ∧Ek, σ⊥ = Ek+1 ∧ ·· · ∧En,

hence

∇Xσ =

k∑
j=1

E1 ∧ ·· · ∧Ej−1 ∧∇XEj ∧Ej+1 ∧ ·· · ∧Ek

so that

∇Xσ =

k∑
i=1

n∑
α=k+1

g(∇XEi, Eα)σ i
α. (6.36)
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Next the identities

‖∇σ‖2 =

n∑
a=1

‖∇Eaσ‖
2, ∇Eaσ =

k∑
i=1

n∑
α=k+1

g(∇EaEi, Eα)σ i
α,

yield

‖∇σ‖2 =

n∑
a=1

k∑
i=1

n∑
α,β=k+1

g(∇EaEi, Eα)g(∇EaEj, Eβ)g
(
σ i
α, σ j

β

)
.

Moreover by

g
(
σ i
α, σ j

β

)
= δi

jδ
α
β

one gets

‖∇σ‖2 =

n∑
a=1

k∑
i=1

n∑
α=k+1

g(∇EaEi, Eα)2.

Let us interchange α and j, respectively i and β, to get

‖∇σ‖2 =

n∑
a=1

n∑
j=k+1

k∑
β=1

g(∇EaEβ ,Ej)
2
= ‖∇σ⊥‖2.

�

Lemma 6.34 Let σ be an oriented smooth distribution of rank k on (M ,g).
Then

g
(
R(X ,Y)σ ,σ i

α

)
= g(R(X ,Y)Ei, Eα), (6.37)

g(R(X ,Y)σ ,∇Yσ)=

k∑
i=1

n∑
α=k+1

g(∇Y Ei,Eα)g(R(X ,Y)Ei,Eα), (6.38)

for any X ,Y ∈ X(M).

Proof. Let {E1, . . . ,En} be an adapted frame as above so that σ = E1 ∧ ·· · ∧

Ek. As R(X ,Y) is a derivation (cf. e.g., [258], p. 85)

R(X ,Y)σ =
k∑

j=1

E1 ∧ ·· · ∧R(X ,Y)Ej ∧ ·· · ∧Ek

hence (6.37) follows (since σ i
α = E1 ∧ ·· · ∧Ei−1 ∧Eα ∧Ei+1 ∧ ·· · ∧Ek for

any 1≤ i ≤ k and k+ 1≤ α ≤ n). Finally, (6.38) follows from (6.36)–(6.37).
Lemma 6.34 is proved.
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The identities (6.37)–(6.38) in Lemma 6.34 were first obtained by
O. Gil-Medrano & J.C. Gonzales-Davila & L. Vanhecke, [128], by a
different approach. �

Theorem 6.35 (O. Gil-Medrano & J.C. Gonzales-Davila &
L. Vanhecke, [128], B-Y. Choi & J.W. Yim, [89]) Let σ be an
oriented smooth distribution of rank k on a compact orientable Riemannian meni-
fold (M ,g). The map σ : (M ,g)→ (G(k,M),G) is harmonic if and only if i)
traceg g(R(X , ·)σ ,∇·σ)= 0 for any X ∈ X(M) and ii) g(1σ ,σ i

α)= 0 for any
1≤ i ≤ k and any k+ 1≤ α ≤ n.

It should be noted that statement (i) in Theorem 6.35 is equivalent to

k∑
i=1

n∑
b=1

R(Ei, (∇EbEi)
⊥)Eb = 0. (6.39)

To prove this statement one should first observe that (i) is equivalent to
n∑

b=1

g(R(Ea,Eb)σ , ∇Ebσ)= 0, 1≤ a≤ n.

Let us use the identity (6.38) in Lemma 6.34. We have

n∑
b=1

g(R(Ea,Eb)σ ,∇Ebσ)=

n∑
b=1

k∑
i=1

n∑
α=k+1

g(R(Ea,Eb)Ei, Eα)g(∇EbEi, Eα)

=

∑
1≤ i ≤ k
1≤ b≤ n

g(R(Ea,Eb)Ei,
(
∇EbEi

)⊥
)

=

∑
i,b

g(R((∇EbEi)
⊥, Ei)Eb, Ea)

= g
(∑

i,b

R((∇EbEi)
⊥, Ei)Eb, Ea

)
and the last expression vanishes if and only if (6.39) holds good.

Proof of Theorem 6.35. Let us look at σ as a section in 3kT(M) and let
τ(σ) be its tension field as a map of (M ,g) into (3kT(M),G). By (6.29)
τ(σ)= 0 if and only if (a) traceg R(X , ·)σ ,∇·σ)= 0 and (b) 1σ = 0 (the
two conditions are equivalent to the requirement that the horizontal and
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vertical components of τ(σ) should vanish). Let τ1(σ) be the tension tensor
of σ thought of as a map of (M ,g) into (G(k,M),G). Then τ1(σ)= 0 if
and only if requirement (a) is fulfilled (that is (i) in Theorem 6.35 holds)
and the orthogonal projection of (1σ)p on Tσp(G(k,Tp(M)) vanishes.
The second requirement is equivalent to (ii) in Theorem 6.35 as σ i

α(p)=
(E1 ∧ ·· · ∧Ei−1 ∧Eα ∧Ei+1 ∧ ·· · ∧Ek)p for 1≤ i ≤ k and k+ 1≤ α ≤ n
is an orthonormal basis of Tσp(G(k,Tp(M))). �

Proposition 6.36 (O. Gil-Medrano & J.C. Gonzales-Davila &
L. Vanhecke, [128], B-Y. Choi & J.W. Yim, [89]) Let σ be an ori-
ented smooth distribution of rank k on a compact orientable Riemannian manifold
(M ,g). Then σ : (M ,g)→ (G(k,M),G) is a harmonic map if and only if
σ⊥ : (M ,g)→ (G(n− k,M),G) is a harmonic map. Moreover E(σ)= E(σ⊥).

Proof. Let us assume that σ is a harmonic map. By Theorem 6.35 we obtain

0=
n∑

b=1

k∑
i=1

n∑
α=k+1

g(R(Ea,Eb)Ei,Eα)g(∇EbEi,Eα)

=

∑
b,i,α

g(R(Ea,Eb)Eα,Ei)g(∇EbEα,Ei)

hence σ⊥ satisfies condition (i) in Theorem 6.35. It may be also checked
(cf. [128], p. 26) that

g
(
1σ ,σ i

α

)
=−g

(
1σ⊥,

(
σ⊥
)α

i

)
and (i) holds for σ if and only if it holds for σ⊥. �

It should be observed that condition (ii) in Theorem 6.35 characterizes
the distributions which are critical points of the energy functional restricted
to the space 0∞(G(k,M)). Such critical points are termed harmonic dis-
tributions. This remark (and definition) together with Theorem 6.35 and
Proposition 6.36 imply

Corollary 6.37 Let (M ,g) be a compact orientable Riemannian manifold and
U ∈ 0∞(S(M)). Then i) E(U)= E(U⊥), ii) U is a harmonic vector field if
and only if U⊥ is a harmonic distribution, and iii) U : (M ,g)→ (S(M),G) is
a harmonic map if and only if U⊥ : (M ,g)→ (G(n− 1,M),G) is a harmonic
map. Here S(M)=G(1,M).
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6.8. EXAMPLES OF HARMONIC DISTRIBUTIONS

Let (M ,(φ,ξ ,η,g)) be a contact metric manifold of real dimension
2n+ 1. Then ξ⊥ is a smooth distribution of rank 2n on M . By apply-
ing the previously developed theory it follows that ξ⊥ is a harmonic
distribution if and only if M is an H-contact manifold i.e., Qξ = λξ .
Moreover ξ⊥ : (M ,g)→ (G(2n,M),G) is a harmonic map if and only if
ξ : (M ,g)→ (S(M),G) is a harmonic map. In particular if M is a Sasakian
manifold (or more generally M is a (k,µ)-space, or M is a K-contact mani-
fold), then ξ⊥ is a harmonic map of (M ,g) into (G(2n,M),G). If M is one
of the 3-dimensional contact manifolds classified in Theorem 4.24 then ξ⊥

(a 2-dimensional distribution) is a harmonic map.
By a result of O. Gil-Medrano & J.C. Gonzales-Davila & L. Vanhecke,

[128], the vertical distribution associated to the Hopf fibration S3
→

S4m+3
−→HPm+1 (commonly referred to as the Hopf distribution) is a har-

monic map (S4m+3,g0)→ (G(3,S4m+3),G). P.B. Chacon & A.M. Naveira
& J.M. Weston also derive (cf. [81]) the second variation formula and show
that the Hopf distribution is an unstable critical point of the energy func-
tional. The Hopf distribution (of rank 3) on S4m+3 is but a particular case
of the Reeb distribution (of rank 3) such as encountered on a 3-Sasakian
manifold. Precisely

Definition 6.38 Let M be a real (4m+ 3)-dimensional manifold (m≥ 0).
The synthetic object {(φi,ξi,ηi) : i ∈ {1,2,3}} is called an almost contact 3-
structure if each (φi,ξi,ηi) is an almost contact structure on M and

φiφj− ξi⊗ ηj = φk =−φjφi+ ξj⊗ ηi,

ξk = φiξj =−φjξi, ηk = ηi ◦φj =−ηj ◦φi

for any cyclic permutation (i, j,k) of (1,2,3). �

Given an almost contact 3-structure as in Definition 6.38 there is a Rie-
mannian metric g compatible to each of the three almost contact structures
i.e., (φi,ξi,ηi,g) is an almost contact metric structure.

Definition 6.39 If each (φi,ξi,ηi,g) is Sasakian then {(φi,ξi,ηi,g) : i ∈
{1,2,3}} is referred to as a 3-Sasakian structure on M (and M is called a
3-Sasakian manifold ). �

Examples of 3-Sasakian manifolds (besides from S4m+3) abound (cf. e.g.,
C. Boyer & K. Galicki, [68]).
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Definition 6.40 The smooth distribution of rank 3 on a 3-Sasakian
manifold M defined by ξ = ξ1 ∧ ξ2 ∧ ξ3 is called the Reeb distribution
on M . �

The Reeb distribution ξ may be looked at as a smooth map ξ : (M ,g)→
(G(3,M),G). Let us consider a local orthonormal frame

{Ea : 1≤ a≤ 4m+ 3} = {ξi,Eα : 1≤ i ≤ 3, 4≤ α ≤ 4m+ 3}

defined on U ⊆M . Let us define {ξ i
α : 1≤ i ≤ 3, 4≤ α ≤ 4m+ 3} by

setting

ξ1
α = Eα ∧ ξ2 ∧ ξ3, ξ2

α = ξ1 ∧Eα ∧ ξ3, ξ3
α = ξ1 ∧ ξ2 ∧Eα.

Then (by (6.36))

∇Eaξ =

3∑
i=1

4m+3∑
α=4

g(∇Eaξi, Eα)ξ i
α, 1≤ a≤ 4m+ 3,

hence
(
byg

(
ξ i
α, ξ j

β

)
= δijδαβ

)
‖∇Eaξ‖

2
=

3∑
i=1

4m+3∑
α=4

g(∇Eaξi, Eα)2, 1≤ a≤ 4m+ 3.

Next we may use ∇ξjξi =−φiξj and φiξj =±ξk for distinct i, j,k together
with ∇ξiξi = 0 to obtain

‖∇ξjξ‖
2
=

3∑
i=1

4m+3∑
α=4

g(∇ξjξi, Eα)2 =
∑
i,α

g(φiξj,Eα)2 = 0.

Moreover (by ∇Eβ ξi =−φiEβ )

‖∇Eβ ξ‖
2
=

3∑
i=1

4m+3∑
α=4

g(∇Eβ ξi, Eα)2

=

∑
i,α

g(−φiEβ , Eα)2 =
∑

i

g(−φiEβ , φiEβ)2 = 3.

Summing up

‖∇ξ‖2 =

4m+3∑
a=1

‖∇Eaξ‖
2
=

4m+3∑
β=4

‖∇Eβ ξ‖
2
= 12m. (6.40)
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The identity (6.40) allows one to compute the energy of ξ . Let us look at
the requirements which imply the harmonicity of ξ. Since (φi,ξi,ηi,g) is a
Sasakian structure one has (cf. e.g., [42])

R(X ,Y)ξi = g(X ,ξi)Y − g(Y ,ξi)X = ηi(X)Y − ηi(Y)X

and ∇ξi =−φi. Consequently (by (6.38) in Lemma 6.34)

4m+3∑
a=1

R(X ,Ea)ξ ,∇Eaξ)=

4m+3∑
a=1

3∑
i=1

4m+3∑
α=4

g(∇Eaξi, Eα)g(R(X ,Ea)ξi, Eα)

=

∑
a,i,α

g(−φiEa, Eα)ηi(X)g(Ea, Eα)

−

∑
a,i,α

g(−φiEa, Eα)ηi(Ea)g(X ,Ea)

=

∑
a,i,α

{
g(−φiEa, Eα)δa

αηi(X)

+ g(φiEa, Eα)ηi(Ea)g(X ,Ea)
}
.

Since g(φiEa,Eα)δa
α = g(φiEα,Eα)= 0 and ηi(Ea)= g(ξi,Ea)= 0, for any

1≤ a≤ 4m+ 3 such that Ea 6= ξi, and g(φiEa, Eα)= g(φiξi, Eα)= 0 when-
ever Ea = ξi it follows that

traceg g(R(X , ·)ξ ,∇·ξ)= 0, X ∈ X(M). (6.41)

Let Sξp ⊂3
3Tp(M) be the subspace spanned by {ξ i

α : 1≤ i ≤ 3, 4≤ α ≤
4m+ 3}. We wish to compute the projection of (1ξ)p on Sξp . By (6.36)

∇X∇Xξ =∇X

(
3∑

i=1

4m+3∑
α=4

g(∇Xξi, Eα)ξ i
α

)
=

∑
i,α

{g(∇X∇Xξi, Eα)ξ i
α + g(∇Xξi, ∇XEα)ξ i

α + g(∇Xξi, Eα)∇Xξ
i
α}

hence

g
(
∇X∇Xξ ,ξ j

β

)
= g(∇X∇Xξj, Eβ)+ g(∇Xξj, ∇XEβ)

+

∑
i,α

g(∇Xξi, Eα)g
(
∇Xξ

i
α, ξ j

β

)
.
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Moreover the projection of ∇Xξ
i
α on Sξp is∑

β

g(∇XEα,Eβ)ξ i
β −

∑
j

g(∇Xξj,ξi)ξ
j
α

hence the preceding formula becomes

g
(
∇X∇Xξ ,ξ j

β

)
= g(∇X∇Xξj, Eβ)+ g(∇Xξj, ∇XEβ)

+

∑
α

g(∇Xξj, Eα)g(∇XEα, Eβ)

−

∑
i

g(∇Xξi, Eβ)g(∇Xξj, ξi). (6.42)

Using

∇XEβ =
∑

i

g(∇XEβ , ξi)ξi+
4m+3∑
α=4

g(∇XEβ , Eα)Eα

the identity (6.42) may be written as

g
(
∇X∇Xξ , ξ j

β

)
= g(∇X∇Xξj, Eβ)+ 2

∑
i

g(∇XEβ , ξi)g(∇Xξj, ξi). (6.43)

Moreover (again by (6.36))

g(∇∇XXξ ,ξ j
β)= g

(
∇∇XXξj, Eβ

)
. (6.44)

Then (by (6.43)–(6.44))

g
(
1ξ ,ξ j

β

)
=−

4m+3∑
a=1

g
(
∇Ea∇Eaξ −∇∇EaEaξ ,ξ j

β

)
=−

∑
a

g
(
∇Ea∇Eaξj−∇∇EaEaξj, Eβ

)
− 2

∑
i,a

g(∇EaEβ , ξi)g(∇Eaξj,ξi)

= g(1ξj, Eβ)− 2
∑
i,a

g(∇Eaξi, Eβ)g(∇Eaξi, ξj).
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On the other hand ξi is a Killing vector field, i.e., ∇ξi is skew-symmetric,
hence

g
(
1ξ ,ξ j

β

)
= g(1ξj,Eβ)− 2

∑
i,a

g(∇Eβ ξi,Ea)g(∇ξjξi,Ea)

= g(1ξj,Eβ)− 2
∑

i

g(∇Eβ ξi,∇ξjξi)

= g(1ξj, Eβ)− 2
∑

i

g(φiEβ , φiξj)= g(1ξj, Eβ).

Yet (φj,ξj,ηj,g) is a Sasakian structure so that 1ξj = (4m+ 2)ξj (for any
j ∈ {1,2,3}) and then

g
(
1ξ ,ξ j

β

)
= 0, 1≤ j ≤ 3, 4≤ β ≤ 4m+ 3. (6.45)

At this point the identities (6.40)–(6.41) and (6.45) together with
Theorem 6.35 imply

Theorem 6.41 (O. Gil-Medrano & J.C. Gonzales-Davila &
L. Vanhecke, [128]) The Reeb distribution ξ of a real (4m+ 3)-dimensional
3-Sasakian manifold M is a harmonic map of (M ,g) into (G(3,M),G). Moreover,
its energy is

E(ξ)=
4m+ 3

2
Vol(M)+

1
2

∫
M

‖∇ξ‖2 dvol(g)=
16m+ 3

2
Vol(M).

Remark 6.42 By Proposition 6.36 it follows that the statement in
Theorem 6.41 holds good for the 4m-dimensional distribution ξ⊥, as
well. �

Other examples of harmonic distributions may be obtained by con-
sidering Hopf distributions on real hypersurfaces of a quaternionic Kähler
manifold of dimension n= 4m with m> 1.

Definition 6.43 A quaternionic Kähler structure on a Riemannian manifold
(M0,g0) is a vector subbundle J0 ⊂ End(T(M0)) of rank 3 such that the
following requirements are fulfilled.
a) for any point p ∈M0 there is an open neighborhood U0 ⊆M0 of p

and there are smooth sections J1, J2, J3 ∈ 0∞(U0,J0) such that for any
i ∈ {1,2,3} one has 1) ( Ji,g0) is an almost Hermitian structure on U0
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i.e., J2
i =−I and g0( JiX ,Y)=−g0(X , JiY) for any X ,Y ∈ X(U0), and

thinking for a moment of the almost complex structures Ji as indexed in
Z3 one has 2) JiJi+1 = Ji+2 =−Ji+1Ji for any i ∈ Z3.

b) ∇0
X J ∈ 0∞(J0) for any X ∈ X(M0) and any J ∈ 0∞(J0), where ∇0

is the Levi-Civita connection of (M0,g0). A triple { J1, J2, J3} satis-
fying these conditions is commonly referred to as a canonical basis of
0∞(J0). A Riemannian manifold (M0,g0) carrying a quaternionic
Kähler structure J0 is said to be a quaternionic Kähler manifold. �

Any quaternionic Kähler manifold M0 is oriented and has real dimen-
sion 4m for some m≥ 1. When m> 1 any such M0 is an Einstein manifold.

Definition 6.44 Let (M0,g0,J0) be a quaternionic Kähler manifold. If for
any p ∈M0 and any unit tangent vector u ∈ Tp(M) and any J ∈ J0,p the
sectional curvature of the 2-plane spanned by {u, Ju} is a constant c ∈ R
then M0 is said to be a quaternionic space form. �

Let M0 be a quaternionic Kähler manifold and M an orientable real
hypersurface in M0. Let ν be a unit normal field on M . Let tanp : Tp(M0)→

Tp(M) be the natural projection associated to the decomposition Tp(M0)=

Tp(M)⊕Rνp for any p ∈M . Let us set

Jp = {tanp ◦ ( J
∣∣
Tp(M)

) : J ∈ J0,p}, p ∈M .

If { J1, J2, J3} is a local frame of J0 defined on the open set U0 ⊆M0 then
by setting

φi,p = tanp ◦ Ji,p
∣∣
Tp(M)

, p ∈ U = U0 ∩M , i ∈ {1,2,3},

one builds a local fame {φ1,φ2,φ3} in J defined on U . Clearly φi is a
skew-symmetric (1,1)-tensor field on U such that

JiX = φiX + ηi(X)ν, X ∈ X(M),

where ηi is a 1-form on U such that ηi(X)= g0(X ,ξi) for any X ∈ X(U),
where ξi =−Jiν. Let g be the induced metric on M . Then

ηi(ξi)= 1, φ2
i =−I + ξi⊗ ηi,

g(φiX ,φiY)= g(X ,Y)− ηi(X)ηi(Y),

φiξi = 0, φiξj = ξk, φiξk =−ξj,

φk =−φjφi+ ξj⊗ ηi,
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for any cyclic permutation (i, j,k) of (1,2,3). Hence M carries an almost
contact 3-structure. By the very definition of J0 there exist three 1-forms
αi, i ∈ {1,2,3}, defined on U0 such that

∇
0
X Ji = αk(X)Jj−αj(X)Jk, X ∈ X(U0),

for any cyclic permutation (i, j,k) of (1,2,3). Thus

∇Xξi = αk(X)ξj−αj(X)ξk+φiSX

where S is the Weingarten operator i.e., ∇0
Xν =−SX .

Definition 6.45 The 3-dimensional distribution D on M given by

Dp = { Jνp : J ∈ J0,p}, p ∈M ,

is referred to as the (quaternionic) Hopf distribution. If D is invariant under S
(i.e., Sp(Dp)⊆Dp for any p ∈M) then M is said to be a Hopf hypersurface
of M0. �

Let ξ be the section in G(3,M) corresponding to the Hopf distribu-
tion D (as in Definition 6.45) so that locally ξ = ξ1 ∧ ξ2 ∧ ξ3. It should
be observed that the (quaternionic) Hopf distribution looks locally like the
Reeb distribution associated to a contact metric 3-structure (and enjoys
similar properties, [128]).

Let G2(Cm+2) be the complex Grassmann manifold consisting of all
complex 2-dimensional linear subspaces of Cm+2. Let G2(Cm+2) carry the
canonical Riemannian metric g. Then G2(Cm+2) and its noncompact dual
G2(Cm+2)∗ are Hermitian symmetric spaces and Einstein manifolds. They
carry both a Kählerian structure and a quaternionic Kählerian structure.
The real hypersurfaces M0 in G2(Cm+2) or G2(Cm+2)∗, which are Hopf
hypersurfaces with respect to both structures, were classified by J. Berndt &
Y.J. Suh, [37] (any such Hopf hypersurface turns out to be a tube about
some totally geodesic submanifold all of whose principal curvatures are con-
stant). It may be shown that the Hopf distribution of M0 is a harmonic map
of (M0,g) in (G(3,M0),G). We may also state

Theorem 6.46 (O. Gil-Medrano & J.C. Gonzales-Davila &
L. Vanhecke, [128]) The Hopf distribution of a Hopf hypersurface in the
quaternionic projective space HPm(c), m≥ 2, is a harmonic map.

The Hopf hypersurfaces considered in Theorem 6.46 were classified by
J. Berndt, [36]. L. Ornea & L. Vanhecke considered (cf. [232]) locally con-
formal Kähler manifolds (M , J , g) with a parallel Lee form (cf. e.g., [106])
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and showed that the canonical distribution spanned by the Lee and anti-Lee
vector fields is a harmonic map of (M ,g) into (G(2,M),G). In particular L.
Ornea & L. Vanhecke consider (cf. op. cit.) locally conformal hyperkähler
manifolds and show that, whenever the Lee form is parallel, the associated
3- and 4-dimensional distributions are harmonic maps of (M ,g) into the
appropriate Grassmannians. Also the Lee and anti-Lee vector fields on a
Inoue surface with the Tricerri metric (cf. [106], p. 23–25) are harmonic
(cf. [232]).

6.9. THE CHACON-NAVEIRA ENERGY
6.9.1. Energy of Smooth Distributions

Let (M ,g) be a real n-dimensional oriented Riemannian manifold and ν a
smooth distribution on M of rank k. Let H= ν⊥ be the orthgonal com-
plement of ν in (T(M),g). Let us consider a local orthonormal frame
{Ea : 1≤ a≤ n} in T(M) adapted to ν i.e., {E1, . . . ,Ek} is a local frame
of ν while {Ek+1, . . . ,En} is a local frame of H. Let ∇ be the Levi-Civita
connection of (M ,g). We adopt the following convention as to the range
of indices

1≤ i, j ≤ k, k+ 1≤ α,β ≤ n, 1≤ a,b≤ n.

The functions

hαij =−g(∇EiEα, Ej)= g(Eα, ∇EiEj)

are the local manifestation of the second fundamental form of ν along the
vector fields Eα. Similarly the functions

hi
αβ =−g(∇EαEi, Eβ)= g(Ei, ∇EαEβ)

describe locally the second fundamental form of H along the vector fields
Ei. Note that ν is integrable (equivalently [Ei,Ej] ∈ ν, 1≤ i, j ≤ k) if and
only if hαij = hαji . Also ν is totally geodesic if and only if hαij = 0.

Definition 6.47 A vector field Z is said to be H-conformal if

(LZg)(X ,Y)= f g(X ,Y), X ,Y ∈H,

for some f ∈ C∞(M). �

Of course a Killing vector field is H-conformal with f = 0.
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The distribution ν may be looked at as a smooth section ξ of the
Grassmann bundle G(k,M) whose total space carries the Sasaki metric G
induced by g

ξ : (M ,g)→ (G(k,M),G), ξ = E1 ∧ ·· · ∧Ek.

Let M be compact. The energy of ν is

E(ν)= E(ξ)=
n
2

Vol(M)+
1
2

∫
M

‖∇ξ‖2 dvol(g). (6.46)

P.B. Chacon & A.M. Naveira & J.M. Weston proved (cf. [81]) that the
Hopf distribution S3

→ S4m+3
→HPm is an unstable critical point of

the energy functional for any m≥ 1. Subsequently P.B. Chacon & A.M.
Naveira considered (cf. [82]) the following total bending of ν

D(ν)=
∫
M

{
‖∇ξ‖2+ (n− k)(n− k− 2)‖ EHH‖2+ k2

‖ EHν‖
2} dvol(g)

where

EHH =
1

n− k

k∑
i=1

n∑
α=k+1

hi
αα Ei, EHν =

1
k

n∑
α=k+1

k∑
i=1

hαii Eα.

EHH and EHν are respectively the mean curvature vectors of H and ν. Note that

‖∇ξ‖2 =

n∑
a=1

‖∇Eaξ‖
2
=

∑
i,j,α

(
hαij
)2
+

∑
i,α,β

(
hi
αβ

)2
,

‖ EHH‖2 =
1

(n− k)2
∑

i

(∑
α

hi
αα

)2

, ‖ EHν‖
2
=

1
k2

∑
α

(∑
i

hαii

)2

.

Definition 6.48 We call

E∗(ν)= E∗(ξ)=
n
2

Vol(M)+
1
2
D(ν)

the Chacon-Naveira energy of ν. �

Note that E∗ does not generalize the Brito functional Ẽ. Indeed if ν is
1-dimensional (k= 1) and we identify ν with ξ ∈ 0∞(S(M)) then

EHν =−∇ξ ξ , EHH = EHξ⊥ =−
1

n− 1
(divξ)ξ ,



“Dragomir Chapters” — 2011/10/1 — page 346 — #346

346 Chapter 6 The Energy of Sections

so that

E∗(ξ)=
n
2

Vol(M)

+
1
2

∫
M

(
‖∇ξ‖2+ (n− 3)(n− 1)‖ EHξ bot‖

2
+‖∇ξ ξ‖

2)dvol(g)

= Ẽ(ξ)+
1
2

∫
M

‖∇ξ ξ‖
2 dvol(g).

Let us go back to the case of an arbitrary smooth distribution of rank k≥ 1.
The Chacon-Naveira energy attains its minimum (n/2)Vol(M) when both
distributions H and ν are totally geodesic. The main result in [82] may be
stated as

Theorem 6.49 (P.B. Chacon & A.M. Naveira, [82]) If ν is integrable
then

D(ν)≥
∫
M

∑
i,α

K(Ei,Eα)dvol(g) (6.47)

where K(Ei,Eα) is the sectional curvature of the 2-plane spanned by Ei ∈ ν and
Eα ∈H. Moreover equality is achieved in (6.47) if and only if ν is totally geodesic
and the vector fields E1, . . . ,Ek are H-conformal.

6.9.2. The Chacon-Naveira Energy of Distributions on
3-Sasakian Manifolds and Normal Complex
Contact Manifolds

Let M be a compact real (4m+ 3)-dimensional manifold M endowed with
a 3-Sasakian structure {(φi,ξi,ηi,g) : i ∈ {1,2,3}}. For the Reeb distribution
ξ = ξ1 ∧ ξ2 ∧ ξ3 our previous finding was that

E(ξ)=
16m+ 3

2
Vol(M)

that is
∫

M ‖∇ξ‖
2 dvol(g)= 12mVol(M). Moreover the vector fields ξi are

Killing and

hαij =−g(∇ξiEα, ξj)= g(∇ξiξj, Eα)=−g(φjξi, Eα)= g(ξh, Eα)= 0,
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for any cyclic permutation (i, j,h) of (1,2,3). Consequently

D(ξ)=
∫
M

‖∇ξ‖2 dvol(g)= 12mVol(M), (6.48)

D(ξ)=
∫
M

∑
i,α

Kiα dvol(g). (6.49)

Let us consider the unit sphere S4m+3
⊂ C2m+2. Let ν be the normal

unit field on S4m+3 (that is νp = Ep ∈ Tp(C2m+2) for any p ∈ S4m+3). Let
{ J1, J2, J3} be the ordinary complex structures of R4m+4. The vector fields

ξ1 = J1ν, ξ2 = J2ν, ξ3 = J3ν,

determine the natural 3-Sasakian structure of S4m+3. The vector fields ξi are
tangent to the vertical bundle of the Hopf fibration S3

→ S4m+3
→HPm.

By
∑

i,αKiα = 12m and by (6.48)–(6.49) one derives the following result
(due to P.B. Chacon & A.M. Naveira, [82])

Theorem 6.50 Among all smooth integrable distributions of rank 3 on S4m+3,
the Reeb distribution ξ1 ∧ ξ2 ∧ ξ3 of S3

→ S4m+3
→HPm minimizes the

Chacon-Naveira energy.

Let ν be an integrable distribution of rank 3 on M . Let us assume that ν
is locally expressed by V = E1 ∧E2 ∧E3 where {E1, . . . ,E4m+3} is a positive
orthonormal local frame of T(M).

Definition 6.51 The scalar K(ν)= K(E1,E2)+K(E2,E3)+K(E3,E1)

is called the curvature of the distribution ν. �

In dimension 3, the scalar 2K(ν) is precisely the scalar curvature of M
as a Riemannian manifold. Let us show that K(ν) is well defined i.e., the
definition does not depend upon the choice of local positive orthonormal
frame. Let {θ i : 1≤ i ≤ 4m+ 3} be the dual coframe i.e., θ i(Ej)= δ

i
j and let

us set

�ab(X ,Y)= g(R(X ,Y)Ea,Eb), X ,Y ∈ X(M).

The sign convention in the definition of the curvature tensor field is of
course that adopted in the Chapter 2 of this monograph. Let us consider
the (4m+ 3)-form

�=
∑
σ∈σ3

ε(σ)
∑
τ∈σ4m

ε(τ )�σ(1)τ (4) ∧ θ
σ(2)
∧ θσ(3) ∧ θ τ(5) ∧ ·· · ∧ θ τ(4m+3)
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where σ3 is the group of permutations of {1,2,3} and σ4m is the group
of permutations of the set {4,5, . . . ,4m+ 3}. One may easily check that �
is well defined i.e., its definition doesn’t depend upon the chosen positive
orthonormal local frame. Also (by (13) in [82], p. 102)

�(E1, . . . ,E4m+3)= 2(4m− 1)!
∑
i,α

K(Ei,Eα). (6.50)

Moreover∑
i,α

K(Ei,Eα)=
∑
i,α

R(Ei,Eα,Ei,Eα)

=

∑
i,a

R(Ei,Ea,Ei,Ea)−
∑
i,j

R(Ei,Ej,Ei,Ej)

=

∑
i

Ric(Ei,Ei)− 2
∑
i<j

K(Ei,Ej)=
∑

i

Ric(Ei,Ei)− 2K(ν).

By a result of T. Kashiwada, [183], any 3-Sasakian manifold is Einstein of
scalar curvature ρ = (4m+ 2)(4m+ 3). Then∑

i,α

K(Ei,Eα)= 3(4m+ 2)− 2K(ν). (6.51)

By (6.50)–(6.51) it follows that K(ν) is well defined. If K(ν)≤ 3 then (by
(6.48), (6.51)) and Theorem 6.49)

D(ν)≥
∫
M

∑
i,α

K(Ei,Eα)dvol(g)≥ 12mVol(M)=D(ξ) (6.52)

and equality is achieved in (6.52) if and only if K(ν)= 3, ν is totaly geodesic
and E1,E2,E3 are H-conformal. Let us also recall that T. Kashiwada has
proved (cf. [184]) the following remarkable result: every contact metric
3-structure is 3-Sasakian (cf. also [248] for a direct proof in dimension
three). Therefore we obtain the following result (extending Theorem 6.50)

Theorem 6.52 (D. Perrone, [249]) Let M be a compact 3-contact metric
manifold. Then among all integrable distributions ν on M of rank 3 and cur-
vature K(ν)≤ 3 the Reeb distribution ξ minimizes the energy D(ν). Moreover
D =D(ξ) if and only if ν is totally geodesic, E1,E2,E3 are H-conformal, and
K(ν)= 3.

Let us give an application of Theorem 6.52. Each compact Riemann-
ian manifold of constant sectional curvature +1 and dimension 4m+ 3 is a
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spherical space form (S4m+3/0,g) with 0 ⊂ O(4m+ 4) a finite subgroup
(where the identity is the only element corresponding to the eigenvalue+1)
and g is the metric induced on S4m+3/0 by the canonical metric g0 of
S4m+3. If (ϕi,ξi,ηi,g0) is the standard 3-Sasakian structure on S4m+3, the
spherical space forms S4m+3/0 which admit a 3-Sasakian structure cor-
respond to the subgroups 0 leaving invariant each of the three Sasakian
structures (ϕi,ξi,ηi). Of course on any such manifold K(ν)= 3 for any
3-dimensional distribution ν. Then (by Theorem 6.52)

Theorem 6.53 (D. Perrone, [249]) Let M be a spherical space form admit-
ting a 3-Sasakian structure. Then among all integrable 3-dimensional distributions
on M, the Reeb distribution minimizes the Chacon-Naveira energy D.

As a 3-Sasakian manifold is Einstein, it follows that any 3-dimensional
3-Sasakian manifold has constant sectional curvature +1. Hence on any
compact 3-dimensional 3-contact metric manifold the Reeb distribution
minimizes D. Let us look at a few examples.

Example 6.54 For a 3-dimensional spherical space form S. Sasaki, [267],
has classified the subgroups 0 leaving invariant each of the three Sasakian
structures. Precisely each 0 is a finite subgroup of Clifford translations on S3

and 0 is equivalent to one of the following groups a) 0 = {I}, b) 0 = {±I},

c) 0 is the cyclic group of order q> 2 generated by
(

A 0
0 A

)
where

A=


cos

2π
q
− sin

2π
q

sin
2π
q

cos
2π
q

 ,

and d) 0 is a group of Clifford translations corresponding to a binary dihe-
dral group or the binary polyhedral groups of the regular tetrahedron T∗,
octahedron O∗, or icosahedron I∗.

In dimension 4m+ 3> 3 examples of spherical space forms which
admit a 3-Sasakian structure are given by M = S4m+3/0r where 0r =

0× ·· ·×0 (r = m+ 1 terms) with 0 one of the groups in the list (a)–(d)
above. In particular the sphere S4m+3, the real projective space RP4m+3, and
the lens spaces L4m+3

= S4m+3/0r with 0 of type (c), admit a 3-Sasakian
structure. Therefore the Reeb distribution in these examples minimizes the
Chacon-Naveira energy.
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Next we look at the characteristic distribution of a complex contact
metric manifold. We start by recalling a few notions and basic results
on complex contact metric manifolds. For further details the reader may
consult D.E. Blair, [42], and B. Kormaz, [196].

Definition 6.55 Let M be a complex manifold of complex dimension
2m+ 1. We call M a complex contact manifold if it carries an open cover U of
M by local coordinate neighborhoods and a family of holomorphic forms
{θU ∈�

1,0(U) : U ∈ U} such that i) for any U ∈ U one has θU ∧ (dθU)m 6=
0 everywhere in U , and ii) for any U ,U ′ ∈ U such that U ∩U ′ 6= ∅ there
is a nowhere zero holomorphic function f = fUU ′ : U ∩U ′→ C∗ such that
θU ′ = f θU . �

Let (M , {θU : U ∈ U}) be a complex contact manifold. The family {θU :
U ∈ U} is referred to as its complex contact structure. It determines a smooth
distribution H0 in the following manner. Let us consider the canonical
bundle isomorphism T(M)→ T1,0(M) defined by X 7→ X − iJX for any
X ∈ T(M), where J denotes the complex structure of M and T1,0(M)=
{X − iJX : X ∈ T(M)} is the holomorphic tangent bundle. Let x ∈M and
let U ∈ U such that x ∈ U . Then we set by definition

H0(x)= {v ∈ Tx(M) : θU ,x(v− iJxv)= 0}.

By (ii) in Definition 6.55 the definition of H0(x) doesn’t depend upon the
choice of U ∈ U such that x ∈ U . Moreover H0(y) has constant dimen-
sion for any y ∈ U , hence the assignment x ∈M 7→H0(x)⊂ Tx(M) is a
well defined smooth distribution on M . Also, as a consequence of (i) in
Definition 6.55 the distribution H0 is not involutive. The local 1-forms
defining a complex contact structure {θU : U ∈ U} on M glue up to a (glob-
ally defined) 1-form on M if and only if c1(M)= 0, where c1(M) denotes
the first Chern class of M .

Let (M , {θU : U ∈ U}) be a complex contact manifold. Then θ = u− iv
where u,v ∈�1(U) are real 1-forms such that v= u ◦ J . By (i) in Defini-
tion 6.55 the 2-form du is nondegenerate along H0 hence there is a unique
real tangent vector field B ∈ X(U) such that

(du)(B,X)= 0, X ∈H0,

u(B)= 1, v(B)= 0.

Let A=−JB and let us consider the distribution V0 locally defined by the
bi-vector B∧A. Then T(M)=H0⊕V0.
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Definition 6.56 The distributions H0 and V0 are respectively referred
to as the horizontal distribution and the vertical distribution (or characteristic
distribution) of the complex contact manifold (M , {θU : U ∈ U}). �

From now on we assume that (M , {θU : U ∈ U}) is a complex contact
manifold whose characteristic distribution V0 is integrable (this is indeed
the case in all known examples).

Definition 6.57 A Hermitian metric g on M is said to be an associated
metric if 1) for any U ∈ U there is a (1,1)-tensor field G such that

G2
=−I + u⊗B+ v⊗A, G ◦ J =−J ◦G, GU = 0,

g(GX ,Y)=−g(X ,GY), u(X)= g(B,X),

(du)(X ,Y)= g(X ,GY)+ (σ ∧ u)(X ,Y),

(dv)(X ,Y)= g(X ,HY)− (σ ∧ u)(X ,Y),

for any X ,Y ∈ T(M), where H =G ◦ J and σ(X)= g(∇XB,A). Also it
must be that 2) for any U ,U ′ ∈ U such that U ∩U ′ 6= ∅ one has

u′ = au− bv, v′ = bu+ av,

G′ = aG− bH, H ′ = bG+ aH,

for some functions a,b ∈ C∞(U ∩U ′) with a2
+ b2
= 1. Here u′,v′ ∈

�1(U) are defined by θU ′ = u′− iv′. �

Note that H2
=G2 hence H2

=−I + u⊗B+ v⊗A as well.

Definition 6.58 A synthetic object (M , J , {θU : U ∈ U}, g) consisting of a
complex manifold (M , J), a complex contact structure {θU : U ∈ U}, and
an associated Hermitian metric g, is called a complex contact metric manifold. �

By a result of B. Foreman, [119], any complex contact manifold admits
associated Hermitian metrics.

Definition 6.59 Let X ∈H0(x) be a unit vector. Let p⊂ Tx(M) be the
2-plane spanned by X and Y = λGX +µHX with λ,µ ∈ R, λ2

+µ2
= 1.

We call p a GH-plane while the sectional curvature of p is referred to as the
GH-sectional curvature of p. �

Definition 6.60 (D.E. Blair, [42], B. Kormaz, [196]) A complex con-
tact metric manifold M is said to be normal if

S(X ,Y)= 0, T(X ,Y)= 0, X ,Y ∈H0,

S(B,X)= 0, T(A,X)= 0, X ∈ T(M),
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where S and T are the (1,2)-tensor fields given by

S(X ,Y)= [G,G](X ,Y)+ 2g(X ,GY)B

− 2g(X ,HY)A+ 2v(Y)HX − 2v(X)HY

+ σ(GY)HX − σ(GX)HY + σ(X)GHY − σ(Y)GHX ,

T(X ,Y)= [H,H](X ,Y)+ 2g(X ,GY)B

+ 2g(X ,HY)A+ 2u(Y)GX − 2u(X)GY

+ σ(HX)GY − σ(HY)GX + σ(X)GHY − σ(Y)GHX ,

for any X ,Y ∈ T(M). �

As a consequence of normality, sectional curvatures of 2-planes spanned
by a vector in V0 and a vector in H0 equal +1. Therefore, given a local
orthonormal frame {Eα : 1≤ α ≤ 4m} of H0 one has

4m∑
α=1

{K(B∧Eα)+K(A∧Eα)} = 8m. (6.53)

Again as a consequence of normality

∇XB=−GX + σ(X)A, ∇XA=−HX − σ(X)B.

Therefore

(LBg)(X ,Y)= g(∇XB,Y)+ g(X ,∇Y B)= 0

for any X ,Y ∈H0. A similar result holds for A. That is both B and A are
H0-Killing vector fields. Moreover

g(∇BB,X)= g(∇AA,X)= g(∇BA,X)= g(∇AB,X)= 0

for any X ∈H0 i.e., V0 is totally geodesic. Consequently (as well as in the
3-Sasakian case) Theorem 6.49 and (6.53) yield

D(V0)=

∫
M

∑
α

{K(B∧Eα)+K(A∧Eα)}d vol(g)= 8mVol(M). (6.54)

The result in (6.54) is essentially Theorem 2 in [48]. This doesn’t imply
in general that V0 minimizes the Chacon-Naveira energy (although this
does hold in special instances). Arguments similar to those in the proof of
Theorem 6.52 lead to
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Theorem 6.61 (D. Perrone, [249]) Let M be a compact Einstein normal
complex contact metric manifold. Then among all integrable 2-dimensional distri-
butions V on M of curvature K(V)≤ K(V0) the characteristic distribution V0

minimizes the Chacon-Naveira energy D(V). Moreover D(V)=D(V0) if and
only if V is totally geodesic, V1, V2 are H-conformal, and K(V)= K(V0).

Appealing examples of Einstein normal complex contact metric man-
ifolds do exist. A complex contact metric manifold M is normal in the
sense of S. Ishihara & M. Konishi (cf. [178]) or briefly M is IK-normal, if
S = 0 and T = 0. Obviously a IK-normal complex contact metric struc-
ture is normal in the sense of Definition 6.60. S. Ishihara & M. Konishi,
[178], showed that any IK-normal complex contact metric manifold is
Kähler-Einstein with c1(M) > 0. Also (by a result of B. Foreman (cf. The-
orem 6.1 and Proposition 6.3 in [119]) M is isometric to a twistor space of
a quaternionic-Kähler manifold of positive scalar curvature and

R(X ,Y)B=−u(Y)X + u(X)Y − v(Y)JX + v(X)JY − 2g( JX ,Y)A (6.55)

where R is the curvature tensor field of (M ,g). Then

K(V0)= g(R(B,A)B,A)= 4, Ric= (4m+ 1)g. (6.56)

Conversely (again by using results in [119] and [177]), every twistor space
Z of a quaternionic-Kähler manifold of positive scalar curvature admits a
IK-normal complex contact metric structure satisfying (6.55).

Let Z be a compact complex (2m+ 1)-dimensional manifold carry-
ing a complex contact structure. By a result of C. LeBrun, [201], if Z
admits a Kähler-Einstein metric of positive scalar curvature then Z is the
twistor space of a quaternionic-Kähler manifold of positive scalar curvature.
Summing up, a complex (2m+ 1)-dimensional compact Kähler-Einstein
manifold Z , of positive scalar curvature, carrying a complex contact struc-
ture, admits an Einstein normal complex contact metric structure of scalar
curvature ρ = 2(2m+ 1)(4m+ 1).

Another approach to building twistor spaces admitting an Einstein nor-
mal complex contact metric structure may be given as follows. Let M
be a 3-Sasakian manifold such that one of the Reeb vectors, say ξ1, is
regular. Then the orbit space M =M/ξ1 admits a IK-normal complex con-
tact metric structure which is Kähler-Einstein of positive scalar curvature
(cf. S. Ishihara & M. Konishi, [177]). Therefore M is isometric to a twistor
space of a quaternionic-Kähler manifold of positive scalar curvature. Con-
sequently, the class of twistor spaces of a quaternionic-Kähler manifold of
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positive scalar curvature consists of Einstein normal complex contact metric
manifolds satisfying (6.56). Then (by Theorem 6.61)

Theorem 6.62 (D. Perrone, [249]) Let Z be a compact twistor space of a
quternionic-Kähler manifold of positive scalar curvature equipped with a IK-normal
complex contact metric structure. Then among all 2-dimensional integrable distribu-
tions V on Z of curvature K(V)≤ 4 the characteristic distribution minimizes the
Chacon-Naveira energy.

The complex projective space CP2m+1 endowed with the Fubini-Study
metric g (of constant holomorphic curvature +4) enters the above class of
examples. Indeed CP2m+1 is the twistor space of the quaternionic-Kähler
manifold QP2m+1. By a result of S. Ishihara & M. Konishi (cf. [177])
CP2m+1 admits a normal complex contact metric structure ( J , {θU : U ∈
U},g) which appears to be closely related to the standard Sasakian 3-
structure on S4m+3 (it is induced by the structure on S4m+3 via S1

→

S4m+3
→ CP2m+1). Let V be a 2-dimensional integrable distribution on

CP2m+1 locally defined by the bi-vector V1 ∧V2. As CP2m+1 has con-
stant holomorphic curvature +4 the curvature K(V) satisfies (cf. e.g.,
[189], p. 167) K(V)= 1+ 3cosζ(V)≤ 4, where cosζ(V)=

∣∣g(V1, JV2)
∣∣,

and K(V)= 4 if and only if V2 =±JV1. Then (by Theorem 6.62)

Corollary 6.63 Among all 2-dimensional integrable distributions V on CP2m+1

the characteristic distribution V0 of the normal complex contact metric structure
induced via the Hopf fibration S1

→ S4m+3
→ CP2m+1 minimizes the Chacon-

Naveira energy. Moreover if V is locally defined by the bi-vector V1 ∧V2 then
D(V)=D(V0) if and only if V is totally geodesic, V2 =±JV1, and V1,V2 are
H-conformal.
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Let M be a compact orientable n-dimensional Riemannian manifold and
let S(M)→M denote its tangent sphere bundle. As largely exploited in the
previous chapters of this monograph S(M) carries a natural Riemannian
metric Gs (induced by the Sasaki metric on T(M)) naturally associated to
the Riemannian metric g of M . A unit vector field X on M is then a smooth
map X : M→ S(M). As such, X is a harmonic vector field if it is a critical
point of the energy functional

E(X)=
1
2

∫
M

‖dX‖2dvol(g),

(where ‖dX‖2 = traceg(X∗Gs)) i.e., for any smooth 1-parameter variation
{Xt}|t|<ε of X = X0 by unit vector fields Xt : M→ S(M) one has

d
dt
{E(Xt)}t=0 = 0,

cf. Chapter 2 of this monograph or C.M. Wood, [316]. Harmonic vector
fields aren’t harmonic maps in general (a unit vector field X : M→ S(M)
is a harmonic map if and only if X is a harmonic vector field and the
additional condition traceg{R(∇·X ,X)·} = 0 is satisfied, cf. Corollary 2.24
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in Chapter 2 of this monograph or O. Gil-Medrano, [126]). Harmonic
vector fields were first studied by G. Wiegmink, [309], though as critical
points of the total bending functional

B(X)=
∫
M

‖∇X‖2dvol(g),

a measure of the failure of a unit vector field X to be parallel with respect
to the Levi-Civita connection ∇ of g. However a simple calculation (taking
into account the very construction of Gs) showed that E(X) may be also
written as

E(X)=
1
2
B(X)+

n
2

Vol(M),

(see Proposition 2.3 in Chapter 2 of this monograph) hence the notions in
[309] and [316] were seen to be equivalent. Both authors established the
first and second variation formulae for E(X) (the variations are through
unit vector fields) and gave applications. For instance, by a result in [309],
p. 332, the Reeb vector field ξ of a Sasakian manifold is harmonic. Gener-
alizations of this result to arbitrary contact Riemannian manifolds (mainly
due to the second author of this monograph) were presented in Chapters 3
and 4 of this book. Any Hopf vector field (i.e., a vector field on the sphere
S2n+1 tangent to the fibres of the Hopf fibration S1

→ S2n+1
→ CPn) was

shown to be harmonic and unstable provided that n> 1, cf. Theorem 3.18
in Chapter 3 or [316], p. 320. The stability part in the previous result is not
surprising in light of the result by Y.L. Xin, [321] (that harmonic maps from
a sphere to a compact Riemannian manifold are unstable, cf. Theorem 3.17
in Chapter 3). The additional condition n> 1 is easy to understand since, as
proved by G. Wiegmink, [309], the Hopf vector fields on the sphere S3 are
stable critical points for the energy. The stability problem has not been stud-
ied in full generality (i.e., when the source manifold is an arbitrary compact
Riemannian manifold) yet in light of a classical result by P.F. Leung, [207]
(any nonconstant harmonic map of a compact Riemannian manifold into
a sphere is unstable) and taking into account the formal similarity between
the shape operator of a sphere and that of S(M) (as a real hypersurface of
(T(M),Gs)) one may expect instability. For example if (M ,g), n≥ 3, is a
compact quotient of a symmetric space of rank 1 and of non-positive cur-
vature with non-vanishing first Betti number, then the geodesic flow ξ on
S(M) is unstable for the energy functional (cf. [56]).
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A generalization of harmonic maps to the context of Hörmander sys-
tems of vector fields was produced by J. Jost & C-J. Xu, [180], and
Z.R. Zhou, [327]. Their notion of a subelliptic harmonic map was seen to
arise as the local manifestation of the pseudoharmonic maps of E. Barletta
et al., [25], from a strictly pseudoconvex CR manifold M to a Riemannian
manifold. Pseudoharmonic maps themselves admit a nice geometric inter-
pretation in terms of the Fefferman metric Fθ associated to a choice of
contact form θ on M (cf. [25], p. 729).

In the present chapter, we report on the development of two analo-
gous theories of pseudoharmonic vector fields (or subelliptic harmonic vector fields)
within CR geometry, following the work by D. Perrone et al., [107], and
by Y. Kamishima et al., [103]. Precisely, if X is a unit tangent vector field
on a strictly pseudoconvex CR manifold M , lying in the Levi distribution
H(M) of M , then its horizontal lift X↑ with respect to the natural connec-
tion 1-form σ in the canonical circle bundle S1

→ C(M)→M is a map of
C(M) into

S1(C(M),Fθ )= {V ∈ T(C(M)) : Fθ (V ,V )= 1}.

Fθ is a Lorentz metric on C(M) hence S1(C(M),Fθ ) (the Lorentz analog to
the tangent sphere bundle over a Riemannian manifold) is a hyperquadric
bundle. At this point it is a natural question whether the tangent bundle
of a Lorentz manifold admits a natural metric (similar to the Sasaki met-
ric in Riemannian geometry) and almost complex structure. It turns out
that this is indeed the case (cf. O. Gil-Medrano & A. Hurtado, [130], and
D. Perrone et al., [107]) and one may request that X↑ be a critical point of
the functional

E(X )=
1
2

∫
C(M)

traceFθ
(
X ∗Gs

)
dvol(Fθ ),

X ∈ 0∞(S1(C(M),Fθ )).

It will be shown (following [107]) that given a smooth 1-parameter varia-
tion of X through unit vector fields Xt ∈H(M)

d
dt

{
E
(
X↑t
)}

t=0
=

∫
C(M)

Fθ
(
Ṽ ,�X↑

)
dvol(Fθ ), (7.1)

where Ṽ =
(
∂X↑t /∂ t

)
t=0

and � is the wave operator (the Laplacian

with respect to the Fefferman metric Fθ ). This is a consequence of the
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more general fact that given a unit vector field X on a compact Lorentz
manifold (N ,g), one has (similar to the Riemannian case) {dE(Xt)/dt}t=0 =∫

N g(V ,1gX)dvol(g), where V = (∂Xt/∂ t)t=0 and 1g is the rough Lapla-
cian (on vector fields) associated to the Lorentz metric g. When g is a
Riemannian metric, {dE(Xt)/dt}t=0 = 0 yields

1gX −‖∇X‖2X = 0 (7.2)

cf. Theorem 2.22 in Chapter 2 of this monograph. This is no longer true
when g is a Lorentz metric. However, one may integrate along the fibres in
the right hand member of (7.1) to obtain (up to a multiplicative constant)∫

M

gθ (V ,−1bX + 2τ JX + 4∇T JX + 6φJX) θ ∧ (dθ)n

which (by taking into account the constraint gθ (V ,X)= 0) leads to equa-
tion (7.32) whose principal part is 1b, the sublaplacian (on vector fields).
Equation (7.32) is the CR, or pseudohermitian, analogue to (7.2). One
may show that 1b is a subelliptic operator (cf. Proposition 7.29) and that
(7.32) has a variational interpretation (cf. Theorem 7.32). A theory for the
existence and regularity of weak solutions to (7.2), or its CR analogue
(7.32), is missing in the present day literature.

The material in Sections 7.1 to 7.3 is organized as follows. In Section 7.1
we describe the canonical metric Gs (a semi-Riemannian metric of sig-
nature (2n− 2ν,2ν)) and the compatible almost complex structure J on
the total space T(M) of the tangent bundle over a semi-Riemannian
n-dimensional manifold (M ,g) of index 0≤ ν < n (both arise naturally
from the semi-Riemannian metric g, as well as in the Riemannian case,
cf. [266] and [42]). In Section 7.2 we introduce the bundles of hyper-
quadrics Qε→ Sε(M ,g)→M (the semi-Riemannian analog to the tangent
sphere bundle over a Riemannian manifold) and show that Sε(M ,g) is
a semi-Riemannian hypersurface of (T(M),Gs), of index ε ∈ {±1}, and
compute its Weingarten operator. Also we endow Sε(M ,g) with the natu-
ral almost CR structure (induced by the almost complex structure J ) and
obtain the integrability conditions (7.18). As an application of the material
in Section 7.2, we give geometric conditions under which the Reeb vector
ξ : M→ S(M) of an almost contact Riemannian manifold is a CR map (cf.
Theorem 7.18 and Corollaries 7.19 and 7.20).

In Section 7.3 we consider harmonic vector fields of the form X↑,
X ∈H(M), from C(M) (the total space of the canonical circle bundle over
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a strictly pseudoconvex CR manifold M) and project the relevant harmonic
vector fields equations on M , cf. (7.32). We show that (7.32) is a subellip-
tic system of PDEs and that (7.32) are the Euler-Lagrange equations of a
variational principle on M , cf. Theorem 7.32.

Building on the work by J. Jost & C-J. Xu, [180], and E. Barletta
et al., [25], one may study smooth pseudoharmonic maps from a compact
strictly pseudoconvex CR manifold and their generalizations. Boundary
values of Bergman-harmonic maps φ :�→ S from a smoothly bounded
strictly pseudoconvex domain �⊂ Cn were shown to be pseudoharmonic
maps (cf. Y. Kamishima et al., [103]) provided their normal derivatives van-
ish. It is also known that ∂b-pluriharmonic maps are pseudoharmonic maps
(cf. again [103]). A smooth vector field X : M→ T(M) is a pseudohar-
monic map if and only if X is parallel (with respect to the Tanaka-Webster
connection) along the maximally complex, or Levi, distribution. The main
purpose of Sections 7.4 to 7.7 is to report on the results by Y. Kamishima
et al. (cf. op. cit.) on the emerging theory of subelliptic harmonic vector fields
i.e., unit vector fields X ∈ U(M ,θ) which are critical points of the energy
functional E(X)= 1

2

∫
M traceGθ (πHX∗Sθ )θ ∧ (dθ)n relative to variations

through unit vector fields. Any such critical point X was shown (cf. again
[103]) to satisfy the nonlinear subelliptic system 1bX −‖∇HX‖2X = 0.
Also infX∈U(M ,θ)E(X)= nVol(M ,θ) yet E is unbounded from above. We
also present the derivation of the first and second variation formulae for
E : U(M ,θ)→ [0,+∞). Subelliptic harmonic vector fields generalize
(within CR geometry, or more generally within the theory of Hörmander
systems of vector fields) pseudoharmonic (or subelliptic harmonic) maps
very much the way harmonic vector fields generalize harmonic maps
(within Riemannian or Lorentzian geometry).

7.1. THE CANONICAL METRIC

We start by adapting a few notions of geometry of the tangent bundle
(over a Riemannian manifold) to the semi-Riemannian case. As long as ten-
sor calculus is involved, only minor modifications are necessary. Let (M ,g)
be an n-dimensional semi-Riemannian manifold of index 0≤ ν < n. Let
π : T(M)→M be the tangent bundle and V = Ker(dπ) the vertical sub-
bundle. The Levi-Civita connection of (M ,g) induces a connection ∇ in
the pullback bundle π−1TM→ T(M). Indeed let

(
U , x̃i

)
be a local coor-

dinate system on M and
(
π−1(U),xi,yi

)
the induced local coordinates on
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T(M). If 0i
jk are the Christoffel symbols of (M ,g) we set

∇∂iXj =

(
0k

ij ◦π
)

Xk , ∇∂̇i
Xj = 0.

Here Xi is the (locally defined) section in the diagonal bundle given by
Xj(u)= (u,(∂/∂ x̃ j)π(u)), for any u ∈ π−1(U) (the natural lift of ∂/∂ x̃i).
Note that {Xj : 1≤ j ≤ n} is a local frame in π−1TM→ T(M). Also {∂i, ∂̇i}

is short for {∂/∂xi, ∂/∂yi
}.

We recall (cf. Chapter 1 of this book) that a nonlinear connection on M
is a C∞ distribution H : u ∈ T(M) 7→Hu ⊂ Tu(T(M)) such that

Tu(T(M))=Hu⊕Vu , u ∈ T(M). (7.3)

There is a natural nonlinear connection on M , associated to the semi-
Riemannian metric, as follows. Also the Liouville vector is the section L in
π−1TM given by L(u)= (u,u), for any u ∈ T(M).

Lemma 7.1 Consider the bundle map K : T(T(M))→ π−1TM given by
KX̃ =∇X̃L for any X̃ ∈ T(T(M)). Then H= Ker(K) is a nonlinear con-
nection on M. Locally H is given by the Pfaffian equation

dyi
+N i

j dx j
= 0 (7.4)

where N i
j = 0

i
jky

k. Also K(γX)= X, for any X ∈ π−1TM.

Lemma 7.1 is an obvious semi-Riemannian analog to Proposition 1.8 in
Chapter 1. Here γ : π−1TM→ V is the vertical lift i.e., locally γXi = ∂̇i.

Proof of Lemma 7.1. Let us set

δi =
δ

δxi = ∂i−N j
i ∂̇j .

The Liouville vector is locally given by L= yiXi. Then ∇δiL= 0 hence
{δi : 1≤ i ≤ n} is a local frame of H. As V is locally generated by {∂̇i : 1≤
i ≤ n} it follows that Hu ∩Vu = (0), for any u ∈ T(M). Then (7.3) follows
by inspecting dimensions. Finally

∇γXL= X i
∇∂̇i
L= X iXi

for any X ∈ 0∞(π−1TM). �

The bundle morphism K in Lemma 7.1 is the Dombrowski map. As
well as in the Rieamannian case K really depends but on the nonlinear
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connection H. By the last statement in Lemma 7.1, the Dombrowski map
may be recast as

K = γ−1
◦Q,

where Q : T(T(M))→ V is the projection associated to the direct sum
decomposition (7.3). The horizontal lift is the bundle morphism β :
π−1TM→H (locally) given by βXi = δi. If L : T(T(M))→ π−1TM is
the bundle morphism

LuX̃ =
(
u,(duπ)X̃

)
, X̃ ∈ Tu(T(M)), u ∈ T(M),

then β may also be described as the inverse of L :H→ π−1TM .
Let Gs on T(M) be the (0,2)-tensor field given by

Gs
(
X̃ , Ỹ

)
= ĝ

(
LX̃ ,LỸ

)
+ ĝ

(
KX̃ ,KỸ

)
,

for any X̃ , Ỹ ∈ T(T(M)). Here ĝ is the bundle metric induced in
π−1TM→ T(M) by the given semi-Riemannian metric i.e., locally
ĝ(Xi,Xj)= gij ◦π , where gij = g(∂/∂ x̃i,∂/∂ x̃ j). Then

Proposition 7.2 Gs is a semi-Riemannian metric on T(M) of signature (2n−
2ν,2ν). Both Hu and Vu have index ν in (Tu(T(M)),Gsu), u ∈ T(M).

We refer to Gs as the canonical metric on the tangent bundle over the
semi-Riemannian manifold (M ,g) (this is of course the Sasaki metric in
the Riemannian case). Based on our knowledge of the positive definite
case, it is likely that Gs is rather rigid e.g., for instance it doesn’t possess
the hereditary properties (cf. [6]) of the g-natural metrics introduced by O.
Kowalski & M. Sekizawa, [200].

Let us consider the almost complex structure J on T(M) given by

J(βX)= γX , J(γX)=−βX ,

for any X ∈ π−1TM . J is rarely integrable, in fact only when (M ,g) is flat. A
remark is in order. The notion of nonlinear connection is due to W. Barthel,
[29], and is of current use in Finslerian geometry (cf. e.g., Definition 8.2 in
[209], p. 55). We recall (cf. [209], p. 62) that a Finslerian connection is a pair
(∇,H) consisting of a connection ∇ in π−1TM and a nonlinear connection
H on M . Note that given a semi-Riemannian bundle metric ĝ in π−1TM
and just any nonlinear connection H, one may produce a metric Gs and an
almost complex structure J on T(M) as above and in general the results in
Section 8.1 should carry over to Finslerian geometry (by replacing the Levi-
Civita connection with one of the canonical Finslerian connections e.g., the
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Cartan, Rund, or Berwald connections, cf. [209], p. 108 and p. 115). For
the interplay between CR and (complex) Finsler geometry see also [101]
and [104].

Proposition 7.3 Let [ : T(M)→ T∗(M) be the natural diffeomorphism asso-
ciated to the semi-Riemannian metric g and λ the Liouville 1-form on T∗(M).
Then i) ([∗λ)] = βL and ii) 2[∗dλ is the Kähler 2-form of (T(M), J ,Gs). In
particular (T(M), J ,Gs) is an indefinite almost Kähler manifold.

Here ] is the inverse of [. For a study of indefinite Kähler manifolds see
M. Barros & A. Romero, [28]. Let (pi,qi) be the natural local coordinates
on T∗(M) and λ= pi dqi the Liouville 1-form (cf. e.g., C. Godbillon, [137],
p. 124). Then

pi ◦ [= y jgij(x), qi
◦ [= xi,

hence

(d [)δj =
∂

∂q j +

(
yk ∂gki

∂x j −Nk
j gki

)
∂

∂pi
, (d [)∂̇j = gji

∂

∂pi
,

and Gs(([
∗λ)], X̃)= λ(d [)X̃ yields ([∗λ)] = yiδi which is the first state-

ment in Proposition 7.3. Moreover if �= dpi ∧ dqi then

[∗dpi = yk ∂gki

∂x j dx j
+ gij dy j, [∗dqi

= dxi,

so that

[∗�= yk ∂gkj

∂xi dxi
∧ dx j

− gij dxi
∧ dy j

and a straightforward calculation shows that 2�(X̃ , Ỹ)=Gs(X̃ , JỸ) for
any X̃ , Ỹ ∈ T(T(M)). Yet � is a symplectic 2-form on T∗(M) hence
Proposition 7.3 is proved.

Of course, a fundamental question is to describe the holomorphic func-
tions on (T(M), J). Let Rn

ν = (Rn,bn,ν) be the semi-Euclidean space i.e.,
bn,ν(x,y)=

∑n
i=1 εix

iyi, x,y ∈ Rn, where εi =−1, 1≤ i ≤ ν, and εj = 1,
ν+ 1≤ j ≤ n. Let us set

T1,0(T(M), J)= {X̃ − iJX̃ : X̃ ∈ T(T(M))}

(where i=
√
−1).

Definition 7.4 A C1 function f : T(M)→ C is holomorphic if Z( f )= 0,
for any Z ∈ T1,0(T(M), J). �
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Overbars denote complex conjugation in T(T(M))⊗C.

Proposition 7.5 Let M be an n-dimensional semi-Riemannian manifold of
index ν (0≤ ν < n). The holomorphic functions f : T(M)→ C are the C1

solutions to

δf
δx j + i

∂ f
∂y j = 0, 1≤ j ≤ n. (7.5)

Any C2 holomorphic function f : T(M)→ C is harmonic (1f = 0). Therefore
when (M ,g) is Riemannian (ν = 0) f is C∞. Moreover, J is integrable if and only
if M is locally isometric to Rn

ν .

The equations (7.5) are the Cauchy-Riemann equations on (T(M), J). If we
set ∂/∂z j

=
1
2(∂/∂x j

+ i∂/∂y j), then (7.5) may also be written

∂ f

∂z j =
1
2
0k

j`(x)y
` ∂ f
∂yk . (7.6)

The only holomorphic functions on T(M) which are vertical lifts of
functions on M are the (complex) constants.

Proof of Proposition 7.5. Let X̃ = λ jδj+µ
j∂̇j. Then

X̃ − iJX̃ =
(
λ j
+ iµ j)(δj− i ∂̇j

)
hence {δj− i ∂̇j : 1≤ j ≤ n} is a (local) frame of T1,0(T(M), J) on π−1(U).
The harmonicity of C2 holomorphic functions f : T(M)→ C follows
from

−1f = δi(gijδj f )+ ∂̇i(gij∂̇j f )+ gij0k
ikδj f , (7.7)

where 1 is the Laplace-Beltrami operator of (T(M),Gs). Indeed, by the
Cauchy-Riemann equations (7.5) and by the commutation formula

[δi, ∂̇j]= 0k
ij ∂̇k

one has

1f =
√
−1
{
∂gij

∂xi + gik0
j

ik+ gij0k
ik

}
∂̇j f = 0

(due to ∇ ĝ = 0). When ν = 0, the canonical metric Gs is Riemannian
hence its Laplace-Beltrami operator is elliptic, and then hypoelliptic. Then
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C2 solutions (and actually distribution solutions) to 1f = 0 are C∞. The
last statement follows from

[ J , J](δi,δj)=−[ J , J](∂̇i, ∂̇j)= Rk
ij ∂̇k,

[ J , J](∂̇i,δj)= Rk
ij δk,

where [ J , J] is the Nijenhuis torsion of J and Ri
jk = Ri

jk`y
`. Also Ri

jk` is the

curvature tensor field of 0i
jk. Note that [δi,δj]=−Rk

ij ∂̇i, that is Ri
jk = 0 is

the integrability condition for the Pfaffian system (7.4). We are left with
the proof of (7.7). The canonical metric Gs is given by (with respect to the
local frame {∂i, ∂̇i})

Gs :

(
gij+Nk

i N`
j gk` Nk

i gkj

gikNk
j gij

)
.

Consequently, the cometric Gs
∗ induced by Gs on 1-forms is given by

Gs
∗ :

(
gij

−gikN j
k

−N i
kg

kj gij
+N i

kN
j
` gk`

)
.

Then for any C2 function f on T(M)

−1f =
∂

∂xA

(
GAB ∂ f

∂xB

)
+Pf

= δi(gijδj f )+ ∂̇i(gij∂̇j f )− gjk0i
kiδj f +Pf ,

where P is the first order differential operator given by

Pf =
∂

∂xA

(
log
√

G
)

GAB ∂ f
∂xB .

Also (xA) is short for (xi,yi) and GAB =Gs(∂/∂xA,∂/∂xB), G = |det
(GAB)|. Moreover

Pf =GAB0̃C
AC

∂ f
∂xB = gij0̃A

iAδj f − 0̃A
i+n,A

{
N i

kg
kjδj f − gij∂̇j f

}
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where 0̃A
BC are the local coefficients of D with respect to {∂/∂xA : 1≤ A≤

2n}. By (7.11)–(7.14)

0̃`ij = 0
`
ij +

1
2

ys
(
Nk

j R`ski+Nk
i R`skj

)
,

0̃`i,j+n =
1
2

ykR`kji, 0̃
`
i+n,j =

1
2

ykR`kij,

0̃`+n
i,j+n = 0

`
ij −

1
2

ysRk
sjiN

`
k , 0̃`+n

i+n,j+n = 0.

Note that Ri
jki = 0. Thus

0̃A
iA = 20 j

ij , 0̃
A
i+n,A = 0,

so that

Pf = 2gik0`i` δkf

which leads to (7.7). �

In the real Finslerian setting, the integrability of the almost com-
plex structure J on T(M) has been discussed by H. Akbar-Zadeh &
E. Bonan, [13].

7.2. BUNDLES OF HYPERQUADRICS IN (T(M), J, GS)

Let q(x)= bn,ν(x,x)=−
∑ν

i=1(x
i)2+

∑n
j=ν+1(x

j)2, for x ∈ Rn.
Given ε ∈ {±1} we consider the (central) hyperquadrics Qε = q−1(ε). More-
over let Sε(M ,g)x consist of all u ∈ Tx(M) such that gx(u,u)= ε, for x ∈M .
Let {Ei : 1≤ i ≤ n} be a local orthonormal (i.e., g(Ei,Ej)= εiδij) frame of
T(M) defined on some open neighborhood of x ∈M . If u ∈ Sε(M ,g)x
and u= uiEi,x then q(u1, . . . ,un)= ε i.e., the map u 7→ (u1, . . . ,un) is a
linear isometry Sε(M ,g)x ≈Qε . Therefore Sε(M ,g)→M is a bundle of
hyperquadrics over M . In particular one has

Sn−1
ν → S1(M ,g)−→M

(a bundle of pseudospheres) and

Hn−1
ν−1→ S−1(M ,g)−→M
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(a bundle of pseudohyperbolic spaces). Here Sn−1
ν = {x ∈ Rn

ν :
∑n

i=1 εi(x
i)2

= 1} and Hn−1
ν−1 = {x ∈ Rn

ν :
∑n

i=1 εi(x
i)2 =−1}. Finally let us set

S0(M ,g)= {u ∈ Tx(M) \ {0x} : gx(u,u)= 0}, x ∈M ,

to obtain 3→ S0(M ,g)−→M (a bundle of nullcones) where 3=

q−1(0) \ {0} ⊂ Rn
ν . Let (U ,xi) be a local coordinate system on M . The open

submanifold Sε(M ,g)∩π−1(U) is given by the equation gij(x)yiy j
= ε.

A vector field X̃ = ai∂i+ bi∂̇i is tangent to Sε(M ,g) if and only if

yi
(

a jyk ∂gik

∂x j + 2b jgij

)
= 0. (7.8)

If X = δi then a j
= δ

j
i , b j

=−N j
i so that

y j
(
a`yk∂`gjk+ 2bkgjk

)
= y jyk(∂igjk− 20ikj

)
= 0

hence (by (7.8)) δi ∈ T(Sε(M ,g)). Moreover (again by (7.8)), X i∂̇i ∈

T(Sε(M ,g)) if and only if X iy jgij = 0. Summing up, it is immediate that

Lemma 7.6 Each horizontal vector on T(M) is tangent to Sε(M ,g) i.e.,
Hu ⊂ Tu(Sε(M ,g)) for any u ∈ Sε(M ,g). Moreover, a vertical vector γX, X ∈
π−1TM, is tangent to Sε(M ,g) if and only if X is orthogonal to the Liouville
vector. Consequently

T(Sε(M ,g))=H⊕ γ (RL)⊥ (7.9)

where (RL)⊥ = {X ∈ π−1TM : ĝ(X ,L)= 0}.

As RLu (with u ∈ Sε(M ,g)) is nondegenerate, so is the corresponding perp
space hence (7.9) follows by looking at dimensions.

Recall that on a semi-Riemannian manifold the tangent vectors
v ∈ Tx(M) fall into three types, as gx(v,v) < 0 (v is timelike or −1-like) or
gx(v,v) > 0 (v is spacelike or +1-like) or gx(v,v)= 0 and v 6= 0x (v is lightlike
or null). Consider the C∞ function

E : T(M)→ R, E = ĝ(L,L).

Then E(u)= ε for any u ∈ Sε(M ,g) i.e., Lu is ε-like.
Let us recall that the sign ε of a semi-Riemannian hypersurface

in (T(M),Gs) is +1 (respectively −1) if Gs(z,z) > 0 (respectively if
Gs(z,z) > 0) for every normal vector z 6= 0. We may state

Theorem 7.7 Let (M ,g) be an n-dimensional semi-Riemannian manifold of
index ν (0≤ ν < n). Let ε ∈ {±1}. Then γL is a unit normal vector field on
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Sε(M ,g) i.e., Sε(M ,g) is a semi-Riemannian hypersurface of (T(M),Gs) of sign
ε and index 2ν− 1 if ε =−1, respectively of index 2ν if ε = 1. Finally, the
Weingarten operator A corresponding to γL is given by

AβX = 0, AγX =−γX , (7.10)

for any X ∈ π−1TM. S0(M ,g) is a real hypersurface of T(M), invariant under
the natural action of R∗ = R \ {0} (the multiplicative reals) on T(M). The vector
field γL is both tangent and normal to S0(M ,g), hence S0(M ,g) is not a semi-
Riemannian hypersurface.

Proof. By Lemma 7.6 each normal section on Sε(M ,g) is vertical. Next, if
Y ∈ (RL)⊥ then γX is orthogonal to Sε(M ,g) if and only if ĝ(X ,Y)=
0, i.e., γX is proportional to γL. The proof of the next statement in
Theorem 7.7 requires the Levi-Civita connection D of (T(M),Gs). It is
given by

Dδiδj = 0
k
ijδk−

1
2

ykR`ijk∂̇`, (7.11)

Dδi ∂̇j =
1
2

ykR`kjiδ`+0
k
ij ∂̇k, (7.12)

D∂̇i
δj =

1
2

ykR`kijδ`, (7.13)

D∂̇i
∂̇j = 0. (7.14)

The proof is similar to that in the Riemannian case (ν = 0) and thus
omitted. Cf. e.g., S. Sasaki, [266]. Next (by the Weingarten formula)

Aδi =−Dδi

(
y j∂̇j

)
=N j

i ∂̇j− y j
(
0k

ij ∂̇k+
1
2

ykR`kjiδ`

)
= 0.

Also

AγX =−DγX
(
y j∂̇j

)
=−X j∂̇j

for any X ∈ (RL)⊥. The arguments above apply verbatim to show that

H⊕ γ (RL)⊥ ⊂ T(S0(M ,g)).

Yet E(u)= 0 for any u ∈ S0(M ,g) i.e., L is lightlike. In particular, L ∈
(RL)⊥ hence γL is tangent to S0(M ,g). Finally (by (7.8))

Gs(X̃ ,γL)=
(
b j
+N j

i ai
)

gjkyk
= 0,



“Dragomir Chapters” — 2011/10/1 — page 368 — #368

368 Chapter 7 Harmonic Vector Fields in CR Geometry

for any X̃ = ai∂i+ bi∂̇i ∈ T(S0(M ,g)) i.e., γL is normal to S0(M ,g).
�

Let us set

T =−JγL= βL.

Then (by Lemma 7.6), T is tangent to Sε(M ,g). Let us consider the
differential 1-form θ on Sε(M ,g) given by

θ(X̃)=Gs(X̃ ,T), X̃ ∈ T(Sε(M ,g)). (7.15)

Then

θ(γX)= 0, θ(βY)= ĝ(Y ,L), (7.16)

for any X ∈ (RL)⊥ and Y ∈ π−1TM . We set H(Sε(M ,g))= Ker(θ) (the
Levi distribution of Sε(M ,g)) and

T1,0(Sε(M ,g))=
{
X̃ − iJX̃ : X̃ ∈H(Sε(M ,g))

}
.

At this point, a number of fundamental questions may be asked. For instance
i) when is T1,0(Sε(M ,g)) a CR structure on Sε(M ,g) (and when is it strictly
pseudoconvex, or at least nondegenerate)? ii) What are the CR functions
on Sε(M ,g) and when do they extend holomorphically (at least locally)?
iii) Are any of the (twisted) Kohn-Rossi cohomology groups of Sε(M ,g)
computable? We address (i) (cf. Theorem 7.15 below) and leave (ii)–(iii) as
open problems.

We proceed by recalling a few notions of CR and pseudohermitian
geometry, needed in the sequel.

Definition 7.8 Let M be a real (2n+ 1)-dimensional C∞ manifold. An
almost CR structure on M is a complex subbundle T1,0(M), of complex rank
n, of the complexified tangent bundle T(M)⊗C such that

T1,0(M)∩T0,1(M)= (0),

where T0,1(M)= T1,0(M). The integer n is the CR dimension of
(M ,T1,0(M)). An almost CR structure is called CR structure if it is integrable,
that is

Z,W ∈ 0∞(T1,0(M))H⇒ [Z,W ] ∈ 0∞(T1,0(M)).

The Levi distribution is H(M)=Re{T1,0(M)⊕T0,1(M)}. �
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The Levi distribution carries the complex structure J : H(M)→H(M)
given by

J(Z+Z)= i(Z−Z), Z ∈ T1,0(M).

Let us set H(M)⊥x = {ω ∈ T∗x (M) : Ker(ω)⊇H(M)x} for any x ∈M . If M
is orientable then the real line bundle R→H(M)⊥→M is trivial, hence
it admits globally defined nowhere zero C∞ sections θ .

Definition 7.9 A smooth globally defined nowhere zero section in
H(M)⊥→M is called a pseudohermitian structure on M . �

Definition 7.10 Let (M ,T1,0(M)) be a CR manifold. Then M is said to
be nondegenerate if the Levi form

Lθ (Z,W )=−i(dθ)(Z,W ), Z,W ∈ T1,0(M),

is nondegenerate for some pseudohermitian structure θ . �

It should be observed that if Lθ is nondegenerate for some θ then Lθ
is nondegenerate for all θ . Indeed if θ̂ =±eλθ then L

θ̂
=±eλLθ . If M is

nondegenerate then each pseudohermitian structure θ is a contact form i.e.,
θ ∧ (dθ)n is a volume form on M , where n is the CR dimension. Given a
contact form θ there is a unique tangent vector field T ∈ X (M) such that
θ(T)= 1 and T cdθ = 0.

Definition 7.11 T is the characteristic direction of dθ . �

It is customary to extend J (the complex structure along H(M)) to an
endomorphism of the tangent bundle by requesting that J(T)= 0. Then
J2
=−I + θ ⊗T .

Definition 7.12 The Webster metric gθ is given by

gθ (X ,Y)= (dθ)(X , JY), gθ (X ,T)= 0, gθ (T ,T)= 1,

for any X ,Y ∈H(M). �

Note that gθ is a semi-Riemannian metric on M of signature (2r+ 1,2s)
where (r, s) is the signature of Lθ .

Definition 7.13 M is strictly pseudoconvex if Lθ is positive definite for
some θ . �

If M is strictly pseudoconvex and θ is a contact form such that Lθ is
positive definite, then gθ is a Riemannian metric.
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Definition 7.14 Let (M ,T1,0(M)) be an almost CR manifold. A CR
function is a C1 function f : M→ C satisfying ∂bf = 0 (the tangential Cauchy-
Riemann equations). Here ∂b : C1(M)→ 00(T0,1(M)∗) is the first order
differential operator given by (∂bf )Z = Z( f ) for any Z ∈ T1,0(M). �

Theorem 7.15 Let (M ,g) be an n-dimensional semi-Riemannian manifold
of index ν (0≤ ν < n). Let ε ∈ {±1}. The Levi distribution of Sε(M ,g)
decomposes as

H(Sε(M ,g))= β(RL)⊥⊕ γ (RL)⊥. (7.17)

In particular H(Sε(M ,g)) is J-invariant hence T1,0(Sε(M ,g)) is the eigenspace of
JC (the C-linear extension of J to H(Sε(M ,g))⊗C) corresponding to the eigen-
value i. Therefore T1,0(Sε(M ,g)) is an almost CR structure of CR dimension
n− 1 on Sε(M ,g). It is integrable if and only if

Z iW jRk
ij = 0, (7.18)

for any Z,W ∈ (RL)⊥⊗C, and then Sε(M ,g) is a strictly pseudoconvex CR
manifold. In particular, if M is a semi-Riemannian manifold of constant sectional
curvature then T1,0(Sε(M ,g)) is integrable.

See also S. Tanno, [282]. One may conjecture that for any semi-
Riemannian manifold M with T1,0(Sε(M ,g)) integrable one has M ≈ Sn

ν

(a local isometry).

Proof of Theorem 7.15. By (7.9) a tangent vector field on Sε(M ,g) is of the
form X̃ = γX +βY for some X ∈ (RL)⊥ and some Y ∈ π−1TM . Then
X̃ ∈H(Sε(M ,g)) if and only if

0= θ(X̃)= ĝ(Y ,L)

i.e., Y ∈ (RL)⊥ and (7.17) is proved. Note that an element of
T1,0(Sε(M ,g)) may be written as

X̃ − iJỸ = (β − iγ )(X + iY).

Let Z,W ∈ (RL)⊥⊗C. Then (as D is torsion free)

[(β − iγ )Z, (β − iγ )W ]

=DβZβW −DβWβZ−DγZγW +DγWγZ

− i{DβZγW −DγWβZ+DγZβW −DβWγZ}
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hence (by (7.11)–(7.14))

[(β − iγ )Z, (β − iγ )W ]

=

(
Z i δW

j

δxi −W i δZ
i

δxi

)
δj−

(
Z i ∂W j

∂yi −W i ∂Z j

∂yi +Z iW jRk
ij

)
∂̇j

−
√
−1
{(

Z i ∂W j

∂yi −W i ∂Z j

∂yi

)
δj+

(
Z i δW

j

δxi −W i δZ
j

δxi

)
∂̇j

}
.

This is of the form (β − iγ )V = V j(δj− i∂̇j) for some V ∈ (RL)⊥⊗C if
and only if (7.18) holds. The Levi form is given by

Lθ ((β − iγ )Z,(β + iγ )W )=
i
2
θ([(β − iγ )Z,(β + iγ )W ]),

for any Z,W ∈ (RL)⊥⊗C. We wish to compute the H-component of
[(β − iγ )Z,(β + iγ )W ]. Note that (7.11)–(7.14) may be written as

DβXβY = β∇βXY −
1
2
γ R(βX ,βY)L,

DβXγY = γ∇βXY +
1
2
βR(βL,βY)X ,

DγXβY = β∇γXY +
1
2
βR(βL,βX)Y ,

DγXγY = γ∇γXY ,

for any X ,Y ∈ 0∞(π−1TM). Consequently

[(β − iγ )Z,(β + iγ )W ]=D(β−iγ )Z(β + iγ )W −D(β+iγ )W (β − iγ )Z

≡ β(∇βZW −∇βW Z)− iβ(∇γZW +∇γW Z)

modulo vertical terms, hence

Lθ
(
(β − iγ )Z,(β + iγ )W

)
=−ĝ

(
Z,W

)
i.e., Lθ is nondegenerate (negative definite provided g is Riemannian).
Finally, if the curvature tensor field of (M ,g) is given by Ri

jk` = c(g`jδi
k−

g`kδi
j), for some c ∈ R, then

Z iW jykR`ijk = c{W `ĝ(Z,L)−Z`ĝ(W ,L)} = 0. �

As an application of Theorem 7.15, we look at the Reeb vector field of
a contact Riemannian manifold. We first recall the notion of a CR map.
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Definition 7.16 A smooth map f : M→N of two almost CR manifolds
is a contact map if

(dxf )H(M)x ⊆H(N)f (x), x ∈M .

A contact map is a CR map if

(dx f ) ◦ Jx = JN ,x(dx f ), x ∈M .

Here JN : H(N)→H(N) is the complex structure in the Levi distribution
of N . �

Equivalently, a smooth map f : M→N is a CR map if

(dx f )T1,0(M)x ⊆ T1,0(N)f (x), x ∈M .

If θ and θN are pseudohermitian structures on M and N and f : M→N is
a CR map then

f ∗θN = λ θ (7.19)

for some λ ∈ C∞(M).

Definition 7.17 Let f : M→N be a CR map and λ ∈ C∞(M) given by
(7.19). Then f is said to be a pseudohermitian map of (M ,θ) into (N ,θN ) if
λ is a constant. �

Any almost contact Riemannian manifold (M ,(φ,ξ ,η,g)) carries a
natural almost CR structure given by

T1,0(M)= {X − iφX : X ∈H(M)},

where H(M)= Ker(η) and (by a result of S. Ianuş, [173]) if (φ,ξ ,η) is nor-
mal then T1,0(M) is integrable. We may close a circle of ideas by observing
that given a strictly pseudoconvex CR manifold M and a contact form θ

on M such that Lθ is positive definite, ( J ,−T ,−θ , gθ ) is a contact metric
structure on M . It should be emphasized that normality is but a sufficient
condition for the integrability of T1,0(M). A characterization of integrabil-
ity has been produced by S. Tanno, [281], in terms of the so called Tanno
tensor

Q(X ,Y)= (DYφ)X + [(DYη)φX]ξ + η(X)φ(DY ξ)

(T1,0(M) is integrable if and only if Q= 0). Here D is the Levi-Civita con-
nection of (M ,g). A generalization of the basic results in pseudohermitian
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geometry to the case of contact metric manifolds whose almost CR struc-
ture isn’t integrable has been started by E. Barletta et al., [23], and D.E. Blair
et al., [44].

Let S(M) be short for S1(M ,g) and ν = 0. We need to recall the descrip-
tion of the natural contact metric structure (φ,ξ ,η,g) (induced on S(M)
by the almost Kähler structure (J ,Gs) of T(M)) in some detail. First let
ξ ′ = βL be the geodesic flow on S(M) (remember that horizontal vector
fields are tangent to S(M) as a consequence of Lemma 7.6). Let g′ = j∗Gs

be the induced metric where j : S(M) ↪→ T(M) is the inclusion. Let η′ = θ
be the contact form on S(M) given by (7.15) or (7.16). Next let us set
φ′ = J − η′⊗ γL. Since

g′(X , φ′Y)= 2(dη′)(X ,Y), X ,Y ∈ T(S(M)),

we need to rescale (φ′, ξ ′, η′, g′) in order to make it into an actual contact
metric structure on S(M). Namely we set

φ = φ′, ξ = 2ξ ′, η =
1
2
η′, g =

1
4

g′.

Summing up, the standard contact metric structure of S(M) is

φβX = γX − ĝ(X ,L)γL, φγZ =−βZ,

ξ = 2βL, η(βX)=
1
2

ĝ(X ,L), η(γZ)= 0,

g(βX ,βY)=
1
4

ĝ(X ,Y), g(βX ,γZ)= 0, g(γZ,γW )=
1
4

ĝ(Z,W ),

for any X ,Y ∈ π−1TM and any Z,W ∈ (RL)⊥. Now we may state

Theorem 7.18 Let (M ,(φ,ξ ,η,g)) be an almost contact Riemannian manifold
and (S(M),(φ,ξ ,η,g)) the tangent sphere bundle, equipped with the standard
contact metric structure. Then
a. the Reeb vector field ξ : M→ S(M) is a CR map if and only if Dξ =−J

where J = φ
∣∣
Ker(η). If this is the case then dη =8 on Ker(η)⊗Ker(η); in

particular the Levi form

Gη(X ,Y)=−(dη)(X , JY), X ,Y ∈ Ker(η),

is positive definite (i.e., T1,0(M) is a strictly pseudoconvex almost CR structure)
and ξ is a pseudohermitian map.

b. If ξ is a geodesic vector field (i.e., Dξ ξ = 0), then the following statements are
equivalent: i) ξ is a CR map, ii) (φ,ξ ,η,g) is a K-contact structure. Finally if i)



“Dragomir Chapters” — 2011/10/1 — page 374 — #374

374 Chapter 7 Harmonic Vector Fields in CR Geometry

or ii) holds, then ξ is a minimal (non isometric) immersion and a harmonic vector
field.

Proof of Theorem 7.18. Stated loosely, under the bundle isomorphism L⊕K
of T(T(M)) onto π−1TM ⊕π−1TM the vector (dξ)V corresponds to
(V ,DV ξ). The precise statement is that

(L⊕K)ξ(x)(dxξ)Vx = (ξ(x),Vx)⊕ (ξ(x),(DV ξ)x), x ∈M .

Indeed this follows from the decomposition

(dxξ)Vx = V i(x)δi,ξ(x)+ (DV ξ)
i(x)∂̇i,ξ(x)

for any tangent vector field V on M locally written as V = V i ∂/∂ x̃i (and
the very definitions of L and K). Let V ∈H(M)= Ker(η). Then

Gs((DV ξ)
i∂̇i , γL)= g(DV ξ ,ξ) ◦π = 0

hence (DV ξ)
i∂̇i is tangent to S(M). Consequently, we may use the formulae

(7.16) so that

ηξ(x)(dxξ)Vx =
1
2
η(V )x = 0

i.e., ξ is a contact map to start with. Moreover

(L⊕K)ξ(x)(dxξ)JxVx = (ξ(x), JxVx)⊕ (ξ(x),(DJV ξ)x),

(L⊕K)ξ(x)Jξ(x)(dxξ)Vx = (ξ(x),−(DV ξ)x)⊕ (ξ(x),Vx),

where J = φ
∣∣
Ker(η). Hence ξ is a CR map if and only if Dξ =−J on H(M).

If this is the case, for any X ,Y ∈H(M)

2(dη)(X ,Y)=−η([X ,Y ])=−g(ξ ,DXY)+ g(ξ ,DY X)

= g(DXξ ,Y)− g(DY ξ ,X)=−g(JX ,Y)+ g(JY ,X)= 28(X ,Y)

i.e., dη =8 on H(M)⊗H(M). At this point we may show that ξ is a
pseudohermitian map. As ξ is assumed to be a CR map, one has

ξ∗η = λη

for some λ ∈ C∞(M). Moreover (by (7.16))

λ(x)=
1
2
θξ(x)((dxξ)ξx)=

1
2

gij(x)ξ i(x)ξ j(x)=
1
2

so that ξ∗η = 1
2 η. �
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Let us prove statement (i) H⇒ (ii). As shown above, when ξ is a CR
map the condition dη =8 already holds on H(M)⊗H(M). On the other
hand ξ c8= 0 and for any Y ∈H(M)

2(ξ cdη)(Y)=−η([ξ ,Y ])=−g(DξY ,ξ)= g(Y ,Dξ ξ)= 0

as ξ is assumed to be geodesic. Thus dη =8 everywhere i.e., (φ,ξ ,η,g)
satisfies the contact condition. Then we may apply Lemma 6.2 in [42],
p. 67, to get

DXξ =−φX −φhX , (7.20)

where h= 1
2Lξφ. By statement (a) in Theorem 7.18 and Dξ ξ = 0 one has

Dξ =−φ, hence (7.20) implies h= 0. Finally one may apply Theorem 6.2
in [42], p. 65, to conclude that ξ is a Killing vector field. The proof of the
implication (ii) H⇒ (i) is similar. Next a result by J.C. Gonzáles-Dávila &
L. Vanheke, [144], allows one to conclude that ξ is a minimal immersion.
Moreover ξ is not isometric as

ξ∗g =
1
2

g−
1
4
η⊗ η.

Finally Ric(ξ)= 2nξ (cf. Corollary 7.1 in [42], p. 92) and a result in [242]
imply that ξ is a harmonic vector field.

We emphasize that the condition Dξ ξ = 0 is quite natural. It is surely
satisfied when the given almost contact metric structure satisfies the contact
condition (cf. Theorem 4.5 in [42], p. 37). As to the case of almost contact
metric structures not satisfying the contact condition, one may indicate
at least the example of Hopf hypersurfaces. We recall that an orientable
real hypersurface M of a Kähler manifold is a Hopf hypersurface if the
Reeb vector field underlying the naturally induced almost contact metric
structure on M is an eigenvector of the Weingarten map (associated to a
unit normal field on M). We obtain

Corollary 7.19 Let M be a Hopf hypersurface of a Kähler manifold M̃. Let
(φ,η,ξ ,g) be the almost contact metric structure induced on M by the Hermitian
structure of M̃. Then ξ : M→ S(M) is a CR map if and only if g is a Sasakian
metric.

Proof. If M is a Hopf hypersurface then Dξ ξ = 0 (cf. [247]). Moreover by
(3.3) in [247] we have

(DXφ)(Y)= g(AX ,Y)ξ − η(Y)AX = g(φDXξ ,Y)ξ − η(Y)φ(DXξ).
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Since Dξ =−φ, the above formula implies that (DXφ)Y = g(X ,Y)ξ −
η(Y)X hence (by Theorem 6.3 in [42], p. 69) g is Sasakian. �

Corollary 7.20 Let N be a Riemannian manifold. Let us endow S(N) and
U(S(N)) with the standard contact metric structures. Then the Reeb vector
ξ : S(N)→ U(S(N)) is a CR map if and only if N has constant sectional
curvature +1.

Indeed (by Theorem 7.18) ξ : S(N)→ U(S(N)) is a CR map if and
only if ξ is Killing, i.e., S(N) is K-contact. By a result of Y. Tashiro, [285],
this is equivalent to N having (constant) sectional curvature +1. In partic-
ular if ξ0 is the standard contact vector of the unit sphere S2n+1 (a Hopf
vector field on S2n+1) and ξ1 the standard contact vector of U(S2n+1)

then ξ1 ◦ ξ0 : S2n+1
→ U(U(S2n+1)) is a CR map (as a composition of CR

maps) between a CR manifold and a (non integrable) almost CR manifold.
A remark is in order. By Theorem 7.18 if ξ is geodesic and a CR map,

then ξ is a harmonic vector field yet the converse doesn’t hold, in general.
For instance, if N is a Riemannian symmetric space of rank 1 then the
contact vector ξ on M = S(N) is both geodesic and a harmonic vector field
(cf. [54]) yet it does not define a CR map unless N has constant sectional
curvature +1.

Definition 7.21 ([42], p. 77 and p. 80) M is cosymplectic if φ is parallel
(Dφ = 0) and M is a Kenmotsu manifold if

(DXφ)Y = g(φX ,Y)ξ − η(Y)φX ,

for any X ,Y ∈ T(M). �

Proposition 7.22 Let (M ,(φ,ξ ,η,g)) be an almost contact Riemannian man-
ifold. i) If M is a cosymplectic manifold or a Kenmotsu manifold, then ξ : M→
S(M) is not a CR map. ii) If (η,g) is a contact metric structure and the natural
almost CR structure on S(M) is integrable, then ξ is a CR map.

Proof. Under the hypothesis of Proposition 7.22 one has either DXξ = 0 for
any X ∈ T(M) (when M is cosymplectic) or DXξ =−X for any X ∈H(M)
(when M is Kenmotsu). In any case Dξ ξ = 0 and then (by statement (b) in
Theorem 7.18) ξ : M→ S(M) is not a CR map. To establish (ii), when
T1,0(S(M)) is integrable then (by a result of S. Tanno, [282]) (M ,g) has
constant sectional curvature c. Yet g is a contact metric hence (by a result of
Z. Olszak, [227]) c must be +1 and hence M is a Sasakian manifold. Finally
(again by statement (b) in Theorem 7.18), ξ is a CR map. �
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Remark 7.23 In [251] one studies the Reeb vector ξ as a CR map from
M to S(M) when the tangent sphere bundle is equipped with a natural
contact metric structure (cf. also Remark 5.4).

7.3. HARMONIC VECTOR FIELDS FROM C(M)

Let (M ,T1,0(M)) be a CR manifold, of CR dimension n. Assume
from now on that M is orientable and nondegenerate. For any orientable
nondegenerate CR manifold, on which a contact form θ has been fixed,
there is a unique linear connection ∇ (the Tanaka-Webster connection of
(M ,θ)) such that i) H(M) is ∇-parallel, ii) ∇J = 0, ∇gθ = 0, and iii) the
torsion T∇ of ∇ is pure, i.e.,

T∇(Z,W )= 0, T∇(Z,W )= 2iLθ (Z,W )T ,

for any Z,W ∈ T1,0(M), and

τ ◦ J + J ◦ τ = 0.

Here τ(X)= T∇(T ,X), X ∈ T(M). When M is strictly pseudoconvex, the
contact metric structure (J ,T ,θ ,gθ ) is normal if and only if τ = 0 (i.e., M
is K-contact).

Definition 7.24 A complex valued differential p-form η on M is a (p,0)-
form if T0,1(M)cη = 0. Let 3p,0(M)→M be the bundle of all (p,0)-forms
on M . The canonical bundle is K(M)=3n+1,0(M). Let s : M→ K(M),
s(x)= 0x ∈ K(M)x, x ∈M , be the zero section. The canonical circle bundle
is C(M)= (K(M) \ s(M))/R+ where R+ are the multiplicative positive
reals. �

Assume from now on that M is strictly pseudoconvex and let us choose a
contact form θ such that Lθ is positive definite. Let us consider the (globally
defined) 1-form σ on C(M) given by

σ =
1

n+ 2

{
dγ +π∗

(
iωαα −

i
2

gαβdgαβ −
ρ

4(n+ 1)
θ

)}
.

Here π : C(M)→M is the projection, γ : π−1(U)→ R is a local fibre
coordinate, ωαβ are the connection 1-forms of the Tanaka-Webster connec-
tion ∇ with respect to a local frame {Tα : 1≤ α ≤ n} of T1,0(M) on U ⊆M
(i.e., ∇Tα = ω

β
α ⊗Tβ ), and gαβ = Lθ (Tα,Tβ) are the local components of

the Levi form (Tα = Tα).
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Definition 7.25 ρ = gαβRαβ is the pseudohermitian scalar curvature. Here

Rαβ = trace{Z 7→ R∇(Z,Tα)Tβ} is the pseudohermitian Ricci curvature while

R∇ is the curvature tensor field of ∇. �

It is noteworthy that σ is a connection 1-form in the principal circle
bundle S1

→ C(M)→M . By a result in [203]

Fθ = π∗G̃θ + 2(π∗θ)� σ

is a Lorentzian metric on C(M).

Definition 7.26 Fθ is called the Fefferman metric of (M ,θ)). �

Here the (0,2)-tensor field G̃θ on M is given by

G̃θ (X ,Y)= (dθ)(X , JY), X ,Y ∈H(M),

G̃θ (V ,T)= 0, V ∈ T(M).

Let X : M→ S(M) be a unit tangent vector field. The tangent sphere
bundle S(M)→M is defined with respect to the Webster metric gθ . Let
X↑ : C(M)→ T(C(M)) be the horizontal lift of X with respect to σ ,
i.e., X↑ ∈ Ker(σ ) and (dzπ)X

↑
z = Xπ(z), for any z ∈ C(M). If addition-

ally X ∈H(M), then X↑ is U1(C(M),Fθ )-valued. Indeed (by the very
definition of Fθ )

Fθ
(
X↑,X↑

)
= gθ (X ,X)= 1.

Let us assume from now on that M is compact (hence C(M) is compact, as
well). The following notion is central to the present section.

Definition 7.27 Given a unit vector field X ∈H(M), we say X is pseudo-
harmonic if its horizontal lift X↑ : C(M)→ S1(C(M),Fθ ) is harmonic, i.e.,
X↑ is a critical point of the energy functional

E(X )=
1
2

∫
C(M)

traceFθ
(
X ∗Gs

)
dvol(Fθ ),

where X is a tangent vector field on C(M) [variations are through
S1(C(M),Fθ )-valued vector fields on C(M)]. �

Here Gs is the [semi-Riemannian metric induced on S1(C(M),Fθ ) by
the] canonical metric of T(C(M)). In general, if (N ,g) is an m-dimensional
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compact Lorentzian manifold and X : N→ Sε(N ,g) a vector field, then we
need to establish the first variation formula for the functional

E(X)=
1
2

∫
N

traceg(X∗Gs)dvol(g)

(Gs is the canonical metric on T(N)). Let {Ei : 1≤ i ≤ m} be a local
g-orthonormal frame at a point x ∈N . Since

(dxX)Ei,x = λ
j
i (x)

(
δj+

[(
∇jXk

)
◦π
]
∂̇k

)
X(x)

(where Ei = λ
j

i (∂/∂ x̃ j)) it follows that

traceg(X∗Gs)x =

m∑
i=1

εi(X∗Gs)(Ei,Ei)x

=

m∑
i=1

εi{ĝX(x)(LX(x)(dxX)Ei,x, LX(x)(dxX)Ei,x)

+ ĝX(x)(KX(x)(dxX)Ei,x, KX(x)(dxX)Ei,x)}

= m+ g(∇X ,∇X)

where

g(∇X ,∇X)= gij
(
∇iXk

)(
∇jX`

)
gk`.

Therefore the energy functional becomes

E(X)=
m
2

Vol(N)+
1
2

∫
N

g(∇X ,∇X)dvol(g).

Let X : N × (−δ,δ)→ T(N) (δ > 0) be a smooth 1-parameter variation of
X (X (x,0)= Xx, x ∈N ) through Sε(N ,g)-valued vector fields. Let us set
Xt = X ◦αt, where αt : N→N × (−δ,δ), αt(x)= (x, t), x ∈, |t|< δ. Let
D be the Levi-Civita connection of h= g+ dt⊗ dt (a semi-Riemannian
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metric on N × (−δ,δ)) and RD the curvature tensor field of D. Then

d
dt

E(Xt)=
1
2

d
dt

∫
N

m∑
i=1

εig(∇EiXt,∇EiXt)dvol(g)

=

∫
N

m∑
i=1

εih(D∂/∂ tDEiX , DEiX )dvol(g)

=

∫
N

∑
i

εih(DEiD∂/∂ tX +RD(∂/∂ t, Ei)X , ∇EiX )dvol(g)

(as RD(∂/∂ t, Ei)= 0)

=

∫
N

∑
i

εih(DEiD∂/∂ tX , ∇EiX )dvol(g)= (as Dh= 0)

∫
N

∑
i

εi{Ei(h(D∂/∂ tX , DEiX ))− h(D∂/∂ tX , DEiDEiX )}dvol(g).

For each |t|< δ, let us define a vector field Yt on N by setting

g(Yt,Y)x = h(D∂/∂ tX ,DYX )(x,t), x ∈N ,

for any tangent vector field Y on N . Then (by ∇g = 0)

d
dt

E(Xt)=

∫
N

∑
i

εi{Ei(g(Yt,Ei))− h(D∂/∂ tX , DEiDEiX )}dvol(g)

=

∫
N

∑
i

εi{g(∇EiYt,Ei)+ g(Yt,∇EiEi)

− h(D∂/∂ tX , DEiDEiX )}dvol(g)=
∫
N

div(Yt)dvol(g)

+

∫
N

∑
i

εi{h(D∂/∂ tX , D∇Ei EiX )− h(D∂/∂ tX , DEiDEiX )}dvol(g).

By differentiating E(Xt) at t = 0, applying Green’s lemma and the identity

1gX =−
m∑

i=1

εi{∇Ei∇EiX −∇∇Ei EiX}

we obtain
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Proposition 7.28 (The first variation formula) Let (N ,g) be a compact semi-
Riemannian manifold. Let ε ∈ {±1}. Let {Xt}|t|<δ be a smooth 1-parameter
variation of X = X0 through unit vector fields Xt : N→ Sε(N ,g). Then

d
dt
{E(Xt)}t=0 =

∫
N

g(V ,1gX)dvol(g) (7.21)

where V = (∂Xt/∂ t)t=0, with the constraint g(X ,V )= 0 (obtained by differen-
tiating g(Xt,Xt)= ε at t = 0).

Unlike the Riemannian case (when ν = 0, ε = 1)

〈X ,Y〉 =
∫
N

g(X ,Y)dvol(g)

is not an inner product on X (N), hence one may not conclude (from
{dE(Xt)/dt}t=0 = 0) that 1gX and X must be proportional. However,
when g is a Lorentzian metric (ν = 1) and X = X0 is a unit timelike vec-
tor field, V is spacelike (since g(V ,X)= 0). Then from (7.21) we get
{dE(Xt)/dt}t=0 = 0 if and only if 1gX is proportional to X .

Now let X be a pseudoharmonic vector field on a compact strictly pseu-
doconvex CR manifold M . Let {Xt}|t|<δ be a smooth 1-parameter variation
of X through unit vector fields Xt ∈H(M). Then (by (7.21) applied to
N = C(M) and g = Fθ )

d
dt
{E(X↑t )}t=0 =

∫
C(M)

Fθ (Ṽ ,�X↑)dvol(Fθ ).

Here Ṽ = (∂X↑t /∂ t)t=0 and

−�X =
2n∑

a=1

∇C(M)

E↑a
∇

C(M)

E↑a
X −∇C(M)

∇
C(M)

E↑a
E↑a
X


+∇

C(M)

T↑+ S
∇

C(M)

T↑+ S
X −∇C(M)

∇
C(M)
T↑+S

(T↑+ S)
X

−∇
C(M)

T↑− S
∇

C(M)

T↑− S
X +∇C(M)

∇
C(M)
T↑−S

(T↑− S)
X

for any tangent vector field X on C(M), where ∇C(M) is the Levi-Civita
connection of (C(M),Fθ ), and S is the (suitably normalized) tangent to the
S1-action (locally S = ((n+ 2)/2)∂/∂γ ), and {Ea : 1≤ a≤ 2n} is a local



“Dragomir Chapters” — 2011/10/1 — page 382 — #382

382 Chapter 7 Harmonic Vector Fields in CR Geometry

gθ -orthonormal frame of H(M). Note that T↑− S is a global timelike
vector field on C(M) (hence C(M) is a space-time). Clearly {E↑a : 1≤
a≤ 2n} ∪ {T↑± S} is a local orthonormal (with respect to Fθ ) frame of
T(C(M)). We wish to compute �X↑. To this end, we recall (cf. E. Barletta
et al., [26])

∇
C(M)
X↑

Y↑ = (∇XY)↑− (dθ)(X ,Y)T↑ (7.22)

−{A(X ,Y)+ gθ (φX ,Y)}S,

∇
C(M)
X↑

T↑ = (τX +φX)↑, (7.23)

∇
C(M)
T↑

X↑ = (∇TX +φX)↑− 2Gθ (X ,W )S, (7.24)

∇
C(M)
X↑

S =∇C(M)
S X↑ = ( JX)↑, (7.25)

∇
C(M)
T↑

T↑ =W↑, ∇C(M)
S S = 0, (7.26)

∇
C(M)
S T↑ =∇C(M)

T↑
S = 0, (7.27)

for any X ,Y ∈H(M), where ∇ is the Tanaka-Webster connection of (M ,θ)
and φ : H(M)→H(M) is the skew-symmetric endomorphism given by

gθ (φX ,Y)= (dσ)
(
X↑,Y↑

)
, X ,Y ∈H(M),

while W ∈H(M) is given by

gθ (W ,Y)= 2(dσ)
(
T↑,Y↑

)
, Y ∈H(M).

Also A(X ,Y)= gθ (X ,τY). Recall (cf. e.g., [307]) that A is symmetric and
trace-less. Consequently, for any X ∈H(M)

−�X↑ =
2n∑

a=1

∇C(M)

E↑a
∇

C(M)

E↑a
X↑−∇C(M)

∇
C(M)

E↑a
E↑a

X↑


+ 2

{
∇

C(M)
S ∇

C(M)
T↑

X↑+∇C(M)
T↑
∇

C(M)
S X↑

−∇
C(M)

∇
C(M)
T↑

S
X↑−∇C(M)

∇
C(M)
S T↑

X↑
}
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may be written

−�X↑ = (−1bX + 2τ JX + 4∇T JX + 6φJX + 2div(JX)T)↑

+{2div(φX)− 2div(τX)− 2gθ (JX ,W )

+ trace((∇τ)X)− trace((∇φ)X)}S, (7.28)

where

1bX =−
2n∑

a=1

{
∇Ea∇EaX −∇∇EaEa

X
}

. (7.29)

Indeed (by (7.22)–(7.27))

2n∑
a=1

∇
C(M)

E↑a
∇

C(M)

E↑a
X↑ =

∑
a

{
(∇Ea∇EaX)

↑

+ gθ (Ea, J∇EaX)T
↑
− gθ (Ea,τ∇EaX −φ∇EaX)S

+Ea(gθ (Ea, JX))T↑+ gθ (Ea, JX)(τEa+φEa)
↑

−Ea(gθ (Ea,τX −φX))S− gθ (Ea,τX −φX)( JEa)
↑
}
.

As θ is a contact form, we may consider the divergence operator with
respect to the volume form ω = θ ∧ (dθ)n i.e., LXω = div(X) ω. As ω is
parallel with respect to the Tanaka-Webster connection ∇, the divergence
may also be computed as

div(X)=
2n∑

a=1

gθ (∇EaX ,Ea).

Then (by ∇J = 0)

2n∑
a=1

∇
C(M)

E↑a
∇

C(M)

E↑a
X↑ =

∑
a

{(∇Ea∇EaX)
↑
+Ea(gθ (Ea, JX))T↑

− [Ea(gθ (Ea,τX −φX))+ gθ (Ea,τ∇EaX −φ∇EaX)]S}

+ div(JX)T↑+ (τ JX +φJX)↑− ( JτX − JφX)↑. (7.30)
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Recall that τ ◦ J =−J ◦ τ (with the corresponding simplification of (7.30)).
A similar calculation leads to

2n∑
a=1

∇
C(M)

∇
C(M)

E↑a
E↑a

X↑ =− trace(φ)(JX)↑+
∑

a

{(∇∇EaEa
X)↑

+ gθ (∇EaEa, JX)T↑− gθ (∇EaEa,τX −φX)S}.
(7.31)

Taking the exterior differential of σ

dσ =
1

n+ 2
π∗
{

i dωαα −
i
2

dgαβ ∧ dgαβ −
d(ρθ)

4(n+ 1)

}
we obtain (by the very definition of φ) φTα = φαβTβ where

φαβ =
i

2(n+ 2)

{
Rαβ −

ρ

2(n+ 1)
gαβ
}

.

Cf. also [26]. Consequently trace(φ)= 0 and [φ, J]= 0. Using (7.30)–
(7.31) together with

∇
C(M)
S ∇

C(M)
T↑

X↑ = ( J∇TX + JφX)↑,

∇
C(M)
T↑
∇

C(M)
S X↑ = (∇T JX +φJX)↑− 2gθ ( JX ,W )S,

we obtain (7.28). �

If X : M × (−δ,δ)→ S(M) is given by X (x, t)= Xt(x), x ∈M , |t|< δ,
then X = f i∂/∂ x̃i, for some f i : U × (−δ,δ)→ R, with respect to a local
coordinate system (U , x̃i) on M . Then

(d(x,t)X )(∂/∂ t)(x,t) =
∂ f i

∂ t
(x, t) ∂̇i

∣∣
X (x,t)

hence V = (∂Xt/∂ t)t=0 is given (under the identification Ker(d5)Xx ≈

Tx(M), where 5 : T(M)→M is the projection) by

Vx =
∂ f i

∂ t
(x,0)

∂

∂ x̃i

∣∣∣∣
x

.

Similarly, if (ua)= (x̃i,γ ) are the induced coordinates on C(M) and
(∂/∂ x̃i)↑ = λa

i ∂/∂ua then (under the identification Ker(d5C)X↑z
≈ Tz

(C(M)), where5C : T(C(M))→ C(M) is the projection) Ṽ is given by

Ṽz =
∂ f i

∂ t
(π(z),0)λa

i (z)
∂

∂ua

∣∣∣∣
z

, z ∈ π−1(U).
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It follows that Ṽ = V↑. Also, if θi = θ(∂/∂ x̃i), then we may differentiate
θ(Xt)= 0 to get (∂ f i/∂ t)θi = 0 i.e., V ∈H(M). Thus Fθ (Ṽ ,S)= 0 and
then (using (7.28) and integrating along the fibre, i.e., applying the identity∫

C(M)( f ◦π)dvol(Fθ )= 2π
∫

M f ω, for any f ∈ C∞(M))

0=
d
dt
{E(X↑t )}t=0

= 2π
∫
M

gθ (V ,1bX − 2τ JX − 4∇T JX − 6φJX)ω

which together with the constraint gθ (V ,X)= 0 leads to

−1bX + 4∇T JX + 2τ JX + 6φJX = λ(X)X (7.32)

where

λ(X)=−‖πH∇X‖2+ 4gθ (∇T JX ,X) (7.33)

+ 2gθ (τ JX ,X)+ 6gθ (φJX ,X).

Here πH∇X is the restriction of ∇X to H(M), hence

‖πH∇X‖2 =
2n∑

a=1

gθ (∇EaX ,∇EaX)

on U .

Proposition 7.29 The operator 1b acting on 0∞(H(M)) is subelliptic of
order 1/2.

Let us recall

Definition 7.30 A formally self adjoint second order differential operator
L : C∞(M)→ C∞(M) is subelliptic of order ε (0< ε ≤ 1) at a point x ∈M
if there is an open neighborhood U of x such that ‖u‖2ε ≤ C(|〈Lu,u〉| +
‖u‖2) for any u ∈ C∞0 (U), where ‖u‖ε is the Sobolev norm of order ε
and ‖u‖2 = 〈u,u〉, while 〈 , 〉 is the L2 inner product on functions, i.e.,
〈u,v〉 =

∫
M uvω. L is subelliptic if it is subelliptic at each point x ∈M . �

A typical example in CR geometry is indicated in the following

Definition 7.31 The sublaplacian H : C∞(M)→ C∞(M) given by
Hu=−div(∇Hu), where ∇Hu is the horizontal gradient of u, i.e., locally
∇

Hu=
∑2n

a=1 Ea(u)Ea. �
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By a well-known lemma of E.V. Radkevic, [259], H is subelliptic of
order 1/2. The meaning of Proposition 7.29 is that locally 1bX is given
by a subelliptic operator acting on the coefficients of X = f aEa, plus lower
order terms. Precisely, there is a matrix Q of first order differential operators
such that

(1bX)a =Hf a
−Q a

c f c . (7.34)

Indeed (7.29) may be locally written in the form (7.34) with Q= A+B,
where

A=

[
2n∑

c=1

0a
cbEc

]
1≤a,b≤2n

,

B=

[
2n∑

c=1

{Ec(0
a
cb)+0

a
cd0

d
cb−0

d
cc0

a
db}

]
1≤a,b≤2n

,

and ∇EaEb = 0
c
abEc.

Equation (7.32) admits the following variational interpretation.

Theorem 7.32 Let M be a compact strictly pseudoconvex CR manifold, of CR
dimension n, and θ a contact form on M. Let X ∈H(M) be a unit vector field and
let us set

Bθ (X)=−
1
2

∫
M

λ(X)θ ∧ (dθ)n,

where λ(X) is given by (7.33). Then (7.32) is the Euler-Lagrange equation corre-
sponding to {dBθ (Xt)/dt}t=0 = 0, for any smooth 1-parameter variation {Xt}|t|<δ

of X through unit vector fields Xt ∈H(M), |t|< δ.

Clearly Theorem 7.32 follows from the identity

E(X↑)= (n+ 1)2n+1πn!Vol(M)+ 2πBθ (X). (7.35)

To establish (7.35) we start from

E(X↑)= (n+ 1)Vol(C(M))

+
1
2

∫
C(M)

Fθ (∇C(M)X↑,∇C(M)X↑)dvol(Fθ ).

By a result in [26] ω = 2nn! dvol(gθ ), hence

Vol(C(M))= 2n+1πn!Vol(M).
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Moreover (by (7.22)–(7.27))

Fθ
(
∇

C(M)X↑,∇C(M)X↑
)
=

2n∑
a=1

Fθ
(
∇

C(M)

E↑a
X↑,∇C(M)

E↑a
X↑
)

+ 4Fθ
(
∇

C(M)
T↑

X↑, ∇C(M)
S X↑

)
=

∑
a

{gθ (∇EaX ,∇EaX)

+ 2(dθ)(Ea,X)[A(Ea,X)+ gθ (φEa,X)]Fθ (T↑,S)}

+ 4gθ (∇TX +φX , JX)= ‖πH∇X‖2

− 2gθ ( JX ,τX −φX)+ 4gθ (∇TX +φX , JX)

that is

Fθ (∇C(M)X↑,∇C(M)X↑)=−λ(X) ◦π .

7.4. BOUNDARY VALUES OF BERGMAN-HARMONIC
MAPS

In their seminal 1998 paper J. Jost & C-J. Xu studied (cf. [180]) the exis-
tence and regularity of weak solutions φ :�→ (S,h) to the nonlinear
subelliptic system

Hφi
+

m∑
a=1

(
0i

jk ◦φ
)

Xa(φ
j)Xa(φ

k)= 0, 1≤ i ≤ ν, (7.36)

where H =
∑m

a=1 X∗a Xa is the Hörmander operator associated to a sys-
tem X = {X1, . . . ,Xm} of smooth vector fields on a open set �⊆ Rn,
verifying the Hörmander condition on �, (S,h) is a Riemannian man-
ifold and 0i

jk are the Christoffel symbols associated to the Riemannian
metric h. Their study is part of a larger program aiming to the study
of hypoelliptic nonlinear systems of variational origin similar to the har-
monic maps system, but degenerate elliptic. Indeed, if X = bA

a (x)∂/∂xA

then X∗a f =−∂(bA
a (x)f )/∂xA for any f ∈ C1

0(�) hence

Hu=−
∑
A,B

∂

∂xA

(
aAB(x)

∂u
∂xB

)
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where aAB(x)=
∑m

a=1 bA
a (x)b

B
a (x) so that in general [aAB] is only semi-

positive definite. Hence H is degenerate elliptic (in the sense of J.M. Bony,
[58]). As successively observed (cf. E. Barletta et al., [25]) solutions of sys-
tems of the form (7.36) may be built within CR geometry as S1-invariant

harmonic maps 8 : C(M)→ S where S1
→ C(M)

π
−→M is the canonical

circle bundle over a strictly pseudoconvex CR manifold M and harmonic-
ity is meant with respect to the Fefferman metric Fθ (associated to a choice
of contact form θ on M , cf. J.M. Lee, [203]). Base maps φ : M→ S corre-
sponding (i.e., 8= φ ◦π ) to such 8 were termed pseudoharmonic maps and
shown to satisfy

−1bφ
i
+

2n∑
a=1

(
0i

jk ◦φ
)

Xa(φ
j)Xa(φ

k)= 0, 1≤ i ≤ ν, (7.37)

where 1b is the sublaplacian associated to (M ,θ) and {Xa : 1≤ a≤ 2n} is
a local orthonormal frame of the maximal complex, or Levi, distribution
H(M) of M . The sublaplacian may be locally written 1b =

∑2n
a=1 X∗a Xa

hence the similarity among the systems (7.36) and (7.37). The formal
adjoint X∗a of Xa is however meant with respect to the L2 inner product
(u,v)=

∫
uvθ ∧ (dθ)n, while in [180] one integrates with respect to the

Lebesgue measure on � (the precise quantitative relationship among the
two notions is explained in the next section).

The derivation of (7.36) by analogy to the harmonic map system
(replacing the Laplace-Beltrami operator with the Hörmander operator) is
nevertheless rather formal. Indeed CR manifolds appear mainly as bound-
aries of smooth domains� in Cn and it was not known previous to the work
in [103] whether boundary values of harmonic maps from � extending
smoothly up to ∂� were pseudoharmonic. We may state

Theorem 7.33 (Y. Kamishima et al., [103]) Let �⊂ Cn (n≥ 2) be a
smoothly bounded strictly pseudoconvex domain and g the Bergman metric on�. Let
S be a complete ν-dimensional (ν ≥ 2) Riemannian manifold of sectional curvature
Sect(S)≤ κ2 for some κ > 0. Assume that S may be covered by one coordinate
chart χ = (y1, . . . ,yν) : S→ Rν . Let f ∈W 1,2(�,S)∩C0(�,S) be a map
such that f (�)⊂ B(p,µ) for some p ∈ S and some 0< µ< min{π/(2κ), i(p)}
where i(p) is the injectivity radius of p. Let φ = φf :�→ S be the solution to the
Dirichlet problem

τg(φ)= 0 in �, φ = f on ∂�. (7.38)
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Then

N( f i)=−
1

2(n− 1)

(
Hb f

)i , 1≤ i ≤ ν, (7.39)

for any local coordinate system (ω,yi) on S such that φ(�)∩ω 6= ∅ ( f i
= yi
◦ f ).

Also N =−JT and T is the characteristic direction of ∂�. In particular if f ∈
C∞(∂�,S) and N( f i)= 0 then f : ∂�→ S is a pseudoharmonic map.

The proof (similar to that of Theorem 2.35 in Chpater 2 of this mono-
graph) is beyond the scope of this book (which is confined to the study
of harmonic vector fields and their generalizations). Let us mention how-
ever that the key idea in the proof of Theorem 7.33 is (as first observed by
A. Korányi & H.M. Reimann, [195]) that the Kählerian geometry of the
interior of � and the contact geometry of the boundary ∂� may be effec-
tively related through the use of the Bergman kernel K(z,ζ ) of �. The
main technical ingredient in the proof is then the existence of an ambient
linear connection ∇ (the Graham-Lee connection, cf. R. Graham et al., [151],
or Appendix A in [26]) defined on a neighborhood of ∂� in � and induc-
ing the Tanaka-Webster connection (cf. [279], [307]) on each level set of
ϕ(z)=−K(z,z)−1/(n+1) (z ∈�). See also Section 5.3 in [24], p. 87–95.

7.5. PSEUDOHARMONIC MAPS

Let (M ,T1,0(M)) be a (2n+ 1)-dimensional orientable CR manifold,
of CR dimension n. We assume throughout that M is strictly pseudo-
convex i.e., the Levi form Gθ (given by Gθ (X ,Y)= (dθ)(X , JY) for any
X ,Y ∈H(M)) is positive definite for some pseudohermitian structure θ .
Let θ be a contact form on M such that Gθ is positive definite and let
T be the characteristic direction of dθ i.e., the globally defined nowhere
zero tangent vector field on M , everywhere transverse to H(M), deter-
mined by θ(T) = 1 and T cdθ = 0. As previously demonstrated, a strictly
pseudoconvex CR manifold comes equipped with a natural second order
differential operator 1b (similar to the Laplace-Beltrami operator on a
Riemannian manifold) given by

1bu=−div
(
∇

Hu
)
, u ∈ C2(M), (7.40)

the sublaplacian of (M ,θ). Here div is the divergence with respect to
9 = θ ∧ (dθ)n i.e., LX9 = div(X)9 where LX is the Lie derivative, and
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∇
Hu= πH∇u (the horizontal gradient of u). Also ∇u is the gradient of u

with respect to the Webster metric gθ i.e., the Riemannian metric

gθ (X ,Y)=Gθ (X ,Y), gθ (X ,T)= 0, gθ (T ,T)= 1, (7.41)

for any X ,Y ∈H(M), and πH : T(M)→H(M) is the projection relative to
the decomposition T(M)=H(M)⊕RT . The sublaplacian is degenerate
elliptic (in the sense of J.M. Bony, [58]) and subelliptic of order 1/2 (cf.
G.B. Folland, [118]) hence hypoelliptic (cf. L. Hörmander, [171]). Let us
assume that M is compact and consider the energy functional

E(φ)=
1
2

∫
M

traceGθ (πHφ
∗h) 9 (7.42)

where πHB denotes the restriction to H(M) of the bilinear form B.
Here E is defined on the set of all C∞ maps φ : M→ S from M into a
ν-dimensional Riemannian manifold (S,h).

Definition 7.34 A pseudoharmonic map is a C∞ map φ : M→ S such that
{dE(φt)/dt}t=0 = 0 for any smooth 1-parameter variation φt : M→ S of φ
i.e., φ0 = φ. �

Let us set

(Hbφ)
i
≡−1bφ

i
+

2n∑
a=1

(
0i

jk ◦φ
)

Xa(φ
j)Xa(φ

k), 1≤ i ≤ ν.

The Euler-Lagrange equations of the variational principle δE(φ)= 0 are
Hb(φ)= 0 (cf. [25]). Let φ : M→ S be a pseudoharmonic map. Let (U ,xA)

and (V ,yi) be a local coordinate systems on M and S such that φ(U)⊆ V .
Let {Xa : 1≤ a≤ 2n} be local Gθ -orthonormal frame in H(M) defined on
the open set U . As a consequence of the nondegeneracy of M the vec-
tor fields {(dϕ)Xa : 1≤ a≤ 2n} form a Hörmander system on �= ϕ(U)⊆
R2n+1 where ϕ = (x1, . . . ,x2n+1). As the formal adjoint of Xa = bA

a ∂/∂xA

with respect to 9 is given by X∗a u=−∂
(
bA
a u
)
/∂xA

− bB
a 0

A
ABu one may

conclude that f ≡ φ ◦ϕ−1 :�→ S is a subelliptic harmonic map if and
only if L f i

= 0 in � where L is the (purely local) first order differen-
tial operator Lu=

∑2n
a=1 bB

a 0
A
ABXau and 0A

BC are the local coefficients of
the Tanaka-Webster connection of (M ,θ) with respect to (U ,xA). If for
instance M =Hn (the Heisenberg group, cf. e.g., [110], p. 11-12) then L ≡ 0
and the two notions coincide.
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To demonstrate a class of pseudoharmonic maps, we look at ∂b-
pluriharmonic maps of a nondegenerate CR manifold into a Riemannian
manifold. We need a few additional notions of pseudohermitian geometry
(cf. e.g., [110], Chapter 1). The tangential Cauchy-Riemann operator is
the first order differential operator

∂b : C∞(M)→ 0∞(T0,1(M)∗)

defined by (∂bf )Z = Z( f ) for any C∞ function f : M→ C and any Z ∈
T1,0(M). A (0,1)-form is a C-valued differential 1-form η on M such that
T1,0(M)cη = 0 and T cη = 0. See also the preparation of CR geometry
earlier in this chapter.

Definition 7.35 A (1,1)-form is a C-valued differential 2-form ω on M
such that

ω(Z,W )= ω(Z,W )= 0, T cω = 0,

for any Z,W ∈ T1,0(M). �

Definition 7.36 Let 30,1(M)→M and 31,1(M)→M be the corre-
sponding vector bundles. Besides from ∂b we define the differential
operator

∂b : 0∞(30,1(M))→ 0∞(31,1(M))

as follows. Let η be a (0,1)-form. Then ∂bη is the unique (1,1)-form on
M coinciding with dη on T1,0(M)⊗T0,1(M). �

Definition 7.37 A C2 function u : M→ R is said to be ∂b-pluriharmonic if
∂b∂bu= 0. �

Cf. [102] or Section 5.6 in [24], p. 112. The notion of a ∂b-
pluriharmonic function admits a natural generalization to smooth maps
φ : M→ S with values in a Riemannian manifold.

Definition 7.38 (R. Petit, [255]) The second fundamental form of φ is
given by

βφ(X ,Y)= (φ−1
∇

h)Xφ∗Y −φ∗∇XY , X ,Y ∈ X (M). (7.43)

�



“Dragomir Chapters” — 2011/10/1 — page 392 — #392

392 Chapter 7 Harmonic Vector Fields in CR Geometry

As to the notations adopted in (7.43), ∇h is the Levi-Civita connection of
(S,h), ∇ is the Tanaka-Webster connection of (M ,θ), and φ∗X is the cross-
section in the pullback bundle φ−1TS→M given by (φ∗X)x = (dxφ)Xx

for any x ∈M . Also φ−1
∇

h is the connection in φ−1TS→M induced by
∇

h i.e., locally

(φ−1
∇

h)∂AXk =
∂φ j

∂xA

(
0i

jk ◦φ
)

Xi .

Here (U ,xA) and (ω,yi) are local coordinate systems on M and S respec-
tively (with φ(U)⊆ ω), ∂A is short for ∂/∂xA, φi

= yi
◦φ, and Xi is the

natural lift of ∂/∂yi i.e., Xi(x)= (∂/∂yi)φ(x) (so that {Xi : 1≤ i ≤ ν} is a
local frame in φ−1TS→M defined on the open set φ−1(V )).

Definition 7.39 We say φ : M→ S is ∂b-pluriharmonic if

βφ(X ,Y)+βφ(JX , JY)= 0 (7.44)

for any X ,Y ∈H(M). �

Equivalently φ : M→ S is ∂b-pluriharmonic if and only if βφ(Z,
W ) = 0 for any Z,W ∈ T1,0(M). This may be locally written

(∂b∂bφ
i)(Z,W )+Z(φ j)W (φk) 0i

jk ◦φ = 0

hence if S = Rν then ∂b∂bφ
i
= 0 i.e., each φi is a ∂b-pluriharmonic

function. We may state

Proposition 7.40 (Y. Kamishima et al., [103]) Let M be a strictly pseudo-
convex CR manifold and S a Riemannian manifold. Then every ∂b-pluriharmonic
map φ : M→ S is a pseudoharmonic map.

For a proof one may see [103].
As largely reported on in this monograph, the theory of harmonic vec-

tor fields on a Riemannian manifold M was started by G. Wiegmink,
[309], and C.M. Wood, [316], starting from the observation that the total
space T(M) of the tangent bundle over a Riemannian manifold (M ,g)
carries a Riemannian metric Gs naturally associated to g (the Sasaki met-
ric). Then one could consider the ordinary Dirichlet energy functional
E(X)= 1

2

∫
M traceg(X∗Gs)dvol(g) defined on C∞(M ,T(M)). As it turned

out, a vector field X : M→ T(M) is a harmonic map, i.e., a critical point
of E for arbitrary smooth 1-parameter variations of X if and only if X is
absolutely parallel and the same result is achieved when looking for crit-
ical points of E restricted to the space of all smooth vector fields X(M)
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(cf. Chapter 2 of this monograph). A new and wider notion of harmonicity
was however obtained by looking at unit vector fields X and by restrict-
ing oneself to variations of X through unit vector fields. A rather different
theory (of harmonic vector fields) was seen to arise, aspects of which (e.g.,
stability of Hopf vector fields on spheres, the interplay with contact geom-
etry) were subsequently investigated by many authors such as F.C. Brito,
[71], D-S. Han et al., [157], A. Higuchi et al., [164], C. Oniciuc, [230],
D. Perrone, [237]-[247], and A. Yampolsky, [323]. A similar approach also
led to the more general theory of harmonic sections in vector bundles
(cf. K. Hasegawa, [159], J.J. Konderak, [193]). Their main results were
reported on in Chapters 2 to 5 of this book.

Inspired by the geometric interpretation of subelliptic harmonic maps
(in terms of the Fefferman metric, cf. [25]) together with the extension
of the harmonic vector field theory to semi-Riemannian geometry (cf.
O. Gil-Medrano et al., [130]) D. Perrone et al. studied a subelliptic analog
to harmonic vector fields, cf. [107]. There one considered vector fields
X ∈H(M) on a strictly pseudoconvex CR manifold M endowed with a
contact form θ (with Gθ positive definite) such that Gθ (X ,X)= 1 and
the horizontal lift X↑ : C(M)→ T(C(M)) (with respect to the connection
1-form σ ∈ 0∞(T∗(C(M))⊗L(S1)) in C.R. Graham, [150]) is harmonic
with respect to the Fefferman metric Fθ (which is a Lorentzian metric on
C(M), cf. [203]). By a result in [107] any such X was seen to satisfy

−1bX + 4∇T JX + 2τ JX + 6φJX = λ(X) X (7.45)

where

λ(X)=−‖πH∇X‖2+ 4gθ (∇T JX ,X)+ 2gθ (τ JX ,X)+ 6gθ (φJX ,X).

See also (7.32) in this chapter. This is a nonlinear subelliptic system of vari-
ational origin (actually (7.45) are the Euler-Lagrange equations associated
to the functional Bθ (X)=−1

2

∫
M λ(X)θ ∧ (dθ)

n, cf. Theorem 7.32 in this
chapter) yet formally rather dissimilar from the harmonic vector fields sys-
tem in Riemannian geometry. In the present chapter we build (following
[103]) another subelliptic analog to the theory of harmonic vector fields,
starting from the functional (7.42) restricted to the space of all unit vec-
tor fields (with respect to the Webster metric gθ ) and allowing only for
variations through unit vector fields.
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7.6. THE PSEUDOHERMITIAN BIEGUNG
7.6.1. Total Bending

Related to (7.40), we consider the sublaplacian on vector fields. Let M be
a strictly pseudoconvex CR manifold and θ a contact form on M such that
Gθ is positive definite. If X is a C2 vector field on M then1bX is the vector
field locally given by

(1bX)i =1bX i
− 2ajk0i

j`
∂X`

∂xk − ajk

(
∂0i

j`

∂xk −0
s
j`0

i
ks+0

s
jk0

i
s`

)
X` (7.46)

where X = X i ∂/∂xi and 0i
jk are the coefficients of the Tanaka-Webster

connection ∇ of (M ,θ) with respect to the local coordinate system (U ,xi)

on M . Also aij
= gij
−T iT j and [gij]= [gij]−1 where gij = gθ (∂i, ∂j), ∂i =

∂/∂xi. Let

U(M ,θ)= S(M ,gθ )= {X ∈ X∞(M) : gθ (X ,X)= 1}

be the set of all C∞ unit vector fields on (M ,gθ ).

Definition 7.41 The pseudohermitian biegung (or total bending) is the
functional BH : U(M ,θ)→ [0,+∞) given by

BH(X)=
1
2

∫
M

‖∇
HX‖29, X ∈ U(M ,θ). (7.47)

Here ∇HX ∈ 0∞(H(M)∗⊗T(M)) is the restriction of ∇X to H(M). �

The biegung (7.47) is a pseudohermitian analog to R. Wiegmink’s total
bending (cf. [309]) of a vector field on a Riemannian manifold (and BH(X)
measures the failure of X to satisfy ∇Y X = 0 for any Y ∈H(M)). We adopt
the following definition.

Definition 7.42 A subelliptic harmonic vector field is a C∞ unit vector field
X ∈ U(M ,θ) which is a critical point of BH with respect to 1-parameter
variations of X through unit vector fields. �

For simplicity, we assume that M is compact (otherwise we may mod-
ify the definition (7.47) by integrating over a relatively compact domain
�⊂M and consider only variations supported in �). Subelliptic harmonic
vector fields will be shown to satisfy the nonlinear subelliptic system

1bX −‖∇HX‖2X = 0, (7.48)
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(the Euler-Lagrange equations of the constrained variational principle asso-
ciated to (7.47)). The pseudohermitian biegung (7.47) is related to the
functional (7.42). To see this we need the CR analog to the Sasaki metric.

7.6.2. Tangent Bundles over CR Manifolds
Let π−1TM→ T(M) be the pullback of the tangent bundle, where π :
T(M)→M is the projection. If X is a vector field on M , then X̂ = X ◦
π is as usual the natural lift of X . Let θ be a contact form on M with
Gθ positive definite. The Tanaka-Webster connection ∇ of (M ,θ) induces
a connection ∇̂ in π−1TM→ T(M) which one describes as customary
in local coordinates. Let (U , x̃i) be a local coordinate system on M and
(π−1(U),xi,yi) the naturally induced local coordinates on T(M). Let Xi

be the natural lifts of ∂/∂ x̃i. Let 0i
jk be the local coefficients of ∇ with

respect to (U , x̃i). Then ∇̂ is locally given by

∇̂∂jXk = (0
i
jk ◦π)Xi, ∇̂∂̇j

Xk = 0, (7.49)

where ∂i = ∂/∂xi and ∂̇i = ∂/∂yi for simplicity. The following constructions
(leading to the CR analog Sθ of the Sasaki metric) are formally similar to
those in Chapter 1 (and reported here for the convenience of the reader).
Let L= yiXi be the Liouville vector. A tangent vector field X on T(M) is
horizontal if ∇̂XL= 0. A calculation based on (7.49) shows that X = X i∂i+

X i+m∂̇i is horizontal if and only if X i+m
=−N i

jX j. Here N i
j = 0

i
jky

k and
m= 2n+ 1. Let

Hu = {Xu : X horizontal}, u ∈ T(M).

Then

δi = ∂i−N i
j ∂̇j, 1≤ i ≤ m, (7.50)

is a local frame of H→ T(M) on π−1(U) hence H is a C∞ distribution
of rank m on T(M) and

T(T(M))=H⊕Ker(dπ). (7.51)

Thus the restriction to H of

L : T(T(M))→ π−1TM , LuX = (duπ)X ,

X ∈ Tu(T(M)), u ∈ T(M),
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is a bundle isomorphism whose inverse is denoted by β : π−1TM→H (the
horizontal lift associated to ∇). Let γ : π−1TM→ Ker(dπ) be the vertical lift
i.e., locally γXi = ∂̇i. The Dombrowski map is the bundle morphism

K : T(T(M))→ π−1TM , K = γ−1
◦Q,

where Q : T(T(M))→ Ker(dπ) is the projection associated to the decom-
position (7.51). The given data induces a Riemannian metric Sθ on T(M)
given by

Sθ (X ,Y)= gθ (LX ,LY)+ gθ (KX ,KY), X ,Y ∈ T(T(M)).

As well as in Riemannian geometry (cf. D.E. Blair, [42]), Sθ is referred
to as the Sasaki metric of (M ,θ). The total space of the tangent bundle of
a strictly pseudoconvex CR manifold possesses a rich geometric structure
whose investigation is (as opposed to the Riemannian case, cf. [42] and
references therein) far from being complete. For instance, note that the
Riemannian manifold (T(M),Sθ ) carries the compatible almost complex
structure

J(βX)= γX , J(γX)=−βX , X ∈ π−1TM .

A simple calculation shows that the Nijenhuis tensor field of J is given by

NJ(βX ,βY)= γR(X ,Y)L+βT(X ,Y),

NJ(γX ,βY)= βR(X ,Y)L− γT(X .Y),

NJ(γX ,γY)= − γR(X ,Y)L−βT(X .Y),

for any X ,Y ∈ π−1TM . Here

R(X ,Y)Z = R∇̂(βX ,βY)Z, T(X ,Y)= T ∇̂(βX ,βY).

Also R∇̂ is the curvature tensor field of ∇̂ and T ∇̂ is defined by

T ∇̂(X ,Y)= ∇̂XLY −∇̂YLX −L[X ,Y]

for any tangent vector fields X ,Y on T(M). As the Tanaka-Webster
connection has torsion, J is never integrable.

7.6.3. The First Variation Formula
Let us consider the functional E : C∞(M ,T(M))→ R given by

E(φ)=
1
2

∫
M

traceGθ

(
πHφ

∗Sθ
)
9
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where πHφ
∗Sθ denotes the restriction of the bilinear form φ∗Sθ to

H(M)⊗H(M). We shall show that

Theorem 7.43 Let M be a compact strictly pseudoconvex CR manifold and θ a
contact form with Gθ positive definite. Let X be a smooth vector field on M. Then

E(X)= nVol(M ,θ)+BH(X), (7.52)

where Vol(M ,θ)=
∫

M9. Consequently i) E(X)≥ nVol(M ,θ) with equality if
and only if ∇HX = 0. Also ii) X : (M ,θ)→ (T(M),Sθ ) is a pseudoharmonic
map if and only if ∇HX = 0. Let us assume additionally that X ∈ U(M ,θ) and
let X : M × (−δ,δ)→ U(M ,θ) be a smooth 1-parameter variation of X through
unit vector fields (X (x,0)= X(x), x ∈M) and let us set V = (∂Xt/∂ t)t=0

where Xt(x)= X (x, t), x ∈M, |t|< δ. Then iii) gθ (V ,X)= 0 and

d
dt
{E(Xt)}t=0 =

∫
M

gθ (V ,1bX)9. (7.53)

Consequently iv) a C∞ unit vector field X on M is a subelliptic harmonic vector
field if and only if X is a C∞ solution to (7.48).

Statement (ii) extends a result by T. Ishihara, [176], and O. Nouhaud,
[223], to the subelliptic case.

Proof of Theorem 7.43. Let x ∈M and {Ea : 1≤ a≤ 2n} be a local orthonor-
mal (with respect to Gθ ) frame of H(M), defined on an open neighborhood
of x. If Ea = λ

j
a ∂/∂ x̃ j then

(dxX)Ea,x = λ
j
a(x){δj+ [(∇jX i) ◦π ]∂̇i}X(x)

where δj are given by (7.50) and ∇jX i
= ∂X i/∂ x̃ j

+0i
jkX

k. Then

(
traceGθπHX∗Sθ

)
x =

2n∑
a=1

(X∗Sθ )(Ea,Ea)x

=

∑
a

Sθ ,X(x)((dxX)Ea,x,(dxX)Ea,x)

=

∑
a

λ j
a (x)λ

k
a(x){Sθ (δj, δk)+ (∇jX r)(∇kX s)Sθ (∂̇r , ∂̇s)}X(x)

=

∑
a

{gθ (Ea,Ea)+ λ
j

a λ
k
a(∇jX r)(∇kX s)grs}x .
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Let T = T i ∂/∂ x̃i. As
∑2n

a=1λ
i
aλ

j
a = gij

−T iT j it follows that

traceGθ (πHX∗Sθ )= 2n+‖∇X‖2−‖∇TX‖2

where ‖∇X‖2 = gij(∇iXk)(∇jX`)gk`. As {Ej : 0≤ j ≤ 2n} (with E0 = T )
is a local gθ -orthonormal frame of T(M) one also has ‖∇X‖2 =∑2n

j=0 gθ (∇EjX , ∇EjX) hence (7.52). Clearly (7.52) yields statement (i) in
Theorem 7.43.

Let us prove (ii). If ∇HX = 0 then X is a pseudoharmonic map and an
absolute minimum for E in 0∞(M ,T(M)). Vice versa, let us assume X is
a pseudoharmonic map of M into the Riemannian manifold (T(M),Sθ ).
Thus {dE(Xt)/dt}t=0 = 0 for any smooth 1-parameter variation Xt : M→
T(M) of X (X0 = X). In particular for the variation Xt(x)= (1− t)Xx,
x ∈M , |t|< ε (by (7.52))

0=
dE(Xt)

dt

∣∣∣∣
t=0
=

d
dt
{nVol(M ,θ)+BH(Xt)}t=0

=
d
dt

(1− t)2

2

∫
M

‖∇
HX‖29


t=0

=−

∫
M

‖∇
HX‖29.

Let X ∈ U(M ,θ). To prove the first variation formula (7.53), we need
some preparation. Let N =M × (−δ,δ) and let p : N→M be the projec-
tion. Let p−1TM→N be the pullback of the tangent bundle T(M)→M
by p. Then X may be thought of as a C∞ section in p−1TM→N . If
Y is a tangent vector field on M we set Ŷ = Y ◦ p. The Webster metric
gθ induces a bundle metric ĝθ in p−1TM→N uniquely determined by
ĝθ (Ŷ , Ẑ)= gθ (Y ,Z) ◦ p. Also let D be the connection in p−1TM→N
induced by the Tanaka-Webster connection ∇. Precisely let Ỹ be the
tangent vector field on T(M) given by

Ỹ(x,t) = (dxit)Yx, x ∈M , |t|< δ,

where it : M→N , it(x)= (x, t). Then D is determined by

DỸ Ẑ = ∇̂Y Z, D∂/∂ tẐ = 0, Y ,Z ∈ T(M).

Moreover a simple calculation shows that Dĝθ = 0 and

(DỸX )(x,t) = (∇Y Xt)x, (x, t) ∈N .
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Then

BH(Xt)=
1
2

∫
M

2n∑
a=1

ĝθ (∇EaXt, ∇EaXt)x9(x)

=
1
2

∫
M

∑
a

ĝθ (DẼa
X , DẼa

X )(x,t)9(x)

hence

d
dt
BH(Xt)=

∫
M

∑
a

ĝθ (D∂/∂ tDẼa
X , DẼa

X )(x,t)9(x)

=

∫
M

∑
a

ĝθ (DẼa
D∂/∂ tX , DẼa

X )(x,t)9(x)

as RD(∂/∂ t, Ẽa)X = 0 and [∂/∂ t, Ẽa]= 0. Moreover (by Dĝθ = 0)

d
dt
BH(Xt)=

∫
M

∑
a

{Ẽa( ĝθ (D∂/∂ tX , DẼa
X ))

− ĝθ (D∂/∂ tX , DẼa
DẼa

X )}(x,t)9(x).

For each fixed |t|< δ we define Yt ∈H(M) by setting

Gθ (Yt,Y)x = ĝθ (D∂/∂ tX , DỸX )(x,t)

for any Y ∈H(M) and any x ∈M . Then (by ∇gθ = 0)

Ẽa( ĝθ (D∂/∂ tX , DẼa
X ))= Ea(gθ (Yt,Ea))

= gθ (∇EaYt, Ea)+ gθ (Yt,∇EaEa).

As ∇9 = 0 the divergence operator (see Section 2) is also given by

div(Y)= trace{Z 7→ ∇ZY} =
2n∑

j=0

gθ (∇EjY , Ej).
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Finally (by Green’s lemma)

d
dt
{E(Xt)}t=0 =−

∫
M

ĝθ (D∂/∂ tX ,
∑

a

{DẼa
DẼa

X −D
∇̃EaEa

X })(x,0)9(x)

=

∫
M

gθ (V ,1bX)x9(x)

and (7.53) is proved. If X is a critical point i.e., {dE(Xt)/dt}t=0 = 0
then (7.53) together with the constraint gθ (V ,X)= 0 (obtained by dif-
ferentiating gθ (Xt,Xt)= 1 at t = 0) imply that 1bX =−λX for some λ ∈
C∞(M) and taking the inner product with X shows that λ= gθ (1bX ,X)=
‖∇

HX‖2. Theorem 7.43 is proved.
See also B. Franchi & E. Serra, [120], who studied subelliptic harmonic

vector fields on domains in R2. Precisely [120] considers the Dirichlet prob-
lem −HU = |XU|2U in �, |U| = 1 in �, and U = U0 on ∂�, where
�⊂ R2 is a bounded open set whose boundary ∂� is a smooth simple
closed regular curve, H = X2

1 +X2
2 is the Hörmander operator (sum of

squares of vector fields) associated to the Hörmander system X = {X1,X2}

given by X1 = ∂/∂x1, X2 = x1∂/∂x2, and U0 : ∂�→ S1 is a smooth func-
tion. The authors establish uniqueness and smoothness of the solution U
to the above problem (by a lifting argument relying essentially on their
assumption deg(U0,∂�)= 0). �

7.6.4. Unboundedness of the Energy Functional
Under the assumptions of Theorem 7.43, we may prove the following

Corollary 7.44 The characteristic direction T of dθ is a subelliptic harmonic vector
field and an absolute minimum of the energy functional E : U(M ,θ)→ [0,+∞).
Moreover, for any nonempty open subset �⊆M and any unit vector field X on
M such that X ∈H(M) there is a sequence {Yν}ν≥1 of unit vector fields such that
each Yν coincides with X outside � and E(Yν)→∞ for ν→∞. In particular,
the energy functional E is unbounded from above.

Proof. The first statement in Corollary 7.44 follows from ∇T = 0 (and then
E(T)= infX∈U(M ,θ)E(X)= nVol(M ,θ)). To prove the second statement
let h= (x1, . . . ,xm) : U→ Rm be a local coordinate system on M such that
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U ⊆�, h(U)⊃ [−2π ,2π ]m and X = ∂/∂x1 on U (cf. the proof of the clas-
sical Frobenius theorem, e.g., [235], p. 91-92). Moreover, let ϕ ∈ C∞0 (M)
be a test function such that i) 0≤ ϕ(x)≤ 1 for any x ∈M , ii) ϕ = 1 in a
neighborhood V of the compact set K = h−1([−π ,π ]m) such that V ⊂ U ,
and iii) ϕ = 0 outside h−1([−2π ,2π ]m). For each ν ∈ Z, ν ≥ 1, let fν be the
C∞ extension to M of the function sin(νx1) (thought of as defined on the
closed set V ) and let us set αν = ϕfν . Next let us consider the C∞ vector
field

Yν = (cosαν)X + (sinαν)T , ν ≥ 1.

Then Yν is a unit vector field coinciding with X outside �. As we may
complete X to a local frame of H(M) (and ∇T = 0, θ(∇XX)= 0)

‖∇
HYν‖2 ≥ gθ (∇XYν ,∇XYν)= X(αν)2+ (cos2αν)‖∇XX‖2 ≥ X(αν)2.

On the other hand X(αν)= X(ϕ)fν +ϕν(cosνx1) on U so that X(αν)=
ν cosνx1 on V ⊃ K . Hence

2E(Yν)≥
∫
K

‖∇
HYν‖29 ≥

∫
K

X(αν)29 = ν2
∫
K

cos2(νx1)9.

If dvol(gθ )=
√

G(x)dx1
∧ ·· · ∧ dxm is the Riemannian volume form of

(M ,gθ ) (with G(x)= det[gij(x)]) there is a constant cn > 0 such that 9 =
cn dvol(gθ ) (and cn = 2nn!, cf. [293]). Let us set a= infx∈K

√
G(x). Then

a> 0 and∫
K

cos2(νx1)9 ≥ acn

∫
[−π ,π ]m

cos2(νt1)dt1 · · ·dtm = a2n−1n!(2π)m.

Hence E(Yν)≥ a2n−2n!(2π)mν→∞ for ν→∞. �

7.7. THE SECOND VARIATION FORMULA

Let X ∈ U(M ,θ) and let us consider a smooth 2-parameter varia-
tion of X

Y : M × I2
δ → T(M), Iδ = (−δ,δ), δ > 0,

Xt,s = Y ◦ it,s, t, s ∈ Iδ, X0,0 = X .

Here we set N =M × I2
δ and it,s : M→N , it,s(x)= (x, t, s) for any x ∈M .

We shall prove the following
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Theorem 7.45 Let V = (∂Xt,s/∂ t)t= s=0 and W = (∂Xt,s/∂s)t= s=0. Let
us assume that Xt,s ∈ U(M ,θ) for any t, s ∈ Iδ. If X ∈ U(M ,θ) is a smooth
subelliptic harmonic vector field then

∂2

∂ t∂s

{
BH(Xt,s)

}
t= s=0 =

∫
M

gθ (V ,1bW −‖∇HX‖2W )9. (7.54)

In particular for any smooth 1-parameter variation of X

d2

dt2
{BH(Xt)}t=0 =

∫
M

{‖∇
HV‖2−‖∇HX‖2‖V‖2}9. (7.55)

The identity (7.54) is the second variation formula (of the pseudohermi-
tian biegung). To prove Theorem 7.45, let p : N→M be the projection
and p−1TM→N the pullback of T(M) by p. Then Y is a C∞ section in
π−1TM→N . Let ĝθ and D be respectively the Riemannian bundle metric
induced by gθ and the connection induced by the Tanaka-Webster connec-
tion ∇ in π−1TM→N . Similar to the conventions adopted in the proof
of Theorem 7.43 we set

Ỹ(x,t,s) = (dxit,s)Yx, x ∈M , t, s ∈ Iδ.

For simplicity we set T= ∂/∂ t and S= ∂/∂s (T,S ∈ X∞(N)). Then (by
Dĝθ = 0)

∂

∂ t
BH(Xt,s)=

∫
M

2n∑
a=1

ĝθ (DTDẼa
Y , DẼa

Y)9 =
∫
M

∑
a

ĝθ (DẼa
DTY , DẼa

Y)

due to

[T, Ẽa]= 0, RD(T, Ẽa)Y = 0.

Then

∂2

∂s∂ t
BH(Xt,s)=

∫
M

∑
a

∂

∂s
ĝθ (DẼa

DTY , DẼa
Y)9

=

∫
M

∑
a

{
ĝθ (DSDẼa

DTY , DẼa
Y)+ ĝθ (DẼa

DTY , DSDẼa
Y)
}
9

(7.56)
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(as [S, Ẽa]= 0 and RD(S, Ẽa)Y = 0)

=

∫
M

∑
a

{
ĝθ (DẼa

DSDTY , DẼa
Y)+ ĝθ (DẼa

DTY , DẼa
DSY)

}
9

=

∫
M

∑
a

{
Ẽa( ĝθ (DSDTY , DẼa

Y))− ĝθ (DSDTY , DẼa
DẼa

Y)

+ Ẽa( ĝθ (DTY , DẼa
DSY))− ĝθ (DTY , DẼa

DẼa
DSY)

}
9.

For each fixed (t, s) ∈ I2
δ we define Yt,s ∈H(M) by

Gθ (Yt,s, Z)x = ĝθ (DSDTY , DZ̃Y)(x,t,s), Z ∈H(M).

Then

∑
a

Ẽa( ĝθ (DSDTY , DẼa
Y))=

∑
a

Ea(gθ (Yt,s, Ea)) ◦ p

=

∑
a

{
gθ (∇EaYt,s, Ea)+ gθ (Yt,s, ∇EaEa)

}
◦ p

= div(Yt,s) ◦ p+ ĝθ

(
DSDTY ,

∑
a

D
∇̃EaEa

Y
)

.

Similarly, given Zt,s ∈H(M) determined by

Gθ (Zt,s, Z)x = ĝθ (DTY , DZ̃DSY)(x,t,s)

one has

∑
a

Ẽa

(
ĝθ
(
DTY , DẼa

DSY
))

= div(Zt,s) ◦ p+ ĝθ

(
DTY ,

∑
a

D
∇̃EaEa

DSY
)

.
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Going back to (7.56) one has (by Green’s lemma)

∂2

∂s∂ t

{
BH(Xt,s)

}
t= s=0

=

∫
M

{
ĝθ

(
DSDTY ,

∑
a

{D
∇̃EaEa

Y −DẼa
DẼa

Y}
)

+ ĝθ

(
DTY ,

∑
a

{D
∇̃EaEa

DSY −DẼa
DẼa

DSY}
)}

t= s=0

9

=

∫
M

{gθ (U ,1bX)+ gθ (V ,1bW )}9

where we have set U = (∂2Xt,s/∂ t∂s)t= s=0. Moreover (by differentiating
ĝθ (Y , Y)= 1)

gθ (U ,X)x = ĝθ (DSDTY , Y)(x,0,0)

= {S( ĝθ (DTY , Y))− ĝθ (DTY , DSY)}(x,0,0) =−gθ (V ,W )x

and (as X is subelliptic harmonic i.e., a smooth solution to (7.48))

∂2

∂ t∂s

{
BH(Xt,s)

}
t= s=0 =

∫
M

{‖∇
HX‖2gθ (U ,X)+ gθ (V ,1bW )}9

=

∫
M

gθ (V ,1bW −‖∇HX‖2W )9

and (7.54) is proved. Finally given an arbitrary smooth 1-parameter varia-
tion X : M × Iδ→ T(M) of X through unit vector fields the identity (7.55)
follows from (7.54) for the particular 2-parameter variation Y : M × Iδ/2→
T(M) given by Y(x, t, s)= X (x, t+ s) for any x ∈M and any t, s ∈ Iδ/2.
Indeed

d2

dt2
{BH(Xt)}t=0 =

∫
M

gθ (V ,1bV −‖∇HX‖2V )9. (7.57)
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On the other hand, for any smooth vector field V on M

−1b‖V‖2 =
2n∑

a=1

{EaEa‖V‖2− (∇EaEa)‖V‖2}

= 2
∑

a

{Ea(gθ (∇EaV , V ))− gθ (∇∇EaEaV , V )}

= 2
∑

a

{gθ (∇Ea∇EaV , V )+ gθ (∇EaV , ∇EaV )− gθ (∇∇EaEaV , V )}

hence

1b‖V‖2 = 2{gθ (1bV , V )−‖∇HV‖2}. (7.58)

The identity (7.58) is an obvious pseudohermitian ananlog to (2.23) in
Lemma 2.15 (cf. Chapter 2 of this monograph). Now (7.55) follows from
(7.57)–(7.58) and Green’s lemma.
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Lorentz Geometry and Harmonic
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This chapter is devoted to the study of harmonic vector fields on semi-
Riemannian manifolds with an emphasis on the Lorentzian case. There
are quite a few books on semi-Riemannian geometry. We follow mainly
the conventions and notations in B. O’Neill, [229], and J.K. Beem & P.E.
Ehrlich, [31]. For the general relativity notions one may consult R. Adler
et al., [10], M. Göckeler & T. Schücker, [136], and Chapter IV in S. Ianuş,
[174]. See also E. Barletta et al., [24], p. 37–43, for a foliation theoretic
approach. The results we report on are mainly due to O. Gil-Medrano &
A. Hurtado, [130].

8.1. A FEW NOTIONS OF LORENTZ GEOMETRY

Let (M ,g) be an n-dimensional semi-Riemannian manifold of index
1≤ ν ≤ n− 1. A tangent vector v ∈ Tx(M) \ {0x} is timelike (respectively
nonspacelike, null, or spacelike) if gx(v,v) < 0 (respectively if gx(v,v)≤ 0,
gx(v,v)= 0, or gx(v,v) > 0). A continuous vector field X on M is timelike if
gx(Xx,Xx) < 0 for any x ∈M .

Let (M ,g) be a Lorentzian manifold i.e., a semi-Riemannian manifold of
index ν = 1. In general (M ,g) may fail to admit a globally defined timelike
vector field. If (M ,g) does admit a (globally defined) timelike vector field
X then (M ,g) is said to be time oriented by X . A time-oriented Lorentzian
manifold is a space-time. In the spirit of semi-Riemannian geometry and
in order to develop a theory suitable for applications in general relativity, a

Harmonic Vector Fields. DOI: 10.1016/B978-0-12-415826-9.00008-0
c© 2012 Elsevier Inc. All rights reserved. 407
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space-time M is customarily assumed to be 4-dimensional and noncompact.
In any case if M is compact then it cannot be simply connected. Indeed if
M were compact and π1(M)= 0 then the first Betti number would van-
ish (H1(M ,R)= 0). By the Poincaré duality the third Betti number would
vanish as well (H3(M ,R)= 0). Consequently the Euler-Poincaré charac-
teristic would be positive χ(M) > 0 in contradiction with the fact that M
carries a nowhere zero globally defined vector field.

On a space-time (M ,g,X) nonspacelike tangent vectors are divided
in two classes, as follows. Let v ∈ Tx(M) be a nonspacelike vector i.e.,
v 6= 0 and gx(v,v)≤ 0. Then v is future directed (respectively past directed) if
gx(Xx,v) < 0 (respectively if gx(Xx,v) > 0).

The space of all Lorentz metrics on M is denoted by Lor(M). It is well
known that the space of all Riemannian metrics on a compact manifold
(thought of as carrying the compact-open topology) is contractible, as is the
space of all Riemannian metrics of given total volume. Also (by the Gram-
Schmidt process) it may be shown that if the manifold is parallelizable,
then for any Riemannian metric there is a globally defined orthonormal
frame. The same properties translated into the Lorentzian realm decidedly
fail to hold. For instance on a compact manifold M the space Lor(M) has in
general many connected components C with π1(C) 6= 0 (cf. P. Mounoud,
[217]).

A smooth curve C : (a,b)→M in a semi-Riemannian manifold (M ,g)
is timelike (respectively nonspacelike, null, or spacelike) if its tangent vector Ċ(t)
is timelike (respectively nonspacelike, null, or spacelike) for any a< t < b.
Let ∇ be the Levi-Civita connection of (M ,g). Let C : (a,b)→M be a
geodesic of ∇. Then

d
dt

{
gC(t)(Ċ(t), Ċ(t))

}
= 2gC(t)

(
(∇ĊĊ)C(t), Ċ(t)

)
= 0.

Consequently if Ċ(t0) is timelike (respectively null or spacelike) for some
a< t0 < b then Ċ(t) is timelike (respectively null or spacelike) for any other
value of the parameter a< t < b.

Let (M ,g,X) be a space-time and C : (a,b)→M a nonspacelike curve
(i.e., gC(t)(Ċ(t), Ċ(t))≤ 0 for any a< t < b). We say C is future-directed
(respectively past-directed) if the tangent vector Ċ(t) is future-directed
(respectively past-directed) for any a< t < b.

Definition 8.1 Let (M ,g) be a space-time and x,y ∈M . We write x� y
if there is a smooth future-directed timelike curve joining x and y. Also we
write x≤ y if either x= y or there is a smooth future-directed nonspacelike
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curve from x to y. The chronological future and the chronological past of x are
respectively the sets

I+(x)= {y ∈M : x� y}, I−(x)= {y ∈M : y� x}.

The causal future and causal past of x are respectively the sets

J+(x)= {y ∈M : x≤ y}, J−(x)= {y ∈M : y≤ x}.

�

The relations << and ≤ on M are transitive. Also

x� y and y≤ zH⇒ x� z,

x≤ y and y� zH⇒ x� z,

cf. e.g., [31], p. 22. If there is a future-directed timelike curve joining x
and y then there is an open neighborhood U ⊆M of y such that any point
of U may be reached from x by a future-directed timelike curve (cf. [31],
p. 22). Consequently, for any point x ∈M the sets I±(x) are open in M .
As it may be shown by examples, in general the sets J±(x) are neither open
nor closed.

When x ∈ I+(x) there is a timelike loop at x and the space-time (M ,g)
is said to have a causality violation.

Example 8.2 If the cylinder M = S1
×R is endowed with the Lorentzian

metric g =−dθ ⊗ dθ + dt⊗ dt then the circles t = constant are closed
timelike curves in (M ,g) hence I+(x)=M for any x ∈M .

Definition 8.3 Let (M ,g) be a space-time. We say (M ,g) is chronological if
there are no closed timelike curves in M i.e., x 6∈ I+(x) for any x ∈M . Also
(M ,g) is referred to as causal if it contains no closed nonspacelike curves. �

Example 8.4 Let M = S1
×R carry the Lorentzian metric g = dθ � dt =

1
2 (dθ ⊗ dt+ dt⊗ dθ). Then (M ,g) is a chronological space-time which is
not causal.

By a well-known result (cf. e.g., Proposition 2.6 in [31], p. 23), com-
pact space-times do contain closed timelike curves and hence fail to be
chronological.

Definition 8.5 Let (M ,g) be a space-time. We say (M ,g) is distinguishing
if given x,y ∈M

I+(x)= I+(y) or I−(x)= I−(y)H⇒ x= y.

�
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Therefore in a distinguishing space-time, distinct points have distinct
chronological futures and distinct chronological pasts.

8.2. ENERGY FUNCTIONALS AND TENSION FIELDS

We follow the exposition by O. Gil-Medrano & A. Hurtado, [130].
Let (M ,g) and (N ,h) be two semi-Riemannian manifolds and φ : M→N
a smooth map. Let Lφ ∈ 0∞(T∗(M)⊗T(M)) be determined by

g(LφX ,Y)= (φ∗h)(X ,Y), X ,Y ∈ X(M).

Let then e(φ) ∈ C∞(M) be defined by e(φ)= (1/2) trace(Lφ). If {Ei :≤
i ≤ n} is a local g-orthonormal frame defined on an open set U ⊆M then

e(φ)=
1
2

n∑
i=1

εi (φ
∗h)(Ei,Ei)

on U where εi = g(Ei,Ei) ∈ {±1}. Let us assume that M is oriented. Given
a relatively compact domain �⊂M we define the energy functional

E�(φ)=
∫
�

e(φ)dvol(g).

For a local coordinate system (U ,xi) on M one of course has dvol(g)=
√
|a|dx1

∧ ·· · ∧ dxn on U where a= det[gij]. The Euler-Lagrange equations
corresponding to the variational principle δE�(φ)= 0 are τg(φ)= 0 where
τg(φ) ∈�

0(φ−1TN) is locally given by

τg(φ)=

n∑
i=1

εi

{
(φ−1
∇

h)Eiφ∗Ei−φ∗∇EiEi

}
on U . Here ∇ and ∇h are respectively the Levi-Civita connections of
the semi-Riemannian manifolds (M ,g) and (N ,h) while φ−1

∇
h is the

connection induced by ∇h in the pullback bundle φ−1TN→M .
As in Section 7.1 of this monograph we may consider the Sasaki metric

Gs on T(M) associated to the semi-Riemannian metric g. Then Gs is a
semi-Riemannian metric of index 2ν. This is usually referred to as the
canonical metric (in [107]) or the Kaluza-Klein metric (in [130]) on T(M). Let
V : M→ T(M) be a smooth tangent vector field, thought of as a map of
the semi-Riemannian manifolds (M ,g) and (T(M),Gs). It may be shown
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(by following the arguments in the positive definite case, cf. Proposition 2.3
in this monograph) that

(V ∗Gs)(X ,Y)= g(X ,Y)+ g(∇XV ,∇Y V ), X ,Y ∈ X(M).

Consequently

LV = I + (∇V )t ◦ (∇V )

where the transpose is meant with respect to the pointwise inner product g
(similar to (2.5) in Chapter 2). It follows that

E�(V )=
n
2

Vol(�)+
1
2

∫
�

g∗(∇V ,∇V )vol(g).

See also Section 7.3 of this book. By a result in [130] the tension field of V
may be locally written

τg(V )=
n∑

i=1

{
εi
(
R(∇EiV , V )Ei

)H
−
(
1gV

)V}
◦V (8.1)

on U where 1g is the rough Laplacian i.e., locally

1gV =−
n∑

i=1

εi
(
∇Ei∇V

)
Ei =−

n∑
i=1

εi{∇Ei∇EiV −∇∇EiEiV }

on U . Cf. again Section 6.3. Also, if X ∈ X(M) then XH ,XV
∈ X(T(M))

are the horizontal and vertical lifts of X . The proof of (8.1) is formally
similar to that of (2.21) in Proposition 2.12 and the reader will encounter
no difficulty in supplying the details. As in Chapter 2, the identity (8.1) may
be used to show that for a critical point V ∈ X(M) of the energy functional
E� : C∞(M ,T(M))→ R one must have∫

�

g∗(∇V ,∇V )dvol(g)= 0.

As g is not positive definite, one may not conclude at this point that V
is parallel (and a case by case discussion based on causal characters will be
necessary).
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8.3. THE SPACELIKE ENERGY

Let (M ,g) be an n-dimensional space-time and Z ∈ 0∞(S−1(M ,g))
a reference frame (i.e., a unit timelike vector field on M). We set

AZ =−∇Z, PZ(X)= X + g(X ,Z)Z, X ∈ X(M).

Also let us set A′Z = AZ ◦PZ for further use.

Definition 8.6 The function

b̃(Z)=
1
2

g∗(A′Z ,A′Z) ∈ C∞(M)

is called the spacelike energy density of Z while for each relatively compact
domain �⊂M

B̃�(Z)=
∫
�

b̃(Z)dvol(g)

is referred to as the spacelike energy of Z. If M is compact and �=M , we
write simply B̃M(Z)= B̃(Z). �

Let (RZ)⊥ ⊂ T(M) be the orthogonal complement of RZ. As Z
is timelike, the distribution RZ is nondegenerate, hence T(M)= RZ⊕
(RZ)⊥ and the restriction of g to (RZ)⊥ is positive definite. Let {Eα :
1≤ α ≤ n− 1} be a local g-orthonormal frame of (RZ)⊥ defined on
the open set U ⊆M . Then {Ei : 1≤ i ≤ n} = {E1, . . . ,En−1,Z} is a local
orthonormal frame of T(M). As

A′ZEi =−∇EiZ− g(Ei,Z)∇ZZ

the spacelike energy density of Z is locally given by

b̃(Z)=
1
2

n−1∑
α=1

g(∇EαZ,∇EαZ) (8.2)

on U . As εn = g(Z,Z)=−1 it follows that

0= Eα(g(Z,Z))= 2g(∇EαZ,Z)

hence ∇EαZ ∈ (RZ)⊥. Using (8.2) and the fact that g
∣∣
(RZ)⊥ is positive

definite it follows that

Proposition 8.7 Let (M ,g) be a space-time. For any reference frame Z ∈
0∞(S−1(M ,g)) one has b̃(Z)≥ 0. Also B̃�(Z)≥ 0 for any relatively compact
domain �⊂M and B̃�(Z)= 0 if and only if A′Z = 0 on �.
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A simple formula relates the ordinary energy and spacelike energy
functionals

e(Z)=
1
2

traceg [g+ g(∇Z,∇Z)]=
n
2
+

1
2

n∑
i=1

εi g(∇EiZ,∇EiZ)

(by ε1 = ·· · = εn−1 = 1=−εn and (8.2))

=
n
2
+ b̃(Z)−

1
2

g(∇ZZ,∇ZZ)

hence

E�(Z)=
n
2

Vol(�)+ B̃�(Z)−
1
2

∫
�

g(AZZ,AZZ)dvol(g). (8.3)

Our next task is to derive the first variation formula for the spacelike energy
functional B̃�. We follow the presentation in [130].

Lemma 8.8 For any reference frame Z ∈ 0∞(S−1(M ,g))

b̃(Z)=
1
2

{
trace

(
At

Z ◦AZ
)
+ g(∇ZZ,∇ZZ)

}
. (8.4)

Proof. Let {Ei : 1≤ i ≤ n} = {Eα : 1≤ α ≤ n− 1} ∪ {Z} be a local ortho-
normal frame of T(M). Then

trace
(
At

Z ◦AZ
)
=

n∑
i=1

εi g((At
Z ◦AZ)Ei,Ei)

=

n−1∑
α=1

g
((

At
Z ◦AZ

)
Eα,Eα

)
− g

((
At

Z ◦AZ
)
Z,Z

)
=

∑
α

g(∇EαZ,∇EαZ)− g(∇ZZ,∇ZZ)

(by (8.2))

= 2b̃(Z)− g(∇ZZ,∇ZZ).

�

Let Z : M × (−δ,δ)→ S−1(M ,g) be a smooth 1-parameter variation of
Z such that Z(x,0)= Z(x) for any x ∈M . Let us set Zs(x)= Z(x, s) for
any x ∈M and any |s|< δ. Locally

Zs(x)= f i(x, s)
∂

∂xi

∣∣∣∣
x

, x ∈M .
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If X = {dZs/ds}s=0 then

Xx =
∂ f i

∂s
(x,0)

∂

∂xi

∣∣∣∣
x

.

We also adopt the notation Z′s = (dZs/ds)(s) so that Z′0 = X .

Lemma 8.9 Let Z be a reference frame on (M ,g). Then

d
ds

{
trace

(
At

Zs
◦AZs

)}
= 2trace

(
At

Zs
◦AZ′s

)
for any |s|< δ.

Proof. Let {Ei : 1≤ i ≤ n} be a local orthonormal frame of T(M). Let us
set

∇Ei

∂

∂xj = 0
k
ij
∂

∂xk

so that

∇EiZs =

{
Ei( f j)+0

j
ikf

k
} ∂

∂xj ,

g(∇EiZs , ∇EiZs)

= Ei( f j)Ei( f k)gjk+ 2Ei( f j)f k0`ik gj`+ f jf k0
p
ij0

q
ik gpq,

hence (by [∂/∂s , Ei]= 0)

d
ds

{
trace

(
At

Zs
◦AZs

)}
=

d
ds

n∑
i=1

εi g(∇EiZs , ∇EiZs)

= 2
∑

i

εi

{
Ei

(
∂ f j

∂s

)
Ei( f k)gjk+

∂ f j

∂s
f k0

p
ij0

q
ik gpq

+

[
Ei

(
∂ f j

∂s

)
f k
+Ei( f j)

∂ f k

∂s

]
0`ik gj`

}
= 2

∑
i

εi g(∇EiZ
′
s , ∇EiZs)= 2

∑
i

εi g((At
Zs
◦AZ′s )Ei , Ei)

and Lemma 8.9 is proved. �

Lemma 8.10 Let Z ∈ 0(S−1(M ,g)) be a reference frame. Then

d
ds

{
g(∇ZsZs , ∇ZsZs)

}
= 2g(∇Z′s Zs+∇ZsZ

′
s , ∇ZsZs)
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for any |s|< δ.

Proof. Let us set ∂j = ∂/∂xj for simplicity. One has

g(∇ZsZs , ∇ZsZs)= f jf k g(∇∂jZs , ∇∂kZs)

hence

d
ds

{
g(∇ZsZs , ∇ZsZs)

}
= 2

{
f jf kg(∇∂jZ

′
s , ∇∂kZs)+

∂ f j

∂s
f kg(∇∂jZs , ∇∂kZs)

}
= 2

{
g(∇ZsZ

′
s , ∇ZsZs)+ g(∇Z′s Zs , ∇ZsZs)

}
.

�

Using Lemmas 8.8 to 8.10

d
ds

{
b̃(Zs)

}
= trace

(
At

Zs
◦AZ′s

)
+ g(∇Z′s Zs+∇ZsZ

′
s , ∇ZsZs)

for any |s|< δ. Therefore we obtain the following first variation formula

Proposition 8.11 (O. Gil-Medrano & A. Hurtado, [130]) Let (M ,g)
be a space-time and Z a reference frame on M. Let {Zs}|s|<δ be a smooth
1-parameter variation of Z such that Z0 = Z and let us set X = Z′0 =
{dZs/ds}s=0. Then

d
ds

{
B̃�(Zs)

}
s=0

=

∫
�

{
trace

(
At

Z ◦AX
)
+ g(∇XZ+∇ZX , ∇ZZ)

}
dvol(g) (8.5)

provided that supp(X)⊂�.

Let us consider a local orthonormal frame {Eα : 1≤ α ≤ n− 1} of
(RZ)⊥. Then

trace
(
At

Z ◦AX
)

=

n−1∑
α=1

g((At
Z ◦AX)Eα,Eα)− g((At

Z ◦AX)Z,Z)
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=

∑
α

g(AXEα,AZEα)− g(AXZ,AZZ)

=

∑
α

g(∇EαX ,∇EαZ)− g(∇ZX ,∇ZZ)

hence the integrand in (8.5) may be locally written as∑
α

g(∇EαX ,∇EαZ)+ g(∇XZ,∇ZZ).

To proceed further we need a few conventions of tensor calculus. Given a
manifold M there is a unique C∞(M)-linear map C : 0∞(T 1,1(M))→
C∞(M) such that C(X ⊗ω)= ω(X) for any X ∈ X(M) and any ω ∈

�1(M). Moreover, if 1≤ i ≤ r and 1≤ j ≤ s we define a C∞(M)-linear
map

Ci
j : 0∞(T r,s(M))→ 0∞(T r−1,s−1(M))

as follows. Let A ∈ 0∞(T r,s(M)). We set

(Ci
jA)(ω

1, . . . ,ωr−1,X1, . . . ,Xs−1)

= C(A(ω1, . . . ,ωi−1, · ,ωi, . . . ,ωr−1,X1, . . . ,Xj−1, · ,Xj, . . . ,Xr−1))

for any ω1, . . . ,ωr−1
∈�1(M) and any X1, . . . ,Xs−1 ∈ X(M).

Lemma 8.12 Let K ∈ 0∞(T 1,1(M)). Then(
C1

1∇K
)
X =−trace(K ◦∇X)− δα (8.6)

where α ∈�1(M) is given by α(Y)= g(K(X),Y) for any Y ∈ X(M) and δα =
−div(α]).

Here ] denotes raising of indices by g i.e., g(α],Y)= α(Y). To prove
Lemma 8.12 we consider a local orthonormal frame {E1, . . . ,En} ⊂ X(U)
and set ωi(Y)= g(Ei,Y) for any Y ∈ X(U). Then ∇K ∈ 0∞(T 1,2(M))
may be locally written

∇K = (∇K)ijkEi⊗ω
j
⊗ωk

for some (∇K)ijk ∈ C∞(U). It follows that

(∇K)(·, ·,X)= εkXk(∇K)ijkEi⊗ω
j

hence

(C1
1∇K)X = C ((∇K)(·, ·,X))= εiεkXk(∇K)iik . (8.7)
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If X = X iEi for some X i
∈ C∞(U) then ω j(X)= εjX j (no summation).

Next

trace(K ◦∇X)=
∑

i

εi g(K(∇X)Ei,Ei)

=

∑
i

εi(∇iX j)εjKk
j g(Ek,Ei)

so that

trace(K ◦∇X)=
∑

i

(∇iX j)K i
j εj . (8.8)

Moreover

δα =−div(α])=−
∑

i

εi g(∇Eiα
],Ei)

=−

∑
i

εi{Ei(α(Ei))−α
(
∇EiEi

)
}

= −

∑
i

εi{Ei(g(K(X),Ei))− g(K(X),∇EiEi)}

= −

∑
i

εi g(∇EiKX ,Ei)

=−

∑
i

εi{g((∇EiK)X ,Ei)+ g(K∇EiX ,Ei)}

that is

δα =−trace(K ◦∇X)−
∑

i

εi g((∇EiK)X ,Ei). (8.9)

We wish to compute the last term in (8.9). We have

(∇EiK)X = εiεjX
j(∇K)kijEk

hence (by (8.7))∑
i

εi g((∇EiK)X ,Ei)= εiεjX j(∇K)iij =
(
C1

1∇K
)
X

and then (6.9) implies (8.6).

We wish to establish the following

Theorem 8.13 (O. Gil-Medrano & A. Hurtado, [130]) For any refer-
ence frame Z ∈ 0∞(S−1(M ,g)) and any smooth 1-parameter variation {Zs}|s|<ε
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of Z such that Zs ∈ 0(S−1(M ,g)) for any |s|< ε and Z0 = Z, the following first
variation formula for the spacelike energy holds

d
ds

{
B̃�(Zs)

}
s=0
=

∫
�

ω̃(X)dvol(g) (8.10)

provided that {Zs}|s|<ε is supported in � i.e., Supp(X)⊂� where X = Z′0 =
{dZs/ds}s=0 and

ω̃Z =−C1
1∇K̃ +

(
K̃∇ZZ

)[
, K̃ = ((∇Z) ◦PZ)

t . (8.11)

Consequently, a reference frame Z is a critical point of B̃� if and only if ω̃Z vanishes
on (RZ)⊥.

Cf. also Corollary 3.3 and Proposition 3.4 in [130], p. 88. Here [ denotes
lowering of indices by g i.e., for each V ∈ X(M) the 1-form V [

∈�1(M)
is given by V [(Y)= g(Y ,V ) for any Y ∈ X(M).

Proof of Theorem 8.13. We start from the first variation formula (8.5) in
Proposition 8.11. First we compute the term trace

(
At

Z ◦AX
)
. Let {Eα :

1≤ α ≤ n− 1} be an orthonormal frame of (RZ)⊥. Then

trace
(
At

Z ◦AX
)
=

n−1∑
α=1

g(At
ZAXEα,Eα)− g(At

ZAXZ,Z)

=

∑
α

g(∇EαX ,∇EαZ)− g(∇ZX ,∇ZZ).

On the other hand∑
α

g(∇EαX ,∇EαZ)=
∑
α

g((∇Z)t ◦ (∇X)Eα,Eα)

as PZ : T(M)→ (RZ)⊥ is the natural projection associated to the decom-
position T(M)= (RZ)⊕ (RZ)⊥ (i.e., PZEα = Eα and PZZ = 0)

=

∑
α

g((∇Z)t ◦ (∇X)Eα,PZEα)=
n∑

i=1

εi g((∇Z)t(∇X)Ei,PZEi)

(where En = Z and εα =−εn = 1, 1≤ α ≤ n− 1)

=

∑
i

εi g(Pt
Z(∇Z)t(∇X)Ei,Ei)= trace{K̃ ◦ (∇X)}
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where K̃ is given by the second formula in (8.11). Hence (by (8.5))

d
ds

{
B̃�(Zs)

}
s=0
=

∫
�

{
trace

(
K̃ ◦∇X

)
+ g(∇XZ,∇ZZ)

}
dvol(g). (8.12)

Next (by (8.12) and Lemma 8.12)

d
ds

{
B̃�(Zs)

}
s=0
=

∫
�

{
−
(
C1

1∇K̃
)
X − δα+ g(∇XZ,∇ZZ)

}
where

α(Y)= g(K̃X ,Y)= g(((∇Z) ◦PZ)
tX ,Y)

= g(X ,(∇Z)PZY )= g(X ,∇PZY Z)

= g(X ,∇Y Z)+ g(Y ,Z)g(X ,∇ZZ)

hence

α] = g(X ,∇Z)]+ g(X ,∇ZZ)Z. (8.13)

Let us set V = g(X ,∇Z)] ∈ X(M). Let x ∈ Supp(α]) so that x=
limν→∞ xν for some sequence xν ∈M such that α](xν) 6= 0 for any ν ≥ 1.
Let (U ,xi) be a local coordinate neighborhood in M such that x ∈ U . Thus
xν ∈ U for any ν ≥ ν0 and some ν0 ≥ 1. Let us assume that X(xµ)= 0 for
some µ≥ ν0. Then (by (8.13))

0 6= α](xµ)= V (xµ)= g ji(xµ)g(X ,∇∂iZ)xµ
∂

∂x j

∣∣∣∣
xµ

= 0,

a contradiction. Therefore X(xν) 6= 0 for any ν ≥ ν0 so that x ∈ Supp(X).
We have shown that Supp(α])⊆ Supp(X)⊂� hence (by Green’s lemma)∫
�
δα dvol(g)= 0 and the first variation formula becomes

d
ds

{
B̃�(Zs)

}
s=0 =

∫
�

{−(C1
1∇K̃)X + g(∇XZ,∇ZZ)}dvol(g). (8.14)

We ought to compute the term g(∇XZ,∇ZZ). As g(Zs,Zs)=−1 one has
(by taking the derivative with respect to s at s= 0) g(X ,Z)= 0. Thus

g(∇XZ,∇ZZ)= g(X ,(∇Z)t∇ZZ)

= g(PZX ,(∇Z)t∇ZZ)= g(X ,Pt
Z(∇Z)t∇ZZ)

= g(X ,((∇Z) ◦PZ)
t
∇ZZ)= g(X , K̃∇ZZ)=

(
K̃∇ZZ

)[
X
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and (8.14) yields (8.10). As a consequence of (8.10) Z ∈ Crit(B̃�) if and
only if ∫

�

ω̃Z(X)dvol(g)= 0 (8.15)

for any X ∈ 0∞((RZ)⊥). We may decompose ω̃Z as ω̃]Z = λZ+Y for
some λ ∈ C∞(M) and Y ∈ 0∞((RZ)⊥). Then (8.15) may be written as∫
�

g(X ,Y)dvol(g)= 0. In particular for X = Y , we obtain (as (RZ)⊥ is
space-like) Y = 0 and Theorem 8.13 is completely proved. �

Definition 8.14 A reference frame Z ∈ 0∞(S−1(M ,g)) is said to be spa-
tially harmonic if for any relatively compact domain �⊂⊂M the restriction
of Z to � is a critical point of B̃�. �

Let us consider the second order elliptic operator D̃ given by

D̃X =1gX −∇X∇XX − div(X)∇XX + ((∇X) ◦PX)
t
∇XX

for any X ∈ X(M). We may state the following

Corollary 8.15 Let Z ∈ 0∞(S−1(M ,g)) be a reference frame. Then Z is
spatially harmonic if and only if D̃Z is collinear to Z.

Proof. By the very definition of ω̃Z

ω̃Z(X)=−
(
C1

1∇K̃
)
X + g(X , K̃∇ZZ)

= trace
(
K̃ ◦∇X

)
− div(α])+ g(X , K̃∇ZZ)

for any X ∈ X(M). We shall compute separately each term in the expression
of ω̃Z(X). Let {Ei : 1≤ i ≤ n} be a local orthonormal frame of T(M) where
{Eα : 1≤ α ≤ n− 1} is a local orthonormal frame of (RZ)⊥ and En = Z.
First

trace
(
K̃ ◦∇X

)
=

n∑
i=1

εi g(K̃(∇X)Ei,Ei)

=

∑
i

εi g(∇EiX ,(∇Z)PZEi)

i.e.,

trace
(
K̃ ◦∇X

)
=

n∑
α=1

g(∇EαX ,∇EαZ). (8.16)
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Second

div(α])=
∑

i

εi g(∇Eiα
],Ei)=

∑
i

εi{Ei(α(Ei))−α(∇EiEi)}

=

∑
i

εi{Ei(g(X ,∇EiZ))+Ei
(
g(Ei,Z)g(X ,∇ZZ)

)
− g(X ,∇∇Ei EiZ)− g(∇EiEi,Z)g(X ,∇ZZ)}

=

∑
i

εi{g(∇EiX ,∇EiZ)+ g(X ,∇Ei∇EiZ)}+Z(g(X ,∇ZZ))

−

∑
i

εi{g(X ,∇∇Ei EiZ)+ g(∇EiEi,Z)g(X ,∇ZZ)}

=

∑
i

εi g(X ,∇Ei∇EiZ−∇∇Ei EiZ)+Z(g(X ,∇ZZ))

+

∑
i

εi{g(∇EiX ,∇EiZ)− g(∇EiEi,Z)g(X ,∇ZZ)}.

On the other hand∑
i

εi g(∇EiEi,Z)=
∑

i

εi{Ei(g(Ei,Z))− g(Ei,∇EiZ)} = −div(Z)

hence

div(α])=− g(X ,1gZ)+Z(g(X ,∇ZZ))

+

∑
i

εi g(∇EiX ,∇EiZ)+ g(X ,∇ZZ)div(Z). (8.17)

Therefore (by (8.16)–(8.17))

trace(K̃ ◦∇X)− div(α])= g(1gZ,X)

− g(X ,∇Z∇ZZ)− g(X ,∇ZZ)div(Z) (8.18)

for any X ∈ X(M). Finally

ω̃Z(X)= g(1gZ,X)− g(X ,∇Z∇ZZ)

− g(X ,∇ZZ)div(Z)+ g(X , K̃∇ZZ)

so that ω̃]Z ∈ X(M) is given by

ω̃
]
Z = D̃Z. (8.19)
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An equivalent formulation of Theorem 8.13 is that Z is spatially harmonic
if and only if ω̃]Z is collinear to Z, hence (8.19) yields the conclusion in
Corollary 8.15. �

Corollary 8.16 Let Z be a reference frame. If Z is geodesic (i.e., ∇ZZ = 0)
then Z ∈ Crit(B̃�) if and only if Z ∈ Crit(E�).

If ∇ZZ = 0 then D̃Z =1gZ and Corollary 8.16 holds true.
A class of spatially harmonic vector fields Z ∈ 0∞(S−1(M ,g)) are of

course those for which the spacelike energy vanishes i.e., B̃�(Z)= 0 for
any relatively compact domain �⊂⊂M . We wish to give an elementary
physical interpretation of this situation. Let Z be a reference frame and let
Ssymm and Sskew be the symmetric and skew-symmetric parts of −A′Z i.e.,

g(SsymmX ,Y)=−
1
2
{g(A′ZX ,Y)+ g(X ,A′ZY)},

g(SskewX ,Y)=−
1
2
{g(A′ZX ,Y)− g(X ,A′ZY)},

for any X ,Y ∈ X(M). In particular

−A′Z = Ssymm+ Sskew.

We also set

2= trace(Ssymm), σ = Ssymm−
2

n− 1
PZ ,

so that trace(σ )= 0. Summing up, one has the decomposition

−A′Z = Sskew+ σ +
2

n− 1
PZ . (8.20)

We adopt the following

Definition 8.17 Ssymm and Sskew are respectively called the deformation and
rotation of the reference frame Z. Also 2 and σ are said to be the expansion
and shear of Z, respectively. If Ssymm = 0 then Z is rigid. If Sskew = 0 then
Z is irrotational. �

Let {Ei : 1≤ i ≤ n} be a local orthonormal frame of T(M) defined on
the open subset U ⊆M such that {Eα : 1≤ α ≤ n− 1} is a local orthonor-
mal frame of (RZ)⊥ on U and En = Z. One has −A′ZEα = Ai

αEi for some
Ai
α ∈ C∞(U). Then

An
α =−g(∇EαZ,Z)=−

1
2

Eα(g(Z,Z))= 0
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hence A′Z maps (RZ)⊥ into itself. It is fairly easy to check that so do Ssymm,
Sskew, σ and PZ . Summing up, we shall work with the bundle morphisms

A′Z , Ssymm, Sskew, σ, PZ : (RZ)⊥→ (RZ)⊥

and the restriction of g to (RZ)⊥ is positive definite. If we set

SsymmEα = SβαEβ , SskewEα =�βαEβ ,

then Sβα = Sαβ and �βα =−�αβ . Consequently∑
α

g(SskewEα, SsymmEα)= 0.

Also ∑
α

g(σEα,Eα)= trace(σ )= 0.

In the end

B̃�(Z)=
∫
�

b̃(Z)dvol(g)

=
1
2

∫
�

{‖Sskew‖
2
+‖σ‖2+

1
n− 1

22
}dvol(g).

Consequently, B̃�(Z)= 0 for any �⊂⊂M if and only if the reference
frame Z is both rigid and irrotational.

Example 8.18 (Continuation of Example 8.2) Let S1
×R carry the

Lorentz metric g =−dθ ⊗ dθ + dt⊗ dt. We set E1 = ∂/∂ t and E2 = ∂/∂θ

so that {E1,E2} is a local orthonormal frame of T(S1
×R) defined on the

open set U = (0,2π)×R. A reference frame Z ∈ 0∞(S−1(S1
×R,g)) is

locally given by Z = λE1+µE2 hence

b̃(Z)=
ε1

2
‖∇E1Z‖

2
=

1
2

{(
∂λ

∂ t

)2

−

(
∂µ

∂ t

)2
}

.

Therefore ∂/∂θ is a rigid irrotational spatially harmonic reference frame on
U . As ∂/∂θ is geodesic it is also a harmonic vector field. As g(Z,Z)=−1
one has µ2

− λ2
= 1 hence

b̃(Z)=
1
2

λ2
t

λ2+ 1
, λt =

∂λ

∂ t
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so that B̃�(Z)= 0 for any relatively compact domain �⊂⊂ U if and only
if λt = 0. Consequently the rigid irrotational reference frames are precisely
the spherically symmetric ones. The relationship (if any) among the theory
of harmonic vector fields on M = (S1

×R,g) and the fact that M has a
causality violation is unclear.

Example 8.19 (Continuation of Example 8.4) Let S1
×R be endowed

with the Lorentz metric g = dθ � dt. We set

E1 =
∂

∂ t
+
∂

∂θ
, E2 =

∂

∂ t
−
∂

∂θ
,

so that {E1,E2} is a local orthonormal frame of T(S1
×R) on U =

(0,2π)×R. Let

Z = λ
∂

∂ t
+µ

∂

∂θ
∈ 0∞(U ,S−1(S1

×R,g))

be an arbitrary reference frame i.e., λµ+ 1= 0 on U . Then

b̃(Z)=
1
2
(λt+ λθ )

2

λ2

hence b̃(Z)= 0 (and then Z is a spatially harmonic vector field) if and only
if λt+ λθ = 0. In particular

Cea(t−θ) ∂

∂ t
−

1
C

e−a(t−θ) ∂

∂θ
, C ∈ R \ {0}, a ∈ R,

is a family of rigid irrotational spatially harmonic reference frames on (U ,g).
Moreover

div(Z)= λt+ λθ , (8.21)

∇ZZ =
(
λt− λ

−2λθ
)(
λ
∂

∂ t
−µ

∂

∂θ

)
, (8.22)

on U . The identity (8.21) implies the following global statement: a refer-
ence frame on (S1

×R,g) is rigid and irrotational if and only if it is divergence
free. Also (as a consequence of (8.22)) Z = λ∂/∂ t+µ∂/∂θ , λµ+ 1= 0,
satisfies both b̃(Z)= 0 and ∇ZZ = 0 if and only if λt = λθ = 0 on U .
Therefore

λ
∂

∂ t
−

1
λ

∂

∂θ
, λ ∈ R \ {0},

are all the rigid irrotational geodesic (and then harmonic) reference frames
on U . It is an open problem to relate the behavior of (spatially) harmonic
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vector fields on M = (S1
×R,dθ � dt) to the facts that M is chronological

yet not causal.

Example 8.20 (Projective vector fields) Let (M ,g) be a Lorentz mani-
fold. We recall that a vector field Z ∈ X(M) is said to be projective if there is
a differential 1-form ω ∈�1(M) such that

(LZ∇)(X ,Y)= ω(X)Y +ω(Y)X ,

for any X ,Y ∈ X(M). An affine vector field is a projective vector field Z
with ω = 0. Let Z be a projective vector field. The identities

(LZ∇)(X ,Y)= [Z,∇XY ]−∇[Z,X]Y −∇X [Z,Y ],

∇X∇ZY =−R(X ,Z)Y +∇Z∇XY +∇[X ,Z]Y ,

lead to

(LZ∇)(X ,Y)=∇X∇Y Z−∇∇XY Z+R(X ,Z)Y .

Therefore Z is a projective vector field if and only if

∇X∇Y Z−∇∇XY Z = ω(X)Y +ω(Y)X −R(X ,Z)Y (8.23)

for some ω ∈�1(M) and any X ,Y ∈ X(M). Let Z ∈ 0∞(S−1(M ,g)) and
let us assume that Z is projective. We set X = Y = Z in (8.23) to obtain

g(∇ZZ,∇ZZ)= 2ω(Z). (8.24)

Similarly let us replace (X ,Y) by (Z,X) where X ∈ (RZ)⊥. We derive

ω(X)= g(∇XZ,∇ZZ). (8.25)

A curvature calculation based on (8.24)–(8.25) shows that (8.19) may be
written as

ω̃Z(X)=−Ric(Z,X)

− g(X ,∇∇ZZZ)−ω(X)− g(X ,∇ZZ)div(Z) (8.26)

for any X ∈ (RZ)⊥. Consequently

Proposition 8.21 (O. Gil-Medrano & A. Hurtado, [130]) Let (M ,g)
be a compact Lorentz manifold. Let Z be a projective reference frame. Then i) Z is
spatially harmonic if and only if

g(X ,∇∇ZZZ)+Ric(Z,X)+ω(X)+ g(X ,∇ZZ)div(Z)= 0
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for any X ∈ (RZ)⊥. ii) If Z is affine then Z is a critical point of the ordinary energy
functional (and then Z is spatially harmonic) if and only if Ric(X ,Z)= 0 for any
X ∈ (RZ)⊥. Let us additionally assume that (M ,g) is an Einstein manifold i.e.,
Ric= λg for some λ≤ 0. Let Z be an affine reference frame on M. Then iii) Z
is a critical point of the ordinary energy functional. Also, Z is geodesic, hence it is
spatially harmonic.

The proof of (8.26) is rather involved yet a mere adaptation of calcula-
tions in Chapters 2 and 3 to the Lorentzian case. See [130], p. 91, for details.
It is well known that when (M ,g) is an Einstein manifold with λ > 0 there
are no unit timelike projective vector fields on M .

Example 8.22 (A rigid irrotational reference frame on a Fefferman
space) Let (M ,T1,0(M)) be a strictly pseudoconvex CR manifold, of CR
dimension n. Let θ be a contact form on M such that the Levi form Gθ

is positive definite. Let T be the characteristic direction of dθ . Let S1
→

C(M)→M be the canonical circle bundle and let Fθ be the Fefferman
metric on C(M) corresponding to the chosen contact form θ . Cf. [110]
or Chapter 6 of this book. The Lorentzian manifold (C(M),Fθ ) is referred
to as a Fefferman space. Let S = [(n+ 2)/2]∂/∂γ where γ is a local fibre
coordinate on C(M). Let σ be the connection form on C(M) given by

σ =
1

n+ 2

{
dγ +π∗

[
iωαα −

i
2

gαβdgαβ −
ρ

4(n+ 1)
θ

]}
.

Then σ(S)= 1/2 so that Fθ (T↑− S,T↑− S)=−1 i.e., T↑− S is time-
like. Hence T↑− S is a time orientation and C(M) is a space-time. If M is
compact then C(M) is compact as well, and therefore non-chronological.
Let {Ea : 1≤ a≤ 2n} be a local orthonormal (Gθ (Ea,Eb)= δab, 1≤ a,b≤
2n) frame of the Levi distribution H(M) such that JEα = Eα+n for any
1≤ α ≤ n. Then {E↑a ,T↑± S : 1≤ a≤ 2n} is a local orthonormal frame of
(T(C(M)),Fθ ). We shall establish the following

Proposition 8.23 Let us assume that θ is a pseudo-Einstein contact form.
Then Z = T↑− S is a rigid irrotational reference frame on the Fefferman space
(C(M),Fθ ) if and only if ρ is constant and

ρ1 ≤ ρ ≤ ρ2 , ‖τ‖2 =−2n+
ρ

n+ 1
−

ρ2

16n(n+ 1)2
,

where ρ1,2 = 4n(n+ 1)(2±
√

2) and ρ, τ are respectively the pseudohermitian
scalar curvature and torsion of (M ,θ).
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To prove Proposition 8.23 we shall compute

b̃(Z)=
1
2

{
2n∑

a=1

‖∇
C(M)

E↑a
Z‖2+‖∇C(M)

T↑+S
Z‖2

}

where ∇C(M) is the Levi-Civita connection of (C(M),Fθ ). By a result of
E. Barletta et al. (cf. Lemma 2 in [26], p. 27) for any X ,Y ∈H(M)

∇
C(M)
X↑

Y↑ =(∇XY)↑− (dθ)(X ,Y)T↑ (8.27)

− [A(X ,Y)+ (dσ)(X↑,Y↑)]S,

∇
C(M)
X↑

T↑ = (τX +φX)↑, (8.28)

∇
C(M)
T↑

X↑ = (∇TXφX)↑+ 2(dσ)(X↑,T↑)S, (8.29)

∇
C(M)
X↑

S =∇C(M)
S X↑ = ( JX)↑, (8.30)

∇
C(M)
T↑

T↑ = V↑ , ∇C(M)
S S =∇C(M)

S T↑ =∇C(M)
T↑

S = 0, (8.31)

where φ : H(M)→H(M) and V ∈H(M) are respectively given by
Gθ (φX ,Y)= (dσ)(X↑,Y↑) and Gθ (V ,Y)= 2(dσ)(T↑,Y↑). By (8.31)
one obtains

∇
C(M)
T↑+S

Z = V↑

hence

Fθ
(
DT↑+SZ , DT↑+SZ

)
=Gθ (V ,V )= ‖V‖2. (8.32)

Similarly (by (8.28) and (8.30))

∇
C(M)

E↑a
Z =

(
τEa+φEa− JEa

)↑
hence

Fθ
(
∇

C(M)

E↑a
Z,∇C(M)

E↑a
Z
)
= ‖τEa+φEa− JEa‖

2. (8.33)

Finally (by (8.32)–(8.33))

b̃(Z)= trace(τ 2)+ 2trace(τφ)− 2trace(τ J)+ 2trace( Jφ)

+ 2n+
2n∑

a=1

Gθ (φEa,φEa)+Gθ (V ,V ).
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Let {Wα : 1≤ α ≤ n} be a local orthonormal (i.e., Gθ (Wα,Wβ)= δαβ )
frame of T1,0(M). Then

τ 2(Wα)= Aβατ(Wβ)= AβαAγ
β
Wγ

so that

τ 2 :

AβαAγ
β

0

0 AβαAγβ


hence (as the trace of an endomorphism of a real linear space coincides with
the trace of its extension by C-linearity)

trace(τ 2)= 2
∑
α,β

∣∣∣Aβα∣∣∣2 = ‖τ‖2. (8.34)

Next

τφWα = φα
βτ(Wβ)= φα

βAγβWγ

so that

τφ :

(
0 φα

βAγβ
φα

βAγ
β

0

)
and then

trace(τφ)= 0. (8.35)

Similarly

τ J :

(
0 iAβα
−iAβα 0

)
, Jφ :

(
iφαβ 0

0 −iφαβ

)
,

so that

trace(τ J)= 0, (8.36)

trace( Jφ)= i
(
φα

α
−φα

α
)

. (8.37)

By a result in [26], p. 28, if φWα = φα
βWβ +φα

βWβ then

φαβ = 0, φαβ =
i

2(n+ 2)

[
Rαβ −

ρ

2(n+ 1)
gαβ
]

,
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where φαβ = gαγφγ β , etc. This may be also written as

φα
β
=

i
2(n+ 2)

[
Rαβ −

ρ

2(n+ 1)
δβα

]
, φα

β
= 0. (8.38)

Then (by (8.37)–(8.38))

φα
α
=

iρ
4(n+ 1)

, trace( Jφ)=−
ρ

2(n+ 1)
. (8.39)

Let us compute the term
∑2n

a=1 ‖φEa‖
2. To this end, we consider the local

frame {Ea : 1≤ a≤ 2n} given by

Eα =
1
√

2
(Wα +Wα) , Eα+n =

i
√

2
(Wα −Wα) ,

for any 1≤ α ≤ n. Then

2n∑
a=1

Gθ (φEa,φEa)= 2
∑
α,β

∣∣φαβ ∣∣2 . (8.40)

Summing up the information in (8.34)–(8.36) and (6.46)–(6.48), we may
conclude that

2n∑
a=1

Fθ
(
∇

C(M)

E↑a
Z,∇C(M)

E↑a
Z
)
=

∑
a

‖∇
C(M)

E↑a
Z‖2

=‖τ‖2−
ρ

n+ 1
+ 2n+

∑
α,β

∣∣φαβ ∣∣2 . (8.41)

Finally we ought to compute V . To this end we differentiate σ

(n+ 2)dσ = π∗
[
i dωαα −

i
2

dgαβ ∧ dgαβ −
ρ

4(n+ 1)
d(ρθ)

]
and observe that

dgαβ ∧ dgαβ = 0.

Let X ∈H(M). Then

(n+ 2)(dσ)(T↑,X↑)= i(dωαα)(T ,X)−
1

4(n+ 1)
d(ρθ)(T ,X)

and on one hand

d(ρθ)(T ,X)= (dρ ∧ θ + ρ dθ)(T ,X)=−
1
2

X(ρ)
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as T cdθ = 0. On the other hand

dωαα = Rλµ θλ ∧ θµ+
(
Wα
αλθ

λ
−Wα

αµθ
µ
)
∧ θ

(cf. e.g., (5.20) in [110], p. 295) hence

i(dωαα)(T ,Tβ)=−
i
2

(
Wα
αλθ

λ
−Wα

αµθ
µ
)
(Tβ)=−

i
2

Wα
αβ .

Finally

(n+ 2)Gθ (V ,Tβ)= 2(n+ 2)(dσ)(T↑,T↑β )=−iWα
αβ +

1
4(n+ 1)

ρβ

where ρβ = Tβ(ρ). Therefore V =W +W where

W =
1

n+ 2
gαβ

[
1

4(n+ 1)
ρβ + iW γ

γ β

]
Tα . (8.42)

Let us assume from now on that θ is a pseudo-Einstein contact form on M
i.e., Rαβ = (ρ/n)gαβ . Throughout gαβ = δαβ . For an up-to-date presen-
tation of the main results on pseudo-Einstein structures on CR manifolds
the reader may see Chapter 5 in [110]. As a consequence of the pseudo-
Einstein condition, the functions Wα

αβ may be determined. Indeed (cf.
[110], p. 298)

Wα
αβ =−

i
2n
ρβ .

Consequently

V =−
1

4n(n+ 1)

(
ραTα + ραTα

)
,

φα
β
=

iρ
4n(n+ 1)

δβα ,
∑
α,β

∣∣φαβ ∣∣2 = ρ2

16n(n+ 1)2
.

Then b̃(Z)= 0 if and only if W = 0 and

‖τ‖2 =−2n+
ρ

n+ 1
−

ρ2

16n(n+ 1)2
.

By the first condition ρ is a real valued CR function. Yet on a nondegenerate
CR manifold, the only real valued CR functions are the constants.
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8.4. THE SECOND VARIATION OF THE SPACELIKE
ENERGY

The purpose of this section is to establish the following

Theorem 8.24 (O. Gil-Medrano & A. Hurtado, [130]) Let (M ,g) be
an n-dimensional Lorentzian manifold. Let Z ∈ 0∞(S−1(M ,g)) be a spatially
harmonic reference frame M. Then

d2

ds2
{
B̃�(Zs)

}
s=0 =

∫
�

{
trace

(
(∇X)t ◦ (∇X)

)
+ 2g(∇XX ,∇ZZ)+ g(∇XZ+∇ZX ,∇XZ+∇ZX)

+‖X‖2
[
g(∇ZZ,∇ZZ)−

(
C1

1∇K̃
)
Z
]}

dvol(g) (8.43)

for any smooth 1-parameter variation {Zs}|s|<ε ⊂ 0
∞(S−1(M ,g)) of Z such that

Z0 = Z and X = Z′0 = (dZs/ds)s=0 is supported in �.

Proof. We recall that

d
ds

{
b̃(Zs)

}
= trace

(
At

Zs
◦AZ′s

)
+ g(∇Z′s Zs+∇ZsZ

′
s ,∇ZsZs)

where as customary Z′s = dZs/ds. We wish to compute the second deriva-
tive of b̃(Zs) at s= 0. First

d
ds

{
trace

(
At

Zs
◦AZ′s

)}
s=0 = trace

(
At

X ◦AX
)
+ trace

(
At

Z ◦AZ′′0

)
where Z′′0 = (d

2Zs/ds2)s=0. Second and last

d
ds

{
g(∇Z′s Zs+∇ZsZ

′
s , ∇ZsZs)

}
s=0

= g(∇Z′′0
Z+ 2∇XX +∇ZZ′′0 , ∇ZZ)

+ g(∇XZ+∇ZX , ∇XZ+∇ZX).

It follows that

d2

ds2

{
b̃(Zs)

}
s=0
= trace

(
At

X ◦AX +At
Z ◦AZ′′0

)
+ g(∇Z′′0

Z+ 2∇XX +∇ZZ′′0 , ∇ZZ)

+ g(∇XZ+∇ZX , ∇XZ+∇ZX). (8.44)
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Next

trace
(
At

Z ◦AZ′′0

)
+ g(∇ZZ′′0 , ∇ZZ)

=

∑
i

εi g(AZ′′0
Ei , AZEi)+ g(∇ZZ′′0 , ∇ZZ)

=

∑
α

g(∇EαZ′′0 , ∇EαZ)

(as PZZ = 0 and PZEα = Eα)

=

∑
i

εi g((∇Z′′0 )Ei , (∇Z)PZEi)

=

∑
i

εi g(K̃(∇Z′′0 )Ei , Ei)= trace
(
K̃ ◦∇Z′′0

)
=−

(
C1

1∇K̃
)
Z′′0 − δβ

where β ∈�1(M) is given by

β(Y)= g(K̃Z′′0 , Y), Y ∈ X(M).

Therefore (8.44) becomes

d2

ds2

{
b̃(Zs)

}
s=0
= trace

(
At

X ◦AX
)

+ 2g(∇XX , ∇ZZ)+ g(∇Z′′0
Z , ∇ZZ)

+ g(∇XZ+∇ZX , ∇XZ+∇ZX)−
(
C1

1∇K̃
)
Z′′0 − δβ. (8.45)

As ∂/∂s is a differential operator, it follows that Supp(Z′′0 )⊆ Supp(X)⊂�.
On the other hand Supp(β])⊆ Supp(Z′′0 ) hence we may integrate in (8.45)
over � and apply Green’s lemma to obtain

d2

ds2

{
B̃�(Zs)

}
s=0
=

∫
�

{
trace

(
(∇X)t ◦ (∇X)

)
+ 2g(∇XX , ∇ZZ)+ g(∇XZ+∇ZX , ∇XZ+∇ZX)

+ g(∇Z′′0
Z , ∇ZZ)−

(
C1

1∇K̃
)
Z′′0
}

dvol(g). (8.46)

Since

g(Z′′0 ,Z)=−g(X ,X)
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it follows that

PZZ′′0 = Z′′0 + g(Z′′0 , Z)Z = Z′′0 − g(X ,X)Z

hence we obtain the decomposition

Z′′0 = PZZ′′0 +‖X‖
2Z. (8.47)

We may of course write ‖X‖2 instead of g(X ,X) as X ∈ (RZ)⊥ and (RZ)⊥x
is a positive definite subspace of (Tx(M), gx) for any x ∈M . As Z is a critical
point of B̃� the 1-form ω̃Z vanishes on (RZ)⊥ (cf. Theorem 8.13 above).
Then (as PZ is (RZ)⊥-valued) the decomposition (8.47) implies

ω̃Z(Z′′0 )= ‖X‖
2 ω̃Z(Z). (8.48)

Finally (by (8.48))

g(∇Z′′0
Z , ∇ZZ)− (C1

1∇K̃)Z′′0

= g(∇Z′′0
Z , ∇ZZ)+ ω̃Z(Z′′0 )− g(Z′′0 , K̃∇ZZ)

= g(∇Z′′0
Z , ∇ZZ)+‖X‖2ω̃Z(Z)− g(Z′′0 , ((∇Z) ◦PZ)

t
∇ZZ)

= g(∇Z′′0
Z , ∇ZZ)+‖X‖2

[
−
(
C1

1∇K̃
)
Z+ g(Z, K̃∇ZZ)

]
− g(∇PZZ′′0

Z , ∇ZZ)= ‖X‖2
{

g(∇ZZ , ∇ZZ)−
(
C1

1∇K̃
)
Z
}

so that (8.46) may be written as

d2

ds2

{
B̃�(Zs)

}
s=0
=

∫
�

{
trace

(
(∇X)t ◦ (∇X)

)
+ 2g(∇XX , ∇ZZ)+ g(∇XZ+∇ZX , ∇XZ+∇ZX)

+ ‖X‖2
[
‖∇ZZ‖2−

(
C1

1∇K̃
)
Z
]}

dvol(g). (8.49)

Here ∇ZZ =−AZZ ∈ (RZ)⊥ and g is positive definite on (RZ)⊥ so we
wrote ‖∇ZZ‖2 instead of g(∇ZZ,∇ZZ). The identity (8.49) is precisely
the announced second variation formula (8.43). �

Let
(
Hess B̃�

)
Z(X ,X) denote the right hand member of (8.49) for any

X ∈ (RZ)⊥.

Definition 8.25 A spatially harmonic reference frame Z on M is said to be
stable if

(
Hess B̃�

)
Z(X ,X)≥ 0 for any relatively compact domain �⊂⊂M

and any X ∈ (RZ)⊥. �
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Hopf vector fields on Lorentzian Berger spheres are stable critical points
of the spacelike energy (cf. O. Gil-Medrano & A. Hurtado, [130]).

8.5. CONFORMAL VECTOR FIELDS

We start with the following

Definition 8.26 Let (M ,g) be a Lorentzian manifold. A tangent vector
field X ∈ X(M) is said to be closed and conformal if there is φ ∈ C∞(M) such
that ∇V X = φV for any V ∈ X(M). �

Let (M ,g) be a space-time carrying a timelike vector field X ∈ X(M)
which is closed and conformal. O. Gil-Medrano & A. Hurtado, [130],
looked at the harmonicity of the reference frame

ν =
1√

−g(X ,X)
X .

Their approach relies on the following result of S. Montiel, [215]

Theorem 8.27 Let (M ,g) be an n-dimensional (n≥ 2) Lorentzian manifold
carrying a timelike vector field X ∈ X(M) which is closed and conformal. Then
i) the distribution (RX)⊥ is integrable. ii) If F is the foliation tangent to (RX)⊥

then the functions g(X ,X), div(X) and X(φ) are constant along the leaves of F .
iii) The reference frame ν = [−g(X ,X)]−1/2X satisfies

∇νν = 0, ∇Yν =
φ√

−g(X ,X)
Y , (8.50)

for any Y ∈ X(M) such that g(Y ,ν)= 0.

Using (8.50) one may easily compute the rough Laplacian of ν. Precisely
let {Eα : 1≤ α ≤ n− 1} be a local orthonormal frame of (Rν)⊥. Then

1gν =−

n−1∑
α=1

{
∇Eα∇Eαν−∇∇EαEαν

}
=−

φ√
−g(X ,X)

n−1∑
α=1

(
∇EαEα −Pν∇EαEα

)
=−

φ2

g(X ,X)
nν.

Consequently
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Theorem 8.28 (O. Gil-Medrano & A. Hurtado, [130]) Let M be a
compact n-dimensional, n≥ 2, Lorentzian manifold carrying a timelike closed and
conformal vector field X ∈ X(M). Then ν = [−g(X ,X)]−1/2X is a critical point
of the ordinary energy function. Also ν is geodesic hence it is spatially harmonic. If
additionally M has nonnegative Ricci curvature in the null directions, then ν is an
absolute minimizer of the spacelike energy.

For details on the last statement in Theorem 8.28 one may see [130],
p. 93.

Example 8.29 A generalized Robertson-Walker space-time is a warped prod-
uct B×f F where B⊆ R is an open interval equipped with the metric
−dt⊗ dt and (F,gF) is a Riemannian manifold. Also f : B→ (0,+∞) is
a smooth function. The vector field Z = ∂/∂ t is referred to as a comoving
reference frame on B×f F. Cf. L.J. Alias et al., [16]. When F is either the
unit sphere Sn−1(1), or Rn−1, or the hyperbolic space Hn−1(−1), the cor-
responding warped product is referred to as a Robertson-Walker space-time.
For an elementary introduction to warped products in semi-Riemannian
geometry, one may see B. O’Neill, [229], p. 204–207. The simplest mod-
els of neighborhoods of stars and black holes are warped products (cf.
Chapter 13 in [229]). By a result of S. Montiel, [215], any generalized
Robertson-Walker space-time is locally isometric to a Lorentzian warped
product one of whose factors is 1-dimensional and negative definite. As a
consequence of Theorem 8.28, the comoving reference frame ∂/∂ t on a
generalized Robertson-Walker space-time M is spatially harmonic. Also, if
M is compact then ∂/∂ t is an absolute minimizer of the spacelike energy
functional. �

Example 8.30 (Reference frames on the Gödel universe) For each
α > 0 let us consider the Lorentzian metric

g = dx1⊗ dx1+ dx2⊗ dx2−
1
2

e2αx1dy⊗ dy− 2eαx1dy� dt− dt⊗ dt

on R4 with the coordinates (x1,x2,y, t). This is an exact solution of the
Einstein field equations where matter appears as a rotating pressure-free per-
fect fluid. Then the reference frame ∂/∂ t is a harmonic vector field. Also,
∂/∂ t is geodesic hence a spatially harmonic vector field, as well. More-
over, the reference frame Z =

√
2e−αx1 ∂/∂y is not spatially harmonic yet

B̃�(Z)= B̃�(∂/∂ t) for any relatively compact domain �⊂⊂ R4. It may
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be shown that ∂/∂ t is unstable. For details on the relevant calculations one
may see [130], p. 94–97. �

A study of (timelike) harmonic vector fields on a Lorentzian torus is per-
formed by M. Soret et al., [108], in the spirit of the work by G. Wiegmink,
[309].
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APPENDIX A

Twisted Cohomologies

As previously seen (cf. Proposition 1.13 and Theorem 1.17 in Chapter 1)
the isotropic almost complex structures Jδ,σ on T(M) are rarely integrable.
It is therefore natural to look at the twisted Dolbeau cohomology of the
almost complex manifold (T(M), Jδ,β), cf. e.g., I. Vaisman, [297]. Appendix
A is devoted to briefly reviewing a few notions and results on the twisted
cohomology of a pseudocomplex of cochains, cf. e.g., S. Halperin & D.
Lehmann, [156], with an application to the Dolbeau pseudocomplex of
the almost complex manifold (T(M), J1,0). Let C be a sequence of Abelian
groups and group homomorphisms

· · · → Cp−1(C)
δp−1

−→ Cp(C)
δp

−→ Cp+1(C)→ ···

where in general δp
◦ δp−1

6= 0. Then C is a pseudocomplex of cochains (the
terminology is due to I. Vaisman, [296]) and C is an ordinary cochain com-
plex when δp

◦ δp−1
= 0 for any p. One natural way to associate a concept of

cohomology to a pseudocomplex C is to set (cf. S. Halperin & D. Lehmann,
[155])

Hp(C)=
Ker(δp)

Ker(δp)∩ δp−1Cp−1(C)
.

There are however several chain complexes whose associated cohomology
groups are isomorphic to Hp(C). For instance (cf. again [155]) let C be the
sequence

· · · → Cp−1 (C) δp−1

−→ Cp (C) δp

−→ Cp+1 (C)→ ···
Cp (C)= Ker(δp+1

◦ δp)⊆ Cp(C), δp
= δp

∣∣
Cp(C).

If x ∈ Cp(C) then y≡ δp(x) ∈ Cp+1(C) lies indeed in Cp+1(C) as

(δp+2
◦ δp+1)y= δp+2

◦ (δp+1
◦ δp)x= 0

so that the restriction of δp to Cp(C) is Cp+1(C)-valued. Moreover for any
x ∈ Cp(C)

(δp+1
◦ δp)x= (δp+1

◦ δp)x= 0

Harmonic Vector Fields. DOI: 10.1016/B978-0-12-415826-9.00009-2
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so that C is a cochain complex. Its cohomology

Hp(C)=
Zp(C)
Bp(C)

coincides with the cohomology of the pseudocomplex C. Indeed

Zp(C)= Ker(δp)= {x ∈ Cp(C) : δpx= 0}

= {x ∈ Ker(δp+1
◦ δp) : δpx= 0} = Ker(δp),

Bp(C)= δp−1Cp−1(C)= δp−1Ker(δp
◦ δp−1)

= Ker(δp)∩ δp−1Cp−1(C),

hence Hp(C)=Hp(C). Another option is the sequence C given by

· · · → Cp−1(C)
δ

p−1

−→ Cp(C)
δ

p

−→ Cp+1(C)→ ···

Cp(C)=
Cp(C)

δp−1δp−2Cp−2(C)
, δ

p
π px= π p+1δpx, x ∈ Cp(C),

where π p : Cp(C)→ Cp(C) is the canonical projection. First it should be
observed that π px= π px′ yields x′− x= δp−1δp−2y for some y ∈ Cp−2(C).
Then

δpx′− δpx= δpδp−1δp−2y ∈ δpδp−1Cp−1

hence π p+1δpx= π p+1δpx′ that is the definition of δ
p
π px doesn’t depend

upon the choice of representative. Moreover(
δ

p
◦ δ

p−1
)
π p−1x= π p+1 (δpδp−1)x= 0

for any x ∈ Cp−1(C) so that C is a cochain complex. Let us show that the
cohomology groups of C and C are isomorphic. Let us compute first the
cycles of C

Zp(C)=
{
π px : δ

p
π px= 0

}
=
{
π px : δpx ∈ δpδp−1Cp−1(C)

}
=
{
π px : ∃y ∈ Cp−1(C) such that x− δp−1y ∈ Ker(δp)

}
.

As to the boundaries of C

Bp(C)= δp−1
Cp−1(C)= δp−1

π p−1Cp−1(C)= π pδp−1Cp−1(C).
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Next we consider the map 8 : Hp(C)→Hp(C) given by

8 : [π px]≡ π px+Bp(C)

7→ [x− δp−1y]≡ x− δp−1y+Ker(δp)∩ δp−1Cp−1(C).

If y′ ∈ Cp−1(C) is another element such that x− δp−1y ∈ Ker(δp) then

Ker(δp) 3 (x− δp−1y)− (x− δp−1y′)= δp−1(y′− y) ∈ δp−1Cp−1(C)

hence (x− δp−1y)− (x− δp−1y′) ∈ Ker(δp)∩ δp−1Cp−1(C) i.e. [x− δp−1

y]= [x− δp−1y′] ∈Hp(C) so that the definition of 8([π px]) doesn’t
depend upon the choice of y ∈ Cp−1(C). Also if [π px]= [π px′] then
π p(x′− x) ∈ Bp(C)= π pδp−1Cp−1(C) i.e., π p(x′− x)= π pδp−1z for some
z ∈ Cp−1(C). Thus x′− x− δp−1z ∈ δp−1δp−2Cp−2(C) that is

x′− x− δp−1z= δp−1δp−2w (A.1)

for some w ∈ Cp−2(C). As both π px and π px′ are cycles of C there exist
y,y′ ∈ Cp−1(C) such that

x− δp−1y, x′− δp−1y′ ∈ Ker(δp).

So on one hand (x′− δp−1y′)− (x− δp−1y) ∈ Ker(δp). On the other hand
(by (A.1))

(x′− δp−1y′)− (x− δp−1y)= x′− x− δp−1(y′− y)

= δp−1(z+ δp−2w)− δp−1(y′− y) ∈ δp−1Cp−1(C).

We may conclude that x− δp−1y and x′− δp−1y′ are equivalent mod-
ulo Ker(δp)∩ δp−1Cp−1(C) so that [x− δp−1y]= [x′− δp−1y′] ∈Hp(C).
Therefore 8([π px]) is well defined.

To check that 8 is a monomorphism let us assume that 8([π px])= 0
i.e., x− δp−1y ∈ Ker(δp)∩ δp−1Cp−1(C). In particular x− δp−1y ∈ δp−1

Cp−1(C) hence x ∈ δp−1Cp−1(C) from which

π px ∈ π pδp−1Cp−1(C)= Bp(C)

i.e., [π px]= 0 ∈Hp(C).
To check that 8 is an epimorphism let [z] ∈Hp(C) so that z ∈ Ker(δp).

Let us choose just any y ∈ Cp−1(C) and set x≡ δp−1y+ z ∈ Cp(C). Then

δ
p
π px= π p+1δpx= π p+1(δpδp−1y+ δpz)= 0
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because δpδp−1y ∈ δpδp−1Cp−1(C)= Ker(π p+1) and δpz= 0. We have
shown that π px is a cycle of C so that we may consider the corresponding
cohomology class [πpx] ∈Hp(C) and compute

8([π px])= [x− δp−1y]= [z].

Hence 8 is an isomorphism Hp(C)≈Hp(C).
The third and last (as far as Appendix A is concerned) alternative is to

consider the sequence

· · · → Cp−1(C̃)
δ̃p−1

−→ Cp(C̃)
δ̃p

−→ Cp+1(C̃)→ ···

Cp(C̃)≡ Cp(C)×
(
δpδp−1Cp−1(C)

)
,

δ̃p(λ,µ)≡ (δpλ−µ, δp+1(δpλ−µ)),

for any λ ∈ Cp(C) and any µ ∈ δpδp−1Cp−1(C). Then

δ̃p+1δ̃p(λ,µ)= δ̃p+1(δpλ−µ, δp+1(δpλ−µ))= 0

because of δp+1λ′−µ′ = 0 where λ′ ≡ δpλµ and µ′ ≡ δp+1(δpλ−µ).
Therefore C̃ is a cochain complex. The cycles of C̃ are

Zp(C̃)= {(λ,µ) ∈ Cp(C̃) : δpλ= µ}

= {(λ, δpδp−1σ) : λ ∈ Cp(C), σ ∈ Cp−1(C), λ− δp−1σ ∈ Ker(δp)}

while the boundaries are

Bp(C̃)= δ̃p−1Cp−1(C̃)

=
{
(δp−1α−β, δp(δp−1α−β)) : α ∈ Cp−1(C), β ∈ δp−1δp−2Cp−2(C)

}
.

Let us build the group homomorphism

9 : Zp(C̃)→Hp(C), 9 : (λ, δpδp−1σ) 7→ [λ− δp−1σ ].

Then

Ker(9)=
{
(λ,δpδp−1σ) ∈ Zp(C̃) : λ− δp−1σ ∈ Ker(δp)∩ δp−1Cp−1(C)

}
=
{
(δp−1σ − γ ,δp(δp−1σ − γ )) : σ ∈ Cp−1(C),

γ ∈ Ker(δp)∩ δp−1Cp−1(C)
}

so that Ker(9)⊂ Bp(C̃). It follows that 9 gives rise to a well-defined group
homomorphism

Hp(C̃)→Hp(C), (λ,δpδp−1σ)+Bp(C̃) 7→ [λ− δp−1σ ]. (A.2)
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It remains to be shown that (A.2) is a group isomorphism. To this end it
suffices to show that (A.2) is an epimorphism. To this end let [α] ∈Hp(C)
so that α ∈ Ker(δp). Let us consider an arbitrary element σ ∈ Cp−1(C) and
set λ≡ α+ δp−1σ . Then λ− δp−1σ ∈ Ker(δp) so that (λ,δpδp−1σ) ∈ Z(C̃)
and the morphism (A.2) maps [(λ,δpδp−1σ)] into [λ− δp−1σ ]= [α]. �

The complex C̃ (associated to the pseudocomplex C) is the piece of
homological algebra needed to build an analog to the Dolbeau cohomology
for the almost complex manifold (T(M), Jδ,σ ). We set

T1,0(T(M), Jδ,σ)= {X − iJδ,σX : X ∈ T(T(M))} (i=
√
−1).

Definition A.1 Let f ∈ C1(T(M)) be a complex valued function on
T(M). We say f is holomorphic if Z(f )= 0 for any Z ∈ T1,0(T(M), Jδ,σ).

�

We examine only the case of the almost complex structure J = J1,0 dis-
covered by P. Dombrowski, [99]. Let (U ,xi) be a local coordinate system
on M and (π−1(U),xi,yi) the induced local coordinates on T(M) so that
{δi, ∂̇i : 1≤ i ≤ n} is a local frame of T(T(M)) on π−1(U) associated to a
fixed nonlinear connection H on T(M). Here δi = δ/δxi

= ∂i−N j
i ∂̇j and

N i
j ∈ C∞(π−1(U)) are the local coefficients of the nonlinear connection.

Any Z = λjδj+µ
j∂̇j ∈ T1,0(T(M), J) is an eigenvector of J correspond-

ing to the eigenvalue i hence λ j
= iµ j i.e., {∂̇j+ iδj : 1≤ j ≤ n} is a local

frame for T1,0(T(M), J) defined on the open set π−1(U). Therefore
f ∈ C1(T(M)) is holomorphic on T(M) if

∂ f
∂y j − i

δf
δx j = 0 (A.3)

in π−1(U) for any local coordinate system (U ,x j) on M . If f = u+ iv are
the real and imaginary parts of f then (A.3) may also be written

δu
δx j −

∂v
∂y j = 0,

∂u
∂y j +

δv
δx j = 0. (A.4)

The equations (A.3) (or (A.4)) are referred to as the Cauchy-Riemann
equations on T(M). In spite of the formal similarity to the ordinary Cauchy-
Riemann equations in Cn, few results in classical complex analysis carry
over to the case of solutions to the system (A.3) mainly due to the fact that
arguments based on power series are unavailable.

Moreover if Zj = ∂̇j+ iδj then we may determine the dual local frame
{ω j : 1≤ j ≤ n} in T1,0(T(M))∗ i.e., for the complex 1-forms determined by

ω j(Zk)= δ
j
k, ω j(Zk)= 0, (A.5)
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where Zj = Z j. To this end we define the local 1-forms δyi by setting

δy j
= dy j

+N j
kdxk, 1≤ j ≤ n,

so that

δy j(δk)= 0, δy j(∂̇k)= δ
j
k, dx j(δk)= δ

j
k, dx j(∂̇k)= 0.

If ωj = f k
j dxk
+ gk

j δy
k then (A.5) yields

g j
k+ if j

k = δ
j
k, g j

k− if j
k = 0,

or f j
k =−

i
2δ

j
k and g j

k =
1
2δ

j
k hence

ω j
=

1
2

(
δy j
− idx j) , 1≤ j ≤ n.

The complex de Rham algebra of (T(M), J) admits the well-known
decomposition

�•(T(M))=
n⊕

p,q=1

�p,q(T(M)).

A form η ∈�p,q(T(M)) admits the local representation

η = fj1...jpk1...kq
ω j1...jpk1...kq

where we set for simplicity

ω j1...jpk1...kq = ω j1 ∧ ·· · ∧ω jp ∧ωk1 ∧ ·· · ∧ωkq ,

for some C∞ functions fj1...jpk1...kq
: π−1(U)→ C. Here ω j

= ω j. Let

d :�p,q(T(M))→�p+q+1(T(M)) be the ordinary exterior differentiation
operator. It admits the decomposition

d = ∂(1,0)+ ∂(0,1)+N(2,−1)+N (−1,2)

where the subscripts (to be omitted in the sequel) indicate the type of the
operator. For instance ∂η is the (p+ 1,q)-component of dη for any η ∈
�p,q(T(M)). It is an easy exercise that the property d2

= 0 implies

∂2
+N ∂ + ∂N = 0, ∂

2
+ ∂N + ∂N = 0,

N 2
= 0, N 2

= 0, (A.6)

∂∂ + ∂∂ +NN +NN = 0, ∂N +N ∂ = ∂ N +N ∂ = 0.
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We need to compute the exterior differential of δy j

dδy j
= d

(
dy j
+N j

kdxk
)
= dN j

k ∧ dxk

=

(
∂N j

k

∂x`
dx`+

∂N j
k

∂y`
dy`
)
∧ dxk

=

(
∂N j

k

∂xm −N`
m
∂N j

k

∂y`

)
dxm
∧ dxk

+
∂N j

k

∂y`
δy`

that is

dδy j
=
δN j

k

δx`
dx` ∧ dxk

+
∂N j

k

∂y`
δy` ∧ dxk. (A.7)

Using

δy j
= ω j

+ω j, dx j
= i(ω j

−ω j),

we get

dx j
∧ dxk

=−ω j
∧ωk
+ω j
∧ωk
+ω j
∧ωk
−ω j
∧ωk,

δy j
∧ dxk

= i
(
ω j
∧ωk
−ω j
∧ωk
+ω j
∧ωk
−ω j
∧ωk

)
.

Let us assume from now on that (M ,g) is a Riemannian manifold and
H is the nonlinear connection associated to the regular connection ∇̂
in π−1TM→ T(M) (where ∇ is the Levi-Civita connection of (M ,g)).
Using (A.7) we shall compute dω j

=
1
2dδy j in terms of the tensor field

Ri
jk = δkN

i
j − δjN

i
k. Indeed

dδy j
=−

1
2

R j
k`dxk

∧ dx`+0 j
k` δy

`
∧ dxk

hence

4dω j
= R j

k`ω
k
∧ω`− 2

(
R j

k`+ 2i0 j
k`

)
ωk
∧ω`+R j

k`ω
k
∧ω`.

Consequently

4∂ω j
= R j

k`ω
k
∧ω`, 2∂ω j

=−

(
R j

k`+ 2i0 j
k`

)
ωk
∧ω`, (A.8)

Nω j
= 0, 4Nω j

= R j
k`ω

k
∧ω`. (A.9)

As a byproduct, one obtains a new proof of Proposition 1.13 in Chapter 1
of this book. Precisely, J is integrable if and only if N = 0 (cf. also
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Proposition 4.1 in [297], p. 363, relating N to the Nijenhuis torsion of
the almost complex structure). Yet N = 0 is equivalent to Ri

jk = 0. On the

other hand Ri
jk = Ri

jk`y
` so that Ri

jk = 0 if and only if (M ,g) is flat. �

A cohomology of (T(M), J) similar to the Dolbeau cohomology of
a complex manifold is obtained by considering the pseudocomplex C ≡
(�0,•(T(M)),∂) and the associated complex C̃ ≡ (D•(T(M)),D) given by

Dq(T(M))=�0,q(T(M))× ∂
2
�0,q−1(T(M)),

D(λ,µ)≡ (∂λ−µ, ∂(∂λ−µ)),

for any λ ∈�0,q(T(M)) and any µ ∈ ∂
2
�0,q−1(T(M)). By the previous

preparation of homological algebra the cohomology groups

Hq(D•(T(M)),D)=
Ker(D : Dq(T(M))→Dq+1(T(M)))

D Dq−1(T(M))

are naturally isomorphic to the cohomology groups of the pseudocomplex
(�0,•(T(M)),∂).

Definition A.2 The groups Hq(T(M), J)≡Hq(D•(T(M)),D) are called
the Dolbeau cohomology groups of the almost complex manifold (T(M), J). �

There are no known examples of explicit calculation of the Dolbeau
cohomology groups, even in simple instances such as Hq(T(S2), J), q ∈
{1,2}. Little may be said with elementary techniques. For instance

Proposition A.3 Let (M ,g) be a Riemannian manifold. Then H1(T(M),
J)= 0 if and only if for any λ ∈�0,1(T(M)) and any f ∈�0,0(T(M)) such
that

2(Zkλ`−Z`λk)+R j
k`

(
λj+Zj f

)
= 0 (A.10)

for an arbitrary local coordinate system (U ,xi) on M, there is g ∈�0,0(T(M))
such that λ= ∂g and

R j
k`Zj( f − g)= 0 (A.11)

for any local coordinate system (U ,xi) on M.

Note that

D1(T(M))=�0,1(T(M))× ∂
2
�0,0(T(M)),

D(λ,∂
2
f )= (∂λ− ∂

2
f , ∂(∂λ− ∂

2
f )),

λ ∈�0,1(T(M)), f ∈�0,0(T(M)).
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Locally λ= λjω
j hence (by (A.8))

∂λ=

{
Zk(λ`)+

1
4

R j
k`λj

}
ωk
∧ω`

hence

∂λ− ∂
2
f =

{
Zk(λ`−Z` f )+

1
4

R j
k`

(
λj−Zj f

)}
ωk
∧ω`.

It follows that D(λ, ∂
2
f )= 0 if and only if

Zkλ`−Z`λk+
1
2

R j
k`λj =

[
Zk,Z`

]
f +

1
2

R j
k`Zj f . (A.12)

On the other hand

[Zj,Zk]= i[∂̇j,δk]− i[∂̇k,δj]+ [δj,δk]

= i
(
∂̇kN`

j − ∂̇jN`
k

)
∂̇`−R`jk∂̇`

hence
[
Zj,Zk

]
=−R`jk∂̇`. Consequently (A.12) is equivalent to (A.10) i.e.,

(λ,∂
2
f ) ∈ Ker(D) if and only if (A.10) holds.

Proof of Proposition A.3. H1(T(M), J)= 0 if and only if for any (λ,∂
2
f ) ∈

Ker(D) there is g ∈�0,0(T(M)) such that λ= ∂g and ∂
2
( f − g)= 0. Using

(A.10) with λ= ∂g one shows easily that ∂
2
(f − g)= 0 if and only if (A.11)

holds good. �

We suggest several applications of twisted cohomologies to the geome-
try of almost complex and almost CR structures by quoting O. Muskarov,
[218]-[220], J. Davidov & O. Muskarov, [93], P. De Bartolomeis, [95],
R. Holubowicz & W. Mozgawa, [169], H. Hashimoto & K. Mashimo,
[160], and H. Hashimoto & K. Mashimo & K. Sekigawa, [161].
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The Stokes Theorem on Complete
Manifolds

Let (M ,g) be an n-dimensional orientable complete Riemannian manifold
and ∗ :�•(M)→�n−•(M) the Hodge operator. For each ω ∈�•(M) we
set

|ω| =
√
∗(ω ∗ω)

(the pointwise norm of ω). Let Lp(�•(M)) be the space of all differential
forms ω ∈�•(M) such that |ω|p ∈ L1(M) i.e.,∫

M

|ω|p ∗ 1<∞.

The following special form of the Stokes theorem is by now classical.

Theorem B.1 (M.P. Gaffney, [121]) Let M be an orientable complete
Riemannian manifold whose metric tensor is of class C2. Let ω be a (n− 1)-
form of class C1 such that ω ∈ L1(�n−1(M)) and dω ∈ L1(�n(M)). Then∫

M dω = 0.

The scope of Appendix B is to give a rigorous proof of Theorem B.1.
One reason we include M.P. Gaffney’s theorem in these notes is to suggest
that many of the results we report on may be generalized to hold on com-
plete Riemannian manifolds (although at present this monograph is mostly
one of geometry and analysis on compact Riemannian manifolds). Another
reason is frankly didactic.1 We recall (cfr. e.g., [138], p. 70–72) that

α∧∗β = β ∧∗α, ∗δα = (−1)deg(α)d ∗α .

1 Indeed it came to some surprise (to the authors of this book) that the original proof by M.P. Gaffney
of his Stokes type theorem on complete Riemannian manifolds (a result to be included in any
textbook on Riemannian geometry, in the opinion of the authors) lacked the details and accuracy
required for an exposition in front of a student public.

Harmonic Vector Fields. DOI: 10.1016/B978-0-12-415826-9.00010-9
c© 2012 Elsevier Inc. All rights reserved. 447
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Let X be a vector field of class C1 on M and ω the dual 1-form i.e., ω] = X .
Then

div(X) ∗ 1=−(δω) ∗ 1=−∗ (δω)= d(∗ω)

hence (by Theorem B.1) ∫
M

div(X)dvol(g)= 0 (B.1)

provided that both ω = X[ and dω are in L1. In this form, Theorem B.1
was applied to prove Theorem 2.14 in Chapter 2 of this book.

To prove Theorem B.1 we need some preparation. Let j(t) be a C∞

function which vanishes outside the interval [−1,1], is positive inside, and
satisfies

∫
+1
−1 j(t)dt = 1. We set

jε(x)= ε−nj
(x1

ε

)
· · · j

(xn

ε

)
, x= (x1, . . . ,xn) ∈ Rn, ε > 0.

The function jε(x) is the well-known Friedrichs mollifier. A fundamental
property of jε(x) is stated as the following: Let h(x) be a continuous function
of compact support and let us set

( Jεh)(x)= ( jε ∗ h)(x)=
∫
Rn

jε(x− y)h(y)dy.

Then Jεh is a C∞ function and Jεh→ h uniformly as ε→ 0. Moreover∣∣( Jεh)(x)
∣∣≤ sup

y∈Qε(x)
|h(y)| (B.2)

where Qε(x)⊂ Rn is the cube of width 2ε and center x. Cf. for instance
Lemma 2.18 in [9], p. 29–30. Of course one should not confuse the convo-
lution product ∗ in the definition of Jεh with the Hodge operator. Another
ingredient we need is

|α ∗β| ≤ |α| |β| (B.3)

for any α,β ∈�p(M). This is an immediate consequence of the fact that
|α+ tβ|2 ≥ 0 for any t ∈ R.

Let r : M→ [0,+∞) be the distance from a fixed point x0 ∈M i.e.,
r(x)= d(x0,x) for any x ∈M . The function r is clearly Lipschitz

|r(x)− r(y)| ≤ d(x,y), x,y ∈M . (B.4)
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In particular, r is continuous yet it is not differentiable, in general. The main
idea in the proof of Theorem B.1 is to approximate r on a large compact set
by a C1 function rε and then use (B.4) to prove that |drε | is bounded. The
approximation is accomplished by using the Friedrichs mollifier.

We set St = {x ∈M : r(x)≥ t} for each t > 0. Also let C(St)=M \ St

be the complement of St. Note that
∫

C(Sk)
|α| ∗ 1→ 0 as k→∞, for any

α ∈�•(M).
Let f (t) be a C1 function such that f (t)= 0 for t ≤ 0, 0< f (t) < 1

for 0< t < 1, and f (t)= 1 for t ≥ 1. Let us set B= supt∈R f ′(t). Let
ω ∈�n−1(M) be a (n− 1)-form as in Theorem B.1. Then for any ε > 0
there is kε ≥ 1 such that∫

C(Sk−1)

|dω| ∗ 1<
ε

2
,

∫
C(Sk−1)

|ω| ∗ 1<
ε

4B
,

for any k≥ kε .
By the assumption of completeness, every closed bounded subset of

M is compact. This is of course a consequence of the well-known Hopf-
Rinow theorem (cf. e.g. Theorem 4.1 in [189], Vol. I, p. 172). Let k≥
kε . Then Sk+4 is a compact set. Let O be an orientation of M such that
ϕ(U)= Rn for any (U ,ϕ) ∈O. We choose a finite smooth partition of
unity {(Ui,φi) : 1≤ i ≤ p} on Sk+4 subordinated to an open covering of
Sk+4 with coordinate neighborhoods in O so that

(Ui,ϕi) ∈O, diam(Ui)≤
1
2

,

Ki = supp(φi)⊂ Ui, 1≤ i ≤ p.

Of course

Sk+4 ⊂

p⋃
i=1

Ui, φi ∈ C∞(M), 0≤ φi ≤ 1,
p∑

i=1

φi = 1.

Given ε > 0 we define J i
ε(φir) : M→ R by setting

J i
ε(φir)(x)=

{
Jε
[
(φir) ◦ϕ

−1
i

]
(ϕi(x)), if x ∈ Ui,

0, if x ∈M \Ui,

for any x ∈M . To show that J i
ε(φir) ∈ C∞(M), it suffices to check that

supp[ J i
ε(φir)]⊂ Ui. To this end let us recall (cf. [9], p. 30) that for any

domain �⊆ Rn one has Jεu ∈ C∞0 (�) provided that supp(u)⊂⊂� and
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ε < dist(supp(u), ∂�). As supp(φir)⊆ Ki it follows that Jε(ui) ∈ C∞0 (Rn)

where we set ui = (φir) ◦ϕ
−1
i : Rn

→ [0,+∞) for simplicity. Finally if
Kε,i = supp[ Jε(ui)] then the set supp[ J i

ε(φir)]= ϕ
−1
i (Kε,i) is both compact

and contained in Ui.
It is an elementary fact of metric geometry that there is ε0 > 0 such that

for each 0< ε ≤ ε0 one has

jε(ξ − η)(φir)(ϕ
−1
i (η))= 0

for ϕ−1
i (η) near ∂Ui. Precisely let us set

Qε(0)= {η ∈ Rn : |ηi
|< ε, 1≤ i ≤ n}

and note that

η ∈Qε(0)H⇒ jε(η)= 0.

By changing variables

Jε(φir)(x)=
∫
Rn

jε(η)ui(ξ − η)dη, x ∈ Ui, (B.5)

where ξ = ϕi(x). Let xi = ϕ
−1
i (0) ∈ Ui. There is ρi > 0 such that B(xi,

2ρi)⊆ Ui. We set ρ =min{ρi : 1≤ i ≤ p}> 0. As the sets {Qε(0) : ε > 0}
form a fundamental system of open neighborhoods of the origin we may
choose εi > 0 such that

Qεi(0)⊆ ϕi(B(xi,ρ)).

We set ε0 =min{εi : 1≤ i ≤ p}> 0. We claim that

dist
(
ϕ−1

i (Qε(0)), ∂Ui

)
≥ ρ (B.6)

for any 1≤ i ≤ p and any 0< ε ≤ ε0. The proof is by contradiction. If

ρ > dist
(
ϕ−1

i (Qε(0)), ∂Ui

)
= inf

{
dist(x,∂Ui) : x ∈ ϕ−1

i (Qε(0))
}

for some i ∈ {1, . . . ,p} and some 0< ε ≤ ε0 then

ρ > dist(x,∂Ui)= inf {d(x,y) : y ∈ ∂Ui}

for some x ∈ ϕ−1
i (Q(ε)) that is ρ > d(x,y) for some y ∈ ∂Ui. Then

ϕi(x) ∈Qε(0)⊆Qε0(0)⊂ ϕi(B(xi,ρ))
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implies that x ∈ B(xi,ρ) so that d(x,xi) < ρ. Finally, by the triangle
inequality

d(xi,y)≤ d(xi,x)+ d(x,y) < 2ρ

that is y ∈ B(xi,2ρ) which of course means that B(xi,2ρ)∩ ∂Ui 6= ∅, a con-
tradiction. Inequality (B.6) is proved. Now inequality (B.6) may be indeed
interpreted as announced i.e., the integrand in the right hand side of (B.5)

fi(y)= jε(ϕi(y))ui(ξ −ϕi(y)), y ∈ Ui,

vanishes near ∂Ui. For instance fi vanishes on the one-sided neighborhood
of the boundary {y ∈ Ui : dist(y,∂Ui)≤ ρ/2}.

Let 0< ε ≤ ε0 with ε0 > 0 built as above. Let us consider the function

rε : M→ [0,+∞),

rε(x)=


p∑

i=1

J i
ε(φir)(x), x ∈ Sk+3,

k+ 3, x ∈ C(Sk+3),

for any x ∈M . Let x ∈ Sk+3. As

J i
ε(φir)(x)→ (φir)(x), ε→ 0,

it follows that

rε(x)→
p∑

i=1

φi(x)r(x)= r(x), ε→ 0.

Consequently there is 0< ε1 ≤ ε0 such that for any 0< ε ≤ ε1 one has

|rε(x)− r(x)|<
1
2

, x ∈ Sk+3 . (B.7)

Let us set fk(t)= f (t− k) so that fk(rε(x))= 1 for any x ∈ C(Sk+2) and any
0< ε ≤ ε1. Indeed if x ∈ C(Sk+2) then r(x) > k+ 2 hence

rε(x) > r(x)−
1
2
> k+

3
2
H⇒ rε(x)− k> 1.

Let 0< ε ≤ ε1 and k≥ kε . We may write dω as

dω = d [ fk(rε)ω]+ d
[(

1− fk(rε)
)
ω
]
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where f (rε)= f ◦ rε . Then∫
M

dω =
∫
M

d [ fk(rε)ω]+
∫
M

d
[(

1− fk(rε)
)
ω
]

=

∫
C(Sεk)

d [ fk(rε)ω]+
∫

Sk+2

d
[(

1− fk(rε)
)
ω
]

where Sεt = {x ∈M : rε(x)≤ t} for each t > 0. Indeed fk(rε) is zero on Sεk
and 1− fk(rε) is zero on C(Sk+2). We claim that (1− fk(rε))ω is supported
in the interior of Sk+2 hence∫

Sk+2

d
[(

1− fk(rε)
)
ω
]
= 0

by the ordinary Stokes theorem (for forms with compact support). Indeed
if x ∈ Sk+2 is such that 1− fk(rε(x)) 6= 0 then rε(x) < k+ 1 yet (by (B.7))
−1/2+ r(x) < rε(x) so that r(x) < k+ 3/2 that is

{x ∈ Sk+2 : 1− fk(rε(x)) 6= 0} ⊂ Sk+3/2

and by passing to closures

supp [1− fk(rε)]⊆ Sk+3/2 ⊂ Int(Sk+2).

It remains that ∫
M

dω =
∫

C(Sεk)

d [ fk(rε)ω]

=

∫
C(Sεk)

f ′k(rε)drε ∧ω+
∫

C(Sεk)

fk(rε)dω

=

∫
Sεk+1\S

ε
k

f ′k(rε)drε ∧ω+
∫

C(Sεk)

fk(rε)dω

as f ′k(rε) is zero outside Sεk+1 by the very construction of fk. We wish to
estimate the integral ∫

Sεk+1\S
ε
k

f ′k(rε)drε ∧ω .

To this end we need the following
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Proposition B.2 There is a constant C > 0 and 0< ε2 ≤ ε1 such that |drε | ≤
C on Sk+2 for any 0< ε ≤ ε2. �

The proof of Proposition B.2 will be given later on. We claim that
Sεk+1 ⊂ Sk+3. Indeed if x ∈ Sεk+1 then rε(x)≤ k+ 1 hence x must lie in
Sk+3 (by the very definition of rε we know that rε = k+ 3> k+ 1 outside
Sk+3). In particular inequality (B.7) must hold on Sεk+1 \ Sεk . We claim that

Sεk+1 \ Sεk ⊂ C(Sk−1). (B.8)

Indeed if x ∈ Sεk+1 \ Sεk then x ∈ C(Sεk)⊂ C(Sk−1). The last inclusion
follows from Sεk ⊃ Sk−1 which may be seen as follows. Let y ∈ Sk−1. Then

rε(y)−
1
2
< r(y)≤ k− 1

hence y ∈ Sk−1/2 ⊂ Sεk . Next (by (B.8) and Proposition B.2)∣∣∣∣∣∣∣
∫

Sεk+1\S
ε
k

f ′k(rε)drε ∧ω

∣∣∣∣∣∣∣≤
∫

Sεk+1\S
ε
k

∣∣ f ′k(rε)∣∣ |drε | |ω| ∗ 1

≤ 2B
∫

C(Sk−1)

|ω| ∗ 1<
ε

2
.

Using again C
(
Sεk
)
⊂ C(Sk−1) we may also estimate (as 0≤ fk(t)≤ 1)∣∣∣∣∣∣∣
∫

C(Sεk)

fk(rε)dω

∣∣∣∣∣∣∣≤
∫

C(Sεk)

∣∣ fk(rε)∣∣ |dω| ∗ 1

≤

∫
C(Sk−1)

|dω| ∗ 1<
ε

2
.

Summarizing the information obtained so far, it remains that∣∣∣∣∣∣
∫
M

dω

∣∣∣∣∣∣≤ ε2 + ε2 = ε
for arbitrary ε > 0 that is

∫
M dω = 0 as claimed. Theorem B.1 is proved. Let

us prove Proposition B.2. Let x ∈ Sk+2 and 0< ε ≤ ε1. Then (as Sk+2 ⊂
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Int(Sk+3))

∂rε
∂x j (x)=

p∑
i=1

∂J i
ε(φir)
∂x j (x)=

p∑
i=1

∂Jε(ui)

∂ej
(ϕi(x))

where ∂/∂ej denotes the directional derivative in the direction ej (here
{e1, . . . , en} ⊂ Rn is the canonical linear basis). Let us set ξ = ϕi(x). Then

∂rε
∂x j (x)=

p∑
i=1

lim
t→0

1
t

{
Jε(ui)(ξ + tej)− Jε(ui)(ξ)

}

= lim
t→0

1
t

p∑
i=1


∫
Rn

jε(ξ + tej− η)ui(η)dη−
∫
Rn

jε(ξ − η)ui(η)dη

 .

Let us change variables η′ = η− tej in the first integral and then drop the
accents. We obtain

∂rε
∂x j (x)=

p∑
i=1

lim
t→0

1
t

{∫
jε(ξ − η)ui(η+ tej)dη−

∫
jε(ξ − η)ui(η)dη

}

=

∑
i

lim
t→0

1
t

{∫
jε(ξ − η)φi

(η+ tej)
[
r(η+ tej)− r(η)

]
dη

+

∫
jε(ξ − η)

[
φ

i
(η+ tej)−φi

(η)
]

r(η)dη
}

where φ
i
= φi ◦ϕ

−1
i and r = r ◦ϕ−1

i . We need to show that there exist
t0 ≥ 0 and a constant Cj > 0 such that for any 0< t < t0

ρ(η,η+ tej)

t
≤

Cj

2
(B.9)

for any η ∈ Rn such that dist(ϕ−1
i (η),∂Ui)≥ ρ/2. Here ρ > 0 is the num-

ber appearing in (B.6) and ρ(η,η+ tej) is short for d(ϕ−1
i (η),ϕ−1

i (η+ tej)).
We may assume without loss of generality that {(Ui,ϕi) : 1≤ i ≤ p} con-
sists of normal coordinate neighborhoods. As t is sufficiently small we may
also assume that both ϕ−1

i (η) and ϕ−1
i (ξ + tej) lie in a simple and convex

open set �i contained in Ui. Let γ : [0,`(t)]→�i be the unique minimiz-
ing geodesic, parametrized by arc length, joining ϕ−1

i (η) and ϕ−1
i (η+ tej),
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where `(t)= ρ(η,η+ tej). As ϕi = (x1, . . . ,xn) are normal coordinates the
components γ k

= xk
◦ γ of γ are given by

γ k(s)= ηk
+

t
`(t)

δk
j s, 0≤ k≤ n,

for any 0≤ s≤ `(t). Therefore for any t > 0 sufficiently small

ρ(η,η+ tej)=

`(t)∫
0

[
gk`(γ (s))

dγ k

ds
(s)

dγ `

ds
(s)
]1/2

ds

=
t
`(t)

`(t)∫
0

gjj(γ (s))1/2ds≤ t
Cj

2

where

Cj = 2 sup
x∈Li

|gjj(x)|1/2, Li =

{
x ∈ Ui : dist(x,∂Ui)≥

ρ

2

}
.

Statement (B.9) is proved.
As the directional derivative (∂rε/∂x j)(x) exists for any x ∈ Ui one may

use a particular sequence t→ 0 with t > 0 in the above calculations. Using
(B.9) we may estimate the integral

Ii(t)=
1
t

∫
jε(ξ − η)φi

(η+ tej)
[
r(η+ tej)− r(η)

]
dη

as follows

|Ii(t)| ≤
∫

jε(ξ − η)φi
(η+ tej)

∣∣∣∣ r(η+ tej)− r(η)

ρ(η,η+ tej)

∣∣∣∣ ρ(η,η+ tej)

t
dη

(by (B.9) and the Lipschitz property of r)

≤
Cj

2

∫
jε(ξ − η)φi(ϕ

−1
i (η+ tej))dη→

Cj

2
Jε(φi ◦ϕ

−1
i )(ξ), t→ 0+.

The reason one may use (B.9) is that the integrand in Ii(t) vanishes outside
the compact set Li. Moreover

p∑
i=1

Jε
(
φi ◦ϕ

−1
i

)
(ξ)→

p∑
i=1

φi(x)= 1, ε→ 0.
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Hence there is 0< ε′2 ≤ ε1 such that for any 0< ε ≤ ε′2
p∑

i=1

∣∣∣∣ lim
t→0+

Ii(t)

∣∣∣∣≤ Cj

2
. (B.10)

It remains that we estimate the integral

Ji(t)=
1
t

∫
jε(ξ − η)

[
φ

i
(η+ tej)−φi

(η)
]

r(η)dη.

We have∣∣ Ji(t)
∣∣≤ ∫ jε(ξ − η)

∣∣∣∣φi
(η+ tej)−φi

(η)

t
−
∂φ

i

∂ej
(η)

∣∣∣∣ r(η)dη
+

∫
jε(ξ − η)

∂φ
i

∂ej
(η)r(η)dη→ Jε

(
r
∂φ

i

∂ej

)
(ξ), t→ 0+.

On the other hand
p∑

i=1

Jε

(
r
∂φ

i

∂ej

)
(ξ)→

p∑
i=1

r(x)
∂φi

∂x j (x)= 0, ε→ 0,

hence there is 0< ε′′2 ≤ ε1 such that for any 0< ε ≤ ε′′2
p∑

i=1

∣∣∣∣ lim
t→0+

Ji(t)

∣∣∣∣≤ Cj

2
. (B.11)

Let us set ε2 =min{ε′2, ε′′2 }. Then (by (B.10)–(B.11)) for any 0< ε ≤ ε2∣∣∣∣ ∂rε
∂x j (x)

∣∣∣∣≤ Cj

for any x ∈ Sk+2 and any i ∈ {1, . . . ,p} such that x ∈ Ui. Finally let x ∈ Sk+2

and let i ∈ {1, . . . ,p} such that x ∈ Ui. Then

|drε |2(x)= g jk(x)
∂rε
∂x j (x)

∂rε
∂xk (x)≤ CjCka jk,

a jk
=max

{
sup

y∈Sk+2∩Ui

∣∣∣g jk(y)
∣∣∣ : 1≤ i ≤ p

}
,

and Proposition B.2 is proved.
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C.1. INTRODUCTION

Complex Monge-Ampère equations are nonlinear partial differen-
tial equations involving the complex Hessian ujk = ∂

2u/∂z j∂zk. These are
related to the theory of functions in several complex variables and to com-
plex geometry, in particular foliation theoretic aspects. On an arbitrary
complex manifold V , of complex dimension n, one uses the first order
differential operators ∂ and ∂ , whose definition is independent of the local
complex coordinates one may adopt, and considers equations of the form

(∂∂u)p+1
= 0, (C.1)

∂u∧ ∂u∧ (∂∂u)p = 0, (C.2)

∂u∧ (∂∂u)p = 0, (C.3)

where, to start with, the functions u : V → C are of class C2 on V . Of
course ∂∂u is a (1,1)-form on V and the exponents denote exterior powers
e.g., (∂∂u)p = (∂∂u)∧ ·· · ∧ (∂∂u) (p terms).

Definition C.1 The equation (
∂∂u

)n
= 0 (C.4)

is called the (homogeneous) complex Monge-Ampère equation. �

Harmonic Vector Fields. DOI: 10.1016/B978-0-12-415826-9.00011-0
c© 2012 Elsevier Inc. All rights reserved. 457
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With respect to a local system of complex coordinates (U ,z1, . . . ,zn) on V
the complex Monge-Ampère equation (C.4) may be written

det
[
∂2u

∂z j∂zk

]
= 0. (C.5)

Complex Monge-Ampère equations first appeared in the work of
H. Bremmermann, [70]. When n= 1 the equation (C.5) is the Laplace
equation1u= 0 and, as argued in [206], (C.4) is the most natural extension
of the Laplace equation to higher dimensional complex manifolds. Several
properties of the forms in the left-hand side of the equations (C.1)–(C.13)
were discussed by S.S. Chern & H. Levine & L. Nirenberg, [87], when u is a
bounded, real, plurisubharmonic function. When restricted to a local coor-
dinate neighborhood (U ,z j) the (1,1)-form ∂∂u may be identified to ujk so
that the equations (C.1)–(C.3) are easily seen to be (locally) equivalent to

rank
[
ujk

]
≤ p, (C.6)

rank


0 u1 · · · un

(u)1 u11 · · · u1n
...

...
...

(u)n un1 · · · unn

≤ p, (C.7)

rank


u1 · · · un

u11 · · · u1n
...

...
un1 · · · unn

≤ p, (C.8)

respectively. The substitutions u= exp(βv) and u= logw in (C.1) lead
respectively to the equations

(∂∂v)p ∧ (∂∂v+ (p+ 1)β ∂v∧ ∂v)= 0, (C.9)

(∂∂w)p ∧ (w ∂∂w+ (p+ 1)∂w∧ ∂w)= 0, (C.10)

which are locally equivalent to

rank


1
β

v1 · · · vn

v1 v11 · · · v1n
...

...
...

vn vn1 · · · vnn

≤ p, (C.11)



“Dragomir Chapters” — 2011/10/1 — page 459 — #459

C.1. Introduction 459

rank


w w1 · · · wn

w1 w11 · · · w1n
...

...
...

wn wn1 · · · wnn

≤ p. (C.12)

The form embraced by the equations (C.11)–(C.12) allows one to parallel
the formal similarities among complex and real Monge-Ampère equations
(the real Monge-Ampère equations being well known to involve determi-
nants of the real Hessian). It is the proper place to make the following
remark (following the exposition in [30], p. 544–545): Given a nonpara-
metric real hypersurface xn+1

= u(x1, . . . ,xn) in Rn+1 such that the (real)
Hessian of u has constant rank

rank
[
∂2u

∂x j∂xk

]
= p,

the graph of u is developable by real (n− p)-dimensional hyperplanes (and
actually if p= 1 and n= 2 the hypersurface is locally a cylinder). The key
ingredient in the proof of this result is the (geometric) interpretation of
the Hessian

[
∂2u/∂x j∂xk

]
as the Jacobi matrix of the normal vector field

(ux1 , . . . ,uxn ,−1). See for instance P. Hartman & L. Nirenberg, [158].
Let us look at a complex analog to this situation. To this end, let us

consider a domain D⊂ Cn and a smooth function u : D→ R. The Levi
form (cf. e.g., [110], p. 5–6) of the real hypersurface

M =
{
(z′,zn+1) ∈ Cn+1 : log |zn+1

| + u(z′)= 0, z′ ∈D, zn+1
6= 0

}
has at least n− p zero eigenvalues if and only if u satisfies (C.6). If the Levi
form of M has exactly n− p zero eigenvalues then by a result of F. Sommer,
[272] (cf. also [24], p. 47–48, and p. 134–137) M is foliated by complex
manifolds of complex dimension n− p. On the other hand, a result by
K. Abe, [1], shows that the requirements ensuring that M is locally a cylin-
der should be much stronger than the condition (C.1) alone. The lack of an
appropriate geometric interpretation of (C.1) is responsible for the further
development of the theory (cf. E. Bedford & M. Kalka, [30], D. Burns, [73],
P-M. Wong, [313; 314], T. Duchamp & M. Kalka, [111]) pursuing the
foliation in Sommer’s result (cf. op. cit.) rather than the “locally a cylinder”
aspect.
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C.2. STRICTLY PARABOLIC MANIFOLDS

Let V be a connected complex n-dimensional manifold and τ : V →
[0,+∞) a C∞ function with δ = sup

√
τ ≤∞.

Definition C.2 We call τ : V → [0,+∞) a strictly parabolic exhaustion of
V if i) for any r ∈ R with 0≤ r < δ the set

V [r]= {z ∈ V : τ(z)≤ r2}

is compact, ii) τ < δ2 on V , iii) ddcτ > 0 on V , and iv) the relations
ddc logτ ≥ 0.

(
ddc logτ

)n−1
6= 0 and

(ddc logτ)n = 0 (C.13)

hold on V∗ = V \V [0], where dc
= (i/(4π))(∂ − ∂). A pair (V ,τ) consist-

ing of a complex manifold V and a strictly parabolic exhaustion τ : V →
[0,+∞) is called a strictly parabolic manifold. Also δ is the maximal radius of
the exhaustion τ . �

The equation (C.13) is the complex Monge-Ampère equation and the
relations ddc logτ ≥ 0 and

(
ddc logτ

)n−1
6= 0 are nondegeneracy conditions

meaning that the (1,1)-form ∂∂ logτ has exactly n− 1 strictly positive
eigenvalues on V∗.

Example C.3 Let V =Cn and τ0 : Cn
→ [0,+∞) be given by τ0(z)=|z|2

for any z ∈ Cn. Given 0< r ≤+∞ the set Cn(r)= {z ∈ Cn : τ0(z) < r2} is
the open ball of radius r centered at 0. Then (Cn(r),τ0) is a strictly parabolic
manifold of maximal radius r.

It is a by now classical result of W. Stoll, [275], that up to isomorphism
the balls (Cn(r),τ0) if 0< r <∞ and (Cn,τ0) if r =∞ are the only strictly
parabolic manifolds. Precisely

Theorem C.4 (W. Stoll, [275]) Let (V ,τ) be a strictly parabolic manifold
of complex dimension n and maximal radius δ. There is a biholomorphism F :
Cn(δ)→ V such that τ ◦F = τ0.

Therefore the biholomorphism F furnished by Theorem C.4 preserves
the exhaustions (i.e., τ ◦F = τ0) and F is an isometry of Kaehler metrics
i.e., F∗ (ddcτ)= ddcτ0. Alternative proofs of Theorem C.4 were given by
D. Burns, [73]. A local study of this context was performed (by dropping
the assumption that τ be an exhaustion function) by P-M. Wong, [313].
Cf. also Theorem A in [314], p. 226.
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C.3. FOLIATIONS AND MONGE-AMPÈRE EQUATIONS

Let M be a real 2n-dimensional manifold. For any ideal J in the de
Rham algebra �•(M) we define a distribution Ann(J ) on M by setting

Ann(J )x = {X ∈ Tx(M) : X cωx = 0, ω ∈ J } , x ∈M .

If F is a foliation of M each of whose leaves is a complex manifold, a
function f on M is said to be holomorphic (respectively pluriharmonic) on F
if the restriction f

∣∣
L of f to each leaf L ∈M/F is holomorphic (respec-

tively pluriharmonic) on L. Let T0,1(F)→M be the complex vector
bundle whose portion over each L ∈M/F is the anti-holomorphic bun-
dle T0,1(L)→ L. We consider the first order differential operator ∂F :
C1(M ,C)→ 00(T0,1(F)∗) given by

(
∂F f

)
Z = Z( f ) for any C1 function

f : M→ C and any Z ∈ 0∞(T1,0(F)). Here T1,0(F)= T0,1(F). Then
f ∈ C1(M ,C) is holomorphic on F if ∂F f = 0. The space of all functions
holomorphic on F is denoted by OF (M).

As the aspects we discuss in the sequel are of local nature we restrict
ourselves to a domain D⊂ Cn. We follow essentially the exposition in [30].
One may easily check

Lemma C.5 Let {ω1, . . . ,ωk} be a set of differential q-forms on D and
J ⊂�•(D) the ideal generated by {ω1, . . . ,ωk}. If dJ ⊆ J then Ann(J ) is
involutive.

Let (z1, . . . ,zn) be the natural complex coordinates on Cn. Let ω =
(i/2)ωjk dz j

∧ dzk be a (1,1)-form on D with ωjk ∈ C∞(D,C). Then ω is
real (i.e., ω = ω) if and only if ωjk = ωkj i.e., [ωjk] is a Hermitian symmetric
matrix. Therefore if ω is real and A= [ωjk] then there is a C∞ map U :
D→U(n) such that

UAU−1
= diag(λ1, . . . ,λn)

for some λj ∈ C∞(D,R), 1≤ j ≤ n. Let us set U = [U j
k ] and

α j
= U j

k dzk
∈�1,0(D), 1≤ j ≤ n.

Then

ω =
i
2
λjα

j
∧αj, αj

= α j.
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Next we set βj = |λj|
1/2αj so that

ω =
i
2
ε(λj)β

j
∧β j,

where ε(λj)(z) is the sign of the real number λj(z) for any z ∈D. Let
β j
= b j
− iJ∗b j be the real and imaginary parts of β j as a (1,0)-form on D.

Here J∗ is given by

( J∗α)(X)=−α( JX), α ∈�1(D), X ∈ X(D),

J∗(α∧β)= ( J∗α)∧ ( J∗β),

and J is the complex structure on D. Then

ω =−ε(λj)b j
∧ J∗b j. (C.14)

As a consequence of (C.14)

Lemma C.6 Let J ⊂�•(D) be the ideal generated by the real (1,1)-forms
{ω1, . . . ,ωk} on D. Then Ann(J ) is J-invariant.

Next we shall establish

Proposition C.7 Let ω = (i/2)ωjk dz j
∧ dzk be a real (1,1)-form on D.

Then the distribution Ann(ω)= {X ∈ T(D) : X cω = 0} has rank 2(n− p),
i.e., dimRAnn(ω)z = 2(n− p) for any z ∈D, if and only if

ωp
6= 0, ωp+1

= 0, (C.15)

everywhere in D.

Proof. Let Z = Z j∂/∂z j be a vector field of type (1,0) on D. Then

Z cω =
i
4

Z jωjk dzk. (C.16)

Let us set

Ann(ω)1,0
= {Z ∈ T1,0(D) : Z cω = 0}, Ann(ω)0,1

= Ann(ω)1,0.

As a consequence of (C.16) and the fact that [ωjk] is Hermitian symmetric
it follows that

Ann(ω)⊗C= Ann(ω)1,0
⊕Ann(ω)0,1.

Hence X = Z+Z ∈ Ann(ω) with Z ∈ T1,0(D) if and only if Z ∈
Ann(ω)1,0 i.e., if and only if Z jωjk = 0. It follows that

dimR Ann(ω)z = 2dimC Ann(ω)1,0
z = n− rank[ωjk(z)].
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Finally it may be seen from

ωp
= 2−pip

2
ωj1k1
· · ·ωjpkp

dz j1 ∧ ·· · ∧ dz jp ∧ dzk1 ∧ ·· · ∧ dzkp

that rank[ωjk]= p if and only if ω satisfies (C.15). �

The main purpose of this section is to establish the following

Theorem C.8 (E. Bedford & M. Kalka, [30]) Let D⊂ Cn be a domain
and let f ∈ C3(D) satisfy (ddc f )p+1

= 0 and (ddc f )p 6= 0 everywhere in D. Let
f = u+ iv be the real and imaginary parts of f . If v is plurisubharmonic then there
exists a foliation Fp of D by complex submanifolds of complex codimension p such
that i) u,v are pluriharmonic on Fp and ii) ∂u/∂z j, ∂v/∂z j

∈OFp(D) for any
1≤ j ≤ n.

Proof. Let J be the ideal in �•(D) spanned by ddcu and ddcv. Then the
distribution Ann(J )⊂ T(D) is integrable. Indeed Ann(J ) is involutive
(by Lemma C.5) and has constant rank

dimRAnn(J )z = 2(n− p), z ∈D,

�

as a consequence of

Lemma C.9 Let ω1 and ω2 be real (1,1)-forms on D such that ω2(Z,Z)≥ 0
for any Z ∈ T1,0(D). Let λa

j , b j
a ∈ C∞(D), a ∈ {1,2} as in the proof of Lemma

(C.6) i.e.,

ωa =−

n∑
j=1

ε
(
λa

j

)
b j
a ∧ J∗b j

a , a ∈ {1,2}.

Let J be the ideal in �•(D) spanned by {b j
a , J∗b j

a : 1≤ j ≤ n, a ∈ {1,2}}. Then
dimRAnn(J )z = 2(n− p) for any z ∈D if and only if (ω1+ iω2)

p+1
= 0 and

(ω1+ iω2)
p
6= 0 everywhere in D.

For a proof of Lemma C.9 the reader may see [30], p. 548–549. By
Lemma C.6 the distribution Ann(J ) is J-invariant hence each leaf of the
corresponding foliation Fp (such that T(Fp)= Ann(J )) is a complex sub-
manifold of D. Let L ∈D/Fp be a leaf of Fp and let ι : L→D be the
inclusion. Let ∂L and ∂L be the ∂ and ∂ operators relative to L (as a complex
manifold). Let ι∗u= u|L be the restriction of u to L. As Ann(ddcu)⊇ T(L)
it follows that

∂L∂L (u|L)= ∂L∂Lι
∗u= ι∗ ∂∂u= 0
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hence u|L is pluriharmonic. A similar proof shows that v is also plurihar-
monic along the leaves of Fp. To end the proof of Theorem C.8 let us
check for instance that uj = ∂u/∂z j is holomorphic along the leaves of Fp.
Let L be a leaf and Z = Z j∂/∂z j

∈ T1,0(L) a complex vector field of type
(1,0) on L. As

T(L)⊆ Ann(ddcu), J T(L)⊆ Ann(ddcu),

it follows that

0= Z cddcu= Z jujk dzk

hence

Z(uj)= Z jujk = 0.

C.4. ADAPTED COMPLEX STRUCTURES

By a result of H. Grauert, [152], any real analytic manifold M
may be embedded in a complex manifold as a maximal totally real sub-
manifold. This may be seen by complexifying the transition functions
defining M . Grauert’s complexification is however not unique. The works
by V. Guillemin & M. Stenzel, [154], and L. Lempert & R. Szöke, [206],
represent an effort of formulating additional conditions on the ambient
complex structure to make the complexification canonical for any given
Cω Riemannian manifold M . More precisely, in [154] and [206] one builds
a complex structure on some open subset A∗ ⊆ T∗(M) which is compat-
ible with the canonical symplectic structure on T∗(M). Equivalently there
is a unique complex structure J on some open subset A⊆ T(M) (referred
to as an adapted complex structure) such that the leaves of the Riemann
foliation of T(M) are holomorphic curves. The set T r(M)= {X ∈ T(M) :
‖X‖g < r} equipped with J is a Grauert tube. As the adapted complex struc-
ture is derived from the given metric g on M in a canonical way, it turns
out that dF is an automorphism of (T r(M), J) for any F ∈ Isom(M ,g). If all
automorphisms of T r(M) are obtained this way, the Grauert tube T r(M)
is said to be rigid. Rigidity of Grauert tubes was investigated by D. Burns,
[74], and D. Burns & R. Hind, [75], when M is compact, and by S-J. Kan,
[181], for (not necessarily compact) Cω homogeneous Riemannian spaces.
Adapted complex structures and the corresponding compatible metrics on
the tangent bundle are the reason to be of Appendix C, based on the belief
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that a better understanding of the rich geometric structure of the tangent
bundle of a Riemannian manifold will lead to a further development of the
analysis of harmonic vector fields and their generalizations.

Let (M ,g) be a Riemannian manifold. As seen in Chapter 1 of this book,
the decomposition Tv(T(M))=Hv⊕Vv, v ∈ T(M), arising from g already
produces an almost complex structure J1,0 on T(M), discovered in [99], yet
integrable if and only if g is flat. On the other hand if X = X i ∂/∂xi is a unit
vector field on an open subset U ⊆ Rn then X is a harmonic vector field if
and only if the map

φ : U→ Sn−1, φ(x)=
(
X1(x), . . . ,Xn(x)

)
, x ∈ U ,

is harmonic. Loosely speaking, there is nothing new about the theory of
harmonic vector fields on a locally Euclidean manifold.

Another example is due to A. Morimoto & T. Nagano, [216], who
built a canonical complex structure on the tangent bundle over a compact,
simply connected, Riemannian symmetric space of rank 1. If for instance
M = Sn

⊂ Rn+1 then we may identify T(Sn) with{
(x,v) ∈ Rn+1

×Rn+1 : ‖x‖ = 1, 〈x,v〉 = 0
}

.

Next let Qn ⊂ Cn+1 be given by

Qn =

(z1, . . . ,zn+1) ∈ Cn+1 :
n+1∑
j=1

(z j)2 = 1


=
{
ξ + iη : 〈ξ ,ξ〉− 〈η,η〉 = 1, 〈ξ ,η〉 = 0, ξ ,η ∈ Rn+1} .

Let us consider the map f : T(Sn)→Qn defined by

f (x,v)= cosh(‖v‖)x+ i
sinh(‖v‖)
‖v‖

v, (x,v) ∈ T(Sn).

Then f is an SO(n+ 1)-equivariant diffeomorphism.1 A complex struc-
ture on T(Sn) is obtained by pulling back via f the complex structure of
the hyperquadric Qn. G. Patrizio & P-M. Wong, [236], investigated the
relationship among the complex structures discovered by A. Morimoto &

1 Given (x,v)∈T(Sn) let us consider ζ = f (x,v)∈Qn. Then ‖v‖= log
[√2

2
(√
|ζ |2+ 1+

√
|ζ |2−1

)]
.

Consequently the image of the tube Tε(Sn) under the diffeomorphism f : T(Sn)→Qn is
f (Tε(Sn))=Qn ∩B(

√
cosh(2ε)) where B(r)= {z ∈ Cn+1 : |z|< r}. Also f (∂ Tε(Sn))=

Qn ∩ S2n+1(
√

cosh(2ε)) where S2n+1(r)= ∂ B(r).
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T. Nagano (cf. op. cit.) and the global solutions to the homogeneous
complex Monge-Ampère equation.

Yet another example of complex structure was built by L. Lempert,
[204], on a tube around the zero section in the tangent bundle over a com-
pact hyperbolic manifold (i.e., a compact quotient of the unit ball in Rn

endowed with the Cayley-Klein metric).
The three examples mentioned above are particular instances of adapted

complex structures (according to the terminology adopted in [206] and [277]).
The remainder of this section is devoted to briefly discussing the construc-
tion of adapted complex structures in a sufficiently small neighborhood
of σ0(M)⊂ T(M) for any Cω Riemannian manifold M . Moreover we
state (following [277]) necessary and sufficient conditions under which an
adapted complex structure is defined on the whole of T(M). This happens,
for instance, when M is a compact symmetric space. It should be mentioned
that the canonical complex structures (on the total space of the cotangent
bundle) built by V. Guillemin & M. Stenzel, [154], are actually equivalent
to those of R. Szöke, [277].

Let (M ,g) be a Riemannian manifold. As in Chapter 1 let E : T(M)→
[0,+∞) be given by E(v)= 1

2gπ(v)(v,v) for any v ∈ T(M). We set

T r(M)=
{
v ∈ T(M) : 2E(v) < r2

}
, r ≥ 0.

Let Ny : T(M)→ T(M) denote fibrewise multiplication by y ∈ R. From
now on we assume that (M ,g) is complete, so that each geodesic of (M ,g)
can be continued to the whole R. Let γ : R→M be a geodesic and let us
consider the immersion ψγ : C→ T(M) defined by

ψγ (x+ iy)=Ny
dγ
dt
(x), x+ iy ∈ C.

Let G(R,M) be the set of all maximal geodesics in M . Then

{ψγ (C \R) : γ ∈ G(R,M)}

are the leaves of a smooth foliation by real surfaces of T(M) \ σ0(M).

Definition C.10 The foliation F of T(M) \ σ0(M) defined by [T(M) \
σ0(M)]/F = {ψγ (C \R) : γ ∈ G(R,M)} is called the Riemann foliation of
T(M) \ σ0(M). �

Each leaf ψγ (C \R) of the Riemann foliation carries the natural com-
plex structure got by pushing forward via ψγ the complex structure on C.
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Definition C.11 Let (M ,g) be a complete Riemannian manifold and
0< r ≤∞. A complex structure J on T r(M) is said to be adapted if any
leaf of the Riemann foliation is a complex submanifold of (T r(M), J). �

By a result of [206], if an adapted complex structure on T r(M) exists
then it is unique. As to the existence question one may state the following

Theorem C.12 (R. Szöke, [277]) Let M be a compact real analytic manifold
endowed with a real analytic Riemannian metric g. Then there is ε > 0 such that
Tε(M) carries an adapted complex structure.

Given a C∞ complete Riemannian manifold (M ,g), it may be shown
that whenever T r(M) admits an adapted complex structure both the mani-
fold M and the metric g are Cω. Hence the conditions in Theorem C.12 are
both necessary and sufficient (for the existence and uniqueness of adapted
complex structures on tubes T r(M)). Cf. e.g., Theorem 1.5 in [205],
p. 237.

Let x ∈M and let γ : R→M be a geodesic issuing at x (i.e., γ (0)= x)
parametrized by arc length. Let {v1, . . . ,vn−1} ⊂ Tx(M) be tangent vectors
such that {γ̇ (0),v1, . . . ,vn−1} is an orthonormal basis of (Tx(M),gx). Let
{X1, . . . ,Xn−1,Y1, . . . ,Yn−1} ⊂ Jγ be the Jacobi fields determined by the
initial conditions

Xi(x)= vi,
(
∇γ̇Xi

)
(x)= 0,

Yi(x)= 0,
(
∇γ̇Yi

)
(x)= vi,

for any 1≤ i ≤ n− 1. Cf. [189], Vol. II, p. 63 for the relevant mate-
rial (on Jacobi fields along a geodesic in a Riemannian manifold). Then
{X1, . . . ,Xn−1} are pointwise linearly independent on γ (R \ S) where
S ⊂ R is a discrete subset such that γ (S) is precisely the set of points
on γ which are conjugate to x. On the other hand, the vector fields
{Xi,Yi : 1≤ i ≤ n− 1} are orthogonal to γ̇ . Hence there exist functions
ϕjk : R \ S→ R such that

Yj ◦ γ =

n−1∑
k=1

ϕjk Xk ◦ γ , 1≤ j ≤ n− 1.

The following result gives a precise description of the size of the tube
T r(M) on which an adapted complex structure may be defined.
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Theorem C.13 (R. Szöke, [277]) Let (M ,g) be a complete Cω Riemannian
manifold and let 0< r ≤∞. The following statements are equivalent:
1. There is an adapted complex structure on T r(M).
2. For any x ∈M and any geodesic γ issuing at x there is a matrix [fjk] of

meromorphic functions defined on Dr
= {x+ iy ∈ C : |y|< r} such that

i. all poles of fjk lie on the real line R,
ii. fjk

∣∣
R = ϕjk, 1≤ j,k≤ n− 1, and

iii. the matrix [Im(fjk)] is pointwise invertible on Dr
\R.

Theorem C.13 implies the existence of globally defined adapted com-
plex structures on the tangent bundle over an arbitrary compact symmetric
space (not only for the rank one spaces).

Theorem C.14 (R. Szöke, [277]) Let (M ,g) be a complete locally symmetric
space.
a. If M has nonnegative sectional curvature (in particular if M is a compact symmetric

space) then there is an adapted complex structure defined on the whole of T(M).
b. If the sectional curvature of M is ≥ λ for some λ < 0 then there is an adapted

complex structure on Tπ/(2
√
−λ)(M).

By Theorem 4.3 in [206], p. 697, if M is compact then part (b) in
Theorem C.14 above is sharp and the complex structure on Tπ/(2

√
−λ)(M)

cannot be extended any further. Precisely

Theorem C.15 (L. Lempert & R. Szöke, [206]) Let M be a compact
Riemannian manifold such that there is an adapted complex structure on T r(M) for
some 0< r ≤∞. Then the sectional curvature of M is ≥−π2/(4r2).

C.5. CR SUBMANIFOLDS OF GRAUERT TUBES

Let (M ,g) be a compact connected Cω Riemannian manifold and
T r(M) a Grauert tube. Let us consider the map ρ : T r(M)→ R given by
ρ(v)= 2E(v)= g(v,v) for any v ∈ T r(M). As previously seen (cf. [154],
[206]) i) ρ is strictly plurisubharmonic, ii) M = ρ−1(0), iii) the Kählerian
metric h whose Kähler form is i∂∂ρ is compatible to g i.e., σ ∗0 h= g
where σ0 : M→ T(M) is the zero section, and iv)

(
∂∂
√
ρ
)n
= 0 on

T r(M) \ σ0(M). Let us set �ε = {v ∈ T r(M) : ρ(v) < ε2
} and Mε = ∂�ε .

Then Mε is a strictly pseudoconvex CR manifold, whose CR structure is
naturally induced by the adapted complex structure on T r(M). The rela-
tionship among the Riemannian geometry of (M ,g) and the CR geometry
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of Mε is insufficiently explored as yet. By a result of S-J. Kan, [182], if
ε1 6= ε2 then Mε1 and Mε2 are inequivalent CR manifolds, provided that
dim(M)= 2. Also S-J. Kan computed (cf. again [182]) the Burns-Epstein
invariant (cf. [85] for the relevant notions) of Mε .

C.5.1. The Szegö Kernel
Let us assume that dim(M)= 2. If ιε : Mε→ T r(M) is the inclusion then
θε = ι

∗
ε (−i∂ρ) is a contact form on Mε . Let Sε be the Szegö kernel with

respect to the volume form θε ∧ dθε . Cf. e.g., R. Ponge, [257], K. Hirachi,
[167]. See also [91], [84]. By adapting the results of L. Boutet de Monvel &
J. Sjöstrand, [65], and C. Fefferman, [116], to the domains �ε one may
show that the Szegö kernel of (Mε ,θε) admits the development

Sε(z,z)= ϕ(z)ρε(z)−2
+ψ(z) logρε(z)

for some ϕ,ψ ∈ C∞(�ε) and some defining function ρε of�ε with ρε > 0
in �ε . We may quote

Theorem C.16 (E. Koizumi, [190]) The boundary value of the logarithmic
term coefficient ψ0 = ψ |Mε

has the asymptotic expansion

ψ0 ∼
1

24π2

∞∑
`=0

Fψ0
` ε

2`, ε→ 0+, (C.17)

where Fψ0
` (λ

2g)= λ−2`−4Fψ0
` (g) for any λ > 0. Moreover

Fψ0
0 =−

1
10
1ρ−

2
5

(
ε2 T2

ε ρ
)∣∣
ε=0 (C.18)

where ρ and 1 are the scalar curvature and Laplace-Beltrami operator of (M ,g)
while Tε is the characteristic direction of dθε.

One may regard
(
ε2 T2

ε ρ
)∣∣
ε=0 as a function (which is not S1-invariant)

on the total space of a circle bundle over M (cf. Lemma 4.5 in [190]).
It may also be shown that ψ0 is a constant multiple of the Q-curvature
(cf. [117], [147] and [168]). This may turn useful in understanding the role
of Q-curvature in CR geometry.

C.5.2. Chains and the Characteristic Flow
The purpose of this section is to report on the results of M.B. Stenzel,
[274]. Let V be a complex (n+ 1)-dimensional manifold and φ : V → R a
smooth, positive, strictly plurisubharmonic function. Let h be the Kählerian
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metric whose Kähler 2-form is 2i∂∂φ i.e., h= 2φjk dz j
� dzk with respect

to a local system of complex coordinates (�, z1, . . . ,zn+1) on V . Let
C→ KV → V be the canonical line bundle over V i.e., KV =3

n+1,0(V )
(the bundle of (n+ 1,0)-forms on V ). We consider the inner product (·, ·)
on KV determined by

in(n+1)(n+ 1)! ν ∧µ= (ν,µ)
(
∂∂φ

)n+1
,

for any ν,µ ∈ (KV )z and any z ∈ V . We set |ν| = (ν,ν)1/2 for any ν ∈
KV . Let {Zj : 1≤ j ≤ n+ 1} be a local frame of T1,0(V ), defined on the
open set�⊆ V . Let {ω j : 1≤ j ≤ n+ 1} be the complex (1,0)-forms on�
defined by

ω j(Zk)= δ
j
k , ω j(Zk)= 0.

If ∂∂φ = ajkω
j
∧ωk for some C∞ functions ajk :�→ C then∣∣ω1

∧ ·· · ∧ωn+1
∣∣= (det[ajk]

)−1/2
.

Here θk
= θk for any 1≤ k≤ n+ 1.

Let us define a complex vector field Z of type (1,0) on V by requiring
that

2∂∂φ (Z,W )= |∂φ|−2 (∂φ)(W ), W ∈ T1,0(V ). (C.19)

Here |∂φ|2 = h∗(∂φ,∂φ) and h∗ is the bundle metric on T∗(V ) induced
by h. It should be observed that (∂φ)(Z)= 1.

Lemma C.17 (M.B. Stenzel, [274]) The following statements are equi-
valent
1.
(
∂∂
√
φ
)n+1
= 0.

2. |∂φ| =
√

2φ.
3. [Z,Z]= (2φ)−1(Z−Z).
4. Let 4 be the complex vector field on V determined by

4c i∂∂φ =−Im∂φ.

Then 4φ = 2φ.

Cf. [274], p. 387–388, for a proof of Lemma C.17.
Let (M ,g) be a real (n+ 1)-dimensional compact, connected, Cω

Riemannian manifold and T r(M) a Grauert tube. Let S1
→ C(Mε)

πε
−→

Mε be the canonical circle bundle over Mε = ∂Tε(M) (cf. e.g., [110],
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p. 119). Let θ =−Im
(
∂φ
)
. Then θε = ι∗εθ is a contact form on Mε , where

ιε : Mε→ T r(M) is the inclusion. Let Fθε be the Fefferman metric on
C(Mε) i.e.,

Fθε = π
∗
ε G̃θε + 2(π∗ε θε)� σε

where

σε =
1

n+ 2

{
dγ +π∗ε

(
iωαα −

i
2

gαβdgαβ −
ρ

4(n+ 1)
θε

)}
,

cf. e.g., (2.31) in [110], p. 129. Here γ is a local fibre coordinate on C(Mε).
Also ωαβ are the local 1-forms of the Tanaka-Webster connection ∇ε of
(Mε ,θε) (cf. Theorem 1.3 in [110], p. 25, for the existence and uniqueness
of ∇ε) with respect to a local frame {Tα : 1≤ α ≤ n} of T1,0(Mε). Moreover
gαβ = Lθε (Tα,Tβ) and ρ is the pseudohermitian scalar curvature of (Mε ,θε)
(cf. e.g., [110], p. 50). As well known (cf. Prposition 2.17 in [24], p. 28)
σε is a connection 1-form in the principal bundle S1

→ C(Mε)→Mε and
dσε is projectable i.e., dσε = π∗ε�ε for some 2-form �ε on Mε . Let Tε be
the characteristic direction of dθε (cf. [110], p. 8). It may be shown that

Theorem C.18 (M.B. Stenzel, [274]) The integral curves of Tε are chains
if and only if Tε c�ε = 0. In particular if (M ,g) is a harmonic manifold then the
integral curves of Tε are chains on Mε.

Here by a chain one understands the projection on Mε of a non vertical
null geodesic of the Fefferman metric Fθε . The proof of Theorem C.18 is
to relate the Riemannian geometry of (M ,g) to the Kählerian geometry
of (T r(M),h) and to the properties of the solutions to the Monge-Ampère

equation
(
∂∂
√
φ
)n+1
= 0. An important role in the needed calculations

(cf. [274], p. 391–393) is played by the Graham-Lee connection (cf. Propo-
sition 1.1 in [151], p. 701) associated to the foliation by level sets of 2E
whose transverse curvature is (by Lemma C.17 above) r = (2φ)−1.
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Exceptional Orbits of Highest
Dimension

A smooth action of a Lie group G on a n-dimensional C∞ manifold M is a
C∞ map α : M ×G→M such that α(x, e)= x and α(x,ab)= α(α(x,a),b)
for any x ∈M and a,b ∈G. The orbit of a point x ∈M for the action α
is the subset G(x)=Ox(α)= {α(x,a) ∈M : a ∈G}. The isotropy group of
x ∈M is the subgroup Gx =Gx(α)= {a ∈G : α(x,a)= x}. Clearly Gx is
closed in G. The map jx : G→M given by jx(a)= α(x,a)= xa induces
the map jx : G/Gx→M given by jx(a)= jx(a) where a=Gx · a. Note that
a−1b ∈Gx if and only if xa= jx(a)= jx(b)= xb hence jx is well defined
and one-to-one. It may be shown that G/Gx has a natural structure of
a differentiable manifold and jx is an injective immersion whose image is
G(x). It is customary to call α : M ×G→M a foliated action if for any
x ∈M the orbit G(x) has fixed dimension r (cf. e.g., C. Camacho & A.L.
Neto, p. 29). Also α is locally free when dim(G)= r as well. If α is a foliated
action of G on M it may be easily shown that there is a codimension n− r
foliation F of M such that M/F = {G(x) : x ∈M} i.e., the leaves of F are
the orbits of the action (cf. Proposition 1 in [79], p. 29).

Let G be a compact Lie group acting on a n-dimensional topological
manifold M . Let x ∈M and let G0

x be the connected component of the
identity in Gx. The order of each quotient group Gx/G0

x is finite. Let m(x)
be the order of Gx/G0

x. If p,q ∈ Z with p≥ 0 and q> 0 we set

Mp,q = {x ∈M : dimG(x)= p, m(x)= q},

Mp = {x ∈M : dimG(x)= p}.

The following facts are rather well known.

Proposition D.1
i. For each point x ∈Mp there is an open neighborhood U ⊂M such that for

any y ∈ U ∩Mp its stability group Gy is conjugate to an open subgroup of
Gx and then m(y) is a factor of m(x). In particular m : Mp→ Z is upper
semi-continuous. Also for any r ∈ Z with r > 0 the set

⋃r
q=1 Mp,q is open

in Mp.

Harmonic Vector Fields. DOI: 10.1016/B978-0-12-415826-9.00012-2
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ii. If G is connected then every connected component of Mp,q is a fibre bundle whose
fibres are orbits.

iii. The set
⋃s

p=0 Mp is closed for any s ∈ Z with s> 0.

Statement (i) in Proposition D.1 follows from the fact that every point
x ∈M has a neighborhood U ⊂M such that Gy is conjugate to a subgroup
of Gx for any y ∈ U (cf. S. Bochner, [49]). Statements (ii)–(iii) follow from
(i) and a result by A. Gleason, [135].

Let us assume that there is r ∈ Z with 0≤ r ≤ n such that dimG(x)≤ r
for any x ∈M . An orbit G(x) is singular if dimG(x) < r. Let us set

F =
r−1⋃
p=0

Mp

i.e., F is the set of points on singular orbits. Then

Theorem D.2 (D. Montgomery & H. Samuelson & L. Zippin,
[212]) The points on orbits of highest dimension form a connected open set whose
complement has dimension at most n− 2 i.e., M \F is a connected open set and
dim(F)≤ n− 2.

Let us set

k= inf{m(x) : x ∈Mr}, E =
∞⋃

q=k+1

Mr,q.

As a corollary of (i) and (iii) in Proposition D.1

Proposition D.3 E∪F is a closed set.

The main result in [213] is

Theorem D.4 (D. Montgomery & H. Samuelson & C.T. Yang,
[213]) Let M be a n-dimensional C∞ manifold and let G be a compact con-
nected Lie group acting smoothly on M. If Hn−1(M ,Z2)= 0 then the closed set
E∪F has dimension dim(E∪F)≤ n− 2 and M \ (E∪F) is a fibre bundle
whose fibres are orbits.

Here Hn−1(M ,Z2) is the (n− 1)th Čech homology group of M
(when M is compact) or of its one-point compactification (when M is
noncompact) with coefficients in Z2.

Let y ∈M and let us set

X =
{
x ∈M : G0

x =G0
y

}
, G′ =

{
g ∈G : gG0

y =G0
y g
}

.
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Then X is closed in Mr , hence it is locally compact. Also G′/G0
y acts on X

as a transformation group and there is a neighborhood W of the identity
in G′/G0

y such that h(y)= h′(y) with h,h′ ∈W implies that h= h′. The
following result follows from arguments in [135].

Lemma D.5 There exist
1. a closed neighborhood N ⊂ X of y,
2. a closed subset C ⊂N such that y ∈ C,
3. a compact neighborhood W of the identity in G′/G0

y , such that every element of
N may be uniquely written as hz for some h ∈W and z ∈ C. Also N may be
taken in any preassigned neighborhood of y.

Using Lemma D.5 one may show (cf. [213], p. 132–135)

Proposition D.6
i. dim(E)≤ n− 1 (and hence dim(E∪F)≤ n− 1).
ii. E \Mr,2k doesn’t separate M locally i.e., each point of M has an arbitrarily

small neighborhood U ⊂M such that U \
(
E \Mr,2k

)
is connected.

iii. The orbit space of Mr,k is connected. In particular if G is connected then Mr,k is
connected.

It should be mentioned that Lemma D.5 and Proposition D.6 do not
require the differentiability M (the results hold for any topological manifold
M). More refined results on the exceptional set E (cf. Theorem D.4 above)
are available only in the differentiable case and rely on Lemma 3.1 in [213],
p. 136 (the main technical tool there). Most arguments in [212] may be
significantly simplified when M is a smooth manifold and G acts smoothly
on M (cf. [213], p. 135–140).

One may produce examples showing that none of the two assumptions
(G is connected and Hn−1(M ,Z2)= 0) in Theorem D.4 may be dropped.
For instance let M = Sn

⊂ Rn+1 be the unit sphere with n≥ 2 and let G
consist of the identical transformation of M and the reflection with respect
to the hyperplane xn+1 = 0. That is G = {1Sn , a} where a(x)= (x′,−xn+1)

for any x= (x′,xn+1) ∈ Sn (with x′ ∈ Rn). Then

G(x)= {x, (x′,−xn+1)}, x ∈ Sn,

so that dimG(x)= 0 and hence r = 0. Therefore

Mp =

{
Sn if p= 0

∅ if p≥ 1
, p ∈ Z, p≥ 0,
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and then F = ∅. On the other hand

Gx =

{
{1Sn} if xn+1 6= 0

G if xn+1 = 0
,

m(x)=
∣∣Gx/G0

x

∣∣= {1 if xn+1 6= 0

2 if xn+1 = 0
,

k= inf{m(x) : x ∈M0} = 1,

so that

E =
∞⋃

q=2

M0,q =M0,2 = Sn
∩
{
x ∈ Rn+1 : xn+1 = 0

}
= Sn−1

i.e., dim(E∪F)= n− 1. Here Hn−1(Sn,Z2)= 0 yet G isn’t connected.
Let M be a complete Riemannian manifold of dimension n, and let G

be a Lie group of isometries of M which is closed in the full isometry group
Isom(M ,g) of M . We say that M is of cohomogeneity one under the action of
G if G has at least an orbit of codimension one. For the general theory
of cohomogeneity one manifolds the reader may see A.V. Alekseevsky &
D.V. Alekseevsky, [14; 15], G.E. Bredon, [70], F. Podesta & A. Spiro, [256],
and R.S. Palais & C.L. Terng, [234]. We close this appendix by recalling
a few facts about cohomogeneity one manifolds. It is known that their
orbit space �=M/G is a Hausdorff space homeomorphic to one of the
following spaces

R, S1, [0,+∞), [0,1].

Let π : M→� be the natural projection. If x ∈M the orbit G(x) is prin-
cipal (respectively singular) if the corresponding image in the orbit space �
is an interior (respectively boundary) point. A point x ∈M whose orbit is
principal (respectively singular) is called a regular (respectively singular) point.
The subset of all regular points is an open and dense subset of M denoted
by Mreg and the subset of all singular points is denoted by Msing. If �0

⊂�

is homeomorphic to an open interval in R and O is a principal orbit then
�0
×O is diffeomorphic to π−1(�0). All principal orbits are diffeomor-

phic to each other and if M/G = R then M is diffeomorphic to R×O
where O is a principal orbit. Each singular orbit has dimension less than or
equal to n− 1. A singular orbit of dimension n− 1 is called an exceptional
orbit. No exceptional orbit is simply connected and if π1(M)= 0 then no
exceptional orbit may exist. If M is orientable and all principal orbits are
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connected then any exceptional orbit is non-orientable. If O is the only
singular orbit of M (the case M/G = [0,+∞)) then π1(M)= π1(O). We
recall

Definition D.7 A geodesic γ : R→M on a Riemannian manifold of
cohomogeneity one is called a normal geodesic if it is orthogonal to each
orbit that it meets. �

A geodesic γ is normal if and only if it is orthogonal to G(γ (t)) for at
least one t. If M/G = S1 or M/G = [0,1] then a normal geodesic γ : R→
M intersects each principal orbit O infinitely many times (i.e., γ (t) ∈O
for infinitely many t ∈ R). If M/G = [0,+∞) then γ : R→M intersects
each principal orbit in two distinct points. If M/G = R then γ : R→M
intersects a principal orbit exactly once. Also, the following results are of
common use in this context.

Theorem D.8 (P.J. Ryan, [263]) Let M(c) be a space form of (constant)
curvature c ≤ 0 and let M be a real hypersurface in M(c) whose principal curvatures
are constant. Then at most two of the principal curvatures are distinct.

Theorem D.9 (P.J. Ryan, [264]) Let M̃ be a real space form and M a hyper-
surface in M̃. If the principal curvatures of M are constant and at most two of them
are distinct then M is congruent to an open set of one of the standard examples.1

Theorem D.10 (R.S. Palais & C.L. Terng, [234]) Let M be a complete
Riemannian G-manifold that admits sections and let O be a principal orbit of M.
Then
i. expx [ν(O)x] is a properly embedded totally geodesic submanifold of M for each

x ∈O. Here ν(O)→O is the normal bundle of O in M.
ii. ν(O)→O is flat and has trivial holonomy. If N1, · · · ,Nk is a linear basis in
ν(O)x then the G-invariant normal vector fields Ñi given by Ñi(gx)= (dxg)Ni

form a globally defined parallel frame in ν(O)→O.
iii. The principal curvatures of O with respect to any parallel normal field are

constant.

Theorem D.11 Let M be a complete hypersurface in the Euclidean space Rn+1

whose principal curvatures are constant. Then M is isometric to one of the following
spaces

Rn, Sk(c)×Rn−k, 1≤ k≤ n, c > 0.

1 When M̃ = Rn+1 the standard examples are hyperplanes, spheres, and cylinders over spheres (cf.
P.J. Ryan, [264], Section 1).



“Dragomir Chapters” — 2011/10/1 — page 478 — #478

478 Appendix D Exceptional Orbits of Highest Dimension

Proof. Theorem D.11 follows from Theorem D.8 and D.9 (because M is
complete). �

Theorem D.12 (J.A. Wolf, [311]) Let M be an n-dimensional connected
homogeneous Riemannian flat manifold. Then M is isometric to the product
Rm
×Tn−m of the Euclidean space with a flat Riemannian torus.

Theorem D.13 Let M be a simply connected cohomogeneity one Riemannian
manifold of non-positive curvature. Then M has at most one singular orbit.

The proof of Theorem D.13 is similar to that of Proposition 3.3 in
[256]. Cf. also R. Mirzaie & S.M.B. Kashani, [211], p. 187. A complete
classification of cohomogeneity one Riemannian manifolds which are sim-
ply connected, compact, of positive curvature and of dimension ≤ 6 is due
to C. Searle, [269]. Topological properties of cohomogeneity one nega-
tively curved Riemannian manifolds were studied by F. Podesta & A. Spiro,
[256], while the flat case was investigated by R. Mirzaie & S.M.B. Kashani,
[211]. The reader may also see P. Ahmadi & S.M.B. Kashani, J. Berndt
& H. Tamaru, [27], [12], K. Grove et al., [153], A. Kollross, [192], and
L. Verhóczki, [301].
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Reilly’s Formula

Let M and N be two oriented Riemannian manifolds of dimensions n and
n− 1 respectively where M is allowed to have a boundary i.e., ∂M 6= ∅.
Let {EA : 1≤ A≤ n} be a smooth local orthonormal frame on M defined
on the open set U ⊂M . Let {ωA : 1≤ A≤ n} be the corresponding dual
coframe i.e., ωA(EB)= δAB. Let ∇ be the Levi-Civita connection of M and
R its curvature tensor field. Let ωA

B be the connection 1-forms associated
to ∇ and {EA : 1≤ A≤ n} i.e.,

∇EB = ω
A
B ⊗EA , 1≤ B ≤ n.

Then (Cartan’s structure equations)

dωA = ω
B
A ∧ωB , ωB

A =−ω
A
B , (E.1)

dωB
A = ω

C
A ∧ω

B
C +�

B
A , (E.2)

�B
A =

1
2

n∑
C,D=1

RABCDωC ∧ωD ,

RABCD = g(R(EC , ED)EA , EB).

Here g denotes the Riemannian metric on M . Our convention1 for
the Ricci tensor in this monograph is Ric(X ,Y)= trace{Z 7→ R(Z,Y)X}
hence RAB =Ric(EA,EB) is given by

RAB =

n∑
C=1

RCABC .

If T is a tensor field of type (0, r) on M we set

TA1···Ar = T(EA1 , . . . ,EAr ), TA1···Ar ,B =
(
∇EBT

)
(EA1 , . . . ,EAr ).

The components TA1···Ar ,B of the covariant derivative of T satisfy
n∑

B=1

TA1···Ar ,BωB = dTA1···Ar +

r∑
j=1

n∑
A=1

TA1···Aj−1AAj+1···Ar ω
Aj
A . (E.3)

1 The Ricci tensor is defined such that the Ricci tensor of the unit sphere Sn is positive definite.
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Let T be a (0, r)-tensor field and S =∇T its covariant derivative so that

SA1···Ar+1 = S(A1, . . . ,Ar+1)=
(
∇EA1

T
)(

EA2 , . . . ,EAr+1

)
i.e.,

SA1···Ar+1 = TA2···Ar+1,A1 .

We adopt the notation

TA1···Ar ,BC = SBA1···Ar ,C =
(
∇EC S

)(
EB,EA1 , . . . ,EAr

)
.

The following commutation formula is useful in the sequel

TA1···Ar ,BC −TA1···Ar ,CB

=

r∑
j=1

n∑
D=1

TA1···Aj−1DAj+1···Ar RDAjCB . (E.4)

To help the reader get accustomed with the formalism in this appendix, we
give a proof of (E.4). Applying (E.3) to the (0, r+ 1)-tensor field S =∇T ,
one has

n∑
C=1

SBA1···Ar ,C ωC = dSBA1···Ar +

r∑
k=0

n∑
D=1

SA0···Ak−1DAk+1···Ar ω
Ak
D (E.5)

where we set A0 = B. The differential of SBA1···Ar = TA1···Ar ,B (appearing
in (E.5)) may be determined by taking the exterior differential of (E.3).
Indeed

n∑
B=1

{(
dTA1···Ar ,B

)
∧ωB+TA1···Ar ,B dωB

}
=

r∑
j=1

n∑
B=1

{(
dTA1···Aj−1BAj+1···Ar

)
∧ω

Aj
B +TA1···Aj−1BAj+1···Ar dω

Aj
B

}
.

(E.6)

From now on, to simplify writing we omit sums over repeated indices.
Moreover we adopt the temporary notation

(D1 · · ·Dr)= (A1 · · ·Aj−1BAj+1 · · ·Ar)

and replace dωB and dω
Aj
B from Cartan’s structure equations (E.1)–(E.2).

Also, dTD1···Dr may be expressed in terms of covariant derivatives by using
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once again (E.3). We obtain

(
dSBA1···Ar

)
∧ωB+ SBA1···Ar ω

D
B ∧ωD =

r∑
j=1

{(
TA1···Aj−1BAj+1···Ar ,DωD

−

r∑
k=1

TD1···Dk−1EDk+1···Dr ω
Dk
E

)
∧ω

Aj
B + TD1···Dr

(
ωE

B ∧ω
Aj
E +�

Aj
B

)}

hence (by applying both members to the pair (ER,ES))

ER
(
SSA1···Ar

)
−ES

(
SRA1···Ar

)
+ SBA1···Ar

(
0S

RB−0
R
SB
)

=

r∑
j=1

{
0

Aj
SBSRD1···Dr −0

Aj
RBSSD1···Dr

−

r∑
k=1

(
0

Dk
RE0

Aj
SB−0

Dk
SE0

Aj
RB

)
TD1···Dk−1EDk+1···Dr

+

(
0E

RB0
Aj
SE−0

E
SB0

Aj
RE+RBAjRS

)
TD1···Dr

}
. (E.7)

Here 0A
BC = ω

A
C(EB). On the other hand (by applying both members of

(E.5) to EC)

SBA1···Ar ,C = EC
(
SBA1···Ar

)
+

r∑
k=0

SA0···Ak−1DAk+1···Ar0
Ak
CD

= EC
(
SBA1···Ar

)
+ SDA1···Ar0

B
CD+

r∑
j=1

SBA1···Aj−1DAj+1···Ar0
Aj
CD

hence (by (E.7))

SSA1···Ar ,R− SRA1···Ar ,S

= ER
(
SSA1···Ar

)
−ES

(
SRA1···Ar

)
+
(
0S

RD−0
R
SD
)
SDA1···Ar

+

r∑
j=1

{
0

Aj
RDSSA1···Aj−1DAj+1···Ar −0

Aj
SDSRA1···Aj−1DAj+1···Ar

}

=

r∑
j=1

TA1···Aj−1BAj+1···Ar RBAjRS− σ
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where

σ =

r∑
j=2

j−1∑
k=1

(
0

Ak
RE0

Aj
SB−0

Ak
SE0

Aj
RB

)
TA1···Ak−1EAk+1···Aj−1BAj+1···Ar

+

r∑
j=1

r∑
k=j+1

(
0

Ak
RE0

Aj
SB−0

Ak
SE0

Aj
RB

)
TA1···Aj−1BAj+1···Ak−1EAk+1···Ar.

A calculation shows that the terms of the last two double sums cancel in
pairs so that σ = 0 and (E.4) is proved.

The divergence of T is the (0, r− 1)-tensor field div(T) locally given by

div(T)(X1, . . . ,Xr−1)=

n∑
B=1

(∇EBT)(X1, . . . ,Xr−1,EB)

on U , for any X1, . . .Xr−1 ∈ X(M). The local components of div(T) are

(div(T))A1···Ar−1 = div(T)(EA1 , . . . ,EAr−1)=

n∑
B=1

TA1···Ar−1B ,B .

For each smooth function f ∈ C∞(M) its Hessian Hess( f ) is given by

Hess(f )=∇ df .

Locally we set

fAB =Hess(f )(EA,EB)=
(
∇EAdf

)
EB

= EA(EB( f ))− (∇EAEB)( f )= EA(EB( f ))−ωC
B (EA)EC( f ).

It is customary to set fA = EA( f ) so that df =
∑n

A=1 fAωA. Hence fAB =

EA(fB)− fCωC
B (EA) i.e.,

fABωC = dfB− fCωC
B . (E.8)

Using the fact that ∇ is torsion free and (E.4) one obtains

fAB = fBA , fA,BC − fA,CB = fD RDACB . (E.9)

Occasionally we look at the Hessian of f as a field of symmetric linear
transformations (

Hf
)
x : Tx(M)→ Tx(M), x ∈M ,

by setting g(Hf X ,Y)=Hessf (X ,Y) for any X ,Y ∈ X(M).
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Let F : N→M be an isometric immersion. We set

ϕA = F∗ωA , ϕB
A = F∗ωB

A , 8B
A = F∗�B

A .

From now on we assume that the local orthonormal frame {EA : 1≤ A≤
n} was chosen in such a way that each Ei is tangent to N i.e., there is a
local orthonormal frame {ei : 1≤ i ≤ n− 1} on N defined on an open set
V ⊂N such that F(V )⊂ U and (dxF)ei,x = Ei,F(x) for any x ∈ V and any
1≤ i ≤ n− 1. Then

ϕn(ei)x = (F∗ωn)x(ei,x)= ωn,F(x)
(
(dxF)ei,x

)
= ωn,F(x)

(
Ei,F(x)

)
= 0

for any x ∈ V and any 1≤ i ≤ n− 1. Therefore ϕn = 0. Differentiation of
F∗ωn = 0 and (E.1) give

0= F∗dωn = F∗
(
ωB

n ∧ωB
)
= ϕB

n ∧ϕB = ϕ
i
n ∧ϕi .

Hence

ϕi
n = Ai

jϕ
j, Ai

j = Aj
i . (E.10)

On the other hand, En is a unit normal field on N hence (the Weingarten
formula)

∇XEn =−aX , X ∈ X(N), (E.11)

where a is the Weingarten operator. Applying (E.11) for X = ei gives Ai
j =

−ai
j where a(ej)= ai

jei for some ai
j ∈ C∞(V ) (the local components of the

Weingarten operator). By Cartan’s equations on N

dϕi = ϕ
j

i ∧ϕj , ϕ
j

i =−ϕ
i
j , (E.12)

where ϕ j
i are the connection 1-forms of the induced connection ∇̂ on N

(the Levi-Civita connection of the induced metric ĝ = F∗g on N ). Next
we need to recall the Gauss-Weingarten equations

g(R(X ,Y)Z,W )= ĝ(R̂(X ,Y)Z,W )

−g(h(X ,W ),h(Y ,Z))+ g(h(Y ,W ),h(X ,Z)), (E.13)

g(R(X ,Y)Z,En)= (∇Xh)(Y ,Z)− (∇Y h)(X ,Z), (E.14)

for any X ,Y ,Z ∈ X(N). Here R̂ is the curvature tensor field of ∇̂ while h
is the second fundamental form of F : N→M i.e.,

g(h(X ,Y),En)= ĝ(aX ,Y), X ,Y ∈ X(N).
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Then h(ei, ej)= hijEn and hij = ai
j =−Ai

j. Let us apply the Gauss equation
(E.13) for X = ek, Y = e`, Z = ei and W = ej. We obtain

Rijk` = R̂ijk`−Aj
kA

i
`+Aj

`A
i
k . (E.15)

Also let us set

(∇eih)(ej, ek)=−Ajk,iEn

for some (uniquely defined) smooth functions Ajk,i ∈ C∞(V ). Then the
Weingarten equation (E.14) for X = ei, Y = ej and Z = ek gives

Rnkij = Ajk,i−Aik,j . (E.16)

Of course, besides from (E.13)–(E.14), in arbitrary codimension the immer-
sion satisfies an additional system of PDEs, the Ricci equation. As N is a
real hypersurface ∇⊥En = 0 (where ∇⊥ is the normal connection) hence,
as well known, the Ricci equation gives nothing new (it is equivalent to the
Weingarten equation).

Let V be a real m-dimensional inner product space and B : V → V a
symmetric linear operator. For each r ∈ Z with 0≤ r ≤ m we define the
number Sr(B) ∈ R implicitly by

det(I + λB)= S0(B)+ S1(B)λ+ ·· ·+ Sm(B)λm.

Of course S0(B)= 1.

Definition E.1 The linear operator Tr(B) : V → V given by

Tr(B)=
r∑

j=0

(−1)jSr−j(B)Bj

is the Newton operator associated to B and r. �

Here B0
= I (the identical transformation of V ). Newton operators are

due to K. Voss, [303]. The linear algebra relevant to Newton operators is
described in [260]. In [261] one is mainly interested in the cases where I)
m= n− 1 and V = Tx(N) and B=−ax with x ∈N , and II) m= n and
V = Tx(M) and B=

(
Hf
)
x with f ∈ C∞(M) and x ∈M . We introduce
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the functions

Kr , Tr : N→ R,

Kr(x)= Sr (−ax) , Tr(x)= Tr (−ax) , x ∈N ,

Sr(f ), Tr(f ) : M→ R,

Sr(f )(x)= Sr
((

Hf
)
x

)
, Tr(f )(x)= Tr

((
Hf
)
x

)
, x ∈M .

Here we follow the presentation in [261], p. 461. Slightly different con-
ventions are adopted in [17], p. 116. Let σr : Rn−1

→ Rn−1 be the rth
symmetric function i.e.,

σr(x1, . . . ,xn−1)=
∑

1≤i1<···<ir≤n

xi1 · · ·xir , 1≤ r ≤ n− 1.

If a is the Weingarten, or shape, operator of the isometric immersion F :
N→M as above then we denote by

Spec(ax)= {κ1(x), . . . ,κn−1(x)} , x ∈N ,

the principal curvatures of the hypersurface N in M and consider the n− 1
algebraic invariants

sr : N→ R,

sr(x)= σr(κ1(x), . . . ,κn−1(x)), x ∈N .

It follows easily that

det(tI − a)=
n−1∑
r=0

(−1)rsr tn−r

(pointwise) where s0 = 1 by definition. It is then common to adopt the
following

Definition E.2 The function Hr : N→ R given by(
n− 1

r

)
Hr = sr , 0≤ r ≤ n− 1,

is the rth mean curvature of the immersion F : N→M . �



“Dragomir Chapters” — 2011/10/1 — page 486 — #486

486 Appendix E Reilly’s Formula

To relate the approaches2 in [261] and [17] one may use det(I − λa)=∑n−1
r=0 Sr(−a)λr with λ= 1/t to obtain

Sr(−a)= (−1)rsr = (−1)r
(

n− 1
r

)
Hr .

If f ∈ C∞(M) is a given function then

n∑
r=0

Sr(f )λr
= det

(
I + λHf

)
=

∑
σ∈σn

ε(σ )
(
δ1σ(1)+ λf1σ(1)

)
· · ·
(
δnσ(n)+ λfnσ(n)

)
=

∑
σ∈σn

ε(σ )
[
δ1σ(1) · · ·δnσ(n)

+
(
f1σ(1)δ2σ(2) · · ·δnσ(n)+ ·· ·+ δ1σ(1) · · ·δn−1,σ(n−1)fnσ(n)

)
λ

+O(λ2)
]
= 1+ (f11+ ·· ·+ fnn)λ+O(λ2)

everywhere in U . Here σn is the group of permutations of order n! and
ε(σ ) is the sign of the permutation σ ∈ σn. Hence

S1(f )=
n∑

A=1

fAA =
∑
A=1

{EA(EA(f ))− (∇EAEA)(f )} = −1f .

We shall need the following

Lemma E.3 (E. Reilly, [260])
i. If f ∈ C∞(M) then(

divTr( f )
)
A =

1
(r− 1)!

δ
A1···ArA
B1···BrB fA1B1 · · · fAr−1Br−1 RCBrBAr fC . (E.17)

ii. If F : N→M is an isometric immersion with shape operator a and A=−a
then

(divTr)i =
1

(r− 1)!
δ

i1···ir i
j1···jr j A

j1
i1 · · ·A

jr−1
ir−1

Rnjr ir j . (E.18)

2 Note also that the Weingarten operators in [261] and [17] differ by a sign.
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In (E.17)–(E.18) repeated indices indicate summation. Also

δ
A1···ArA
B1···BrB = 0, {A1, . . . ,Ar ,A} 6= {B1, . . . ,Br ,B},

δ
A1···ArA
B1···BrB = ε(σ ), σ =

(
A1 · · · Ar A
B1 · · · Br B

)
∈ σr+1 .

Let us assume from now on that M is a compact oriented Riemannian
manifold with boundary N = ∂M . Let�= dvol(g) and9 = dvol(ĝ) be the
Riemannian volume elements on M and N respectively and ν the exterior
unit normal field on N .

Lemma E.4 (E. Reilly, [261]) If f : M→ R is a C∞ function then∫
M

(r+ 1)Sr+1(f ) �=
∫
N

g
(
Tr(f )∇ f , ν

)
9

−
1

(r− 1)!
δ

A1···ArA
B1···BrB

∫
M

fA1B1 · · · fAr−1Br−1 RCBrBAr fC fA �. (E.19)

Lemma E.5 (E. Reilly, [261])
Let f ∈ C∞(M) and z= f

∣∣
N = f ◦F ∈ C∞(N). Also let u= ∂ f /∂ν =

g(∇ f ,ν) : N→ R. Then∫
N

g(Tr(f )∇ f , ν)9 =
∫
N

{
S̃r(z)u−

(
T̃r−1

)
ij zi
(
uj+ zkAkj

)}
9 (E.20)

where

S̃r(z)=
1
r!
δ

i1···ir
j1···jr

(
zi1j1 − uAi1j1

)
· · ·
(
zir jr − uAir jr

)
,

(
T̃r−1

)
ij =

1
(r− 1)!

δ
i1···ir−1i
j1···jr−1j

(
zi1j1 − uAi1j1

)
· · ·
(
zir−1jr−1 − uAir−1jr−1

)
.

The proof of Lemmas E.3, E.4 and E.5 is omitted (see [261], p. 461–
462). Combining Lemmas E.3 up to E.5 leads to the following



“Dragomir Chapters” — 2011/10/1 — page 488 — #488

488 Appendix E Reilly’s Formula

Theorem E.6 Let M be a compact oriented Riemannian manifold with boundary
N = ∂M and let ν be the exterior unit normal field on N. Then

(r+ 1)
∫
M

Sr+1(f )�=
∫
N

{
S̃r(z)u−

(
T̃r−1

)
ij zi

(
uj+ zkAkj

)}
9

−
1

(r− 1)!
δ

A1···ArA
B1···BrB

∫
M

fA1B1 · · · fAr−1Br−1 RCBrBAr fC fA� (E.21)

for any f ∈ C∞(M).

We shall need the identity (E.21) for r = 1. If this is the case then

2
∫
M

S2(f )�=
∫
N

{
S̃1(z)u−

(
T̃0
)
ij zi(uj+ zkAkj)

}
9

− δ
A1A
B1B

∫
M

RCB1BA1 fC fA� (E.22)

and

S̃1(z)= δi
j
(
zij− uAij

)
=

n−1∑
i=1

(zii− uAii)

=

∑
i

[Hess(z)(Ei,Ei)+ u trace(a)]=−1̂z+ uH

where 1̂ is the Laplace-Beltrami operator of the Riemannian manifold
(N , ĝ) and H = trace(a) is the (non-normalized) mean curvature of N =
∂M in (M ,g). Also(

T̃0
)
ij zi(uj+ zkAkj)= δ

i
jzi(uj+ zkAkj)= zi(ui+ zkAki)

= ĝ
(
∇̂z, ∇̂u

)
− ĝ

(
a ∇̂z, ∇̂z

)
where ∇̂z and ∇̂u are the gradients of z and u with respect to the induced
metric ĝ. Finally we may compute the curvature term

δAB
CDRECDA fE fB =

∑
A,B

{
δAB

ABREABA fE fB+ δAB
BAREBAA fE fB

}
= (REABA−REBAA) fE fB
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and REBAA = 0 while REABA =−RAEBA =−REB hence

δAB
CD RECDA fE fB =−RAB fA fB =−Ric(∇ f ,∇ f ).

Consequently (E.22) may be written∫
M

{
2S2(f )−Ric(∇ f ,∇ f )

}
�

=

∫
∂M

{(
−1̂z+ uH

)
u− ĝ

(
∇̂z, ∇̂u

)
+ ĝ

(
a ∇̂z, ∇̂z

)}
9. (E.23)

The identity (E.23) is referred to as Reilly’s formula. One may compare
(E.23) and the formula (14) in [261], p. 463 (the sign of Aij in [261] is
opposite to that of the usual Weingarten operator). Let us compute S2( f ).
We have

n∑
A=0

SA( f )λA
= det

(
I + λHf

)
= 1− (1f )λ+

∑
σ∈σn

ε(σ )sσλ2
+ (λ3)

where sσ is the function

f1σ(1) f2σ(2)δ3σ(3) · · ·δnσ(n)+ ·· ·+ δ1σ(1) · · ·δn−2,σ(n−2) fn−1,σ(n−1) fnσ(n).

Let I = {1, . . . ,n} and let i, j ∈ I such that i< j. Next let us consider the
mutually disjoint subsets of σn

Aij = {σ ∈ σn : σ(k)= k, ∀ k ∈ I \ {i, j}}.

Clearly

σ ∈ σn \
⋃

1≤i<j≤n

Aij H⇒ sσ = 0.

Therefore

S2( f )=
∑
σ∈σn

ε(σ )sσ =
∑

1≤i<j≤n

∑
σ∈Aij

ε(σ )sσ =
∑
i<j

∑
σ∈Aij

ε(σ )fiσ(i) fjσ(j).

On the other hand Aij = {σ0 , σij} where σ0 is the identical permutation
and σij interchanges i and j so that ε(σij)=−1. Thus

S2( f )=
∑
i<j

(
fiifjj− f 2

ij

)
.
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Finally 1f =−
∑n

i=1 fii and

‖Hess( f )‖2 =
n∑

i,j=1

f 2
ij =

∑
i

f 2
ii + 2

∑
i<j

f 2
ij

=

(∑
i

fii

)2

− 2
∑
i<j

fii fjj+ 2
∑
i<j

f 2
ij = (1f )2− 2S2( f )

so that

2S2( f )= (1f )2−‖Hess( f )‖2 . (E.24)

Using (E.24) Reilly’s formula (E.23) may be written as∫
M

{
(1f )2−‖Hess(f )‖2−Ric(∇ f ,∇ f )

}
�

=

∫
∂M

{(
−1̂z+ uH

)
u− ĝ(∇̂z, ∇̂u)+ ĝ

(
a ∇̂z, ∇̂z

)}
9. (E.25)

Note that (E.25) and the formula in [224], p. 1090–1091, coincide
except for the different sign convention for the shape operator.
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[17] L.J. Aĺıas & N. Gürbüz, An extension of Takahashi theorem for the linearized operators of
the higher order mean curvatures, Geometriae Dedicata, 121(2006), 113–127.

[18] T. Aubin, Nonlinear analysis on manifolds. Monge-Ampère equations, Grundlehren der
mathematischen Wissenscaften 252, Springer-Verlag, New York-Heidelberg-Berlin,
1982.

[19] P. Baird & J.C. Wood, Harmonic morphisms between Riemannian manifolds, London
Math. Soc. Monographs, New Series, Vol. 29, Clarendon Press, Oxford, 2003.

[20] A. Banyaga, On characteristics of hypersurfaces in symplectic manifolds, Proc. Symp. Pure
Math., 54(1993), 9–17.

491



“Dragomir Chapters” — 2011/10/1 — page 492 — #492

492 References

[21] E. Barletta, On the boundary behavior of the holomorphic sectional curvature of the Bergman
metric, Le Matematiche, (2)LXI(2006), 301–316.

[22] E. Barletta, On the Dirichlet problem for the harmonic vector fields equation, Nonlinear
Analysis, 67(2007), 1831–1846.

[23] E. Barletta & S. Dragomir, Differential equations on contact Riemannian manifolds, Ann.
Scuola Norm. Sup. Pisa, Cl. Sci., (4)30(2001), 63–95.

[24] E. Barletta & S. Dragomir & K.L. Duggal, Foliations in Cauchy-Riemann geometry,
Mathematical Surveys and Monographs, Vol. 140, American Mathematical Society,
2007.

[25] E. Barletta & S. Dragomir & H. Urakawa, Pseudoharmonic maps from a nondegener-
ate CR manifold into a Riemannian manifold, Indiana University Mathematics Journal,
(2)50(2001), 719–746.

[26] E. Barletta & S. Dragomir & H. Urakawa, Yang-Mills fields on CR manifolds, J. Math.
Phys., (8)47(2006), 1–41.

[27] J. Berndt & H. Tamaru, Cohomogeneity one actions on noncompact symmetric spaces with a
totally geodesic singular orbit, Tohoku Math. J., 56(2004), 163–177.

[28] M. Barros & A. Romero, Indefinite Kähler manifolds, Math. Ann., 261(1982), 55–62.
[29] W. Barthel, Nichtlineare Zusammenhänge und deren Holonomiegruppen, J. Reine Angew.

Math., 212(1963), 120–149.
[30] E. Bedford & M. Kalka, Foliations and complex Monge-Ampère equations, Communica-

tions on Pure and Applied Mathematics, XXX(1977), 543–571.
[31] J.K. Beem & P.E. Ehrlich, Global Lorentzian geometry, Marcel Dekker, Inc., New York-

Basel, 1981.
[32] M. Benyounes & E. Loubeau & C.M. Wood, Harmonic sections of Riemannian vector

bundles and metrics of Cheeger-Gromoll type, Differential Geometry and its Applications,
22(2007), 322–334.

[33] M. Benyounes & E. Loubeau & C.M. Wood, Harmonic maps and sections on spheres,
ArXiv: mathDG0703060v1.

[34] M. Benyounes & E. Loubeau & L. Todjihounde, Harmonic maps and Kaluza-Klein
metrics on spheres, ArXiv: mathDG0809.2725v1 16 Sep 2008.

[35] J. Berndt, Homogeneous hypersurfaces in hyperbolic spaces, Math. Z., 229(1998), 589–600.
[36] J. Berndt, Real hypersurfaces in quaternionic space forms, J. Reine Angew. Math.,

419(1991), 9–26.
[37] J. Berndt & Y.J. Suh, On ruled real hyperurfaces in complex space forms, Tsukuba J. Math.,

17(1993), 311–322.
[38] J. Berndt & Y.J. Suh, Real hypersurfaces in complex two-plane Grassmannians, Monatsh.

Math., 127(1999), 1–14.
[39] J. Berndt & F. Tricerri & L. Vanhecke, Generalized Heisenberg groups and Damek-

Ricci harmonic spaces, Lecture Notes in Math., Vol. 1598, Springer-Verlag, Berlin-
Heidelberg-New York, 1995.

[40] A.L. Besse, Einstein manifolds, Springer-Verlag, Berlin, 1987.
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[101] S. Dragomir, Cauchy-Riemann submanifolds of Kaehlerian Finsler spaces, Collect. Math.,
(3)40(1989), 225–240.

[102] S. Dragomir, Pseudohermitian immersions between strictly pseudoconvex CR manifolds,
American J. Math., (1)117(1995), 169–202.

[103] S. Dragomir & Y. Kamishima, Pseudoharmonic maps and vector fields on CR manifolds,
J. Math. Soc. Japan, (1)62(2010), 1–35.

[104] S. Dragomir & P. Nagy, Complex Finsler structures on CR-holomorphic vector bundles,
Rendiconti di Matematica, Roma, Serie VII, 19(1999), 427–447.

[105] S. Dragomir & S. Nishikawa, Foliated CR manifolds, J. Math. Soc. Japan, (4)56(2004),
1031–1068.

[106] S. Dragomir & L. Ornea, Locally conformal Kähler geometry, Progress in Mathematics,
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(1,1)-form, 391
(S,W )-coordinates, 29
(κ ,µ,ν)-contact metric manifold,

229
(k,µ)-space, 210
(m,n)-semiperiodic function, 31
(p,0)-form, 377
+1-like, 366
3-Sasakian manifold, 338
GH-plane, 352
GH-sectional curvature, 352
H-contact manifold, 206, 211
IK-normal (complex contact metric

manifold), 354
K-contact manifold, 210
η-Einstein manifold, 160, 209
η-Einstein space, 256
H-conformal, 345
∂b-pluriharmonic function, 391
φ-basis, 210
g-natural metric, 274, 280
r-th mean curvature, 485

A
action (of a Lie group), 473
adapted (local frame), 334
adapted complex structure, 464, 466
affine vector field, 425
almost contact 3-structure, 338
almost cosymplectic manifold, 216
almost CR structure, 368
angle function, 30
associated metric, 209, 352

B
biegung, 45, 394
bounded type (Monge-Ampère

model), 26
Brito’s energy functional, 130, 155

C
canonical bundle, 377
canonical circle bundle, 377

canonical metric, 361, 410
Cartan structure, 231
Cauchy-Riemann equations, 363,

441
causal future, 409
causal past, 409
causal space-time, 409
causality violation, 409
center (of a Monge-Ampère

model), 26
Chacon-Naveira energy, 346
characteristic direction, 208, 369
characteristic distribution, 352
Cheeger-Gromoll metric, 276
chronological future, 409
chronological past, 409
chronological space-time, 409
closed (tangent vector field), 434
Codazzi tensor, 263
coercive, 127
cohomogeneity one, 476
comoving reference frame, 435
compact operator, 128
compactly embedded, 128
complex contact manifold, 351
complex contact structure, 351
Conformal gradient vector field, 294
conformally flat, 266
contact circle, 231
contact form, 207
contact manifold, 208
contact metric manifold, 209
contact metric structure, 209
contact pseudogroup, 207
contact structure, 208
contact transformation, 206
cosymplectic manifold, 216, 376
CR dimension, 368
CR function, 370
CR map, 372
CR structure, 368
critical metric, 218
curvature (of a distribution), 348
cut point, 164
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D
Decomposable unit subbundle, 334
deformation (of a reference frame), 422
Dolbeau cohomology, 12, 444
Dombrowski map, 6, 315, 396

E
embedded (normed vector space), 128
energy functional, 41
equivalent contact forms, 208
exceptional orbit, 476
expansion (of a reference frame), 422

F
Fefferman metric, 378
Fefferman space, 426
first order contact, 197
first variation formula, 381
foliated action, 473
formal adjoint, 111
Friedrichs mollifier, 448
future directed, 408
future-directed curve, 408

G
Gödel universe, 435
generalized (k,µ)-space, 210
generalized Cheeger-Gromoll metric, 279
generalized Robertson-Walker space-time,

435
generalized Tanaka-Webster scalar

curvature, 161
geodesic ball, 164
geodesic flow, 28
geodesic sphere, 164
Graham-Lee connection, 87, 389
Grauert tube, 464

H
Hörmander operator, 104
harmonic morphism, 68
harmonic section, 245, 329
Harmonic vector field, 289, 303
Heisenberg group, 390
Hermitian harmonic, 69
holomorphic function, 362, 441, 461

homogeneous complex Monge-Ampère
equation, 457

Hopf distribution, 338
Hopf hypersurface, 344
Hopf vector field, 132
horizontal vector field, 395
horizontal bundle, 4
horizontal curve, 310
horizontal distribution, 4, 313, 352
horizontal lift, 5, 320, 396
Horizontal lift of a curve, 311
Horizontal lift of a tangent vector, 311
Horizontal lift of a tangent vector field,

312
Horizontal space, 313
Horizontal tangent vector, 6, 310
hyperquadric, 365
hypersurface of contact type, 258

I
index, 78
integrable (almost CR structure), 368
irrotational (reference frame), 422
isotropic almost complex structure, 1, 8
isotropy group, 473

J
Jacobi operator, 77, 263
Jacobi vector, 215

K
Kaehler bundle, 246
Kaluza-Klein metric, 410
Kenmotsu manifold, 376

L
Legendrian submanifold, 330
Levi distribution, 368
Levi form, 369
lightlike, 366
Liouville vector, 5, 319
locally free action, 473
lower semi-continuous, 127

M
maximal radius, 460
mean curvature form, 173
mean curvature vector, 62, 346
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metric connection, 318
minimizing (sequence), 128
Monge-Ampère model, 26

N
natural lift, 3, 319, 360
nearly Kaehler manifold, 261
Newton operator, 484
nondegenerate (CR manifold), 369
nonlinear connection, 4
nonspacelike, 407
nonspacelike curve, 408
normal (complex contact metric manifold),

352
normal (contact metric structure), 210
normal geodesic, 477
normal neighborhood, 164
null, 366, 407
nullity, 78

O
orbit, 473
orthogonal complex structure, 132

P
Parallel section, 310
past directed, 408
past-directed curve, 408
pluriharmonic function, 461
precompact, 128
principal orbit, 179, 476
projective vector field, 425
pseudo-Einstein (real hypersurface),

256
pseudocomplex of cochains, 437
pseudoharmonic map, 357, 388, 390
pseudoharmonic vector field, 357
pseudohermitian Ricci curvature, 378
pseudohermitian scalar curvature, 378
pseudohermitian structure, 369
pure (torsion), 377

Q
quasi umbilical (real hypersurface), 256
quaternionic Hopf distribution, 344
quaternionic Kähler manifold, 343

quaternionic Kähler structure, 342
quaternionic space form, 343

R
radial geodesics, 164
Reeb distribution, 339
Reeb vector, 209
reference frame, 412
reflexive, 118
regular (nonlinear connection), 5
regular (vector field), 200
regular point, 476
Reilly’s formula, 489
Riemann foliation, 466
rigid (Grauert tube), 464
rigid (reference frame), 422
Robertson-Walker space-time, 435
rotation (of a reference frame), 422
rough Laplacian, 53
ruled (real hypersurface), 257

S
Sasaki metric, 7, 318, 396
Sasakian (contact metric structure), 210
Sasakian structure, 338
second fundamental form, 50, 391
second variation formula, 74, 402
semi-Euclidean space, 362
separable, 118
shear (of a reference frame), 422
sign (of a semi-Riemannian hypersurface),

366
singular orbit, 474, 476
singular point, 476
space-time, 407
spacelike, 366, 407
spacelike curve, 408
spacelike energy, 412
spacelike energy density, 412
spatially harmonic, 420
stable (harmonic vector field), 77
stable (Riemannian manifold), 151
stable (spatially harmonic reference frame),

433
standard Hopf vector, 131
strictly parabolic exhaustion, 460
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strictly parabolic manifold, 460
strictly pseudoconvex, 369
strongly normal (unit vector field), 241
subelliptic harmonic map, 104
subelliptic harmonic vector field, 105, 357,

394
subelliptic operator, 385
sublaplacian, 104, 385
sublaplacian (on vector fields), 358

T
Tanaka-Webster connection, 377
tangent sphere bundle, 26
tangential Cauchy-Riemann equations,

370
tangential lift, 262, 281
Tanno tensor, 372
taut contact circle, 231
tension tensor field, 51
time oriented, 407
timelike vector, 366, 407
timelike curve, 408
total bending, 45, 346, 394
total bending functional, 38
transverse curvature, 84, 86
twisted cohomology, 437

twisted Dolbeau complex, 1
two-point homogeneous space, 264

U
unit vector field, 58, 60
unstable (Riemannian manifold), 151

V
variation through vector fields, 58
Vertical curve, 308
vertical distribution, 2, 352
vertical energy, 45, 288
vertical lift, 4, 308, 319, 396
vertical space, 2, 309
vertical vector, 2, 308
vertical vector field, 2, 308

W
warped product, 201
weak covariant derivative, 111
weak harmonic vector field, 124
weak solution, 124
weakly differentiable (tensor field), 111, 117
Webster metric, 369
Webster scalar curvature, 224
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